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Announcement

® Project Presentation

® # individual project VS # team project

e All or some?
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Representation of Rigid—body Configurations

® Parameterization matter!
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Representation of Rigid—body Configurations

° Many representations

e Fuler angle
® Homogeneous transformation

® (QQuaternions

e Different representations have pros and cons
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Transtformations

° An understanding of 2D and 3D rigid—body transformations is key
to motion planning

® There is no “best” representation

e Fach representation is useful in a different way
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Right—handed Coordinate System

+y' e
A E.. —
{BJ E}.1 B) ... +X

+Z

Right-Hand System (RHS) or
Counter-Clockwise (CCW) System
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Representation for a Position

e 3X1 position vector in a reference coordinate system

Coordinate System \ _ -
P+

Ap °
A
P = p_}-‘ /
g
Position vector
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Representation for a Rotation

e Attach a frame to the Body B

® Rotation of Body B with respect to Frame A

The rotation matrix describing frame {B} ‘B [A)
relative to frame {A} ; 5

Reference Frame
B A E] E] 7 }J}B
i'1 1 }1 2 }1 3

21 jt32 }23 ¥

31 1320 133

Body Frame Xa
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Representation of a Frame

* Complete specification of a 3D object

® Position + Orientation

The rotation matrix describing
frame {B} relative to frame {A}

{B} ={§ R?APBORG h

The origin of frame {B}
relative to frame {A}
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Translation of Frame

® Translation of Frame B with respect to Frame A

~
3 4 1 ap S
Ap_Bp, 4p ~
P="P+"Fyorq PR
"i"
/f
~
,.-"f > "Prorc
¥,
Xy
X,
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Rotation of a Frame

e Rotation of Frame B with respect to Frame A

Ap=4R *p

Bp=fR “p
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Inverse a Rotation Frame

® (Given
® Rotation matrix from Frame B with respect to Frame A gR

e (Calculate

® Rotation matrix from Frame A with respect to Frame B ﬁR
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Inverse a Rotation Frame

AP=§R Bp ;R_IAP=§R_1;R Bp _1Bp_Ep
;R—IAP=§R—1;R Bp BP=§1R—1AP

1 0 0] 5p—5R “p
AR/R=I=[0 1 0

0 0 1 SR=;R'=;R"

) ] i | Drthogonal
P=IFP AR_BR_l_BRT ::;;?;nate

B*Y" A4 —4




Rotation Frames - Example

e Given 0
BP — Bp

i 0

6 = 30°

* Calculate “p

e Solution AP=§R Ep
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HP
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Rotation Frames - Example

cl —s56 0] (Bl .4 cf
-~ ~ ~ YH 1
AR =X, Y, Z,]1=|s0 O 0 Ya
0 0 1




BASED ON PROF. JACOB ROSEN’ MAE‘Z{@

Rotation Frames - Example

¢ —s0 O] 07 [0.866 —0.500 0.00070.0007 [-1.000]
‘P=fR "P=|s0 O 0|"p [=/0.500 0866 0.000|2.000=| 1.732
0 0 1] 0] 0000 0.000 1.000]0.000| | 0.000

® 1.732

HP
(B jAL

B

% |3,
/ XAB
> X,
-1
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Rotation about X.Y, and Z-axis

e Rotation matrices

1] 0o 0] cf |0 sp ca —sa | 0]
R.(N=|0|cyr —-sy| R,(S)=| 0 |1] O R,(a)=|sa ca |0
sy ¢y | | —sf L0l cff 0 0 |1

® Rotation about

e A fixed reference frame

® A moving reference frame — Euler Angle
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Rotation about a Fixed Frame

® Each rotation of Frame B takes place about an axis in Frame A

« Rotate frame {B} aboutjf‘{by an angle
- Rotate frame {B} about }?A by an angle /[ Fixed Angles
« Rotate frame {B} about 24 by an angle &
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Rotation about a Fixed Frame

* Compute rotation with respect to (World) Frame A

ca —sa O ¢f 0 sp1 O 0
Ry (7 Bra) = Ry(OR, (PR, () =|sa ca 0] 0 1 00 ¢y —sy

‘U‘U 0 0 1|-sB 0 B0 sy cy

cacfl casfsy—sacy casPey+sasy |
iRy (7. )= | sacf sasfsy+cacy sasfcy—casy
=P cpsy cpey
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Rotation about a Fixed Frame

ny T, i cacfy casfsy—sacy casfcy+sasy ]
ﬁRm(}/,ﬁ,a’) =|1, 1y ns|=|sacf sasfsy+cacy saspey—casy
5 T Bl =SB cpisy cpey

B = Atan2(-r, 17, +715) for -90°< 4<90°
o = Atan2(r,,/cP .r,,/cP)
y = Atan2(r,,/c ,r,,/cP)
® Special case
[ =290°
a=0
y ==xAtan2(r,,,1,,)




Rotation about a Moving Frame — Euler Angle
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® Each rotation of Frame B takes place about an axis in Frame B

Rotate frame {B} about fA by an angle «
Rotate frame {B} about }?B by an angle [ Euler Angles
Rotate frame {B} aboutjfﬂby an angle 7
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Rotation about a Moving Frame — Euler Angle

* Compute rotation with respect to (local) Frame B

ca —-sa O c¢f 0 spl1 0 0

3Ry (@, B.7) = Ry (R, (P)Ry () =|sa ca O 0 1 00 ¢y —sy
0 0 1j-sf 0 c¢f||0 sy cy |

cacf casfsy—sacy casPcy+sasy
sRyx(@, B.y)=|sacf sasfsy+cacy sasfey—casy
| —sp cfisy cficy
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Fixed Angle VS Euler Angle

® Same result, but different operation order

) > ) >
3Rz (V. B.)=3R (@, B, )

Fixed Angles Euler Angles
XYZ ZY X
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Gimbal Lock

® Because rotations are performed in orders about moving axis

® Previous operation affects the next operation




Gimbal Lock
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Gimbal Lock — Singularity Example

° Singularities

® Multiple Euler Angles map to one rotation (Gimbal Lock)

o [et’s say this is our convention:
[cosa —sina 0] [1
R= |sina cosa 0} |0
0 0 1] [0
° Letsset f=0
[cosa —sina 0] [1
R= |sinae cosa 0} |0
0 0 1] 10
® Multiplying through, we get:
cos cosy — sina sin~y
R = |sinacosy + cosasin~y
0
° Simplify:
R = |sin(a+7)
0

cos(a+7) —sinfa+~) 0

0 0 cosy —siny 0
cos(3 —sinf| |siny cos~y 0
sin3 cosf3 0 0 1
0 Of|cosy —sin~y 0
1 0| |siny cos~y 0
0 1 0 0 1

—cosasiny —sinacosy 0
—sinasiny + cosacosy 0

0 1

o and y do the same thing!

cos(a+7v) 0 We have lost a degree

0 1

of freedom!

/




Homogeneous Transformation
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General Frame = Translation + Rotation

® Frame B with respect to Frame A

{B} :{f;RaAPBORG }

Ap A A
P_BP+ PBORG

“P=-R "P+'P, -~

Ap=A7Pp




BASED ON PROF. JACOB ROSEN’ MAE‘Z{@

Homooeneous Transformation

® Translation and Rotation in a single matrix

“P=.R "P+"P,

BORG

“P=.T"P

® Which one is performed first?




First Rotation. Then Translation

Mo ha s 0
r, 1, 1, 0
Rotation ar=|
iy T 1y 0
0 0 0 1]
_1 O O APBORGI_
A
Translation o7 = 010 “Frorg
0 O 1 APBORGZ
0 0 0 I
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Example
® (Given ) Bpx i (3]
BP — pr — 7
0 _0_

® Manipulation

® Rotate Frame B about Z-axis of Frame A by 30 deg, then

® Translate 10 units along X-axis and 5 units along Y-axis, in Frame A
® Find

° AP in Frame A




P=.T"P = Pl R
1] /0 0 O
0.866 —0.500 0.000 10.0°
0.500 0.866 0.000 5.0
0.000  0.000 1.000 0.0
0 0 0 1
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APBGRG BP
1|1

"3.0]7 [9.098"
70| [12.562
00| | 0.0
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Compound Transformation

, Vector € P
® (Given _ _
Frame {C} is known relative to frame {B} - ‘?,T
Frame {B} is known relative to frame {A} - ‘;T

® Calculate Vector 4p

5 p=FTP

Ap=ATEp

P=.TTP
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Inverted Transformation

® Given frame {B} relative to frame {A} - ‘;T (;tR,APBDRG)

o Calculate frame {A} relative to frame {B} - *,T (jRpBB,{QRG)

B ApnT
AR_BR .
Bp __Bp4p __4pT4p TP
AORG — 4 BORG — B BORG {
- A AJ’
Z,
Xy
ApT ApT A B
B BR _BR PBORG Pions ~
AT — i ProrG
_'b YA .rl?rg
0 0 0 1
Xy
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Example

® (Given

Description of frame {B} relative to frame {A} - ‘;T (;R,A%GRG)

° Manipulation

® Rotate Frame B about Z-axis of Frame A by 30 deg, then

® Translate 4 units along X-axis and 3 units alongY-axis, in Frame A

e Find

B B B
Homogeneous Transform 1" (R, P, p:)
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Example

cd —s60 0| P
ar _| 8 0 cO 0| Py
B

0 O l APBDRGZ

‘0 0 ol 1
_ ; RT _;RTAPBGRG
0o 0 0 1

"0.866 —0.500 0.000 | 4.000]
0.500  0.866 0.000 | 3.000
0.000  0.000 1.000 | 0.000
0 0 0 1
" 0.866  0.500 0.000 | —4.964]
~0.500 0.866 0.000 |—0.598
0.000  0.000 1.000 | 0.000
0 0 0 1
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Transformation Equations

. 0 A 0 (-
® Given T, T, T, T

e (Calculate ‘gT D)
1AL

ST
STy
=T
ST

ST T




QQuaternion
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(Quaternions

® Generalizations of complex numbers
P

® Jdentities

qd=q1+ ql+ q)+ qk

i = =k’ =ijk = —1
x 1 i|j k
101 i | ]|k
i\ i|-1] k|-
joj o -ki-1 i
k| k j|-il -1




BASED ON PROF. JACOB ROSEN’ MAE\Z6\3

Intuition from Complex Numbers

e Use a second “imaginary” dimension

® Permits manipulation of rotations like a vector

q = q1 + @1+ gl+ gk

Rotation about 3 axes
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Notation

® 4-tuples

G =T A2 Y gk
* Hyper-complex number
® Real + Imaginary

® Ordered doublet

* Exponential :
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Operation

e Addition

p+q4d=p1+q)+ (p2+ @i+ (p2+ @)j+ (p2 + @)k

® Multiplication
pqg = (p+p)q+9q

PG = (pg — - @)+ (pq + g P % )

pq 7 qp

Non-commutative
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Operation

* Conjugate — just like a complex number

N* —
q —=dq—(q
* Dot product

q-q=pq+p-q

9l =Vq-q

® Product with conjugate = dot product

® Norm

G =99+q7-7=qG-q

Another way to compute norm




Operation

® [nverse

® Therefore

* Note that for unit quaternion,

GG

:Q’q”?*:‘
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Rotation of a Vector

® (Convert a vector to quaternion
r=0+2x given f:$11+$gj—|—$3k

e Rotation axis + Rotation angle

1 9 - 9 9 polar decomposition
q:eQ w mmm) ( — COS— + WSIN=
2 2
W
® Rotating a vector — sandwich
7 = §iq X
= GIq o
° Composite rotation X
1" ! o s ok
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(Quaternion to Rotation Matrix

® For a quaternion

q=q1 +@l+gl+ @k

® Rotation matrix

20F 4+ q5) — 1 2(qqs — q1qs)  2(qoqs + q1q3) ]
R=|2(pg+qqu) 2(¢i+¢)—1 2(g3q — qgo)
2(qq — q1q3) 2(qi@e + @3q4) 2(q5 +q3) — 1)
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Comparison

® Euler angle
® [ntuitive
® Rotation and translation are separate
® Gimbal lock - Transformation is not unique at singularity
* Homogenous Transform
® [ntuitive
® Rotation + Translation in one shot
® Not compact
® (QQuaternion
® Rotation and translation are separate, but in the same format

® Fancy math, less intuitive

® Compact format — efficient for the computation of some problems




Readings
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