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Potential field 
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katt, krep : positive scaling factors 

x : position of the robot 

ρ : distance to the obstacle 

ρ0 : distance of influence  

演示者
演示文稿备注
How does the potential function look like in visualization? – examine the property of potential function
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Attractive & repulsive fields 
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[Khatib, 1986] 

goal 

robot 

goal force katt, krep : positive scaling factors 

x : position of the robot 

ρ : distance to the obstacle 

ρ0 : distance of influence  
repulsion 

force 

resulting 
motion 

演示者
演示文稿备注
Use attractive/repulsive force to guide the motion – computer the force locally – no need to compute the potential field for the whole spaceWhat if the potential field function is not differentiable? 1) Apply a grid to the space2) Compute value of the potential field difference for current grid and its neighbor grid, with respect to the distance to move to that neighbor grid 3) Choose to move the direction with largest ratio3) Compute the ratio of potential energy and distance
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Recap 

 We learned about how to plan paths for a point 

 

 

 

 

 

 Real-world robots are complex, often articulated bodies 

 What if we invented a space where the robots could be treated as points? 
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Definition 

 Configuration – a  specification of the position of every point 

on the object.  

 A configuration q is usually expressed as a vector of the Degrees of 

Freedom (DOF)  of the robot 

 

  q = (q1, q2,…,qn) 

 

 Configuration space C – the set of all possible configurations. 

 A configuration q is a point in C 

 

演示者
演示文稿备注
DOF = number of independent parameters that define its configuration
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Degree of Freedom – Examples 
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Dimension of Configuration Space 

 Dimension of a Configuration Space 

 The minimum number of DOF needed to specify the configuration of the 

object completely. 

 

q=(q1, q2,…,qn) 

q1 
q2 

q3 

qn 
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Example – A Rigid 2D Mobile Robot 

 3-parameters: q = (x, y, θ ) with θ ∈[0, 2π). 
 3D configuration space 

 Topology: SE(2) = R2 x S1 (a 3D cylinder) 

 

robot 

workspace 

θ 

reference direction 

reference point 

x 

y 
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Example: Rigid Robot in 3D workspace 

 q = (position, rotation) = (x, y, z, ???) 

 Representations for rotation 

 Euler Angles – yaw, pitch roll 

 3X3 Transform Matrices 

 Unit quaternion 

 Regardless of the representation, rotation in 3D is 3 DOF 

 C-space dimension = 6 

 Topology: SE(3) = R3 x SO(3) 

 

演示者
演示文稿备注
SO = special orthogonal group = subgroup of the elements of general orthogonal group with determinant 1SO(3) = rotation group in 3D spaceSE(3) = 3D Euclidian groupQuaternion = any rotation or sequence of rotations of a rigid body about a fixed point is equivalent to a single rotation by a given angle θ about a fixed axis that runs through the fixed pointDirect product X - analogue of the Cartesian product of setsG1 × ⋯ × Gn are tuples (g1, …, gn),
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Configuration Space for Articulated Objects 

 Articulated object – A set of rigid bodies connected by joints 

 For articulated robots (arms, humanoids, etc.), the DOF are 

usually the joints of the robot 

 Exceptions?  

 Topology of two-link manipulator?  

 With joint limits?  
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Paths and Trajectories in C-Space 

 Path  

 A continuous curve connecting two configurations qstart and qgoal  

 

 

  Such that τ(0) = qstart and τ(1) = qgoal. 

 Trajectory 

 A path parameterized by time 

 

Css ∈→∈ )(]1,0[: ττ

CtTt ∈→∈ )(],0[: ττ
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Obstacles in C-space 

 

演示者
演示文稿备注
Obstacles in task space with simple geometry can turn into shapes that are very hard to model mathematically 
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Obstacles in C-space 

 (Collision)-free configuration – q 

 Robot placed at q has no intersection with any obstacle in the workspace 

 Free Space – Cfree 

 A subset of C that contains all free configurations 

 Configuration space obstacle – Cobs 

 A subset of C that contains all configurations where the robot collides with 

workspace obstacles or with itself (self-collision) 
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How to compute Cobs ? 

 

 

 

 

 A simple example 

 2D translating robot 

 Polygonal obstacle in task space 

Robot Geometry 

Obstacle Geometry 
Configuration space obstacle Compute … 



Modified based on Slides  
by Prof. David Hsu, University of Singapore 

Example – Disc in 2D workspace 

 
Workspace 

(2D) 
configuration space 

(2D) 



Modified based on Slides  
by Prof. David Hsu, University of Singapore 

Minkowski Sum 

 

演示者
演示文稿备注
Minkowski Sum = 



Modified based on Slides  
by Prof. David Hsu, University of Singapore 

Minkowski Sum 

 

演示者
演示文稿备注
Minkowski sum = pointwise sumTake BDip it into some paintPut its (0,0) on the border of ATranslate it along A’s perimeteSum = the painted area 



Modified based on Slides  
by Prof. David Hsu, University of Singapore 

Minkowski Sum 

 



Modified based on Slides  
by Prof. David Hsu, University of Singapore 

Minkowski Sum 

 



Modified based on Slides  
by Prof. David Hsu, University of Singapore 

Example – 2D Robot with Rotation 

 

robot 

workspace 

θ 

reference direction 

reference point 

x 

y 



Modified based on Slides  
by Prof. David Hsu, University of Singapore 

Example – 2D Robot with Rotation 

 



Modified based on Slides  
by Prof. David Hsu, University of Singapore 

Minkowski Sum 

 Can Minkowski Sums be computed in higher dimensions 

efficiently? 

 

Find a configuration that keeps the knot interlocked but 
without colliding with the cubic frame? 

Computing the Minkowski sum of non-convex polyhedra – Time Complexity: 



Why need to study the topology of C-space? 

 Because in topology, a coffee mug can be equivalent to a donut 

Homotopic 
If one path can be deformed into continuously deformed into the other 

Two paths τ and τ’ with the same endpoints is  

演示者
演示文稿备注
The surface of coffee mug can be continuously deformed into the surface of a donut



Homotopic paths 

 A homotopic class of paths 

 All paths that are homotopic to one another. 

 

演示者
演示文稿备注
Use 



Homotopic paths 

 A cylinder without top and bottom 

 τ1 and τ2 are homotopic 

 τ1 and τ3 are not homotopic 

 

τ2 

τ3 

q 

q’ 

τ1 

演示者
演示文稿备注
To deform t1 to t3, have to cross the edge of the cylinder’s side surface 



Connectedness of C-Space 

 C is connected  

 If every two configurations can be connected by a path. 

 C is simply-connected  

 if any two paths connecting the same endpoints are homotopic. 

 Examples: R2 or R3 

 Otherwise C is multiply-connected.  

 Can you think of an example? 

τ2 

τ3 

q 

q’ 

τ1 



Distance in C-space 

 A distance function d in configuration space C is a function 

 

 

 Such that  

 d(q, q’) = 0 if and only if q = q’, 

 d(q, q’) = d(q’, q), 

 d(q, q’) <= d(q, q’’) + d(q’’, q’)                                       . 

 

 

0)',()',(: 2 ≥→∈ qqdCqqd



Discussion 

 Do we need to have an explicit representation of C-obstacles to do 

path planning? 

 

 Do we need a specialized distance metric in C-space to do path 

planning? 

 Can we use Euclidian distance between configurations? 

 Can we use Euclidian distance for all the problems?  

 

演示者
演示文稿备注
Exact methods (e.g. visibility map, exact cell decomposition) – needApproximate methods (not, use a collection regular shape cells to represent the obstacle geometry)Sampling-based method (not, sample to find collision-free configuration, and connect them)1) 



Distance metric 

 L1-norm (Manhattan distance) – follow the grid, like a taxi driver 

 

 L2-norm (Euclidian distance) 

 

 L∞-norm (chessboard distance) 

 

 

演示者
演示文稿备注
The taxicab distance between two vector ---- the sum of the lengths of the projections of the line segment between the points onto the coordinate axesChessboard distance -- the distance between two vectors is the greatest of their differences along any coordinate dimension



 Read  

 Principles: Appendix H – Graph representation and basic search 

 HW1 is posted 

 Due 2/1 at 12 noon 

 





Examples in R2 x S1 

  Consider R2 x S1 

 q = (x, y,θ), q’ = (x’, y’, θ’) with θ, θ’ ∈ [0,2π) 

 α = min { |θ − θ’ | , 2π - |θ − θ’| } 
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