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Abstract

In this paper we extend and generalize the standard random walk theory
(or spectral graph theory) on undirected graphs to digraphs. In particular,
we introduce and define a (normalized) digraph Laplacian (in short, Dipla-
cian) I" for digraphs, and prove that 1) its Moore-Penrose pseudo-inverse is
the (discrete) Green’s function of the Diplacian matrix (as an operator on di-
graphs), and 2) it is the normalized fundamental matrix of the Markov chain
governing random walks on digraphs. Using these results, we derive new
formula for computing hitting and commute times in terms of the Moore-
Penrose pseudo-inverse of the Diplacian, or equivalently, the singular val-
ues and vectors of the Diplacian. Furthermore, we show that the Cheeger
constant defined in [7] is intrinsically a quantity associated with undirected
graphs. This motivates us to introduce a metric — the largest singular value
of the skewed Laplacian V := (I' — I'"") /2 — to quantify and measure the
degree of asymmetry in a digraph. Using this measure, we establish sev-
eral new results, such as a tighter bound (than that of Chung’s in [7]) on
the Markov chain mixing rate, and a bound on the second smallest singular
value of I'.

1 Introduction

Graphs arising from many applications such as web are directed, where direc-
tion of links contains crucial information. Random walks are frequently used to
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model certain dynamic processes on (directed or undirected) graphs, for example,
to reveal important network structural information, e.g., importance of nodes as
in the Page-Rank algorithm [6], or to study ways to efficiently explore complex
networks.

Random walks on undirected graphs have been extensively studied and are
well-understood (see [16]). They are closely related to spectral graph theory [8],
which has produced powerful tools to study many important properties of (undi-
rected) graphs that are of both theoretical and practical significance. Well-known
results include bounds on Cheeger constant and mixing rate in terms of the second
smallest eigenvalue of the graph Laplacian. On the other hand, there are relatively
few similar studies on directed graphs, see, e.g., [7, 19], where the authors cir-
cumvent the “directedness” of digraphs by converting them into undirected graphs
through symmetrization.

In this paper we develop a spectral graph theory (or random walk theory) for
directed graphs (in short, digraphs). We introduce the notion of Diplacian, a
direct generalization of the graph Laplacian (for undirected graphs), denoted by
I'. Instead of using the node degrees (as in the case of undirected graphs), the
Diplacian is defined using stationary probabilities of the Markov chain govern-
ing random walks on digraphs. Furthermore, instead of relying on the positive
semi-definiteness of the graph Laplacian matrix (for undirected graphs), we es-
tablish a key connection between the Diplacian I' and its Moore-Penrose pseudo-
inverse [12], denoted by I'", and use the properties of this connection to prove
several parallel results for random walks on digraphs. In particular, we show that
1) the Moore-Penrose pseudo-inverse I'" of the Diplacian is exactly the (discrete)
Green’s function of the Diplacian matrix [', acting as an operator on digraphs [9],
and 2) I'" is the normalized fundamental matrix [1] of the Markov chain govern-
ing random walks on digraphs.

Based on the connection between I'™ and the fundamental matrix, we show
how hitting and commute times can be directly computed in terms of the singular
values and vectors of the Diplacian — this yields a more direct and efficient way
to compute hitting and commute times than existing methods based on the funda-
mental matrix. More generally, our results suggest a “spectral graph theory” for
digraphs, where graph properties can be studied using the singular values of the
Diplacian in place of the eigenvalues of the Laplacian. In particular, our theory
of random walks on digraphs subsumes the existing theory of random walks on
undirected graphs as a special case.

Furthermore, we show that the well-known Cheeger constant — generalized
by Chung to digraphs in [7] — is fundamentally a quantity intrinsic to undirected
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graphs, as there are infinitely many digraphs with the same symmetrized (undi-
rected) graph. Hence bounds based on the eigenvalues of the symmetrized graph
Laplacian do not uniquely capture the properties of digraphs. This leads us to in-
troduce the degree of asymmetry to capture the overall “directedness” of digraphs,
formally defined as follows: we express a Diplacian I' in terms of a symmetric
part, L = (I' + T7) /2, and a skew-symmetric part, V = (I' — I'") /2, where L
is the (symmetrized) graph Laplacian for digraphs introduced by Chung in [7] and
V is referred to as skewed Laplacian for digraphs. The largest singular value of
V, dmaz» 18 referred to as the degree of asymmetry, which provides a quantitative
measure of the asymmetry in digraphs. Many key properties of digraphs can then
be bounded by the eigenvalues of £ and the degree of asymmetry. For instance, by
accounting for the asymmetry of digraphs, we are able to obtain a tighter bound
(than that of Chung’s in [7]) on (non-reversible) Markov chain mixing rate.

2 Preliminaries: Random Walks on Undirected Graphs

We use a triple G = (V, E/, A) to denote an undirected and weighted graph on the
node set V' = {1,2,...,n}. The n X n (nonnegative) weight matrix A = [a;;]
is symmetric, and is defined in such a way that a;; = a;; > 0, if (i, j) € E, and
a;; = a;; = 0 otherwise. For 1 < i < n, the degree of node i is d; = Z;‘zl jj.
The volume of G, denoted by vol(G), is defined as the sum of all node degrees,
d=Y",d;ie., vol(G) =d.

A random walk on G is a Markov chain defined on G with the transition proba-
bility matrix P = [p;;], where p;; = a;;/d;. Let D = diag|d;] be a diagonal matrix
of node degrees, then P = D~ A. Without loss of generality, we assume that the
undirected graph G is connected (i.e., any node can reach any other node in (7).
Then it can be shown (see, e.g., [1]) that the Markov chain is irreducible, and
there exists a unique stationary distribution, {¢1, ¢2,..., ¢, }. Let ¢ = [¢;]1<i<n
be the column vector of the stationary probabilities. Then ¢7 P = ¢T, where the
superscript 1" represents (vector or matrix) transpose. Furthermore, this Markov
chain (random walk) on G is reversible, namely

Gipij = @;pji, forany 1, j, (1)

and P p
== =12 ....n 2
A A R 2



Following [8], we will use the normalized graph Laplacian (instead of the un-
normalized version . = D — A). Given an undirected G, the normalized graph
Laplacian of GG (also called normalized Laplacian matrix of () is defined as fol-
lows:

L=D"3D—-AD%=D3([—P)D*. 3)

A key property of the graph Laplacian (for an undirected graph) is that £ is sym-
metric and positive semi-definite [12]. Hence all eigenvalues of L are nonnegative
real numbers. In particular, for a connected undirected graph GG, £ has rank n — 1
and has exactly one zero eigenvalue (its smallest one). Let \; =0 < Ay < --- <
A, be the n eigenvalues of £ arranged in an increasing order, and p;, 1 <@ < n,
be the corresponding eigenvectors (of unit norm). In particular, one can show that
the (column) eigenvector, (1, of £ associated with the eigenvalue A\; = 0, is given
by

[SIE
I
=
I
S

— . 4
Define A := diag[\, ..., A\,], the diagonal matrix formed by the eigenvalues,
and U = [y, ..., ity), an orthonormal matrix formed by the eigenvectors of L,

where UUT = UTU = I. Itis easy to see that the graph Laplacian £ admits
an eigen-decomposition [12], namely, £ = UAU?. Using the eigenvalues and
eigenvectors of £, we can compute the hitting times and commute times using the
following formula [16]:

d Jhj kit
Hy =) (=4 — =), (5)
TS d
and
Cij:2£( ki ﬂ){ (6)
=1 A Vd; /d;

where ;5 1s the jth entry of the column vector .

3 Random Walk Theory on Digraphs

In this section, we develop the random walk theory for digraphs. In particular,
we generalize the graph Laplacian defined for undirected graphs, and introduce
the Diplacian matrix. We prove that the Moore-Penrose pseudo-inverse of this
Diplacian is exactly equal to (a normalized version of) the fundamental matrix of
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the Markov chain governing random walks on digraphs, and show that it is also the
Green’s function of the Diplacian. Using these connections, we illustrate that how
hitting and commute times of random walks on digraphs can be directly computed
using the singular values and vectors of the Diplacian. We also show that when
the underlying graph is undirected, our results reduce to the well-known results
for undirected graphs. Hence our theory includes undirected graphs as a special
case.

3.1 Random Walks on Directed Graphs and Fundamental Ma-
trix

As alluded earlier, random walks can be defined not only on undirected graphs, but
also on digraphs. Let G = (V, E, A) be a (weighted) digraph defined on the vertex
set V' ={1,2,...,n}, where A is a nonnegative, but generally asymmetric weight
matrix such that a;; > 0 if and only if the directed edge (or arc) (i, j) € E. As
before, we will simply refer to A as the adjacency matrix of G. Fori = 1,2, ..., n,
we define the out-degree of vertex i, d; = Z?:l a;j, and the in-degree of vertex
i, d; = Y7 ;aj. In general, d* # d~. However, we have d := Y1, df =

o1 di = 3271 27— aij. As before, we refer to d as the volume of the directed
graph G, i.e., vol(G) = d. For conciseness, in the following unless otherwise
stated, we refer to the out-degree of a vertex simply as its degree, and use d; for
dt.

Let D = diag|d;] be a diagonal matrix of the vertex out-degrees, and define
P = D™'A. Then P = [p;;] is the transition probability matrix of the Markov
chain associated with random walks on (G, where at each vertex 4, a random walk
has the probability p;; = a;;/d; to transit from vertex i to vertex j, if (i,j) €
E. We assume that G is strongly connected, i.e., there is a (directed) path from
any vertex ¢ to any other vertex j. Then the Markov chain P is irreducible, and
has a unique stationary probability distribution, {¢;}, where ¢; > 0, 1 < i <
n. Namely, o' P = ¢, where ¢ = [¢y,...,d,]7 be the (column) vector of
stationary probabilities. Unlike undirected graphs, the Markov chain associated
with random walks on directed graphs is generally non-reversible, and eqs.(1) and
(2) for undirected graphs do not hold.

For random walks on directed graphs, quantities such as hitting times and com-
mute times can be defined exactly as in the case of undirected graphs. However,
since the (normalized) Laplacian matrix L is (so far!) defined only for undirected
graphs, we cannot use the relations eqs.(5) and (6) to compute hitting times and



commute times for random graphs on directed graphs. On the other hand, using
results from the standard Markov chain theory, we can express the hitting times
and commute times in terms of the fundamental matrix. In [1], Aldous and Fill
define the fundamental matrix Z = [z;;] for an irreducible Markov chain with the
transition probability matrix P:

Zi] Z (pz] ¢]) 1 S Za] S n, (7)
t=0

where pg») is the (7, 7)-th entry in the ¢-step transition probability matrix P' =

—

t

Let ® = diag[¢;] be the diagonal matrix containing the stationary probabilities
¢;’s on the diagonal, and J = [J;;] the all-one matrix, i.e., J;; = 1,1 <4, j < n.
We can express Z alternatively as the sum of an infinite matrix series:

Z=3 (P'—Jd)=3 (P'—1¢"), (3)
t=0 t=0
where 1 = [1,...,1]7 is the all-one column vector. Hence J = 1 - 17, and

170 = o7,

While the physical meaning of the fundamental matrix Z may not be obvious
from its definition eq.(7) (or eq.(8)), it plays a crucial role in computing various
quantities related to random walks, or more generally, various stopping time prop-
erties of Markov chains [1]. For instance, the hitting times and commute times
of random walks on a directed graph can be expressed in terms of Z as follows

(see [1]):
Hy =212 )

and

C, = i % “_' 10)

In eqgs.(7) and (8), the fundamental matrix 7 is defined as an infinite sum. We
show that Z in fact satisfies a simple relation eq.(11), and hence can be computed
directly using the standard matrix inverse.



Theorem 1. Let P be the transition probability matrix for an irreducible Markov
chain. Then its corresponding fundamental matrix Z as defined in eq.(7) satisfies
the following relation

Z+Jo=(—-P+J0) " (11)

Proof: Note that J® = 1¢”. From ¢ P = ¢ and P1 = 1, we have JOP = J&
and PJ® = J®. Using these two relations, it is easy to prove the following
equation by induction.

P™—Jd = (P — J®)™, forany integer m > 0. (12)

Plugging this into eq.(8) yields Theorem 1. u

As undirected graphs are a special case of directed graphs, eqs.(9) and (10)
provide an alternative way to compute hitting times and commute times for ran-
dom walks on connected undirected graphs. In this paper we will show that eqs.(5)
and (6) are in fact equivalent to eqs.(9) and (10).

3.2 Diplacian and Green’s Function for Digraphs

We now generalize the existing spectral graph theory defined for undirected graphs
to directed graphs by introducing the Diplacian (an appropriately generalized
Laplacian matrix) for (strongly connected) diagraphs. Let G = (V| E, A) be a
strongly connected (weighted) digraph defined on the vertex set V' = {1,2,...,n},
where in general the weight (or adjacency) matrix A is asymmetric. A major
technical difficulty in dealing with digraphs is that if one naively extends the
(normalized) Laplacian matrix, £ = D~'/2(D — A)D~'/2, (or its un-normalized
version, L. = D — A), defined for undirected graphs to digraphs, £ is in gen-
eral asymmetric; hence the nice properties such as positive semi-definiteness of
L no longer hold. Past attempts in generalizing the spectral graph theory to di-
graphs have been simply symmetrized L, e.g., by introducing a symmetric matrix,
L=1—(d2Pd 2+& 2 PTH2)/2[7,19]. Unfortunately, as will be shown in the
Section 4, such symmetrized £ does not directly capture the unique characteristic
of the random walk on the digraph as defined earlier, since a set of diagraphs can
have the same L.

For a strongly connected digraph G, let 2z = diag[\/¢;]. We define the
(normalized) digraph Laplacian matrix' (in short, Diplacian) for G, " = [[';;] as
follows:

' An un-normalized digraph Laplacian is defined as L = ®(I — P) in [4].
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Definition 1 (Diplacian I').

[=®3(] — P)P 2, (13)
namely, for 1 < 1,7 <mn,
1 —pi ifi=j,
1 _1
Uij =13 —ofpio;® if(i,j) € E, (14)
0 otherwise.

Treating this (normalized) Diplacian matrix [' as an (asymmetric) operator on
a digraph G, we now define the (discrete) Green’s function G (without boundary
conditions) for digraphs in exactly the same manner as for undirected graphs [9].
Namely, G is a matrix with its entries, indexed by vertices 7 and j, that satisfies
the following conditions:

[gr]i,j = Ii,j - \/¢i¢ja 1<4,j<n, (15)

and expressed in the matrix form,

11T
gl =1—¢2¢2 . (16)

In the following we will show that G is precisely I'*, the pseudo-inverse of the
Laplacian operator I" on the digraph G. Furthermore, we will relate I't directly to
the fundamental matrix Z of the Markov chain associated with random walks on
the digraph GG. Before we establish a main result of this paper, we first introduce
a few more notations and then prove the following useful lemma.

Lemma 1. Define Z = P2 7D 3 (the normalized fundamental matrix), and [J =
P3JP3 = gb%gb%T. The following relations regarding Z and [J hold: (1) J = J?,
2) I =TF = JZ = 2T = Opyn and (3) D¢t = Z¢3 = 0,63 T =
vz =0

Proof Sketch: These relations can be established using the facts that J = 117,
170 = ¢7, 7T =17, 0] = 91", JOJ = J, ¢"(I — P) = 0", (I — P)1 = 0,
#TZ = 07, and Z1 = 0. The last four equalities imply that the matrices I — P

and Z have the same left and right eigenvectors, ¢ and 1, corresponding to the
eigenvalue 0. u



We are now in a position to prove a main theorem of the paper, which states
the Green’s function for the (normalized) Diplacian is exactly its Moore-Penrose
pseudo-inverse, and it is equal to the normalized fundamental matrix. Namely,
G = I'" = Z. For completeness, we also include the key definitions in the
statement of the theorem.

Theorem 2 (Diplacian matrix and Green’s function for digraphs). Given a
strongly connected digraph G = (V,E,A) where V. = {1,....,n} and A is
a (generally asymmetric) nonnegative weight/adjancency matrix of G such that
a;; > 01if and only if (i, j) € E, let D = diag|d;] be the diagonal (out-)degree
matrix, i.e., d; = >>;a;;. Then P = D~YA is the transition probability matrix
for the (irreducible and generally non-reversible) Markov chain associated with
random walks on the digraph G. Let ¢ = [¢1, ..., ¢n|" be the stationary proba-
bility distribution (represented as a column vector) for the Markov chain P, and
& = diag|¢;| be the diagonal stationary probability matrix. We define the (nor-
malized) Diplacian matrix I" of G as in eq.(13), i.e., I = P32 (I — P)(ID‘%. Define
Z = ®37d3, where 7 is the fundamental matrix of the Markov chain P as
defined in eq.(7).

Then Z = T'", is the pseudo-inverse of the Diplacian matrix I'. Furthermore,
Z is the (discrete) Green’s function for I'. Namely,

ZD = [ — B3O — [ — ¢3gh 17)

1 1
where J is the all-one matrix and gb% = [¢7,..., 92T (a column vector).

Proof Sketch: From eq.(11) in Theorem 1, we have
Z+J=T+J)" (18)

Multiplying eq.(18) from the right by I' + 7, and using Lemma 1, it is easy to see
that
Zll'=1—-J, (19)

which establishes that Z is the Green’s function of the Diplacian I'. Similarly, by
multiplying eq.(18) from the left by I' + 7, we can likewise prove I'Z = [ — 7.
Hence ZI' = 'Z = -7, which is a real symmetric matrix. Hence (I'Z)T =T'Z
and (ZT')T = ZT. Furthermore, as 7 Z = 0, eq.(19) yields ZI'Z = Z. Similarly,
as 7 = ®2(I — P)J®2 = 0, eq.(19) yields T ZI’ = I'. These establish that Z
satisfies the four conditions of matrix pseudo-inverse. Hence Z is also the Moore-
Penrose pseudo-inverse of I'. Therefore, G = Z = T'". n



3.3 Computing Hitting and Commute Times for Digraphs us-
ing Diplacian

Using the relationship between the (normalized) Diplacian I, its pseudo-inverse
I'*, and the (normalized) fundamental matrix Z, we can now express the hitting
times and commute times of random walks on digraphs in terms of I'", or alterna-
tively in terms of the singular values and singular vectors of the Diplacian matrix
Ir.

From Z = &3 Zd3 = @‘%Fﬂb%, and using eqgs.(9) and (10), we can com-
pute the hitting times and commute times for random walks on digraphs directly
in terms of the entries of I'*.

Theorem 3 (Computing hitting and commute times using I'"). The hitting
times and commute times of random walks on a strongly connected digraphs can
be computed using the pseudo-inverse of the (generalized) normalized Laplacian
matrix T'" as follows:

rt r+
Hy=—4 4 (20)
;i \/ Qi®;
and + + + +
r+ | Tt
Cij — Hij + Hji — _J 1 %] J (21)

5 o o oo,

Where U is the (i, §)-th entry of 'Y, and ¢; is the stationary probability of vertex
i.

For undirected graphs, we show that eqgs.(20) and (21) reduce to eqgs.(5) and
(6) in Section 2. This can be seen from the fact that for undirected graphs, I' = £
is symmetric and positive semi-definite. Hence the singular value decomposition
of L is the same as the eigen-decomposition of L.

For digraphs we can express F;;- directly in terms of the singular values and
left/right singular vectors of the (generally asymmetric) Diplacian matrix I'. Let
0;, u; and v; are the i-th (arranged in an increasing order) singular value and the
corresponding left and right singular vectors of I, where ||u;||o = 1 and ||v;||2 = 1,
i=1,2,...,n. Inparticular,0 = 0y < 0y < --- < 0,. Hence I' = UX V7, where
Y = diagloy], U = [u1,...,u,), V = [v1,...,0,), UUT = T and VVT = I,
and I'" = VX*UT, where ¥ = diaglo]]. Therefore, I'}; = Ypoy 5-vkitis;.

Plugging these equations into eqs.(20) and (21), we can express the hitting times
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and commute times for random walks in a digraph in terms of the singular values,
left and right singular vectors of the Diplacian matrix I" as below:

I vgjur;  Upitgg
Hy=3% —(—— - =), (22)
! g:l Ok Qj \/ ©i®;
and
Cy=Y L UkjUk; | UkiUki UkiUkg UkjUk . 23)

=10k O b - \/ ©i®; - \/ @i

4 Degree of Asymmetry, Generalized Cheeger Con-
stant and Bounds on Mixing Rate

In this section we explore the relation between Diplacian I' and the (symmetrized)
Laplacian £. We first show that the (symmetrized) Laplacian matrix £, and the
Cheeger constant h(() as defined in [7] are in a sense primarily determined by an
undirected graph associated with the random walks with the transition probability
matrix P = (P + ®~!PT®) /2, thus cannot capture the unique characteristics of
each individual diagraph. As a result, we investigate two questions: 1) how can
the “degree of asymmetry” of a digraph be quantified and measured? and 2) how
does the degree of asymmetry affect crucial properties of a digraph such as the
mixing rate? In the following we propose one metric — the largest singular value
of V := (I' — I'T) /2 — as a measure of the degree of asymmetry in a digraph.
We show that by explicitly accounting for the degree of asymmetry, we can obtain
generally tighter bounds on quantities (e.g., mixing rate) associated with random
walks (or Markov chains) on digraphs.

4.1 The Degree of Asymmetry, and Relations to Symmetrized
Laplacian

In [7], Chung introduces the (symmetrized) Laplacian matrix for digraphs, £ =
L +2FT, generalizes the Cheeger constant to digraphs and bounds it in terms of the
second smallest eigenvalue of £. In the following we show that the (symmetrized)
Laplacian £ and the Cheeger constant introduced by Chung are in fact two quan-
tities intrinsic to undirected graphs.

Theorem 4. Given a digraph G, with transition probability matrix P, there exist
infinite digraphs which have the same stationary distribution matrix ® and the
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same symmetrized transition probability matrix P = (P + ®~'PT®)/2. As a re-
sult, all these graphs have the same (symmetrized) Laplacian matrix and Cheeger
constant.

Proof : We prove it by construction. Given a digraph G = (V, E, A), with
transition probability matrix P, all the digraphs G”’s with the transition probability
P’ as
P'(a)=aP + (1 -a)® 'PTo, (24)

form an infinite digraph set, denoted by G, where a € [0, 1].
It is easy to check that any P’(«) defined in eq.(24) is non-negative, and satisfies
¢TP'(a) = ¢T, and P'(a)1 = 1, thus P’(«) represents a transition probability
matrix of a random walk with stationary distribution ¢.

For any G’ € G, the Diplacian matrix is given by IV = &2 (I — P')®~2, and
the (symmetrized) Laplacian is only determined by P, since we have

I+ 17 P+ o' P

5 5 )d 2 = d3(] — P)dE. (25)

D=

L= P

(I

In particular, when a = 1, P'(3) = P represents the undirected graph G.

For any S C N := {l,...,n}, define an n-element vector fg, as fg(i) =
1/Fy(S), i € S and fs(i) = —1/Fy(S), i € S, where F(S) := Y;cq ¢; and
Fy(S) := Y;c5 ¢ are the circulation function [7]. Define 25 = i fs. Then, we
have

rilTwg = fEO(I — P)fg = Z bipij = F4(0S)
i€S,jES
1 _
rilTwg = aiTT2g = §(x£Fx5 + i wg) = ok Lag. (26)
Hence, we know for all the graphs G’ € G, the circulation Fj(S), Fy(S) and
F,(0S) hinge only on the partition S V.S = V. Therefore, any graph G' € G
has the same Cheeger constant, i.e.,
Fy(0S)

msin min{F, (), F5(S)) = h(G") = h(G). (27)

To capture the “degree of asymmetry” in a digraph, we express [' as a sum of
a symmetric part and a skew-symmetric part:

r=L+V, (28)
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where we define the skew symmetric part V = (I' — I'"") /2 as skewed Laplacian
matrix of a digraph. Note that 7 = £ + VT = £ — V. Hence V captures the
difference between I' and its transpose (which induces a reserved Markov chain
or random walk). When I" is symmetric, then V = 0. Let (0 =)oy < 09 <
... < o, denote the singular values (in an increasing order) of I'. Likewise, let
(0 =)\ < Ay < ... < )\, denote the eigenvalues of £, and (0 =)§; < §, <
o < 0p(= dpaz) the singular values of V. The following relations among them
hold (See [3]):

N <o <N+6,, i=1,2,...,n. (29)

From eq.(29), we see that 0; — \; < 8,, 7 = 1,...,n. When the graph is undi-
rected, we have ' = £, thus 6, = O and 0, = \;, @ = 1,...,n. We there-
fore propose the largest singular value of V, §,(= 0,,4:) as a measure of the
degree of asymmetry in the underlying digraph. Note that 6, = |V||, where
| - || is the operator (bound) norm of a matrix: ||V = sup, i [Vz[2 =
SUD|y = fef=1 | (¥ T2) — (4, T7x)| = supyy ezt (¥, Tx) — (2, Ty)] (see, e.g.,
[3], p.6 and p.91). On the other hand, (z,T'x) — (z,T7z) = 0 for any z.

In the following, we relate and bound ¢,, — the degree of asymmetry — to two
other important quantities associated with the Markov chain on a digraph: the di-
graph gap g(G) defined below and the second largest singular value of the trans-
mission probability matrix P.

Given a digraph G, the circulation function Fi(-), where Fy(i,7) = ¢ipij,
obeys the flow conservation law at every node of a digraph: >-, Fy(k, i) = >2; Fy(i, j)
for all i’s. Now, define the digraph gap g(G) = maxgs > e | Yjes (Fo(i, ) — Fy(4,1))],
which quantifies the maximum difference between two bipartite subgraphs .S and
S among all partitions. We have the following theorem relating the degree of
asymmetry with ¢(G) and o,,_1(P), the second largest singular value of P =
2 PPz,

Theorem 5 (Bounds on the degree of asymmetry).
1
29(G) < 00 < A((P'P) = 05 (P), (30)
where P = ©3 PO~

Proof : The proof of this theorem is delegated to Appendix. "

Theorem 6 below relates and bounds the second smallest singular value o5 of
I" in terms of the degree of asymmetry 0,,, the Cheeger constant, and the second
smallest eigenvalue A\, of L. The proof of this theorem is delegated to Appendix.
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Theorem 6 (Relations among o, \,, 9, and the Cheeger constant). Given a
strongly connected graph G = (V, E, A), and its Laplacian matrix I' = &3 (I —
P)(ID_%, we have the bounds for the second smallest singular value of I as

2
"G gy <112y an(o). (1)
2 Ao

When the graph is undirected, we have @ < 0y = Ay < 2h(@), which is
exactly the same as the bounds obtained in [7].

Finally, we introduce a generalized Cheeger constant, h(G), defined as

hG) = mi HPxSH: ' M (32)
S Nlesll poietr (2Fzg)z

where for any S C N := {1,2,...,n}, x5 = <I>_%fs is defined above. We see
that the generalized Cheeger constant thus defined minimizes the 2-norm of the
circulations across bipartite subgraphs S and S, whereas h(G) minimizes the 1-
norm ~(the sum of absolute values) of the circulations across S and S. Clearly,
oy < h(G).

4.2 Bounding the Mixing Rate of Random Walks on Digraphs

In this section, using mixing rating bounds as an example, we show that by con-
sidering the degree of asymmetry, we obtain a better bound for the mixing rate of
random walks on digraphs.

The mixing rate is a measure of how fast a random walk converges to its
stationary distribution. Many papers have studied the problem of bounding the
mixing rate of random walks (or reversible Markov chains) on undirected graphs,
such as [5, 13]. Relatively few papers [7, 10, 17] have addressed the problem of
bounding the mixing rate of Markov chains (or random walks) on digraphs. In
bounding the convergence rate from an initial distribution to the stationary distri-
bution of a Markov Chain with the transition probability matrix P, the x-square
distance [7, 10] is commonly used, and is defined as follows:

X(t) _ max( Z (Pt(l,j)—¢3)2)% (33)

i€V (G) ivio) O;

Since not all random walks on strongly connected digraphs are convergent,
Chung defines a lazy random walk on GG with transition probability matrix P, =
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£ "and derives the following bound on the mixing rate of this lazy random walk
using the y-square distance [7] (a bound using a closely related total variance
distance is also derived): define M = QD%PLQD‘%, then X(t)2 < e'max; ¢; ! where
TMT M M| A
5:maXfT7f max Iy 22 (34)
fi¢>% f f fJ_¢>2 Hf” 2
From Theorem 4, we know that this bound leads to the same upper bound for
all digraphs with the same £. By accounting for the degree of asymmetry, we

obtain a (generally) tighter upper bound on ”ﬂ%f as follows, which in turn yields

a tighter bound on x(¢):

Theorem 7. For an irreducible Markov chain P and a lazy random walk Py =
I+P
2 )

L7 G OO e G

€ = ma <l——-— (35)
fJ_¢>2 Hf” 2 4
3 5\2 (O'n_l(ﬁ) -+ 5n)2
- — = 36
1 3t 1 (36)
holds true, where M = ®3 P,®~3 and P = P+PT =1—L.
Proof : MT M can be rewritten as
rr r. 3. r+1rt prp L. I-P'p
MM =(I—-—)I—-=)="1- (- -~
( 2 ) 2) 4 4 + 4 ( 2) 4

Since fJ.(b% is the (left and right) singular vectors of I' corresponding to the
largest singular value 1, and is also the eigenvector of £ corresponding to the
smallest eigenvalue 0, by applying the Min-max theorem (See Theorem 6.58(e)
on p.108 [3]) we prove eq.(35). Then ai_l(P) in eq.(35) can be further bounded
as follows:

03 1(P) £ 03 (P +V) < (00-1(P) +00)%, (37)
which yields eq.(36). "

We remark that since 0,,_1(P) < 0,(P) = 1,1 —02_,(P) > 0 holds, the
bound in eq.(35) is tighter than Chung’s bound in eq.(34). In eq.(36) we further
bound o,,_1(P) in terms of the degree of asymmetry and the singular value of P.
In particular, when P is symmetric (i.e., the underlying graph is undirected), the
bound in eq.(36) boils down to eq.(35).
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4.3 Numerical Analysis

In this section, we study a real directed network in terms of its degree of asym-
metry J,, and the mixing rate bound. Fig. 1 presents the information flow network
with 10 formal organizations concerned with social welfare issues in one mid-
western U.S. city (where the data were collected by Knoke and Kuklinski [11,14]).

Bidirectional edges
Directional edges I

Figure 1: Knoke’s data [11, 14] on information exchanges among organizations
operating in the social welfare field. The degree of asymmetry of this digraph is
0.3096.

It is easy check that Knoke information exchange digraph is strongly con-
nected, i.e., any node can reach any other node in the graph. It has degree of
asymmetry 6,, = 0.3096. Using eq.(24), we construct a set of new digraphs with
« ranging from 0 to 1. As we can see from Fig.2, the new graph G(«) becomes
more symmetric with smaller d,,, when the parameter «v gets closer to 1/2. On the
other hand, when | — %\ is larger, i.e., « is closer to 0 or 1, the graph becomes
more asymmetric, with larger 9,,.

Moreover, as we vary «, we also compute the bounds on e (equivalent to
the mixing rate bounds), including our bounds eqs.(35) and (36), and the bound
eq.(34) obtained in [7]. Fig. 3 shows the relationship between mixing rate bounds
and the degree of asymmetry in Knoke information exchange digraph, where
eq.(34) provides an invariant bound for all digraphs constructed by eq.(24), be-
cause the construction (eq.(24)) preserves the stationary distribution and the sym-
metrized Laplacian matrix £. On the other hand, eqs.(35) and (36) bound the
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Figure 2: Degree of asymmetry Figure 3: Comparing mixing rate
bounds

random walk mixing rates on those digraphs more precisely, i.e., digraphs that are
more symmetric (with lower 9,,) have lower mixing rate bounds.
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A Appendix

Through this section, we denote the singular values and eigenvalues of an n by n
matrix in an increasing order as 01(-) < ... < g,(:),and A1 (+) < ... < A\, (4).

A.1 Proof for Theorem 5

Proof :
For a subset of vertices S C N := {1,...,n}, define two n-element vectors
ys and zg as

Y

ys(i):{ 67 ifie Sorg(i,§) >0 ’ZS(Z_):{ 67 ifie Sorg(i,5) <0

1 1
—¢; otherwise —¢; otherwise

(38)

where g(i, S5) = ¥ ;c5(pijdi — pji¢;). Then, we have [lys|| = 1, ||zs| = 1, and
the lower bound of 4,, is obtained as

29(G) = max yEVzg < 6, (39)
Moreover, we have the following equation hold true,
1 1
ViV = 5(7>T7> +PPT) — Z(PT +P)>. (40)

It is easy to check that gb% is the (left and right) eigenvector of V corresponding
to the smallest eigenvalue 0, and the eigenvector of P corresponding to the largest
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eigenvalue 1. We also know that (P + P)? is positive semi-definite. Therefore,
for any n by 1 column vector z | <b% , we have

6, = maxz' V'V < ! max 27 (PP + PPT)x < max 2" PTPx = N\, (P P),

xJ_¢>% mJ_(j)% mJ_(j)%
1
0n < A7 4 (PTP) = 00 (P). 41)
Egs.(39) and (41) yield Theorem 5. n

A.2 Proof for Theorem 6

Proof :

(i) Proof for the upper bound of o5:

Let o5 be the second smallest (or the smallest non-zero) singular value of the
Diplacian matrix I'. and denote the singular decomposition of the Moore-Penrose
pseudo-inverse of the Diplacian as 't = VXTUT, where each diagonal entry of

Stis o = 1, if 0; # 0; 0;" = 0 otherwise. Then, the largest singular value of
+_ 1
P = o B

L_et S denote a subset of vertices S C V/, and .S denotes the complement of .5,
ie., S =V — 5. Then we define xy = @3 fg, yo = ®2(I — P)fs = 'z, where
f 'V — Ris defined as follows:

't is max; o

e  ifie S
N_ ) e L 0
fs(i) —{ ~ g €S 2

with F,(S) = Yicg @ and Fy(S) = 3 ;c5 ¢i. Then, for each i (1 < i < n),
we have (v, zo) = ;" (u;, o), which indicates that (v;, zo) and (u;, 39) have the
same sign. Then we have

1 1 x5 VU yo
- < =
72 max; o;" = Qi (vi.x0)o; (uiyo) I Ty, (43)
Yo, (wiszo) (uiyo)

The denominator of eq.(43) can be rewritten as

2T yo = fERT D3 (I — P)fs = fEDZ(I — P)fs = fL®fs = Fy(S)Fy(S) > 0.
(44)
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The third equality holds true, because (1) from Theorem 1, we have Z(I — P) =
(I —J®), and (2) fs is orthogonal to ¢, i.e., J® fg = ¢popT f5 = 0, where J is all-1
matrix, thus we have (I — J®) fs = fs— J®fs = fs, where Z is the fundamental
matrix (See eq.(8)). From eqs.(43) and (44), we have
yy< VU wgVUTy _ som
- F¢(S)F¢(S) %Tyo F¢(S)F¢(S)
VU Ty, _ fEO(I — P)fs  alVUTy,

oy = 2h(G) = co - 2h(G),  (45)
By Fy(S)Fe(S) Ty 2MG) = o 2h(G)
where h(G) is the Cheeger constant of digraph G = (V, E/, A). Then, we are in a
position to bound ¢y = % <1+ %.
0

Let R = VU?. Since 2{ T'zy = I T7 2y, we can rewrite cq as

zd Ryo B zd RTxg B 2t VSV T,
oty xlTxzy  ad Lo

Cop =

where both RI" and £ are (symmetric) positive semi-definite matrices. Denote
the eigen-decomposition of £ as £ = WAWT = CTC, where C = A2W7 and
define zy = C'zo. Then, we have 27 CT(CH)" = 2T'(I — 7) = «T, with 2y L ¢2
1 ,1T
and J = ¢2¢2 . As aresult, we have
T
- 2 CH RIC 2 _ ngZO. 46)

ZgZ() ZgZQ

T = C+'RICT is still symmetric, so it has real eigenvalues. By substituting

z = Cx inT'z = Az, we can prove that 7" has the same eigenvalues as the matrix
LTRT:

Tz =Xz & CY'RICTCx = \Cx & LTRx = Mz, ifx L ¢3
Tz=CT RICtCx =C*CT RICYCx = LYRT(I — J)z =0, if z = a¢?,

47)
where o € R. From eqs.(47) and (46), we have
2Tz =1 At At
co < max e M(T) = (LTRE) = N\ (RILT) < 0, (RTLT)
=0,(TLY) =0, ((L+V)LT) <1+ i—" (48)
2
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where the last two inequalities hold true because of Theorem 6.72(b)(iii) on page
118 and Theorem 6.80 on page 120 [18].

From (45) and eq.(48), we have oy < (1 + 6/—\—2) -2h(@). In particular, when the
graph is undirected, we have £ = I" and 1 + % = 1, thus, the above upper bound
of o9 reduces to Ay < 2h(G), which subsumes the results obtained in [7].

(ii) Proof for lower bound of the o5

The authors in [7, 8] prove that the second smallest eigenvalue A\, of (sym-

— — P
metrized) Laplacian matrix £ can be bounded by Cheeger constant as Ay > @
Since for any directed graph G = (V, E, A), 0; > \; (1 < i < n) holds true

(based on Theorem 5.11.25 on page 355 [2]), we have g5 > Ay > @ m
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