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Abstract

Online social networks (OSNs) are becoming increasinglyutar in
recent years, which have generated great interest in stydige influence
diffusion and influence maximization with applications tdine viral mar-
keting. Existing studies focus on social networks with ofnigndship re-
lations, whereas the foe or enemy relations that commorikt éx many
OSNs, e.g., Epinions and Slashdot, are completely ignoledhis paper,
we make the first attempt to investigate the influence diffiusind influence
maximization in OSNs with both friend and foe relations, ethare mod-
eled using positive and negative edges on signed netwarksrticular, we
extend the classic voter model to signed networks and améygzdynamics
of influence diffusion of two opposite opinions. We first pids systemat-
ic characterization of both short-term and long-term dyicamf influence
diffusion in this model, and illustrate that the steadyestaghaviors of the
dynamics depend on three types of graph structures, whictefge to as
balanced graphs, anti-balanced graphs, and strictly anbatl graphs. We
then apply our results to solve the influence maximizati@blgm and de-
velop efficient algorithms to select initial seeds of onenam that maximize
either its short-term influence coverage or long-term stesdte influence
coverage. Extensive simulation results on both syntheticraal-world net-
works, such as Epinions and Slashdot, confirm our theoletiwaysis on
influence diffusion dynamics, and demonstrate the effichoubinfluence
maximization algorithm over other heuristic algorithms.

Keywords: Signed networks, voter model, influence maximization, aoci
networks

*A preliminary version of the results in this paper appeang@7].
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1 Introduction

As the popularity of online social networks (OSNs) such asebaok and Twitter
continuously increases, OSNs have become an importafretor the dissem-
ination of news, ideas, opinions, etc. The openness of th¢ @&forms and the
richness of contents and user interaction information kenakelligent online rec-
ommendation systems and viral marketing techniques. Fonple, if a company
wants to promote a new product, it may identify a set of inftisdrusers in the
online social network and provide them with free sample potsl They hope that
these influential users could influence their friends, arehits of friends in the
network and so on, generating a large influence cascade tsmdmg users adopt
their product as a result of such word-of-mouth effect. Thesgion is how to se-
lect the initial users given a limited budget on free sampesas to influence the
largest number of people to purchase the product through'wWord-of-mouth”
process. Similar situations could apply to the promotiomdefts and opinions,
such as political candidates trying to find early supportersheir political pro-
posals and agendamdgovernment authorities or companies trying to win public
support by finding and convincing an initial set of early agop to their ideas.

The above problem is referred to as thluence maximizatioproblem in
the literature, which has been extensively studied in regears [7-9, 16-18, 21,
22,26,37,38]. In these studies, several influence diffusiodels are proposed to
formulate the underlying influence propagation processekiding linear thresh-
old (LT) model, independent cascade (IC) model, voter mastel A number of
approximation algorithms and scalable heuristics aregdesi under these models
to solve the influence maximization problem.

However, all existing studies only look at networks with pigs (i.e., friend,
altruism, or trust) relationships, where in reality, redaships also include nega-
tive ones, such as foe, spite or distrust relationships.biayFusers develop trust
and distrust in agents in the network; In online review angsrums, such as
Epinions and Slashdot, readers approve or denounce regigvarticles of each
other. Some recent studies [10, 24, 25] already look intontevork structures
with both positive and negative relationships. As a commamss exploited in
many existing social influence studies [7-9, 16, 21], pesitelationships carry
the influence in a positive manner, i.e., you wonildre likelytrust and adopt your
friends’ opinions. In contrast, we consider that negatelatronships often carry
influence in a reverse direction — if your foe chooses oneiopiar votes for one
candidate, you wouldnhore likelybe influenced to do the opposite. This echoes
the principles that “the friend of my enemy is my enemy” artie“enemy of my
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enemy is my friend”. Structural balance theory has beenldpee based on these
assumptions in social science (see Chapter 5 of [14] ancefleesnces therein).
We acknowledge that in real social networks, people’s reastto the influence
from their friends or foes could be complicated, i.e., onelddake the opposite
opinion of what her foe suggests for one situation or topid, rhay adopt the
suggestion from the same person for a different topic, exahe trusts her foe’s
expertise in that particular topic. In this study, we coesithe influence diffusion
for a single topic, where one always takes the opposite opiaof what her foe
suggests. This is our first attempt to model influence diffasn signed networks,
and such topic-dependent simplification is commonly emgadiay prior influence
diffusion studies on unsigned networks [7-9, 16, 18, 21]r Work aims at pro-
viding a mathematical analysis on the influence diffusionatyic incorporated
with negative relationship and applying our analysis todlgorithmic problem
of influence maximization.

1.1 Our contributions

In this paper, we extend the classic voter model [13, 20] torporate negative
relationships for modeling the diffusion of opinions in a&sb network. Given
an unsigned directed graph (digraph), the basic voter mededs as follows. At
each step, every node in the graph randomly picks one olitgoingneighbors
and adopts the opinion of this neighbor. Thus, the voter misdwiitable to inter-
pret and model opinion diffusions where people’s opinioray/ switch back and
forth based on their interactions with other people in thisvoek. To incorporate
negative relationships, we consider signed digraphs ichvevery directed edge
is either positive or negative, and we consider the diffagibtwo opposite opin-
ions, e.g., black and white colors. We extend the voter mtmsigned digraphs,
such that at each step, every node randomly picks one of igomg neighbors,
and if the edge to this neighbor is positive, the node adbgtaeighbor’s opinion,
but if the edge is negative, the node adopts the oppositeeaieighbor’s opinion
(Section 2).

We provide detailed mathematical analysis on the voter indyglgamics for
signed networks (Section 3). For short-term dynamics, wea/el¢he exact for-
mula for opinion distribution at each step. For long-ternmayics, we provide
closed-form formulas for the steady state distribution mhmns. We show that
the steady state distribution depends on the graph steioive divide signed di-
graphs into three classes of graph structures — balancguhgranti-balanced
graphs, and strictly unbalanced graphs, each of which leadsdifferent type
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of steady state distributions of opinions. While balanced anbalanced graphs
have been extensively studied by structural balance thamgcial science [14],
the anti-balanced graphs form a new class that has not beerecbbefore, to the
best of our knowledge. Moreover, our long-term dynamicsomby cover strong-
ly connected and aperiodic digraphs that most of such stdd@is on, but also
weakly connected and disconnected digraphs, making ody stere comprehen-
sive.

We then study the influence maximization problem under thervoodel for
signed digraphs (Section 4). The problem here is to selenbatk initial white
nodes while all others are black, so that either in short ternong term the
expected number of white nodes is maximized. This corredptmthe scenario
where one opinion is dominating the public and an altereabiginion (e.g. a
competing political agenda, or a new innovation) tries ta wwer supporters as
much as possible by selecting some initial seeds to influemceWe provide
efficient algorithms that find optimal solutions for both ghierm and long-term
cases. In particular, for long-term influence maximizatimur algorithm provides
a comprehensive solution covering weakly connected antbdigected signed
digraphs, with nontrivial computations on influence cogeraf seed nodes.

Finally, we conduct extensive simulations on both realldv@nd synthetic
networks to verify our analysis and to show the effectivenaisour influence
maximization algorithm (Section 5). The simulation resalemonstrate that our
influence maximization algorithms perform much better tb#rer heuristic algo-
rithms.

To the best of our knowledge, we are the first to study influefitfesion and
influence maximization in signed networks, and the first folaphe voter model
to this case and provide efficient algorithms for influenceximé&ation under
voter model for signed networks.

1.2 Related work

In this subsection, we discuss the topics that are closédyeekto our problem,
such as: (1) influence maximization and voter model, (2)esigretworks, and (3)
competitive influence diffusion.

Influence maximization and voter model.Influence maximization has been ex-
tensively studied in the literature. The initial work [21pposes several influence
diffusion models and provides the greedy approximatioortigm for influence
maximization. More recent works [7-9,16,18,22, 26, 37{igtefficient optimiza-
tions and scalable heuristics for the influence maximirgtimblem. In particular,
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the voter model is proposed in [13,20], and is suitable fodeliag opinion diffu-
sions in which people may switch opinions back and forth ftone to time due
to the interactions with other people in the network. Evear-Bnd Shapira [16]
study the influence maximization problem in the voter modahesionple unsigned
and undirected graphs, and they show that the best seedmfptdrm influence
maximization are simply the highest degree nodes. As aasttve show in this
paper that seed selection for signed digraphs are morestmgited, especially for
weakly connected or disconnected signed digraphs. Chuhd siatas [11] con-
sider the voter models on hypergraphs as random walks ossloeiated weighted
directed state graphs with various restrictions, such asioryless” or “partial
memoryless” random walks, and provide bounds of the coevergtime in var-
ious voter model settings. More voter model related reseaconducted in
physics domain, where the voter model, the zero-temper&ilauber dynamic-
s for the Ising model, invasion process, and other relatedefscof population
dynamics belong to the class of models with two absorbingstand epidemic
spreading dynamics [1, 36,40]. However, none of these wattdy the influence
diffusion and influence maximization of voter model undgn&d networks.
Signed networks.The signed networks with both positive and negative linkeeha
gained attentions recently [3,23-25]. In [24,25], the atglempirically study the
structure of real-world social networks with negative tielaships based on two
social science theories, i.e., balance theory and statosythKunegis et al. [23]
study the spectral properties of the signed undirectedngrapith applications in
link predictions, spectral clustering, etc. Borgs et al.d®poses a generalized
PageRank algorithm for signed networks with applicatioartbne recommenda-
tions, where the distrust relations are considered as sanal or arbitrary user
behaviors, thus the outgoing relations of distrusted usersgnored while rank-
ing nodes. Our algorithm can also be considered as an infuan&ing algorithm
that generalizes the PageRank algorithm, but we treaudidinks as generating
negative influence rather than ignoring distrusted usepgiions, and thus our
ranking method is different from [3]. None of the above wotlidses influence
diffusion and influence maximization in signed networks.

Competitive influence diffusion. A number of recent studies focus on compet-
itive influence diffusion and maximization [2, 4—6, 19, 3#),which two or more
competitive opinions or innovations are diffusing in théwak. Although they
consider two or more competitive or opposing influence diffas, they are all on
unsigned networks, different from our study here on diffasivith both positive
and negative relationships.



2 \Voter model for signed networks

We consider a weighted directed graph (digragh)- (V, E, A), whereV is the
set of vertices ' is the set of directed edges, addis the weighted adjacency
matrix with 4;; # 0 if and only if (i, j) € E, with A4;; as the weight of edge
(z,7). The voter model was first introduced for unsigned graph#) wonnega-
tive adjacency matriced’s. In this model, each node holds one of two opposite
opinions, represented by black and white colors. Initigilich node has either
black or white color. At each step> 1, every node randomly picks one out-
going neighborj with the probability proportional to the weight ¢f, j), namely
A;;/ >, Aie, and changes its color §ics color. The voter model also has a random
walk interpretation. If a random walk starts franand stops at nodgat stept,
theni’s color at steg is j’s color at stef).

In this paper, we extend the voter model to signed digraphshich the adja-
cency matrixA may contain negative entries. A positive entty represents that
i considerg as a friend ot trusts;j, and a negativel;; means that considers as
a foe or: distrustsj. The absolute valug4;;| represents the strength of this trust
or distrust relationship. The voter model is thus extends&dnally such that one
always takes the same opinion from his/her friend, and thposige opinion of
his/her foe. Technically, at each step 1, : randomly picks one outgoing neigh-
bor j with probability |A;;|/ >, |Ai|, and if A;; > 0 (or edge(i, j) is positive)
theni changes its color tg's color, but if 4;; < 0 (or edge(z, j) is negative) then
1 changes its color to the opposite £$ color. The random walk interpretation
can also be extended for signed networks: if tfgtep random walk from to j
passes an even number of negative edges,ithenlor at steg is the same ags
color at stef; while if it passes an odd number of negative edges, ilserolor
at stepr is the opposite of’s color at stef.

Given a signed digrapty = (V, E, A), letGT = (V,ET, AT) andG~ =
(V, E—, A7) denote the unsigned subgraphs consisting of all positigesd "
and all negative edges—, respectively, wherel™ and A~ are the corresponding
non-negative adjacency matrices. Thus we have A" — A~. Similar to un-
signed digraphs7 is aperiodicif the greatest common divisor of the lengths of
all cycles inG is 1, andG is ergodicif it is strongly connected and aperiodic. A
sink componentf a signed digraph is a strongly connected component that ha
no outgoing edges to any nodes outside the component. Winéyirsg the long-
term dynamics of the voter model, we assume that all signedgiy connected
components are ergodic. We first study the case of ergodphgrand then ex-
tend it to the more general case of weakly connected or dmsad graphs with
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Table 1: Notations and terminologies

G = (V,E,A), | Gis asigned digraph, with signed adjacency mattiandG is
G = (V,E,A) | the unsigned version @, with adjacency matrixi

AT (resp.A™) is the non-negative adjacency matrix representing
positive (resp. negative) edges Gf with A = AT — A~ and
A=A+ A",

Vector forms. All vectors arg/|-dimensional column vectors by
default; 1 is all one vectors is the stationary distribution dhe
ergodic digraphG; z, (resp.z;) is the white color distribution at
the beginning (resp. at ste z is the steady state white color
distribution; x. (resp.z,) is the steady state white color distribu-
tion for even (resp. odd) steps.

Lo d, d*, andd~ are weighted out-degree vectors®f whered =
d,d*,d=, D Al, dt = AT1, andd~ = A~1;, D = diag[d] is the diagonal
degree matrix filled with entries af.

P = D~ !Ais the signed transition matrix ¢f andP = D~'A
is the transition probability matrix af!.

Given a vectow, a node seZ C V, vy is the projection of) on

Z. Given a partitionS, S of V, o is signed such thatg(i) =

v(i) if i € S, andog(i) = —ov(i) if ¢ € S. Given a partition
Sy, S, of Z, Uz,s, Is taking the projection of on Z first, then
negating the signs for entries &y.

At A~

1, m, xo, 2, T,
xel xO

vz, 05,075,

. I is the identity matrix. I¢ = diag[lg] is the signed identity
I,Is, Bz matrix. By is the projection of amatriBto Z C V.

ergodic sink components. Table 1 provides notations amdinetogies used in
the paper. Note that one basic fact we often use in studying-term conver-
gence behavior is: If matri¥ satisfiedim,_,., P! = 0, thenl — P is invertible
and(l — P)~' = lim; ., >'_, P

3 Analysis of voter model dynamics on signed di-
graphs
In this section, we study the short-term and long-term dyinaof the voter model

on signed digraphs. In particular, we answer the followimg tuestions.
(i) Short-term dynamics: Given an initial distribution of black and white nodes,



what is the distribution of black and white nodes at step0?

(i) Convergence of voter model:Given an initial distribution of black and white
nodes, would the distribution converge, and what is thedstetate distribution of
black and white nodes?

3.1 Short-term dynamics

To study voter model dynamics on signed digraphs, we firshdafesigned
transition matrixas follows.

Definition 1 (Signed transition matrix). Given a signed digrapty = (V, £, A),
we define theigned transition matrief G as P = D~ A, whereD = diag[d,] is
the diagonal matrix and; = > ., |4;;| is the weighted out-degree of node

The nextproposition characterizes the dynamics of the voter modebah
step using theigned transition matrix

Proposition 1. LetG = (V, £, A) be a signed digraph and denote the initial white
color distribution vector as, i.e.,z((i) represents the probability that nodeés
white initially. Then, the white color distribution at stepdenoted by:; can be
computed as

t—1

v =Plog+ (Y Py, (1)
=0
whereg~ = D7'A~1, i.e. g~ (i) is the weighted fraction of outgoing negative

edges of node

Proof. Based on the signed digraph voter model defined in Sectian @an be
iteratively computed as

n) = 3 1)+ 30 20— (). @
jev jev
In matrix form, we have
te=D'Ax,; + D 'A 1= P, + g, (3)
which yields Eq.(1) by repeatedly applying Eq.(3). O



3.2 Convergence of signed transition matrix with relation o
structural balance of signed digraphs

Eq.(1) infers that the long-term dynamics, i.e., the veatowhent goes to in-
finity, depends critically on the limit of** and Zj;é P'. We show below that
the limiting behavior of the two matrix sequences is fundarakly determined by
the structural balance of signed digraghwhich connects to the social balance
theory well studied in the social science literature (cf]J1We now define three
types of signed digraphs based on their balance structures.

Definition 2 (Structural balance of signed digraphs).LetG = (V, E, A) be a
signed digraph.

1. Balanced digraph G is balancedf there exists a partitior§, S of nodes in
V, such that all edges withi§ and S are positive and all edges across
and S are negative.

2. Anti-balanced digraph. G is anti-balancedf there exists a partitiors, S
of nodes in/, such that all edges withif and S are negative and all edges
acrossS and S are positive.

3. Strictly unbalanced digraph. G is strictly unbalancedf G is neither bal-
anced nor anti-balanced.

The balanced digraphs defined above correspond to the ledlaraphs o-
riginally defined in social balance theory. It is known thdiadanced graph can
be equivalently defined by the condition that all circleg-invithout considering
edge directions contain an even number of negative edgés9ithe other hand,
the concept of anti-balanced digrapteems not to appear the social balance
theory. Note that balanced digraphs and anti-balance@plgrare not mutually
exclusive. For example, a four node circle with one pair of4adjacent edges be-
ing positive and the other pair being negative is both badramd anti-balanced.
However, for studying long-term dynamics, we only need theve categoriza-
tion for aperiodic digraphs, for which we show below thatamaled digraphs and
anti-balanced digraphs are mutually exclusive.

Proposition 2. An aperiodic digraphGG cannot be both balanced and anti-
balanced.

Proof. Suppose, for a contradiction, that an aperiodic digr@ph both balanced
and anti-balanced. By the equivalent condition of balargreghs, we know that
all cycles of G have an even number of negative edges. Since an anti-bdlance
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graph will become balanced if we negate the signs of all igeeedwe know that
all cycles ofG also have an even number of positive edges. Therefore dH<pf
G must have an even number of edges, which means their lengitesaslcommon
divisor 2, contradicting to the assumption thGitis aperiodic. O

With the above proposition, we know that balanced graphs;batanced
graphs, and strictly unbalanced graphs indeed form a @itzegin of aperiod-
ic digraphs, where anti-balanced graphs and strictly wamuad graphs together
correspond to unbalanced graphs in the social balanceythéds identify anti-
balanced graphs as a special category because it has a longduerm dynamic
behavior different from other graphs. An example of antabhaed graphs is a
graph with only negative edges.

Case of ergodic signed digraphs.Now, we discuss the limiting behavior of
P! of ergodic signed digraphs with three balance structuresighAed digraph
G = (V, E, A) is ergodic if and only if for any nodg there always exists a signed
path to any other node i@ and the common divisor of all cycle path lengths of
is 1. Here, a signed patR in a signed grapld- is a sequence of nodes with the
edges being directed from each node to the following onerevtine length of the
path, denoted d$?|, is the total number of directed edgesiin The sign of a path
is positive, if there is an even number of negative edgesyaloa path; otherwise
the sign of a path is negative. Below, we first introduce Psdm 3 presenting
that the balance structures of ergodic signed digraphs eamtérpreted and dis-
tinguished in terms of the path lengths and path sigris.iAs a result, Lemma 1
introduces the various limiting behaviors Bf of ergodic signed digraphs with
respect to three balance structures.

Proposition 3. Let G = (V, E, A) be an ergodic strictly unbalanced digraph.
There exist two nodesand 7, and two directed paths fromto j with the same
length but different signs.

Proof. Given the following three statements, we pro8eat enent 1 =
Statenment 2 = Statenment 3, which in turn proves this proposition, i.e.,
—-Statenent 3 = —Statenent 1. We assume that is a signed ergodic
digraph.

Statement 1:For any two nodesandy, all paths fromi to j with the same length
have same signs.

Statement 2: For any two nodes and 7, all paths fromi to j with even length
have same signs.

Statement 3: G is either balanced or anti-balanced.
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(1) Proof by contradiction fo6t at enent 1 = St at ement 2. We assume
that inG, there exist two even length patis, and R, from i to j with different
signs. Sinceg> is ergodic, by Proposition 4 in Appendix A, there must exist a
path, denoted by, from j to i with odd length (no matter what sign it carries).
Denote the length of these three path$/as|, | R.2| and|R,|, respectively.

Then,R.; = R.; + R, forms a cycle at nodewith odd length R., |+ | R,| and
R, = Rey+ R, forms another cycle atwith odd length R, |+ | R,|. Clearly, two
cyclesR., and R, carry different signs. Then, lgk,, = R‘C’fﬁ' denote a cycle
of nodei, by continuingR,; for | R.2| times, which has the same sign wikt),
since|R.,| is odd. Similarly, we construct a cycl¢,, = RL};“” by continuingR,;
for | R.;| times, which has the same signids. ThusR., and R, have the same
length of | R, || R..| but different signs, which contradicts to Statement 1.

(2) Proof for St atenent 2 = Statenent 3. By Proposition 4 in Ap-
pendix A, we know that between any two nodes there must eest-k2ngth paths.
By Statement 2, we partitiolf into S and.S, based on the signs of even length
paths originated from a particular node V. More specifically,S contains the
nodes to which all even length paths frarhave positive signs, anfl contains
the other set of nodes (note thiahay not be inS).

We argue that (a) withis and.S, all edges have same signs; and (b) all edges
betweenS and S have same signs. Sin¢e contains both negative and positive
edges, it must be either balanced or anti-balanced.

For (a), assume to the contrary that there exist two direztgesR,, = « — b
andR.;, = ¢ — d, which both reside in the same set, efjwith different signs.
(The case fofS is similar.)

We construct two even length paths frero ¢ and: to d as follows.

R.(i,c) = Re(i,b) + Re(b, ),
R.(i,d) = Re(i,a) + Rap + Re(b, ¢) + Reg
whereR.(z, y) represents the constructed even length path from madenode
Y.
Since bothe,d € S, by construction, themR,. (i, c) and R.(i,d) have same
signs
sgn(Re(i,c)) = sgn(Re(i, d)). (4)

On the other hand, sineeandb are in the same group aandd, sgn(R.(i,a)) =
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sgn(R.(i,b)). Then, we have

sgn(Re(i, ) = sgn(Re(i, b)) sgn(Re (b, ), (5)
sgn(Re(i,d)) = sgn(Re(i, a))sgn(Ra)sgn(Re(b, c))sgn(Rea)
= —sgn(R.(i,b))sgn(R.(b,c)). (6)

Eq.(6) comes from the assumption thaf, and R., have different signs. Eq.(4)
contradicts with Eq.(5) and Eq.(6).

For (b), assume that there exist two eddgs and R, with different signs
betweenS and S. Still consider the two even length patis(i, c) and R, (i, d)
constructed before. Sineeandd are not in the same sid&, (i, c) and R.(i, d)
have opposite signs by the construction, i.e.,

Sgn(Re(ia C)) = _Sgn(Re(i> d)) (7)

On the other hand, since and b are in the different groups as well,
sgn(R.(i,a)) = —sgn(R.(i,b)). Then, we have

Sgn(Re(iv C)) = Sgn(Re(iv b)) ' Sgn( ( ))7 (8)
sgn(Re(i,d)) = sgn(Re(i,a))sgn(Rap)sgn(Re(b, c))sgn(Req)
).

= Sgn(Re(iv b)) ’ Sgn( ( ) (9)

However, Eq.(7) contradicts with Eq.(8) and Eq.(9). Thisnptetes the proof.
0]

The next lemma characterizes the limiting behavioP6fof ergodic signed

digraphs with all three balance structures. Given a sigigraphG = (V, £, A),

let G = (V, E, A) corresponds to its unsigned versioh (= | 4;;| for all i, j €
V). Whend is ergodic, a random walk off has a unique stationary distribution,
denoted asr. That is,7” = 7”7 P, wherer” is the transpose of the stationary
distribution vectorr, and P = D! A is the transition probability matrix fof.
Henceforth, we always usg S to denote the corresponding partition for either
balanced graphs or anti-balanced graphs. We define thetynfiorm of a matrix

M € R™*™ as: ||M||oo = Maxi<i<m Z;[Lzl |MZ]|

Lemma 1. Given an ergodic signed digraph = (V, E, A), whend is balanced
or strictly unbalanced’! converges, and whef is anti-balancedthe odd and
even subsequences/of converge, respectively.
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BalancedG: limy_,o P* = 177,
Strictly unbalanced:: limy_,oo Pt = 0;
Anti-balanced?:  limy_,. P% = 175, limy_,o P¥* = —1g7%.

Proof. (1) WhenG is balanced, the signed transition matfcan be written as
P = IgPIs. Sinceq is ergodic, we havém,_,., P’ = 177, Thus,

lim P! = lim (IgPls)" = 17%,

t—o00 t—o00

where we us¢hesimple facts/2 = I, Is1 = 1g, andr” I = #Z.
(2) When( is anti-balanced, we havé = —IgPIg. Thus,

Jim P = Jim (~IsPIs)* = 1575
lim P2t+1 = lim (—fspfs)Zt-H = —j.sﬁ'g.

t—o00 t—o00

(3) Whend is strictly unbalanced, by Proposition 3, there exists a@lanodes
andj, such that two path&, andR, from to j have the same length and opposite
signs. Consider nodgfixed, there may exist other node tharnaving two paths
to j with the same length and opposite signs. We denote the lefigiich paths
as/(i) with respect to the origin € . Given a node, consider a random walk
from i to j. Letp; > 0 (resp.p, > 0) be the probability that the walk exactly
follows R; (resp.Rs) in the first/(i) steps.Let Rff,? be the set of all paths from

to £ with length/(i). Then, for a unit vecto; with i-th entry equal td and other
entries ag), we havellel P/C)||; as the sum of signed probabilities by randomly
walking from nodei to nodej, which is bounded as follows:

|ef PO, = Z Z Prob[R]sgn(R)| < 1 — min(p1, p2),

kEV | Re R

whereProb[R] is the probability that the random walker takes exactly i 7,
and the inequality holds due to the sign difference betweemdp,. We denote
the upper bound g := 1 — min(p;, p).

For any node’ € V, there must exist a patR’ from i — i, due to the
ergodicity of G, (whereR’ is empty when’ = i,) thus two paths?| = R’ + R;
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andR, = R’ + R, from i’ to j have the same length, but opposite signs. With
similar arguments as that for the nogélel P ||, < p; holds for anyi’ € V.
Let p := maxycy pr < 1 andl := maxycy £(i'), we conclude thate? P||; < p.

We can express the identity matias rows ok;’s, i.e.,l = [el;-- - ; |V|] which
infers the following inequality:

Pl = 7Pl = max [l Pl < maxpe = p < 1.

Hence, by applying the fact thad B||., < ||Al|~||B||~ for any square ma-
tricesA and B, whent > T = 2/, the following inequality holds

1P oo = 1Pl < pl#) < p7,
which inferslim;_,, || P!||s = 0, i.€.,lim;_,, P* = 0. O

The above lemma clearly shows different convergence betsawaf P! for
three types of graphs. In particuldt of anti-balanced graphs exhibits a bounded
oscillating behavior in the long term.

Case of weakly connected signed digraphsNow, we consider a weakly con-
nected signed digrapi = (V, E, A) with one ergodic sink componeft; with
node setZ, which only has incoming edges from the rest of the signerxhgio x
with node setX = V' \ Z. Then, the signed transition matrxhas the following

block form.
P = [-EX-'-P-Y-} , (10)

where Px and P, are the block matrices for componefity and G, and Py
represent the one-way connections fréhg to Gz. Then, thet-step transition
matrix P! can be expressed as

P(t | P(t

t
P= 0 lp(

(11)

where P = pL, P — pLandPY = Y 'Z! PLP, P, WhenGy is
balanced or anti- balanced we usg, SZ to denote the partition of defining its
balance or anti-balance structure. Then, we denote col@tiors

wp, = (Ix — PX)_lej-Z,SZa (12)
andu, = (Ix + Px)'Pylss,. (13)
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The reason thaty — Py is invertible is becausém, ., P% = 0, which is in turn
because there is a path from any nede x to nodes inZ (sinceZ is the single
sink), and thus informally a random walk froneventually reaches and then stays
in Gz. The same reason appliesitg + Px. Lemma 2 provides the formal proof
of the factlim; ., P% = 0.

Let 7, denote the stationary distribution of nodegin, and7 s, is signed,
with ﬁ-Z,SZ(Z-) = Wz(l.) fori € Sz, andﬁ'zvgz(i) = —Wz(i) fori € Z \ Sy.
Lemma 2describeshe convergence af! given various balance structures®s.

Lemma 2. For weakly connected signed digraph= (V, E, A) with one ergodic
sink components, with signed transition matrix given in(Eb), we have

. [ 0 ubﬁ'T ]
BalancedG'z: limy ., Pt = |-~ -r - =% -
| 01 125,77s,
Strictly unbalanced- ;: lim, ,. . P*=0
- . [0, —u ALy |
Anti-balancedy;:  limy_,o P = |- =% 2502 )
O 1szZ7TZ SZ

3 2t+1 - b
hmt_mo P = ~T T

Proof. We discuss the convergence®§, Py, andP)(f) in Eq.(11).
(1) We first prove thaf’’; converges t@®, i.e.,lim; ., P% = 0.

Since Gx does not contain sink components, any nede X has a path
to componenty;. Let R;; be the shortest path froito some node ir7Z, and
Prob[R;z] denote the probability that a random walk starting frortakes the
pathR;;. Hence we denote

p = min Prob[R;z], andm = max |R;z|,
i€X ieX

which implies that starting from any nodec X, afterm steps of random walk,
there is at least probability that it reaches component;. Hence, we have
| P¥ oo < (1 —p) < 1. LetT = 2m, then for anyt > T, we have

Sl

1Plloe = 1PF " oo < (1= p)bd < (1= p)7,

which implieslim; . || P¥ ||« = 0, i.e.,lim; o, P% = 0.
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(2) For subgrapld, Lemma 1 directly yields

0, Strictly unbalanced+;
1,5,7% Balanced? z;
: t_ 2,87z 2,8, Z
tlggo Pz 125,745,  Anti-balanceds, event; (14)

—1,5,7},, Anti-balanced>, oddt.

(3) Below, we focus on proving the results bm,_, ., Pi(f) using Proposition 6 in
Appendix B.

When G is strictly unbalanced,from Lemma 1 and (1) in this proof,
lim,_,, P4 = 0andlim,_,, P, = 0 hold, thus by Proposition 6 in Appendix B
limy_0o P = 0.

WhenGy is balanced].emma 1 and Proposition 5 in Appendix A directly yield
(Pz —1zs5,745,) = P, — 125,75, for any integett > 0, andlim;_, o (Pz —
1Z,SZW£,SZ)t =0, thus

t—1
lim P = lim Y PyPy (P = Ly, 7y, + 1us,7)s,)
1=0

t—o0
t—1 t—2
S E 2 { 7 T t—1—1 . 2 { 7 T
= thm PXPy(PZ — 1Z,SZ7TZ,SZ> + lim PXPY1Z,SZ7TZ,SZ
—00 £ 5 t—o00 4 5
1= 1=

-1 T T
= (Ix — Px) PY]-Z,SZWZ,SZ = UbTz.5,

where the first term in the second line beihg due to Proposition 6 (ii) in Ap-
pendix B.

WhenG is anti-balancedapplying Lemma 1 and Proposition 5 in Appendix A,
we have for any integer> 0, (P; + 155,75 )" = P, — (—1)'1z5,7} 5, and
limy oo (Pz + 125,74 5,)" = 0hold true, thus

t—1

: t : i —1—1 —1—1
lim Py = lim Z;PXPAP;l — (1" (Lss,mhs, — LzsThs,)

t—1 t—2
= lim > PiPy(Pz+1zs,75,) 7 + lim Y (1) Py Pylzg,m) g,

t—00 t—o00
i=0 1=0
t—2
= (—1)t_1 }LI& Z(_PX)ZPY]-Z,SZW;SZ = (—l)t_l(IX + Px)_lpylzﬁzﬂ'g’sz
=0

= (—1)t_1uu7r§sz.
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Hence, we have for anti-balanced;: lim; . Pfft) = —uuﬁgsz, and

P)(/2t+l) o AT

limy_, o = UyTy g, [

Multiple sink components and disconnected signed digraphdVhen there exist
m > 1 ergodic sink components, i.€51, Gz, -+ , Gz, the rest of the graph
G is considered a§'x. Then the signed transition matrixand P* can be written

as

Px i Priic i P Prpy i P

0P, 00 O rPLTT 0
po|-omefa oo e O P D00 g

0,0, 0 0,0 ;" 0

000 Py, R R

whereP{) = '~ P{Py;Py;" ™, 1 < i < m. Hence, each sink ergodic compo-
nentP; along withPx and Py; independently follows Lemma 2. For disconnect-
ed signed digraph, witln > 1 ergodic or weakly connected components, each
of which satisfies Lemma 1 or Lemma 2, respectively. For lyewe omit the

details here.

3.3 Long-term dynamics

Based on the structural balance classification and the cgenee of signed transi-
tion matrix discussed above, we are ready now to analyzetigeterm dynamics
of the voter model on signed digraphs. Formally, we are @t in characteriz-
ing z; witht — oo, i.e.,

t—1
. . t i —
x—tllgloxt—tll)rglo(P x0+(;P)g ). (16)

If the even and odd subsequences:ptonverge separately, we denate=
lmy o0 Tor, To = My o0 Topyr-

Before presenting the results on long-term dynamics ofrvoiadel, we first
introduce the following useful lemma connecting a signegtaphG with another
graphG’” where all edge signs i¥ are negated.

Lemma 3. Given a signed digraplir = (V, E, A), letG' = (V,E,—A) be a
signed digraph with all edge signs negated fréim Then, for any initial color
distribution zy, at any2t steps { > 0), the color distributionses,(G) on G and
x9:(G') on G’ are identical.
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Proof. Let P’ = — P denote the signed transition matrix 6f, and denote the
vectorg- = D7'A"landg~ = D7'(—A)"1= D 'A*1l Thusg~ =1-g".
By Eq.(1), after two steps, we have

29(G") = PP+ P'lg~ + ¢~ = P’xg—P(l—g ) +1—g~
= P’1g+ Py~ + g~ = 2(G),

where the last equality uses fadts= D' A1 andP = D~'A. Since the lemma
holds for two steps, then clearly it holds for all even steps. 0J

Next theorem discusses the case of ergodic signed digraphs.

Theorem 1. LetG = (V, E, A) be an ergodic signed digraph, we have

BalancedG:  z = 1g7%(z0 —31) + 31 (17)

Strictly unbalanced: =31 (18)
Anti-balanceds:  x, = 17 (zo — 1) + 11 (19)

vo = —1gil(xo — 11) + 11 (20)

Proof. We discuss the limitin Eq. (16) for three possible balanogcstires ofG.
Balanced digraphs.From Lemma 1 and Proposition 5 in Appendixifis easy
to prove P — 1471 = (P — 147%)™ for any integenn > 0, which yields the
following result on the second part in Eq. (16).

t—1 t—1

Jim O Plg=(I—P+1g70) g + }E?o; 1sithg™ (21)
~ 1 1A
— (I - P+1s7d) g = 51— Sierbl, (22)

where the last term of Eq.(21) is canceled out due to the pligfiaw circulation
law [12,30], i.e.,

wlgm =7eDTTATL=> w(i)Y Py— > w(i)y P,;=0.

(IS jes ieS JES

The last equality in Eq.(22) holds because

1 . . _
5(I — P+ 1¢75)(1 - 1s751) — g~ = 0.
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Eq.(17) is obtained by combining Eq.(22) with Lemma 1.
Anti-balanced Digraphs. Lemma 3 directly yields Eq.(19). The odd step influ-
ence distribution sequence is obtained by
_ T 1 1
T, = Pr.+ g = —1lgmg(xg— 51) + 51.
Strictly unbalanced digraphs. From Theorem 1lim,_,., P! = 0 holds and thus
we have

t—1
. . o IR 1
tlggoi_opg —(I-P)'¢g =(D-4)7"4A 1=t (23)
The last equality comes from tliact that(D — A)1 = 2A~1. O

Theorem 1 has several implications. First of all, for slyietnbalanced di-
graphs, each node has equal steady state probability of liback or white,
and it is not determined by the initial distributiag. Secondly, anti-balanced
digraphshavethe same steady state distribution as the correspondiranded
graph for even steps, and for odd steps, the distributioilates to the opposite
(z, = 1 — z.). Moreover, Eq.(17) can also be intuitively explained frtva ran-
dom walk interpretation of the voter moddh particular, starting from nodg if
we perform a random walk for an infinite number of steps, tlodbability that the
random walk stops atis given by the stationary distributior(j). For balanced
graphs, ifi and;j are from the same component (eittfeor S), then the random
walk must pass an even number of negative edgesta@s the same color ds
if 4 andj are from opposite components, then the walk passes an odolemah
negative edges andakes the opposite gfs color. Thus, the steady distribution
of i € S being white is given byl s + 7% (15 — z5), and the case aofe S'is
symmetric. Some algebra manipulations can lead us to Bq.(17

For a balanced ergodic digraghwith partition S, S, it is easy to check that
it has the following two equilibrium states: in one stateraites inS are white
while all nodes inS are black; and in the other state all nodes'iare black while
all nodes inS are white. We call these two states fi@arized statesUsing ran-
dom walk interpretation, we show in the following theorerattivith probability
1, the voter model dynamic converges to one of the above twililegum states.

Theorem 2. Given an ergodic signed digrapf = (V, E, A), if G is balanced
with partition S, S, the voter model dynamic converges to one of the polarized
states with probabilityt, and the probability of nodes ifi being white ist% (z —
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%1) + 5. Similarly, if G is anti-balanced, with probability the voter model
dynamic oscillates between the two polarized states eattyitand the probability
of nodes inS being white at even stepsig (zo — 31) + 3.

Proof. Consider a balanced ergodic digra@twith partition S, S. By ergodicity,
given any two nodesandj, with probability1 the random walks starting from
and; will meet eventually. Ifi andj are both inS, when the two walks meet at
some node:, they both pass either an even number of negative edgesHif)

or an odd number of negative edgesu(i€ S). Therefore; andj must be in the
same color with probability. If i and;j are from different componentsandS,

a similar argument shows that they will have the oppositercaith probability

1. Therefore the final state is one of the two polarized staidse probability

of nodes inS being white is simply given by Theorem 1, Eq.(17). The case of
anti-balanced ergodic digraphs can be argued in a similgr wa O

Theorem 3 below introduces the long-term dynamics of theklyeamnnected
signed digraphs. We consider weakly connedteavith a single sink ergodic
componentyz, and use the same notations as in Section 3.2.

Theorem 3. Let G = (V, E, A) be a weakly connected signed digraph with a
single sink componeri; and a non-sink componenty. The long-term white

color distribution vectorr is expressed in two parts:
o' = lim 2] = 2%y, 2]].
t—o00

wherez z is the limit ofx;; on G, with initial distribution xy; and is given as in
Theorem 1, and vectaryy is given below with respect to the balance structure
of GZ:

BalancedGz:  axy = 31x + wiy g, (toz — 51z)
Strictly unbalanced- ;: Txy = 31y
Anti-balanced?;, eveni:  axy. = 31x — w5, (202 — 312)
Anti-balanced=z, oddt:  xxy, = 31x + wu iy g, (Toz — 351z)

whereu, andu, are defined in Eq.(12) and Eq.(13).

Proof. Let initial distributionz? = [zZ,,2Z,] andg~" = [g% .95 |. When
t — oo, EQ. (1) can be written as
ol = tliglo(Pt:L'O)T = [x§Y>$§] = [IJ); + x):c’ ng
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where zx = limoo(Phzox + Ycs Pigy), oy = limyoo(PPzoz +
S PYg), anday, = hme(PZxOZ+2t L Pigy).

From Lemma 2}im,_,, P% = O, thuszx = ([X — Px)~'g% holds for any
ergodicGG 4. Since(G is ergodic,x; follows Theorem 1. Below we will focus on
derivingzy, where the first part ofy satisfies Lemma 2, i.e.,

0 Gz is strictly unbalanced
Ty g, Toz G 4 is balanced
—uu7ty g, %oz Gz is anti-balanced, even
w7y g,z Gz s anti-balanced, odd

; ). —
A By oz =

The second part ofy can be further written down as

m—1 t
nlfféozpi(f g7 = lim > > (P PPy
t=0 =0
m—1m—t 0o o
= lim > > (PYPyPylg; =) (PxPy Y Ply; (24)
t=0 =0 t=0 i—0

Now we discuss Eq.(24) under different balance structuirés,0

(1) Gz is strictly unbalanced. From Lemma 2lim,_,., P! = 0. Then by Eq.(23)
we directly obtain that xy = 31y. Applying Eq.(23) toy_.°, P;gy in Eq.(24),
we have

I JI P
T}Ll_TgOZ;Pygz—Q(IX Px)""Pyly.

Thus, we obtain the following equation:

1 1
5Prlz) = 51y

Xy :l‘X—FZL'y: (IX—Px)_l(g)_(“‘ 5

(2) Gy is balanced.Using Eq.(22), we have
R _ 1 . i
%ﬂ?}ong)gz = 5(Ix = Px) Pyl — 155,7,.5,12).
=1

Hence, we have

4, - 1 R 1
zxy = (Ix — Px) (g% + ipylz) +upity g, (Toz — 512)
1 . 1
= 51}( —|— ub7T£5Z ([L’OZ — 512) (25)
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(3) Gz is anti-balanced.Using Lemma 3, we can negate the signs of all edges in
G so that the sink becomes balanced. Hence, we know that aséyesin long
term,

TXy,e = §1X - qufz,sz(l'oz - —12), (26)

where EQ.(26) and Eq.(25) are identical in the sensefth& andPy’s in Eq.(26)
and Eq.(25) have opposite signs. Moreover, the odd stepeimtki distribution
sequence is obtained

_ R 1
Txy,o = Px¥xve+ PyTze+ 9y = §1X + Uuﬂgsz (Toz — 512)- (27)

O

Theorem 3 characterizes the long-term dynamics when therlyig graph
is a weakly connected signed digraph with one ergodic simkpmment. We can
see that the results for balanced and anti-balanced singk@oemts are more com-
plicated than the ergodic digraph case, since how non-ginkponents are con-
nected to the sink subtly affects the final outcome of thedstetate behavior. In
steady state, while the sink component is still in one of the polarized states
as stated in Theorem 2, the non-sink components exhibit carglicated col-
or distribution, for which we provide probability charagations in Theorem 3.
Using EQ.(15), Theorem 1 and Theorem 3 can be readily extetaléhe case
with more than one ergodic sink components and disconneliggdphs. When
the network only contains positive directed edges, thervotedel dynamics can
be interpreted using digraph random walk theory [28-32].

4 Influence maximization

With the detailed analysis on voter model dynamics for sigdigraphs, we are
ready now to solve the influence maximization problem. huely, we want to
address the following questiotf:only at mostk nodes could be selected initially
and be turned white while all other nodes are black, how sthewé choose seed
nodes so as to maximize the expected number of white nodesrtrierm and in
long term, respectively?
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4.1 Influence maximization problem

Influence maximization objectives. We consider two types of short-term in-
fluence objectives, one is thestant influencewhich counts the total number of
influenced nodes at a step- 0; the other is th@verage influencevhich takes the
average number of influenced nodes within the fisgeps. These two objectives
have different implications and applications. For examptgitical campaigns try
to convince voters who may change their minds back and fbcthonly the vot-
ers’ opinions on the voting day are counted, which matcheg#tant influence
On the other hand, a credit card company would like to haveousrs keep using
its credit card service as much as possible, which is bettergreted by thav-
erage influenceWhent is sufficiently large, it becomes the long-term objective,
and long-term average influence coincides with long-terstaint influence when
the dynamic converges.

Formally, we define thehort-term instant influencg(x,) and theshort-term
average influencé, () as follows:

o) 2= 17 ry) and ) o= 0 P00 (28)

Moreover, we definéong term influence as

o Zho fi@0)

f(xo) := lim P

(29)
Note that when the dynamic converges (e.g. ergodic balaoicethodic strictly
unbalanced graphs),(zo) = lim,_,., f;(zo). For ergodic anti-balanced graphs
(or sink components), it is essentially the average of ewsrat odd-step limit
influence.

Given asetV C V, Letey be the vector in whiclay, (j) = 1if j € W and
ew(j) = 0if j ¢ W, which represents the initial seed distribution with onbyles
in W as white seeds. Let be the shorthand afy;,. Unlike unsigned graphs, if
initially no white seeds are selected on a signed digrapte.,z, = 0, the instant
influencef;(0) at stept is in general non-zero, which is referred to as dgineund
influenceof the graph’z att. The influence contribution of a seed $Btdoes not
count such ground influence, as shown in definition 3.

Definition 3 (Influence contribution). The instant influence contributioof a
seed setV to thet-th step instant influence objective, denoted-if¥V), is the
difference between the instant influence at stepth only nodes inV selected
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as seeds and the ground influence at step (W) = fi(ew) — f:(0). Theaver-
age influence contribution (17') andlong-term influence contribution(1/") are
defined in the same way; (W) = fi(ew) — f:(0) andc(W) = f(ew) — f(0).

We are now ready to formally define the influence maximizagtimblem.

Definition 4 (Influence maximization). The influence maximizatiorproblem
for short-term instant influence is finding a seed Bétof at mostk seeds that
maximizeslV’s instance influence contribution at steépi.e., findingW; =
arg maxw|<x ¢:(W). Similarly, the problem for average influence and long-term
influence is findingV; = arg maxw < & (W) and W* = arg maxu|<; (W),
respectively.

We now provide some properties of influence contributioniciviead to the
optimal seed selection rule. By Eq.(1), we have

a(W) = filew) — £:(0) = Tz (ey) — 1724(0) = 17 Pleyy. (30)

Let ¢,(:) be the shorthand of;({i}), and lete, = [c,(i)] denote the vector of
influence contribution of individual nodes. Theh = [c,(i)]” = 17 P!. When
t — oo, the long term influence contributions of individual nodes abtained as
a vectorc:

boeT 17t pi
o — i 206y T 20 P (31)
t—woo T4+ 1 t—o00 t+1

When P! converges, we simply have

' =17 lim P! (32)

t—o00

Lemma 4 below discloses the important property that theenite contribu-
tion is a linear set function.

Lemma 4. Given awhite seed s&t, c,(W) = >y (i), (W) = >,y & (9),
andc(W) = >,y ().

Proof. From Eq.(30), we have
a(W)=1"Pley, =1"P'y "e; = 1"Ple; =Y i)

€W €W 1eW

The linearity of¢; andc can be derived from that of. O
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Given a vectomn, let n™(v) denote the number of positive entries:in By
applying Lemma 4, we have the optimal seed selection rulen&iant influence
maximization as follows.

Optimal seed selection rule for instant influence maximizabn. Given a signed
digraph and a limited budgeét, selecting topnin{k,n"(¢,)} seeds with the high-
estc,(i)’s, i € V, leads to the maximized instant influence at gtep0.

Note that the influence contributions of some nodes may bativegand these
nodes should not be selected as white seeds, and thus theabptilution may
have less thaik seeds. The rules for average influence maximization and long
term influence maximization are patterned in the same wagrefre, the central
task now becomes the computation of the influence contabstpf individual
nodes. Below, we will introduce our SVIM algorithm, for Siph Voter model
Influence Maximization.

4.2 Short-term influence maximization

By applying Definition 3 and Lemma 4, we develop SVIM-S algjumn to solve
the short-term instant and average influence maximizatiohlem, as shown in
Algorithm 1.

Algorithm 1 Short-term influence maximization SVIM-S
1: INPUT: Signed transition matri¥’, short-term period, budgetk;
: OUTPUT: White seed séltl’.
c¢=1¢ =1,
cfori=1:tdo
cl' = ¢TI P;(for instant influence maximization.)
¢ = ¢ + ¢, (for average influence maximization.)
W =topmin{k,n*(¢;)} (resp.min{k, n(¢;)}) nodes with the highest(7)
(resp.c; (7)) values, for instant (resp. average) influence maximinatio

N ahRODd

SVIM-S algorithm requireg vector-matrix multiplications, each of which
takes| E| times entry-wise multiplication operations. Hence thalttime com-
plexity of SVIM-S is O(t - |E|). Note that whert is sufficiently large (e.g.,
t > |V %), the FOR loop in Algorithm 1 can be modified as follows to reglthe
number of FOR Loops t®(logt), and the total complexity t®(logt - |V| - |E|).

Py =P;
fori=1:[logt| do
P = PZ(for instant influence maximization.)
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cI' = I P;(for instant influence maximization.)
¢ = ¢ + ¢, (for average influence maximization.)
for i = 2lest) 11 :¢do

cl' = ¢TI Py;(for instant influence maximization.)

¢ = ¢ + ¢; (for average influence maximization.)
P = P?in the first loop is performed by matrix multiplication @(|E| - |V'| +
|E|) = O(|E| - |V|), instead of vector-matrix multiplication i®(| E£|). Thus, the
overall computation complexity i9(logt- |V'| - |E|). Hence, when > logt- |V,
the modified algorithm 1 works better; otherwise, the orddjadgorithm1l is better.
Whent > |V]?, we havet > logt - [V for any|V| > 1, thus the modified
algorithm 1 is better.

4.3 Long-term influence maximization

We now study the long-term influence contributiorand introduce the corre-
sponding influence maximization algorithm SVIM-L. We wike that the com-
putation of influence contribution and seed selection schemes depends on the
structural balance and connectedness of the graph. Witk ssection for bal-
anced ergodic digraphs still has intuitive explanatioms domputation for weakly
connected and disconnected digraphs is more involved asdrauitive.

4.3.1 Case of ergodic signed digraphs

When the signed digrapi = (V, £, A) is ergodic, Lemma 5 below characterizes
the long-term influence contributions of nodes, with respecsarious balance
structures.

Lemma 5. Consider an ergodic signed digragh = (V; £, A). If G is balanced
with bipartition .S and S, the influence contribution vecter= (|S| — |S|)7s. If
G is anti-balancear strictly unbalanced: = 0.

Proof. (1) When( is balanced, by Lemma 1 and Eq.(32),
" =17 lim P! = 171472L = (|S] — |S))7s.

t—o00

(2) Whend is strictly unbalanced, again by Lemma 1 and Eq.(32), we have
1" lim,_,. P* = 0.
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(3) When( is anti-balanced, by Lemma 1 and Eq.(31), we have

' =1"
2

=0.

0

Based on Lemma 5, Algorithm 2 summarizes how to compute thg-term
influence contributior on ergodic signed digraphs.

Algorithm 2 ¢ = ergodic(G)
1: INPUT: Signed transition matri®.

2: OUTPUT: Long term influence contribution vector
3: Detect the structure of ergodic signed digrdph

4: if G is balanced, with bipartitio andS then

5. Compute stationary distributianof P;

6 c= (IS~ |S))7s;

7: else

8 ¢=0;

Lemma 5 suggests that for ergodic balanced digraphs, wedsipiek the
larger component, e.gsS, if |S| > |S|, and select the tomin{k, |S|} nodes from
S with the largest stationary distributions as white seedde@ing these nodes
will make the probability of the larger component being \efttie largest.
Theorem 1 indicates that given an anti-balanced digi@ptvith bipartition
S and S, the long-term dynamie;, oscillates on odd and even steps, and their
long-term influence contribution & Define the strength of the oscillation as the
difference of the long-term influence between the even vsstejos, i.e. Af, . =
| folzo) — fe(zo)|/2. We can maximize such strength of the oscillatdéthe voter
model on an anti-balanced ergodic digraph by properly dngdse initial white
seeds (See Remark 1.)

Remark 1. In an anti-balanced ergodic digrapyf = (V, E, A) with the bipar-
tition S and S and a budgek. Let W’ (resp. W") denote two initial seed sets,
such thatmin{k, | S|} (resp.min{k, |S|}) nodes are selected with highest station-
ary distributionr(4)’s in S (resp. S). Then, the optimaly* that maximizes the
strength of oscillatiom\ £, . is

1

W* = argmax |75(ey — =1)]. (33)
WE{W’,W”} 2
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Proof. From Theorem 1, whehbecomes sufficiently large, the vectooscillates
at two vectors on odd and even steps, respectiviegwrite the strength of the
oscillation as

Afo,e = ‘fo(l’(]) ; fe(fljo)‘ _ |1Txo($0) g

. . 1
X ($0>| _ ‘1T157T:£(5150 . 51)‘
. 1
= [|S] = [SI] - 175 (w0 — 5Dl

Let W be the initial seed set, then the oscillation strength mepdtion is formu-
lated as

1
~ 21
max ||| S]] - 7 (ew — 32)
1 1
=S| = 15| - max{max{ﬂsew}—frsl'%ax{ Wsew}—|-2ﬂ'§1} (34)
which  contains two sub-problems, i.e., maxy<x{7tew} and

maxy|<,{—7&ew }. The first maximization problem can be rewritten as

max {Fgew} = max ( ; m(i)ew (i) — ]EZS (i)ew (7). (35)
Thus, letWW’ denote the optimal solution to the problem in Eq.(35), whigh
obtained by choosinghin{k, |S|} seeds with highest(i)'s from S. Similarly,
choosingmin{k, | S|} nodes with the highest(i)'s from S yields the optimal so-
lution, denoted by1”, to the second maximization problemx <, {—#5ew }.
The optimallV to the problem in eq.(34) that maximizes the oscillatioersgth
is the one in{1¥’, W”}, with higher|{ (eyy — 31)|, which completes the proof of
eg.(33).
U

4.3.2 Case of weakly connected signed digraphs

We first consider a weakly connected sigr@dvhich has a single ergodic sink
components; with only incoming edges from the remaining nodés= V' \ 7.

Lemma 6. Consider a weakly connected digraph= (V, E, A) with a single
ergodic sink componertt',. If G is balancedwith partition S, and S, the
long term influence contribution vectef = [c%, L], wherecx = Ox andc; =
(Leuy, +1Sz| — |S2|)7 2.5, If G is anti-balancedr strictly unbalanced: = 0.
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Proof. (1)WhenGy is balanced, by Lemma 25 = Oy, and
cp = (Wup+17125,)75 s, = (Lxus + |Sz| — [Sz))7%s, -

(2) WhenG, is strictly unbalanced;” = 17 lim; ., P* =0
(3) WhenG is anti-balanced, by Lemma 2 the limits of odd and even subse-
guences of?! cancel out, thus = 0. 0J

Lemma 6 indicates that influence contribution of the baldnesyodic sink
component is more complicated than that of the balancedlergligraph. This
is because the sink component affects the colors of the mdreemponent in a
complicated way depending on how non-sink and sink compsraae connected.
Therefore, the optimal seed selection depends on the aéilmulof the influence
contributions of each sink node, and is not as intuitive &t tor the ergodic
digraph case.

Theorem 3 shows that in a weakly connected signed digéaphith single
anti-balanced sink componett;, the long term influence(x,) oscillates on
odd and even steps, and the averagé/ig'2, which is invariant to the initial
seed selection. Similar to Remark 1, we can maximize thdlason strength by
properly selecting initial seeds, i.e.,

W* = argmax | fe(ew) — fo(ew)|/2

W<k
N A R 1
= argmax |(1§Uu7T§sZ + 1;127527%’52)(6“/2 — 512)|
W<k
T G AT 1
= |1xuy, + [Sz| — [Sz|| - argmax |7 ¢, (ewz — 51z)] (36)
W<k 2

where the maximization objective is independent fragx, thus oscillation
strength maximization problem objective in Eq.(36) dris identical to that in
Remark 1. Hence, Remark 1 also applies here.

Using Eqg.(15), Lemma 5 and Lemma 6 can be readily extendeldetadse
with more than one ergodic sink components and disconnelitgdphs. Algo-
rithm 3 below summarizes how to compute the node influencéribotions of
weakly connected signed digraphs. Note that by our assomptie consider all
sink components to be ergodic.

4.3.3 General case and SVIM-L algorithm

Given the above systematic analysis, we are now in a postisammarize and
introduce our SVIM-L algorithm which solves the long-termter model influ-
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Algorithm 3 ¢ = weakly(G)

1: INPUT: Signed transition matri®.

2: OUTPUT: Influence contribution vectar.

3: Detect the structure of the weakly connected signed digéapand find its
m > 1 signed ergodic sink componertts, - - - , Gz;
fori=1:mdo

if G'; is balanced with partitiors;;, Sz; then
Compute stationary distributiary; of Py;;
up; = (Ix — PX)_IPYile,SZi;
czi = (Wyu + 1Sz = [Szi)7 5 s,
c= [Ox; Cz1y ;sz]

e N AR

ence maximization problem for general aperiodic signedaglgs.

In general, a signed digraph consists> 1 disconnected components, within
each of which the node influence contribution follows Lemmda Be long-term
signed voter model influence maximization (SVIM-L) algbrit is constructed in
Algorithm 4.

Algorithm 4 Long-term influence maximization SVIM-L

1: INPUT: Signed transition matri®, budgetk.

2: OUTPUT: White seed séltl/.

3: Detect the structure of a general aperiodic signed dig@pland find the
m > 1 disconnected componertds, - - - ,G,,;
fori=1:mdo

ca, = weakly(G;);
c= [CGl; to ;ch];
W =topmin{k,n*(c)} nodes with the highesti) values.

N as

Complexity analysis.We considelG = (V, E/, A) to be weakly connected, since
disconnected graph case can be treated independentlydbrceanected com-
ponent for the time complexity. SVIM-L algorithm consiststwo parts. The
first part extracts the connectivity and balance structfitbe graph, which can
be done using depth-first search with complexityf £|). The second part uses
Algorithm 3 to compute influence contributions of balancegodic sink com-
ponents. The dominant computations are on the stationatghditionr;’s and
(Ix — Px)~!, which can be done by solving a linear equation system [4d] an
matrix inverse inO(|Z;|*) andO(n% ), respectively, wherex = |X|. Letb be
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the number of balanced sink components:in; be the number of nodes in the
largest balanced sink component. Thus SVIM-L can be dor@(im3, + n%)
time. Alternatively, we can use iterative method for conmpyitooth 7;'s and
1% (Ix — Px)~', if the largest convergence time of PL;’'s and P% is small.
(Note that the convergence time of ergodic digraphs couleidpenentially large
in general, as illustrated by an example in Appendix @)this case, each iter-
ation step involves vector-matrix multiplication and candone inO(mp) time,
wheremp is the number of edges of the induced subgré&fghconsisting of all
nodes in the balanced sink components ahd Note thatmz andt. are only
related to subgraptrz, which could be significantly smaller tha®, and thus
O(temp) could be much smaller than the time of naive iterations oretftée
graph. Overall SVIM-L can be done @0i(|E| + min(bn?, + n%, tcmp)) time.

5 Evaluation

In this section, we first use both synthetic datasets andoesdl network dataset-
s to demonstrate the efficacy of our short-term and long-teeed selection
schemes by comparing the performances with four baselinesties. Then, we

evaluate how much the short-term and long-term influencebeammproved by

taking the edge signs into consideration.

5.1 Performance comparison with baseline heuristics

For different scenarios, we compare our SVIM-L and SVIM-§oaithms with
four heuristics, i.e., (1) selecting seed nodes with the higivegjhted outgoing
degrees (denoted b + d~ in the figures), (2) highest weighted outgoing posi-
tive degrees (denoted k), (3) highest differences between weighted outgoing
positive and negative degrees (denotedithy— d~), and (4) randomly selecting
seed nodes (denoted by “Rand”), where in our evaluationsyweandom seed s-
election1000 times, and compare the average number of white nodes between
algorithm and other heuristic®ur evaluation results demonstrate that our seed s-
election scheme can increase ufF2é; long-term influence, ant45% short-term
influence over other heuristics.
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5.1.1 Synthetic datasets

In this part, we generate synthetic datasets with diffesamctures to validate our
theoretical results.

Dataset generation modelWe generate six types of signed digraphs, including
balanced ergodic digraphs, anti-balanced ergodic digragthictly unbalanced er-
godic digraphs, weakly connected signed digraphs, disaxied signed digraphs
with ergodic components, and disconnected signed digratbhaeakly connect-
ed components (WCCs). All edges have unit weigfitse following are graph
configuration details.

We first create an unsigned ergodic digra@hwith 9500 nodes, which has
two ergodic components , andG z, with [3000, 6500] nodes and3000, 6500] x 8
random directed edges, respectively. Moreover, therg(gex 8 random directed
edges acros&' 4, andG . Ergodicity is checked through a simple connectivity
and aperiodicity check. Gived, abalanced digraplis obtained by assigning all
edges within4, andG  with positive signs, and those across them with negative
signs. Then, amnti-balanced digraphs generated by negating all edge signs
of the balanced ergodic digraph. To generasdrictly unbalanced digraphwe
randomly assign edge signs to all edge&imnd make sure that there does not
exist a balanced or anti-balanced bipartition.

Moreover, we generateddisconnected signed digrajgimd a weakly connect-
ed signed digraph for our study. We first generatrgodic unsigned digraphs,
G4, -+, G5 with [500, 200, 800, 300, 2700] nodes and500, 200, 800, 300, 2700] x
8 edges, respectively. Then, we groGp; = (G, G3) andGys = (G4, Gs) to
form two ergodic balanced digraphs, and generate a stucthalanced ergod-
ic digraphG, by randomly assigning signs to edges(in. Three disconnected
componentsr, Gos, G5 together form a disconnected signed digraph. To form
a weakly connected signed digrgplie place in totaB000 random direct edges
from GG, to the balanced ergodic componefiig and GG45, where the nodes in
subgraph(z; only have outgoing edges t@,; andG45. Moreover, we combine
the above generated balanced ergodic digraph and the weakhected signed
digraph together forming a largeisconnected signed digraph, with the weakly
connected signed digraph as a component

Fig. 1-Fig. 6 present the evaluation results for one set gifagihs, where we
observe that all digraphs we randomly generated exhibisistent results. Our
tests are conducted using Matlab on a standard PC server.

Long-term influence maximization. In the evaluations, we set the influence bud-
get ask = 500, and compare the average numbers of white nodes over steps
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between our algorithm and other heuristiEgy. 1 shows that in the balanced er-
godic digraph, SVIM-L algorithm achieves the highest Idegn influence over
other heuristicsWhen applying a heuristic seed selection scheme, denotéd by
fH represents the number of white nodes at ¢tep1). Similarly, denotef'™

as the number of white nodes at stép 1) for SVIM algorithm. We consid-
er Af,(SVIM,H) = (f'™ — f1)/fI as the influence increase of SVIM over the
heuristic algorithni at stept. The maximum influence increase is the maximum
Af,(SVINM, -) among all stepst(> 1) and all heuristics. Hence, in Fig. 1, we see
that our SVIM-L algorithm outperforms all other heuristidsspecially, a maxi-
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mum of 14% influence increase is observed for 4 with 4.68% and4.1% white
nodes for SVIM-L and random selection scheme, respectivelthe rest of this
section, we will use the maximum influence increase as a owetiilustrate the
efficacy of our SVIM algorithmFig. 2 shows the clear oscillating behavior on the
anti-balanced ergodic digraph, and the average influenite isame for all algo-
rithms. The inset shows that our algorithm (denoted as “M2sc.”) indeed pro-
vides the largest oscillation. Fig. 3 shows the resultsrictst unbalanced graph
case, where the long-term influences of all algorithms ca@e/®4750 = |V /2,
which matches Theorem Fig. 4 and Fig. 5 show that SVIM-L algorithm per-
forms the best, and it generates% — 72% long-term influence increases after
the sixth step over other heuristics in the weakly connesiggaed digraph and the
disconnected signed digraph. Fig. 6 shows that in a morerglesigned digraph,
which consists of a weakly connected signed component amdbaded ergodic
component, SVIM-L algorithm outperforms all other heudstwith up to17%
more long term influence, which occurs for> 4. In general, we see that for
weakly connected and disconnected digraphs, SVIM-L hagtavinning mar-
gins over all other heuristics than the case of balanceddergligraphs (Fig. 4-6

34



x 10" Epinions (Short term) (within t) x 10" Epinions (Short term) (within t)
in.ihe entire dataset in the entire datdset

IN
IN

w
. ‘.
w

2 2

£ = (BK)SVIM-S £ ~a(500)SVIM-S

; 5 “‘(Gk)d:—d' ; 5 ——(500)d"~d"

g - == (6k)d g - -(500)d+

% 1 "'(6k)d++d_ % 1 ---(500)d++d‘

g 4 ~<-(6k)Rand g -<-(500)Rand

X X

w 0 w

0 20 40 60 0 20 40 60
Number of Steps Number of Steps

Figure 11: Average influence in EpirFigure 12: Average influence in Epin-
ions data withk = 6k ions data witht = 500

4 . s
X 10" Epinions (Short term) (within t) x 10* Epinions (Short term) (within t)

) i in the largest SCC 8 25 in the largest SCC

8 ---------------------- '8

E . s

s ] = (BK)SVIM=S £15 “» (500)SVIM-S

° L5 . ——(6k)d*-d” S 13 “‘(500)d:—d‘

3 . a == (6kyd" 3 # -*-(500)d

g | -o-(6K)d " +d” §05 -e-(500)d"+d”

S - «-(6k)Rand 5 -<-(500)Rand

%% 20 40 60 0 20 40 60
Number of Steps Number of Steps

Figure 13: Average influence in SCEigure 14: Average influence in SCC
with & = 6k with & = 500

vs. Fig.1). We attribute this to our accurate computatiomfdience contribution

in the more involved weakly connected and disconnectedadlycases. More-
over, in all cases, the dynamics converge very fast, i.@nip a few steps, which
indicates that the convergence time of voter model on thasdom graphs are
very small.

Table 2: Statistics of Epinions and Slashdot datasets

| Statistics Epinions Slashdot
# of nodes 131580 77350
# of edges 840799 516575
# of positive edges 717129 396378
# of negative edges 123670 120197
# of nodes in largest SCC 41441 26996

# of edges in largest SCC 693507 337351

# of positive edges in largest SCC 614314 259891
# of negative edges in largest SCC 79193 77460
# of strongly connected components88361 49209
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5.1.2 Real datasets

We conduct extensive simulations using real datasets,agiEjpinions and Slash-
dot datasets, to validate our theoretical results and atathe performance of our
SVIM algorithm.

Epinions Dataset. Epinions.com [15] is a consumer review online social site,
where users can write reviews to various items and vote fagamst other users.
The signed digraph is formed with positive or negative ded@dge u, v) mean-

ing thatw trusts or distrusts. The statistics are shown in Table 2. We compare
our short-term SVIM-S algorithm witfour heuristics, i.e.fdt +d~, d*, dt —d~

and random seed selectjoon the entire Epinions digraph as well as the largest
strongly connected component (SCC).

Our tests are conducted on both Epinions dataset and ieskastrongly con-
nected component (SCC), where the largest SCC is ergodistaistly unbal-
anced. We first look at the comparison of instant influenceimiaation @t step
t) among various seed selection schenkég. 7-10 shows the expected maximum
instant influence at each step by different methods. Notesthee the initial seeds
selected by SVIM-S algorithm hinge @nthe values on the curve of our selection
scheme are associated with different optimal initial ses#d. On the other hand,
the seed selections of other heuristics are independenthas the correspond-
ing curves represent the same initial seed s&&s.choose the budget &80 and
6000 in our evaluations, i.e., selecting at maximaf® or 6000 initial white seed-

s. From Fig. 7-10, SVIM-S algorithm consistently perfornefter, and in some
cases, e.g., Fig. 9, it generatéd, — 145% more influence than other heuristics
at stepl.

Next we compare the seed selection schemes for maximizengwérage in-
fluencewithin the firstt steps. Fig. 11-14 show the expected maximum average
influence within the first steps by different methods. Again, the values on the
curve of SVIM-S algorithm are associated with differentialiseed setsrig. 11-

14 show that with different budgets, i.600 and6000 seeds, SVIM-S algorithm
performs better than all other heuristics, where in Fig. I8aximum of64%
more influence is achieved at= 8. Moreover, in all these figures, we observe
that our seed selection scheme results in the highest Emg#bfluence over other
heuristics.

Moreover, from Fig. 7-14, we observe thattaacreases, the influences (i.e.,
the expected number of white nodes), for SVIM-S and all tstias except for
random seed selection schedule, increase for gfaadind then decrease and con-
verge to the stationary state. In contrast, from Fig. 1-6,ittiluence increases
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monotonically with¢. This happens because Epinions dataset (as well as many
real network datasets) has large portion (aro86id) of nodes in the non-sink
components, where to maximize the long-term influence, nates in sink com-
ponents should be selected, which governs the long-ternneimée dynamics of
the whole graph, namely, sink nodes have higher long-tefloeince contribution-

s. However, for short-term influence maximization, nodefwigher chances to
influence more nodes in a few steps generally have large nuafhecoming
links, which are able to influence a large number of nodesthreesink or non-
sink components in a short period of time. Hence, in signgdaphs with large
non-sink component, given a sufficiently large budget, thertsterm influence
can definitely outnumber the long-term influence. Our ev&una confirm this
explanation. This interesting observation also leads teoblpm that given a
budgetk, how to find the optimal time stepthat generates the largest influence
among all possiblés. We leaves this problem as our future work.

Slashdot Dataset. Slashdot.org [39] provides a discussion forum on various
technology-related topics, where members can submit $h@iles, and comment
on other members’ stories. Its Slashdot Zoo feature alloemsbers to tag each
other as friends or foes, which in turn forms a signed onlowa network. The
network was collected ofi-th November 2008 [25] and the statistics are shown
in Table 2.

We evaluate instant influence and average influence of ouviS¥algorithm
on the entire slashdot dataset and its largest stronglyemted component, re-
spectively. Our results for = 6000 are presented in Fig. 15-Fig. 18, which show
that our SVIM-S algorithm performs the best among all meshtedted, especial-
ly in the early steps. When changing the budgesimilar results were obtained,
where we omitted them here for brevity.

Moreover, the convergence times for both real-world dasagee fast, in a
few tens of steps, indicating good connectivity and fastingpproperty of real-
world networks. In summary, our evaluation results on betittsetic and real-
world networks validate our theoretical results and dertrates that our SVIM
algorithms for both short term and long term are indeed tls¢, la&d often have
significant winning margins.

5.2 The impacts of signed information

Unlike Epinions and Slashdot, many online social networkshsas Twitter are
simply represented by unsigned directed graphs, whenedsiand foe relation-
ships are not explicitly represented on edges. Without etlgyes, two types of
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information may be mis-represented or under-represer(tedone may follow

his foes for tracking purpose, but this link may be mis-ipteted as friend or
trust relationship; and (2) one may not follow his foes pelglito avoid being

noticed, but his foes may still generate negative influendsr. In this section,

we investigate how much influence gain can be obtained bydakie edge signs
into consideration, thus illustrate the significance ofizitig both friend and foe
relationships in influence maximization.

Taking the synthetic networks and Epinions dataset (us8eab.1) as exam-
ples, we apply our SVIM algorithm to compute the optimalialiseed sets in the
original signed digraphs, and two types of “sign-missinggrgarios, i.e., the un-
signed digraphs with only original positive edges (dendtgdPositive” graphs)
and with all edges labeled by the same signs (denoted by ‘i§gred” graph-
s). Then, we examine the performances of those three ingid sets in original
signed digraphs.

Fig. 19-22 show the evaluation results, where the seed b&ed by con-
sidering edge signs perform consistently better than thesey unsigned graphs.
In synthetic networks, we observefh — 16% more influence in balanced digraph
for t > 6 (See Fig. 19), and1.7% — 58% more influence in weakly connected
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digraph fort > 6 (See Fig. 20) Moreover, in Epinions dataset from Fig. 21-22,
there is no impact on the long-term influence, since the uyidgrgraphs are
strictly unbalanced. Howevein short term, the results demonstrate that taking
edge signs into consideration always performs better, whenerates at maxi-
mum of38% and21% more influence for the entire dataset (See Fig. 21) and the
largest SCC (See Fig. 22), respectively. Both maximumsroatstepl. These
results clearly demonstrate the necessity of utilizing &nformation in influence
maximization.

6 Conclusion

In this paper, we propose and study voter model dynamicsgmedidigraphs,
and apply it to solve the influence maximization problem. Weavjge rigorous

mathematical analysis to completely characterize thegbon and long-term dy-
namics, and provide efficient algorithms to solve both skemh and long-term
influence maximization problems. Extensive simulatiorulsson both synthetic
and real-world graphs demonstrate the efficacy of our sigéel model influ-

ence maximization (SVIM) algorithms. We also identify asdaf anti-balanced
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digraphs, which is not covered in the social balance theefgrle, and exhibits
oscillating steady state behavior.

There exist several open problems and future directione @pen problem
is the convergence time of voter model dynamics on signechplits. For bal-
anced and anti-balanced ergodic digraphs, our results 8taiwheir convergence
times are the same as the corresponding unsigned digraphsstrietly unbal-
anced ergodic digraphs and more general weakly connededdsdigraphs, the
problem is quite open. A future direction is to study influemiiffusion in signed
networks under other models, such as the voter model wittckgbaund color,
the independent cascade model, and the linear thresholdimdreover, we are
interested in studying the centrality measures of signghghs, such as random
walk betweenness and shortest path betweenness, oygiledithed for undirect-
ed unsigned graphs [33, 34].
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A Properties of ergodic digraphs

Proposition 4. LetG = (V, E, A) be an ergodic digraph. For any nodeg € V,
there exist two paths fromto j with even and odd length, respectively.

Proof. Suppose, for a contradiction, that all paths froto ; have even lengths.
This implies that all cycles passing througmust be even length, since otherwise
we could follow node’s odd-length cycle followed by the even length path from
1 10 7, making the entire path fromto j odd. Now we can consider any cyalg
in G, not necessarily passirigWe claim thatC,. must have even length. In fact,
we can pick any node on C,., and construct a path froirto j with the following
segmentsR; fromi to u, C,, R, fromu back toi, andR3; from i to j. Since we
know thatR; + R, has even length anft; has even length, it must be the case
thatC, has even length by our assumption. However, this meansltltgcées in
C' has even lengths, contradicting to the aperiodicitgof

The case of odd length paths can be proved in the same way. O

Proposition 5. Let@ = (V, E, A) be an ergodic unsigned digraph, with transition
probability matrix P and stationary distribution vector. P! —1x7 = (P—1xT)!
holds for any integet > 0.

Proof. Using the facts thglt_?l =1 and7r7TJ5 = 7T, itis easy to prove by induction
that for any integet > 0 P' — 177 = (P — 1x7)* holds. O

B Special matrix power series

Proposition 6. Let X € R™ ™, Y € R™" and Z € R™", If lim;_,,, X' =
lim,_,, Z* = 0, the following equalities hold:

t—1

() im ) X'=(-X)", (37)
=0
t—1

(i) lim Y Xvze =, (38)
=0

Proof. (i) Let p(X) be the spectral radius of matriX, i.e., the largest absolute
value of the eigenvalues of. Notice thatim; ., X* = Oifand only if p(X) < 1.
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We first claim that/ — X andl — Z are invertible. Supposé — X is not
invertible, there is a non-zero vectprsuch that/ — X)p = 0. Thereforep is
the eigenvector oKX with eigenvaluel, which contradict$im,_,., X* = 0. Same
argument can be applied fo— Z. Hence, the left hand side of Eq.(37) equals to

t

. T B —1(7 _ yt+ly _ (T _ -1
tlgg_ox_tlggo(f X)H I = XY = (1 — X)L

(i) The max-norm ofX is given by || X||me = max; <, {X;}. Let X =
QxJQ%" be the standard Jordan form &f, whereQy is an invertible matrix.
DenoteJ = 11" as the all-one matrix. Hence, we have
1X e = 1QxT*Qx lhnar < 1@ hmaa QX N 17T
< HQXHmaxHQ)_(lHma:cmZHjZHma:c

Jtisin form as

PV GO VN 05D V| 0
0 X Ot o0 0
J=10 0 N 0 0 , (39)
0 0 0 A, CIN
0 0 0 0o X

mo

whereC?! = (ji‘é)! < i™ and each non-zero entry ifi' can be expressed a$\: ",

1 <k <my 1 <0< l(k), with mg as the number of different eigenvalues of
X and/y(k) as the multiplicity of thek-th eigenvalue of. Hence, the absolute
value of each non-zero entry ifi’ is upper bounded d€‘ \:™ ‘| < i™p(X) ™,
which implies that

X llmae < 1Qx lmac | Q" lmazm ™™ p(X)' ™

Let p = max(p(X), p(Z)), we have
t—1
,}E& I ;Xiyzt_l_i”max < tliglo tmnHXiHmarHYHmarHZt_l_iHmam
< Hm tmnT g, (M ™ pi~™) (n?t"p! =177 < thm M3 Tt ™1 pt =17 m =

t—o0 —00

WhereTmam == HYHma:vHQXHma:vHQ)_(IHmamHQZHmamHQEl Hma:v-
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C lllustration of exponential convergence time ofP!
on ergodic digraph.

Figure 23: An example digraph with exponential convergeime. All edges are
with unit weights.

Given an unsigned ergodic digraph= (V, E, A), with transition probability
matrix P, it has fixed stationary distribution, i.e., 77 = 77 P.

The convergence time (or mixing time) of a random walk Markbgin onGG
is the time until the Markov chain is “close” to its statiopalistributions. To be
precise, for an initial distributiom,, letz” = 21 P* be the distribution at step
The variation distance mixing time is defined as the smatlesich that for any
subsetl C V,

(@] = aT)ew] < 7.
whereeyy is the vector such thaty (i) = 1if i € W, andew (i) = 0if i € V\W.

The convergence time is said to be exponentially large retlegistsz, such
that the convergence time of the random walk starting frenis 2", where
n = |V]. Lemma 7 below illustrates that the convergence time ofoandalk on
ergodic digraphs could be exponentially large.

Lemma 7. There exist ergodic digraphs, such that the convergence tifrthe
random walks on these digraphs are exponentially large.

Proof. We prove this by construction. Fig. 23 shows an example gly€s with
|V| = 2m nodes. On the left hand side, there are> 3 nodesLy, Ly, - , L,
connected byn — 1 directed edges from, to L,,,, and every nodé,; with: > 1
has a directed connection to the leftmost ndde The right hand side nodes
have symmetric connections as the left hand side. Moreoweele L,, and R,,
also have one more connection & and L, respectively, which connect two
components together. It is clear that the graph is strongiyected and aperiodic
(there exist cycles of lengthand3), and thus ergodic.
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Let z;(L;) denote the probability that the random walk is at nddeat step
t, andz(L;) be its stationary distribution. Similarly defing(R;) andxz(R;) for
nodeR;. The graph is symmetric, thus we havel;) = x(R;) for 1 < i < m.
Letxz(L,) = x(Ry) = p/4, we haver(L;) = z(R;) = p/2' fori = 2,3,...,m.
Then, by solving"" | (z(L;) + x(R;)) = 1, we obtainp = -2 Itis easy to

3.9m—2_
verify that indeed the obtainedis the stationary distribution of the random walks
on the digraph.
Then, we consider the initial distributionas = [1,0,0, .. ., 0], and the subset

W ={Ry,---, R} including allm nodes on the right-hand side. Le{1V) =
x! - ey, denote the total probability that the random walk is in soragenin W/

at stept. The only edge from the left half to the right half is the edgent L,,

to R;. Thus all additions ta;.; (W) from z,(WW) comes from this edge, namely
T (W) —2e(W) < 24(Ly,) /2. We now bound:;(L,,). Fort < m—1, we know
thatx,(L,,) = 0. Fort > m, we have

21(Lm) = 21 (Ln1)/2 = @o(Lins) /22 = - - = Tpomsa(La) /2772 < 1/272,

Hence, we have

(2:(W) — 2, (W) < t-a(Lyy)/2 < /2771

=
3
I
M-

Therefore, the smallestthat satisfies(z! — 77 )ew | = |x,(W) —1/2| < 1/4is
such thatz; (W) > 1/4, which implies that/2™~! > 1/4 andt > 2™~3. This
completes the proof. O
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