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RESIDUAL SMOOTHING TECHNIQUES FOR ITERATIVE METHODS*
LU ZHOU' anp HOMER F. WALKERT

Abstract. An iterative method for solving a linear system Ax = b produces iterates {x;} with associated residual
norms that, in general, need not decrease “smoothly” to zero. “Residual smoothing” techniques are considered that
generate a second sequence {y} via a simple relation yx = (1 —n) yx—1 +nixk. The authors first review and comment
on a technique of this form introduced by Schonauer and Weiss that results in { y;} with monotone decreasing residual
norms; this is referred to as minimal residual smoothing. Certain relationships between the residuals and residual
norms of the biconjugate gradient (BCG) and quasi-minimal residual (QMR) methods are then noted, from which it
follows that QMR can be obtained from BCG by a technique of this form; this technique is extended to generally
applicable quasi-minimal residual smoothing. The practical performance of these techniques is illustrated in a number
of numerical experiments.
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1. Introduction. Inrecent years, there has been a great deal of interest in iterative meth-
ods for solving a general nonsymmetric linear system

Ax = b,

where 4 € R"*" and x, b € R". The quality of the iterates {x;} produced by a method is often
judged by the behavior of {||7,||}, where rp = b — Axy; in particular, it is usually desirable
that {||7«||} converge “smoothly” to zero.

In the widely used generalized minimal residual (GMRES) method [13], each x; is char-
acterized by

b — Axi|, = min b — Ax||,,
b= Axdo= _ min b~ Ax];

where || - ||, is the Euclidean norm and the Krylov subspace Ky (o, A) is defined by
Ki(rg, A) = span {r(), Arg, ..., Ak—ll‘o} .

For GMRES, then, {||7«|l2} converges to zero optimally among all Krylov subspace methods,
for which x; € xo + Ky (ro, A). Other methods, such as biconjugate gradient (BCG) [12],
[4] and conjugate gradient squared (CGS) [15], have certain advantages over GMRES but
often exhibit very irregular residual-norm behavior. This irregular behavior has provided an
incentive for the development of methods that have similar advantages but produce better
behaved residual norms, such as the biconjugate gradient stabilized (Bi-CGSTAB) methods
[10], [17] and methods based on the quasi-minimal residual (QMR) approach [2], [3], [6]-[8].
Another approach to generating well-behaved residual norms has been pursued in [14]
and [18]. In this approach, an auxiliary sequence {y} is generated from {x;} by a relation

Yo = Xo,
(1.1)
Ve = (1 — ) ye—1 + nixe, k=1,2,...,
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in which each 7y, is chosen to minimize ||b — A((1 — n) yr—1 + nxx)||2 over n € R, i.e.,

~_SkT_l(f”k — Sk—1)

(1.2) Nk = s
7% — sk—1l3

where 531 = b — Ay—1. (A weighted Euclidean norm is allowed in [18], but this is not
important here.) The resulting residuals sy = b — A4y, clearly have monotone decreasing
Euclidean norms, and ||sx (|2 < ||7«||2 for each k.

Our purpose here is to explore residual smoothing techniques of the form (1.1). In §2, we
elaborate briefly on the particular technique of [14] and [18] described above, which we refer to
here as minimal residual smoothing (MRS). In §3, we first note that the residuals and residual
norms of the QMR and BCG methods are related in certain ways, from which it follows that
QMR can be obtained from BCG by a technique of the form (1.1). We then extend this to
a quasi-minimal residual smoothing (QMRS) technique applicable to any iterative method.'
We describe a number of illustrative numerical experiments in §4 and discuss conclusions
in §5.

A notational convention: When helpful, we denote iterates and residuals associated with
a particular method by superscripts indicating that method.

2. Minimal residual smoothing. Assuming we have some iterative method that gener-
ates iterates {x;} and corresponding residuals {r}, we formulate the MRS technique of [14],
[18] as follows:

ALGORITHM 2.1. Minimal residual smoothing [14], [18].
INITIALIZE: SET s = g AND }j = Xo.
ITERATE: FORk = 1,2, ..., DO:

COMPUTE x; AND 7y.
COMPUTE n; by (1.2).
SET s = sp—1 + Nk — Sk—1) AND yp = yr—1 + me(xp — Y—1)-

There is a potential numerical difficulty with Algorithm 2.1. In practice, when the per-
formance of an iterative method has become degraded through numerical error, the computed
value of 7, can differ significantly from b — 4x;. When this happens, the value of s; computed
in Algorithm 2.1 can differ significantly from b — 4y;. Algorithm 2.2 below is a mathemat-
ically equivalent variation that does not suffer this difficulty provided an accurate value of
Apy is available for each py = x; — x4-1, which is very often the case. In Algorithm 2.2,
both s; and y, are determined directly from p; and Apy; in particular, 7 is not involved in
the computation at all. The intermediate quantities u; and v; are maintained so that, after the
updating in the final step, we have r;, = sy — u and x; = ¥ + vr. The comparative practical
behavior of Algorithms 2.1 and 2.2 is illustrated in §4.1.

ALGORITHM 2.2. Minimal residual smoothing.

INITIALIZE: SET sy = rg, Jo = X0, AND g = vg = 0.

ITERATE: FORk =1,2,..., DO:
COMPUTE py = X — Xj—1 AND Apy.
SET uy = ug—; + Apx AND vy = Vg_| + Pg.
COMPUTE 1y = s{_ ui/uf ug.
SET sg = Sk—1 — NkUg AND Yy = Yr—1 + Nk Vg
UPDATE uy < (1 — ng)up AND v <— (1 — ng)vg.

This should not be confused with the QMR squared method, designated QMRS in [8].
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In MRS, each s; is the vector of minimal Euclidean norm along the line containing
sx—1 and ;. There is an obvious extension, viz., inductively determining s; as the vector of
minimal Euclidean norm in the affine subspace containing s;_; and ry, ..., 74—, for some £.
This extension can be implemented reasonably economically (in O(£n) + O(£?) arithmetic
operations for each k). However, there is no guarantee of improvement, and, in experiments
that we carried out, it was not more effective than basic MRS in reducing the residual norm.

3. Quasi-minimal residual smoothing.

3.1. How QMR smoothes BCG. We first develop certain relationships between the
QMR and BCG residuals and their norms. We recall the BCG method as follows:

ALGORITHM 3.1.1. Biconjugate gradient method [12], [4].
INITIALIZE:

CHOOSE Xy AND SET ¢qg = 19 = b — Axo.
CHOOSE 7 # 0, AND SET o = Fo.

ITERATE: FORk =1,2,..., DO:

COMPUTE 8 = FI_,r¢—1/G}_, Aqk—1 AND SET Xj = Xj_1 + 8kqi—1.
SETry =11 — SkAqk..l AND Fp = Fr1 — SkATq~k_1.

COMPUTE Yy = Fi Fi/Fi_ Fh—1-

SET gy = 7 + Viqk—1 AND G = Fi + Viqi—1-

We consider the basic QMR method obtained from the general method in [7] by omitting
diagonal scaling and using the classical nonsymmetric Lanczos process [11] without look-
ahead. To discuss this, we note that ry, .. ., r,_; generated by Algorithm 3.1.1 clearly form a
basis of Ky (rg, A). Set Vi = (vy, ..., v) withv; = r;_y/p;—1 and p;—; = ||r;_1 ]|, foreach i.
The columns of ¥}, also form a basis of /Cx (79, A), and any x € xq + K (79, A) can be written
as

(3.1.1) x = xo + Viz, z e RK.
By the nonsymmetric Lanczos process, we have
(3.1.2) AV = Viey1 Hy,
where H; € R*+Dxk ig tridiagonal. From (3.1.2), the residual for x in (3.1.1) is
b—Ax =ry— AViz =ry — Vi1 Hyz
(3.1.3)
= Vit1(poer — Hiz),

where e; = (1,0, ...,0)7 € RF!. The kth QMR iterate is defined by x 2"~ = xo + Viz,
where z; satisfies

llpoer — Hizrlla = 7 = min || poe; — Hyzlla.
zeR
For later reference, we recall from [7] that

(3.1.4) 172 < VEF 1 1.

In [7], the upper bound +/k + 1 74 is used in a preliminary test for termination in QMR. We
comment further on it below.
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To develop the desired relationships between QMR and BCG, we note that qo, . . ., gk—1
generated by Algorithm 3.1.1 also form a basis of Ky (ry, 4). Set

Y = (8190, . . ., 8kqi—1)
and

Lo
P1
Giy1 =

Pk

We assume that Algorithm 3.1.1 can successfully carry out the kth step, in which case 4y, . . . , 8k
are all nonzero and the columns of Y} form a basis of Xy (rg, A). From Algorithm 3.1.1, we
have

(3.1.5) AYy = Vip1Gryr Hy,

where

H, = S e RU+Dxk_

-1 1
-1

Since the columns of Y; are a basis for K (rg, 4), we can write x € xg + Ky (7o, 4) as
x = xo + YiZ for Z € R¥. Then from (3.1.5), we have

b—Ax =rg— AYyz =rg — Vi1 Gy  Hi 2
(3.1.6) i
= Vi1 [Grr1(er — Hi2)].

Comparing (3.1.3) and (3.1.6), one easily verifies that

3.1.7) % = min || poey — Hizll, = min || Gq1(er — Hi2)|l2.
zeRk zeRF

The least-squares problem on the right-hand side of (3.1.7) is easily solved. Setting
zZ= (;19 ;2’ ey Ck)T giVCS

v =min p5(1 = 8%+ p{G1 = 82" + -+ 0y Gt = 80 + PigE
ze

With a change of variables & = 1 —¢1,& = &1 — &2, ..., §k—1 = &k—1 — k> &k = &k, we have

k
2 : 262
Tp = min z pi&E.

S k=1 im0

The unique minimizer is given by
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and so

Then the upper bound in (3.1.4) is

(3.1.8) \/k""l‘l'k:

and it follows from (3.1.6) that the QMR residual vector is

k
(3.1.9) r& = Viwi(pokos - -, prér)T = % > izr?“”.
2 j=0 o7 =0 O;

These results are of interest in their own right. We summarize them in the following
theorem and then discuss some consequences.

THEOREM 3.1. With p; = |[rBC|, for i = 0,...,k, the QMR residual r™ is given
by (3.1.9) as a convex combination of the BCG residuals r8C, ..., rBS. The upper bound
vk + 17 0n Hr,?MR ll2 in (3.1.4) is given by (3.1.8) as the square root of the harmonic mean
of P2, ..., Pt

Equation (3.1.9) gives considerable insight into how QMR produces relatively smoothly
decreasing (if not monotonically decreasing) residual norms. If [|[#2°C||, is small for some

k, then r,'fCG is given large weight in the convex combination (3.1.9) and ||r,?MR||2 is small.
If subsequent BCG residual norms increase, then the effect of this increase is mollified by
relatively small weights in (3.1.9) and any increase in llr,?MR Il2 is correspondingly small.
These observations are borne out in Experiments 3 and 4 in §4.2 below, in which each QMR
residual norm is roughly comparable to the best BCG residual norm obtained so far.

It follows from (3.1.8) that the upper bound +/k + 1 t; on IIr,?MR |2 is greater than or equal

to minj—o,__« 7|l with equality if and only if [rgCllz = --- = [$°C|l2. In fact, this

upper bound can be a significant overestimate of ||r,?MR||2, e.g., when 4 is nearly symmetric.
Indeed, if 4 were symmetric, then the nonsymmetric Lanczos process would become the

symmetric process, the vectors riBCG would be mutually orthogonal, and we would have

172 |l = 7 from (3.1.9).
From (3.1.9), we immediately obtain

2 2
MR Ty MR , Tk~ B
er =_er_ +_rkCG,
K 2 1 2
*—1 Pk

(3.1.10)

2
T MR
YR _ Tk xQ_ + 1k (BCG
k 2 k—1 27k
Th—1 Pk

This has two useful consequences: First, since t?/t? | + t?/p# = 1, we conclude that
the QMR method is obtained from the BCG method by a smoothing technique of the form
(1.1).> We generalize this technique in §3.2 below. Second, (3.1.10) gives a convenient and
economical way of obtaining the QMR iterates and residuals from BCG. We note, however, that

2This is also implicit in results in [8] derived in a different manner. A different but equivalent way of determining
the QMR iterates from BCG is also given in [8, §3].
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if 726 and b — AxPBCC differ significantly because of numerical error, then, as with Algorithm
2.1, r,?MR and b — Ax,?MR computed by (3.1.10) can also differ significantly. In this case, an
analogue of Algorithm 2.2 obtained by applying the general Algorithm 3.2.2 below should
perform better. In §4.2, we describe an experiment in which (3.1.10) performs poorly while
the mathematically equivalent implementation of Algorithm 3.2.2 performs satisfactorily.

3.2. General quasi-minimal residual smoothing. Suppose we have some iterative
method that generates iterates {x;} and corresponding residuals {r;}. Since the difference of
any two residuals is in the range of 4, we can find foreachk > 1awy suchthatry_;—ry = Awy.
Define Yy = (wi, ..., wy) and p; = ||r;fl2 fori =0, ..., k. With Vi1, G441, and Hy asin
§3.1, we again have (3.1.5), and so (3.1.6) holds for x = xo+ Yz, z € R*. It follows as before
that

(3.2.1) T = min |Gy (e — Hi2)ll, =
zeR

and, for the minimizing z, we have, as in (3.1.9),

- 1 ki
(3.2.2) Sk = Vst [Gigi(er — He2)] = Py Z i
Yj=0 57 i0 Pi

In analogy with (3.1.10), we can use (3.2.2) to define “smoothed” residuals and iterates by

74 T 2 7
sk = 2‘ Sk—l + 2rk’ yk = 2 .Vk-—l + 2xkv
T P T P
k—1 k k—1 k

and we can determine t; simply by 1/t? = 1/t%, + 1/p?. This leads to the following
algorithm.

ALGORITHM 3.2.1. Quasi-minimal residual smoothing.
INITIALIZE: SET sy = rg, )y = X0, AND Ty = pg = ||¥oll2.

ITERATE: FORk =1, 2, ..., DO:
COMPUTE x; AND ry.
SET pi = ||7xllo AND DEFINE T4 by 1/1? = 1/t% | + 1/p?2.
SET s¢ = (t2 /17 )Sk—1 + (T?/p})re AND yp = (2 /T% D ye—1 + T2/ pP)xk.
In this algorithm, as in Algorithm 2.1, the divergence of 7, and b — Ax;, through numerical
error can cause s; and b — A4y to differ significantly. We formulate a mathematically equivalent
algorithm analogous to Algorithm 2.2 that should avoid this difficulty provided an accurate
value of A4 p; is available for each py = x; — x;_1.
ALGORITHM 3.2.2. Quasi-minimal residual smoothing.
INITIALIZE: SET sy = Fo, o = X0, 4o = vo = 0, AND 19 = pg = ||#0||2-
ITERATE: FORk =1,2,..., DO:
COMPUTE p; = X — Xy—1 AND Apy.
SET uy = up—1 + Apx AND vg = Vg1 + Dx.
SET px = ||Sk—1 — ux |2 AND DEFINE 74 BY 1/72 = 1/72 | + 1/p}.
SET 53 = sg—1 — (t¢/pf)ur AND i = ye_1 + (22 /pP) vk
UPDATE uy, < (1 — (t7/p2))ur AND v < (1 — (t2/p?))vx.
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It would be trivial to incorporate a diagonal scaling matrix
Qiy1 = diag (wo, . . ., o) € REFDXEED

into the above developments, as is typically done in deriving QMR-type methods. In place of
(3.2.1) and (3.2.2), we would then have

T, = min ||Q41Grr1(er — Hi2) |2 =
ZeRF

and, for the minimizing z,

_ . 1 koo
sk = Ve Qs [Qu1Grar (e — Hi2)] = ti.
r 1 72
2 =0 we? i=0 ;' P;

Algorithms 3.2.1 and 3.2.2 would be modified by replacing each occurrence of p? by w?p?.
Similar remarks hold for the developments in §3.1.

As in Theorem 3.1, each s; generated by Algorithms 3.2.1 and 3.2.2 is given by (3.2.2) as
a convex combination of rg, . .., 7. Also, (3.2.1) and (3.2.2) imply immediately an analogue
of (3.1.4) and (3.1.8), i.e.,

lIsellz < VE+ 11 =

The remarks in the two paragraphs following Theorem 3.1, with appropriate changes, are valid
here.

‘We mention the possibility of applying Algorithms 3.2.1 and 3.2.2 repeatedly to produce
increasingly “smoothed” residuals and iterates. However, in an experiment that we performed,
applying these algorithms twice to a BCG sequence (i.e., applying them once to a QMR
sequence) showed no practical advantages.

In the case of the CGS method, Algorithms 3.2.1 and 3.2.2 can be applied in a straight-
forward way; however, we note an interesting alternative in this specific case. We write the
CGS method as follows:

ALGORITHM 3.2.3. Conjugate gradient squared method [15].

INITIALIZE:
CHOOSE x¢ AND SET py = ug = ro = b — Axo AND vy = Apy.
CHOOSE 7 SUCH THAT pg = 7 ro # 0.
ITERATE: FORk =1,2,..., DO:
COMPUTE 0_1 = Fy Vg1, @1 = Pk—1/0k—1, AND
Gk = Ug—1 — Qg—1Vf—1.
SET x; = Xp—1 + g1 (Ug—1 + qi) AND 7 = 11 — g1 A(Ug—1 + qi)-
SET px = 7y rks Bk = Pk/Pk-1» Uk = r + Brdk,
Pk = uk + Br(qk + BiPr—1), AND vy = Apy.

We define auxiliary iterates and residuals as follows: Fork =0, 1, ..., set

Rok = Xk, Xok+1 = X + o,
(3.2.3)

Pok = i, Pay1 = ri — o Aug.
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It is not hard to verify that, if we apply Algorithms 3.2.1 and 3.2.2 (modified, if necessary, to
incorporate diagonal scaling) to the iterates {X;} and residuals {7}, then the resulting method
is equivalent to the “transpose-free” QMR-like method derived from CGS in [6]. This is not
the same as the method obtained by the straightforward application of Algorithms 3.2.1 and
3.2.2 to CGS; in §4.3, we illustrate the practical performance of these two ways of applying
QMRS to CGS. This equivalence may help to explain experiments in [3] and also Experiments
5 and 6 in §4.3 below, in which residual norms from the method of [6] are roughly comparable
to the best CGS residual norms obtained so far. (However, an example is given in [8] in which
CGS diverges while the method of [6] converges.)

One can similarly obtain the QMRCGSTAB method of [3] by applying Algorithms 3.2.1
and 3.2.2 to Bi-CGSTAB [17]. Indeed, in addition to iterates {x;} and residuals {r;}, Bi-
CGSTAB produces {sx, px, o, wi} such that

Xp = Xk—1 + O P + Wi Sk,

Sy = r—1 — arApr, 1y = 85 — wp Asy.

In this case, we define auxiliary iterates and residuals by

X2k = Xk, X2%k+1 = Xk + Qk+1 Pk+15
Vo = I, r2k+1 = sk-l—la

fork =0, 1, .... Thenthe method obtained by applying Algorithms 3.2.1 and 3.2.2 (modified
to incorporate diagonal scaling, if necessary) to {x} and {#;} is equivalent to QMRCGSTAB.

4. Numerical experiments. We report on numerical experiments that illustrate the per-
formance of the algorithms discussed previously. The test problem used in all but one of the
experiments is a discretization of

ou
A d— = in D,
@.1) utcutdye =/, in

u=0 onadD,

where D = [0, 1] x [0, 1] and ¢ and d are constants. In the experiments outlined here,
we took f = 1 and used a 100 x 100 mesh of equally spaced discretization points in D,
so that the resulting linear systems were of dimension 10, 000. Discretization was by the
usual second order centered differences. Preconditioning, when used, was with a fast Poisson
solver from FISHPACK [16]. In all experiments, computing was done in double precision on
Sun Microsystems workstations.

4.1. Comparing Algorithms 2.1 and 2.2. We compared the numerical performance of
the mathematically equivalent MRS Algorithms 2.1 and 2.2 in the following two experiments.

Experiment 1. This was a controlled experiment in which we artificially simulated the
numerical breakdown of a convergent algorithm through exponential error growth. In each
simulation, we first generated random® 4 and b and computed x, = A~!b using a direct
method; then, for k = 0, ..., kyax, We generated x; = x, + 2~k y,, for random uy, computed
ry = b— Axy, and perturbed x; < x;+€(k/ kmax) vi and 7y < vy +€(k/ kmax)” wy, for random

3Here, “random” means having components that are sampled independently from a normal distribution with
zero mean and unit variance. Random normal components were generated using the URAND subroutine from [5]
followed by a Box—Muller transformation; see [S, p. 247]. In the particular experiment reported in Fig. 1, the seed
2468 was used in URAND.
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v, and wy, and fixed € > 0 and positive integer v. We plotted log |Is«ll2 and log;¢ |6 — Ay ll2
versus k for both Algorithms 2.1 and 2.2 in a number of trials. Typical results (with n = 10,
€ = 102, v = 10, and ke = 50) are shown in Fig. 1. Note that in Fig. 1, the solid curve is
actually a superposition of the curves for log ||sx||2 and log || — Ay, ||, generated by Algorithm
2.2; they are visually indistinguishable. In contrast, the corresponding curves for Algorithm
2.1 diverge strongly.

0.50 —

-0.50 —

.................................

-3.50 |- _

400 _

asol T, B
1 I L 1 ] |

0o 10 20 30 40 50

FIG. 1. Residual norms versus the number of iterations for Experiment 1. Solid curve: logg ||skll2 and
log g 116 — Aykll2 for Algorithm 2.2; dotted curve: 1ogq ||sk |2 for Algorithm 2.1; dashed curve:logq ||b — Ay |2 for
Algorithm 2.1.

Experiment 2. In this, we applied BCG without preconditioning to problem (4.1) with
¢ = d = 50. For insight here and in Experiment 3 below, we first plotted log,, [72“||, and
log,o |6 — AxPCC||, versus & in Fig. 2. Note the divergence of ||/£C||, and ||b — AxP<C||,
beyond about k£ = 280; this is apparently due to rounding errors introduced in earlier iterations
when [|rB€C||, was very large. We next plotted log,, [Iskll> and log,o 16 — Ayxll2 versus k
for both Algorithms 2.1 and 2.2. The results are shown in Fig. 3, in which the graphs of
log,o 16 — Ayx|l2 for Algorithm 2.1 (solid curve) and for Algorithm 2.2 (long-dashed curve)
are nearly superimposed. Note that for Algorithm 2.2, the values of log, ||sk|l> stay fairly
close to the values of log;, |6 — Ay |l2 in the later iterations, while for Algorithm 2.1, the
values of log,, ||skll2 are wrongly forced downward by the (inaccurate) decreasing values of
72 |l2. In view of the superior performance of Algorithm 2.2, it was used to implement
MRS in the remaining experiments discussed below.

4.2. Smoothing methods for BCG. We compared the performance of BCG, QMR, and
MRS applied to BCG on problem (4.1) in the two experiments below. In these, MRS was
implemented as in Algorithm 2.2, and the QMR iterates and their residuals were generated
from the BCG iterates and residuals using either (3.1.10) or a mathematically equivalent
implementation of Algorithm 3.2.2. Caution: Comments below regarding the numerical
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FIG. 2. Recursive and true BCG residual norms versus the number of iterations for Experiments 2 and 3. Solid
curve: log;, llr}?CGHz; dotted curve: logq ||b — Ax,l?CGllz.
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FIG. 3. Residual norms versus the number of iterations for Experiment 2. Solid curve and nearly superimposed
long-dashed curve: logy |b — Ay |2 for Algorithms 2.1 and 2.2; dotted curve: logy ||sk |2 for Algorithm 2.1; short-
dashed curve: log, |Isk||2 for Algorithm 2.2.
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accuracy of QMR iterates are not intended to apply to the general QMR method of [7], which
uses the look-ahead Lanczos process; they only pertain to the soundness of (3.1.10) and
Algorithm 3.2.2 applied to the BCG iterates.

Experiment 3. As in Experiment 2, we considered problem (4.1) with ¢ = d = 50,
without preconditioning. We first compared the accuracy of (3.1.10) and Algorithm 3.2.2 for
obtaining QMR iterates from BCG iterates. The results, which are analogous to those in Fig.
3, are shown in Fig. 4, in which the graphs of log,, [|b — Ax2"™ || for (3.1.10) (solid curve)
and for Algorithm 3.2.2 (long-dashed curve) are nearly indistinguishable. The remarks made
in Experiment 2 about Fig. 3 are valid here, with the appropriate changes. In view of the
superior performance of Algorithm 3.2.2, it was used instead of (3.1.10) or Algorithm 3.2.1
in the remaining experiments reported below, except where noted.

I i . |
2.00

1.00
0.00 — —
-1.00
-2.00 — —
-3.00
-4.00
-5.00
-6.00
-7.00 — -

-8.00 L
9.00 |-

-10.00 |

-11.00
aze0 -
-13.00
-14.00 |-

-15.00 | IS
| | | [T !
0 100 200 300 400

FIG. 4. Residual norms versus the number of iterations for Experiment 3. Solid curve and nearly indistinguishable
long-dashed curve: log g ||b — Ax,?MR ll2 for (3.1.10) and Algorithm 3.2.2; dotted curve: logq ||7; MR l2 for (3.1.10);
Q

short-dashed curve: logyg |1y MR |l2 for Algorithm 3.2.2.

We next compared the performance of BCG, QMR, and MRS applied to BCG on this
problem. The results are shown in Fig. 5. Note that the solid curve in Fig. 5 is the recursive
residual value log, [|7EC||,, rather than the true value log,, [|b — AxP“C|5; cf. Fig. 2. Both
QMR and MRS were very effective in smoothing the BCG iterates. Although fine details are
hard to make out in parts of Fig. 5, the performance of QMR and MRS was, in fact, very similar
over all iterations; of course, the MRS residual norms were monotone decreasing while those
of QMR, although trending downward fairly smoothly, were not. Note that both QMR and
MRS very effectively stabilized the iterates and residuals at about the point of greatest true
residual reduction of BCG.

Experiment 4. We applied the three methods with preconditioning to problem (4.1) with
¢ = d = 100. The preconditioning resulted in relatively well-behaved BCG residual norms,
and QMR and MRS applied to BCG performed very similarly. There was no evidence of
numerical error. The results are shown in Fig. 6.
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FIG. 5. Residual norms versus the number of iterations for Experiment 3. Solid curve: logq ||r,?CG|I2; dotted
curve: log;o ||r,§2MR ll2; dashed curve: logq |lsk |2 for MRS Algorithm 2.2 applied to the BCG iterates.
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FIG. 6. Residual norms versus the number of iterations for Experiment 4. Solid curve: log,, ||r}? CG\1,; dotted
curve: log;, IIrEMR"z; dashed curve: logg ||s |2 for MRS Algorithm 2.2 applied to the BCG iterates.
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4.3. Smoothing methods for CGS. In the two experiments below, we compared the
performance on problem (4.1) of CGS, the “transpose-free” QMR-like method of [6] (referred
to as TFQMR below), CGS with QMRS, and CGS with MRS. We implemented TFQMR by
applying QMRS to {x;} and {F;} defined in (3.2.3); see §3.2. The implementation of CGS
with QMRS was straightforward.

Experiment 5. We applied the methods without preconditioning to problem (4.1) with
¢ = d = 5. The results are given in Fig. 7. The three smoothing methods very effectively
smoothed the very ill-behaved CGS residuals and performed roughly the same, although MRS
tended to give slightly smaller residual norms than the other two methods. Although not
shown in Fig. 7, significant divergence of [|rC%S ||, and |5 — 4xC%S ||, began at about iteration
262 and, as in Experiment 3 and Fig. 5, all three smoothing methods effectively stabilized the
iterates and residuals at about the point of greatest true CGS residual reduction.

T e e e I
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FIG. 7. Residual norms versus the number of iterations for Experiment 5. Solid curve: log,, IIrfGS ll2; dotted
curve: log, of the TFQMR residual norms; short-dashed curve: log; ||sk|l2 for QMRS Algorithm 3.2.2 applied to
the CGS iterates; long-dashed curve: logq |Isk ||2 for MRS Algorithm 2.2 applied to the CGS iterates.

Experiment 6. We applied the methods with preconditioning to problem (4.1) with ¢ =
d = 50. Because 2% and b — AxFSS remained very close throughout this experiment,
we used Algorithm 3.2.1 rather than Algorithm 3.2.2. The results are given in Fig. 8. It is
evident that all three smoothing methods worked very effectively, especially in stabilizing the
iterates and residuals once the limits of residual reduction were reached. It is also notable
how similarly QMRS and MRS behaved, although MRS ultimately gave the smallest residual
norms of all methods.

5. Summary and conclusions. We have focused on two residual smoothing techniques
of the general form (1.1), minimum residual smoothing (MRS) and quasi-minimal residual
smoothing (QMRS). The former generates from given iterates a sequence of auxiliary iter-
ates with monotone decreasing residual norms that are no greater than those of the original
sequence. The latter generates auxiliary iterates with residual norms that typically decrease
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FIG. 8. Residual norms versus the number of iterations for Experiment 6. Solid curve: log;, IIV,SGS ll2; dotted
curve: logo of the TFQMR residual norms; short-dashed curve: log |Isk|l2 for QMRS Algorithm 3.2.1 applied to
the CGS iterates; long-dashed curve: logq ||sk|l2 for MRS Algorithm 2.2 applied to the CGS iterates.

fairly smoothly, if not necessarily monotonically. It also provides insight into the workings
of QMR-type methods and, in particular, indicates how they are related to and smooth the
residual norms of underlying methods such as BCG and CGS.

These residual smoothing techniques provide important practical tools. Their perfor-
mance is illustrated in a number of numerical experiments in §4; these indicate that both
MRS and QMRS are reliable and very effective in smoothing the residuals of the underly-
ing method when applied as in Algorithms 2.2 and 3.2.2, respectively. The performance of
MRS and QMRS was roughly similar in our experiments. However, the MRS residual norms
were monotone decreasing while those of QMRS, although typically trending fairly smoothly
downward, were not; also, the MRS residual norms were often, although not always, slightly
smaller than the QMRS residual norms and, in some cases, tended to remain a little more
stable in the final iterations. On the basis of work to date, we have some preference for MRS
over QMRS for general use.

Having smoothly decreasing or monotone decreasing residual norms may be of real im-
portance or just a nicety, depending on the application. In fact, this can always be achieved
trivially just by saving the best iterate obtained so far; in some of our experiments, MRS and
QMRS did not produce significantly smaller residual norms than this simple technique. Thus
the good behavior of the MRS and QMRS residual norms alone may not always be enough
to justify their use. However, a strongly compelling reason for using MRS or QMRS with
methods such as BCG and CGS is their effectiveness in stabilizing the iterates and residuals
once the limits of residual reduction have been reached. This is perhaps most clearly seen in
Figs. 5 and 7, in which the recursive residuals generated by the underlying method continue to
decrease long after they have lost accuracy, while the MRS and QMRS residuals become stable
and remain fairly accurate. In addition to helping to avoid misleading results, this stabilizing
effect could be useful in obtaining further accuracy from the method. Indeed, one might be
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able to detect the onset of stability and restart the method with a fresh, more accurate residual,
thereby making further accurate residual reduction possible. We have successfully carried out
this strategy in experiments.

We conclude by noting recent related work. In [9] it is shown that iterates produced by
certain pairs of “orthogonal error” methods can be related through (1.1), extending Theorem
4.2 of [18, p. 78]. In [1], it is assumed that two sequences {x;} and {x;’} are given, and an
auxiliary sequence is generated by

e = (1= nidxy + mexy,

where 7; is chosen to minimize the residual at y;. If a single sequence {x;} is given, then the
choice x; = yx—1, x; = xi gives MRS as a special case. Many other possibilities are explored

in [1], and the possibility is raised of combining given {x,ﬁl) | S {x,ﬁ'”)} to produce {yx} by
m .
(5.1) N I CN 3 )

i=1

In [1], it is suggested that the n,((i) ’s be chosen to minimize the residual at yj, but more general

choices may be useful. For example, the QMR squared method of [8] can be obtained from
the CGS iterates and certain auxiliary quantities through a relation of the form (5.1) in which
xtV = yi_1; see (4.11) of [8, p. 9].
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