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Abstract—Our study considers two modeling frameworks for
a particular experiment: a 6 mm-thick sample of AlN:Mo,
Mo doping either 2% or 4% by volume, is subject to 95
GHz Gaussian electric field at various powers under ambient
atmospheric conditions, with the temperature of the sample being
observed. The frameworks assume plane electromagnetic (EM)
waves normally impeding a thin ceramic slab, whose amplitude
varies quasi-steadily on the thermal time scale. The models differ
on the assumptions of the thermal profile in the sample: (1)
thermal spatial variation, and (2) a spatially uniform tempera-
ture. We compare these models with the experiments through
a best-fit strategy of the transient temperature evolution; the
error between the simulated and experimental data minimized
by varying the parameters measuring environmental losses and
the applied field magnitude. The results suggest that variations
in thermal conductivity and specific heat play a key role in the
thermal transport.

Index Terms—electromagnetic heating, power beaming, ther-
mal runaway, mathematical modeling.

To determine the feasibility of high temperature ceramic
composites as susceptors for power beaming applications,
experimental evaluation of current modeling frameworks need
to be performed with experimentally characterized materials
(e.g. [1], [2]). These properties vary both in temperature and
in composition, and such variation is typically not included
in theoretical or computational modeling (e.g. [3]–[6]). In
particular, thermal variations in the loss factor for ceramics
can lead to thermal runaway phenomena when microwave EM
fields are applied (e.g. [7]). Recent of EM heat exchangers
show promising results [5], [6], and the need for experimental
confirmation with real materials. This work centers on the
EM heating of a material whose specific heat and thermal
conductivity depend on temperature.

An ` = 6 mm-thick sample with a circluar cross-sectional
area (radius L = 25.4 mm) of either AlN:Mo 2% or AlN:Mo
4% is subject to f = 95 GHz klystron applied Gaussian
electric field (FWHM measured at 15 mm) at powers of
Po = 18 W or 45 W under ambient atmospheric conditions, as
shown in Fig. 1(a). The distance between the klystron lens and
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(a) (b)

Fig. 1. (a) Sample (black) in low thermal conductivity hold (white). (b)
Sample FLIR heat map at initial field application.

Fig. 2. Coordinate system for forward models.

the sample is approximately 330 mm, corresponding to the lens
focal length. Temperatures are measured by means of an FLIR
camera with data collected at 3-minute intervals, an example
of which is given in Fig. 1(b). The average temperature from
each image is used as the data to which the fitting parameters
are found, as described below.

The two modeling frameworks assume plane EM waves,
polarized normal to the frame shown in Fig. 2, normally
impeding a thin dielectric composite slab. Thermal losses
to the environment normal to the slab boundaries dominate,
and the electric field is assumed to be quasi-steady on the
thermal time scale. With these assumptions, Gauss’s law is
satisfied automatically, with Maxwell’s equations reduced to a
Helmholtz equation for the field amplitude in the slab, which
in nondimensional form is

∂2E

∂z2
+ γ2 ε(θ)E = 0 , 0 < z < 1 , (1)

where γ = γo ` is the dimensionless wavenumber, γo the free-
space wave number, and E = E(z, t) is the scaled electric field
amplitude in the slab. The permitivity ε(θ) = εr(θ) + i εi(θ)
depends on the scaled temperature deviation from ambient θ
(dimensional temperature T = 300 (θ + 1), in units Kelvin).
The quantities εr, εi are found by applying the nondimen-
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sionalization to the dimensional fits found in [8]. We use
transmission boundary conditions

z = 0 :
∂E

∂z
+ iγE = 2 i γ , (2)

z = 1 :
∂E

∂z
− iγE = 0 , (3)

to close the EM problem, up to a solution to the unknown θ
based on energy conservation in the slab.

The modeling frameworks depend on the assumptions of
θ in energy conservation. Our first framework assumes that
θ = θ(z, t), and both specific heat and thermal conductivity
depend on temperature

cp(θ)
∂θ

∂t
=

∂

∂z

{
k(θ)

∂θ

∂z

}
+ P εi(θ)|E|2 , (4)

where the scaled specific heat cp and the scaled thermal
conductivity k are found by applying the dimensional fits of
these quantities for AlN:Mo found in [8]. The power parameter
P = Po (`/L)

2
(2 f/c ko To), with c being the speed of light,

ko the thermal conductivity at the initial temperature, and
To = 300 K, gives a ratio of the applied power to the slab
scaled with the characteristic power of conduction. Equation
(4) is solved subject to boundary conditions

z = 0 : k(θ(0, t))
∂θ

∂z
= L(θ) , (5)

z = 1 : k(θ(1, t))
∂θ

∂z
= −L(θ) , (6)

where conductive flux is balanced by environmental losses
L(θ) = B θ + R

[
(θ + 1)4 − 1

]
[6]. The parameters B,R

represent the scaled energy losses due to advection and ra-
diation, respectively. We asssume that the initial condition is
the uniform dimensional temperature uniform Ti, or

θ(z, 0) = θi =
Ti − To
To

. (7)

We call the representation (1)-(7) the one-dimensional (1D)
model, Our second modeling framework assumes that θ =
θ̄(t) =

∫ 1

0
θ(z, t) dz, and we formally integrate both sides of

(4) over z, and using (5-6), arrive at

cp(θ̄)θ̄′(t) = P εi(θ̄) ||E||2 − 2L(θ̄) , t > 0 (8)
θ̄(0) = θi , (9)

where ||E||2 =
∫ 1

0
|E(z, t)|2 dz with θ = θ̄. We call this

second representation the thin domain (TD) model.
Each of these forward problems are solved computationally.

For the TD model, (8),(9) are solved computationally using a
standard Runge-Kutta method for a given (P,B,R). For the
1D model (1)-(7), θ,E must be solved simultaneously using
finite differences in space, Crank-Nicolson in time (vertex-
centered mesh for θ and E).

We compare these models indirectly with the experiments
through a best-fit strategy to the transient evolution of tem-
perature in the sample. Either the 1D model or the TD model
form the forward problem for a given set of (P,B,R), and
only these three parameters are varied to fit the spatial average

TABLE I
TOTAL RMS ERROR (IN KELVIN)

RMS error 1D Model TD Model
18W 45W 18W 45W

Mo 2% 0.5910 1.6548 0.5845 1.0946
Mo 4% 0.6801 0.5154 0.6384 0.6507

TABLE II
RELATIVE FIT OF POWER P .

Pfit/Pexp
1D Model TD Model

18W 45W 18W 45W
Mo 2% 0.2493 0.2716 1.0060 1.1460
Mo 4% 0.3074 0.2742 1.2307 1.1181

temperature
∫ 1

0
θdz to the data. MATLAB’s fmincon is used

to perform the optimization.
However, the values of P found for these fits can vary

significantly. Table II shows the values of the fitted value
Pfit with the value of P evaluated based on the experimental
conditions Pexp. Agreement between the scheme experiment
coincides with Pfit/Pexp = 1. Note that the TD model
performs relatively well under this metric, while the 1D model
appears to perform poorly.

Most of the 1D model discrepancy can be explained due
to the applied Gaussian beam, since the power is applied
nonuniformly in the radial direction. Experimentally we es-
timate the FWHM to be approximately 15 mm, which when
used for the Gaussian envelope for |E| in (4) gives that
Pfit ≈ 0.211Pexp. Since radial transport out of the sample
appears to be minimal, the TD model effectively is fitting the
average sample temperature.
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