MA 2051 Notes D20’: Week 6

Laplace Transforms

Laplace transforms can often be computed using a table of identities:

ciy=- 1)
E{t”}z%,(n:lﬂ,...) 2)
E{eat}zsia,s>a 3)
L{te™} = ﬁ (4)

c{t"eat}—“fbcj)nﬂ(n—1,2,...) (5)
E{sinat}zsziﬁ,s>0 (6)
ﬁ{cosat}:sz_’_%,s>0 (7)

Refer to the table provided on canvas for more identities.
Observe the following properties of the Laplace transform:

1. Linearity. Let f and g be functions whose Laplace transform exists on a common domain, and ¢ an
arbitrary constant. Then:

LAf+9r =L{f}+L{g} and Licf}=cL{f}

2. Derivatives. If f, f/, f",---, f=1) are continuous, f(™) is piecewise continuous, all these functions
are of exponential order e*!, then the Laplace transfor of all this funtions exists for s > « and:

LAY = SE{}-10), LU"Y = L)), - £{FO) = L {f) 7 F(0) "2 (0) - — f(0)
3. Translation Property If the Laplace transform F(s) = L{f} exists for s > «, then for s > a + a:
LA{e"f(t)} =F(s—a)

4. Derivatives of Transforms. If f(t) is piecewise continuous and of exponential order e*, then for
s > « and n a positive integer,

nd"FE

dsn

L f)}=(=1) (s)

Example. Show that the Laplace transform is linear. That is, show that for any functions f and g, and
any constant ¢

L L{f+g} =LA} +L{g}
2. Licfy=cL{f}



W) L{f+g) = / () (et = / (et rg(t)etdt = / " fetdit / g0 tdt = £ {f}+L {g}

Showing (2) is left as an exercise.
Example: Compute the Laplace transform of 53! sin 2t + 2 cos 3t

By the table of Laplace transform, we have £ {sin2t} = ﬁ, L{cos3t} = P

L {5e3t sin 2t + t2 cos 3t} =5L {est sin 2t} + L {t2 cos 3t}

52 +(=1)2 (S>”
(5-3)2+4 219
10 —25(s% +9)% — (9 — s%)2(s* + 9)2s
T 2 —6s+13 (s2+9)4
10 25° — 365 — 4865

5276$+13+ (s2+9)4

Inverse Laplace Transforms

The inverse Laplace Transform can be computed by definition, or by using a table similar to that on the
previous page. Note that this can often require partial fraction decomposition of F(s).

Inverse Laplace transforms can often be computed using a table of identities:

1
Ll{s—a =e s>a (10)
—1{821a2 = sinbt,s > 0 (11)
£_1{ 2_|S_ 2}=C08bt,8>0 (12)

s2+a

Observe the Linearity property of the Inverse Laplace transform:

Let F' and G be functions whose Inverse Laplace transform exists, and ¢ an arbitrary constant. Then:
LYHF+Gy=CY{F}+L£7{G} and L '{cF}=cL'{F}
Example: Find the inverse Laplace transform of F(s) = %

We must perform partial fractions

A B s+1 5/6  1/6 s+1

s—4+s+2:(574)(5+2)_>3—4 s+2 (s—4)(s+2)




5 1
TR —
6 { s—4 }
_ O
= 66 + e °,
where the inverse Laplace transforms are found by the table and linearity property.

Initial Value Problems Using Laplace Transforms

Laplace transforms and inverse Laplace transforms can be used to solve initial value problems. Consider the
general problem:

ay’ +by' +cy = f(t)
y(O) = Yo
y'(0) = yp.

Solving this initial value problem using Laplace transforms can be broken down into 3 simple steps.

1. First, take the Laplace transform of both sides of the equation. Using the properties of the Laplace
transform, this gives:

a(s*L{y} — sy(0) — y'(0)) +b(sL {y} — y(0)) + L {y} = L{f(t)}
This can be simplified to:
(as® +bs + )L {y} = L{f(t)} + a(syo +yo) + byo
2. Next, solve this equation for £ {y}.

LS ()} + alsyo + yo) + byo
(as? 4+ bs + ¢)

L{y} =

3. Finally, take the inverse Laplace transform of both sides.

y(t) = L7 { £ {f(t)ia;afzg j: (z:/;’)) + byo }

If we are able to compute this inverse Laplace transform then we have the solution to to the initial value
problem. Note that taking the inverse Laplace transform of the right hand side often requires using partial
fractions.

Example: Use the Laplace transform to solve folowing IVP:

y' =3y +2y=0, y0)=1, H(0)=0



L{y"}=3L{y'} +2L{y} = L{0}
L{LHS} = s"L {y} — sy(0) —y'(0) = 3(sL {y} — y(0)) + 2L {y}
=(s*=3s+2)L{y} —s+3
L{RHS} = L£L{0} =0

s—3
L= 5552
s—3 s—3 A 4 B
$2-35+2 (s—2)(s—1) s-2 s—1
A=—-1,B=2
1 5s—3 1 1 1 1
= 22 \L_9 -
y==~L {523s+2} £ {51} £ {52}
:26t_62t

Practice:

1. Find the Laplace transform of the following function

i. f(t) =t+ 2% (by definition and using table)
ii. f(t) =5t 43t +2t — 10
iii. f(t) = 2cos(3t) + 3sin(2t)
2. For each function f(¢), find L{f'(t)} and L {f"(¢)}.
i f(t) =t+2e%
i, f(t) =2t —10
ili. f(t) = 2cos(3t) + 3sin(2t)

3. Find the Inverse Laplace transform of the following function

i F(s)=2%
ii. F(s) = 2%
iii. F(s) = srgsosss

4. Solve the initial value problem using the Laplace transform

Ly —y=4, y0)=-1
.y —y —6y=0, y(0)=1,9(0)=-1



