
Course Materials

P A R T   V

B’14

2014-2015

1

MA3457/CS4033: 

Numerical Methods 

for Calculus and 

Differential Equations



2

5. ODE - BVP CLASS 23

The Shooting Method – MATLAB Implementation

Function BVP_shooting

• specifies BCs, 

• calls the function RK4_sys (in which the Runge-Kutta method of order 4 adjusted 

to the system of ODE is implemented) and gets the solution for the system from 

there, and 

• calculates the linear combination of the solutions for two IVP and plots the results  

Function RK4_sys

• is similar to RK4, but it relies on MATLAB ability to treat all variables as vectors

Function fivp_sys

• specifies the DE to deal with – consists of the RHSs of the system of four ODEs. 
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The Shooting Method – MATLAB Scripts (1)
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The Shooting Method – MATLAB Scripts (2)
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The Shooting Method – MATLAB Scripts (3)
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Shooting Method for Linear BVPs (1)
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BVP: 

y(0) = 2, y(1) = 5/3

y

x

y = x4/6 - 3x2/2 + x + 2 – exact  solution

shooting method

ODE:

Dirichlet BCs:
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Shooting Method for Linear BVPs (2)
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BVP: 

y(0) = 1, y′(1) + y(1) = 0

ODE:

General/Mixed BCs at x = b: General/Mixed BCs at x = a and x = b:

y′(0) + y(0) = 0;  y′(1) – y(1) = 3

y = (x4 – 3x2 – x + 6)/6

Exact solutions and numerical solutions (by the Shooting Method) are 

indistinguishable!

y = x4 /6 + 3x2/2 + x – 1

y

x

y

x



Finite-Difference Method for Linear BVPs
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y(0) = y(4) = 0

BVP: 

ODE:

Dirichlet BCs:

y″ = y + x(x – 4)

Boundary conditions

y

x

FD Solution with n = 4

8

exact solution

FD solution



Tridiagonal Matrix
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Size of the matrix: (n-1)x(n-1)

Number of terms in each line:   3 

WHY? 

• In order to cover the whole interval with the Central Difference Formula

(CDF) index i runs from 1 to n-1, where n is a number of subdivisions

• 3 is the number of points in which the CDF approximate a 2nd order 

derivative. 
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Finite Difference Method – MATLAB Scripts (1)
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Finite Difference Method – MATLAB Scripts (2)
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Finite-Difference Method for Linear BVPs (2)
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BVP: 
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Finite-Difference Method for Linear BVPs (3)
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BVP: 

y = 0.1excosx – exact solution

FD method

y

x
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Finite-Difference Method for Linear BVPs (4)
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BVP: 

aa = 0; bb = 1; n = 20;  % n is chosen to discretize the interval   

p = (-4)*ones(1, n-1); q = (-1)*ones(1, n-1); r = 2*x.^2;

ya = 1; yb = 1.2;  % or 1.1, or 1.0

ODE:

Dirichlet BCs:

Problem Definition in BVP_FD

0 < x < 1,  ya = 1, yb = 

1.0

1.1

1.2
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BVPs – Errors

Shooting Method – the error is the same as for the method in the 

respective IVP (because this method solves the BVP by reformulating it as a 

series of IVPs).

FD Method – the error is determined by the order of accuracy of the 

numerical scheme used:

• On the one hand, the method depends on the truncation errors of the 

approximation formulas used for the derivatives

• On the other hand, different n can be applied to discretize the interval, i.e., 

there are round-off errors in discretization of the boundary conditions

So, the accuracy is determined by the larger of the two errors. 
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Compared to IVPs: the instability is associated with error that grows as the 

solution progress from the initial point to the final one. 

BVPs: the growth of numerical error with the solution progress is limited by 

the rightmost BC. Additional factors make stability an important issue:

BVPs – Stability
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1) The DE itself may be unstable to small perturbations in the BCs.

2) Multiple valid solutions to the DE may exist for different rightmost 

BCs.

3) With the FD method, a BVP is converted to a matrix equation, so the 

solution is determined everywhere simultaneously, thus the 

notion of marching forward in time (or marching from left to right) is 

not relevant. Stability of solving a BVP by FDs rests on stability of 

the scheme used to solve the resulting set of equations. 

NB: there is no simple recipe about how do deal with instability; all elements 

– DEs, related BCs, solvers of the system of equations, etc. – should 

be investigated and appropriate measures should be taken to 

ensure stability of a numerical solution.



I. The primary goal was to introduce you to a wide range of numerical 

algorithms related to problems in Calculus and Differential Equations, 

review their fundamental principles, and illustrate their applications.

II. You now should be able to apply numerical procedures to solve 

applied problems and, when applying the algorithms to practical 

scenarios, control their performance.

Objectives

Course Resume
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 Interpolation 

 Approximation 

 Numerical Integration 

 Initial Value Problems 

 Boundary Value Problems 

Main Topics



Course’s MATLAB Procedures
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• MATLAB

• Mathematica

• Maple

• MathCAD

• etc.

Computer Algebra Systems

Libraries of Algorithms/Codes

• International Mathematical and Statistical Libraries (IMSL)

• The Numerical Algorithms Group (NAG) package

• etc.

General Purpose Numerical Software
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Final Exam – Template for the Report
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