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5. ODE - BVP CLASS 23

The Shooting Method - MATLAB Implementation

Function BVP_shooting

» specifies BCs,

« calls the function RK4_sys (in which the Runge-Kutta method of order 4 adjusted
to the system of ODE is implemented) and gets the solution for the system from
there, and

« calculates the linear combination of the solutions for two IVP and plots the results

Function RK4_sys

e is similar to RK4, but it relies on MATLAB ability to treat all variables as vectors

Function fivp_sys

« specifies the DE to deal with — consists of the RHSs of the system of four ODEs.



5. ODE - BVP

The Shooting Method - MATLAB Scripts (1)

LIBERARY OF MATLAB PROCEDURES

BVP_shooting

Shooting method for linear BVP — specifies BC and calles RK4_sys: to be used with
fivp sys

% Linear shooting method for an ODE specified in fivp sys
%

clear all

va = 2; yb =5/3; z0 = [ ya 0 0 1 ¢

a=20; b=1; tspan = [ 01 ]»

[ x z ] = RE4 sys('fivp sys', tspan, z0, 10)

[nm] = size(z)

y(l:in,1) = z{(1l:n,1) + (yvb - z(n,1))*z(l:in,3)./z(n,3)
plot(x, V¥)

CLASS 23



5. ODE - BVP

The Shooting Method - MATLAB Scripts (2)

LIBRARY OF MATLAB PROCEDURES

RK4 sys

Solves systems of ODEs by the Runge-Kutta method of order 4

function [®, ul = RE4 sys(f, tspan, ul, n)

%

% The procedure solwves a system of ODE-IVP using the Runge-Kutta
% method of order 4. In function f£(x, u):

% input: column vector x and row vector u

% output: column vector of values for u'

%

% Interval of interest: tspan = [a, b]

%

a = tspan(l); b = tspan(2); h = (b-a)/n;

X = (ath : h : b)'";

k1l = h*feval(f, a, ul)"';

k2 = h*feval(f, a+h/2, ul0+kl/2)"';

k3 = h*feval(f, a+h/2, u0+k2/2)"';

k4 = h*feval(f, ath, ud+k3)"';

u(l, :) =ud + k1/6 + k2/3 + k3/3 + k4/¢&;

%

for i =1 : n-1
kl = h*¥feval(f, =(i), u(i, :))"';
k2 = h*feval(f, x(i)+h/2, u(i, :)+k1/2)";
k3 = h*feval(f, x(i)+h/2, u(i, :)+k2/2)";
kd = h*feval (f, x(i)+h, u(i, :)+k3)"';
u(i+l, :) =u(i, :) + kl/é +k2/3 +k3/3 +k4d/é;

end

%

Xx = [a
x]

u = [ul

ul;
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5. ODE - BVP CLASS 23

The Shooting Method - MATLAB Scripts (3)

LIBRARY OF MATLAB PROCEDURES
fivp sys

Specifies the ODE for solving by the linear shooting method; to be used with BVP_shooting

% RHS of system of four lst-order QODE-IVPE

%

function £ i s=fivp sys(x, z)

f1s=[z(2)
z(2).*2.*zx./(x."2 + 1) - z(1).*2/(x."2 + 1) + x."2 + 1
z(4)
z(4).*2.*=x. /(x."2 + 1) - z(3).*2/ (x."2 +1)];




5. ODE - BVP

Shooting Method for Linear BVPs (1)

" 2x 2 3
ODE: V=V ———y+x +1
x +1 x°+1

BVP:

Dirichlet BCs:  Y(0) =2, y(1) =5/3

2.4

2.2

1.8

16 | | | |

—  y=x46-3x)2+x+2 —exact solution

- shooting method

CLASS 23
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Shooting Method for Linear BVPs (2)

BVP:
" 2x 2 ’
ODE: V=——y-—-———y+x +1
x +1 x +1
General/Mixed BCs at X = b: General/Mixed BCs at X =a and X = b:
y(0)=1,y(1) +y(1) =0 y'(0) +y(0) =0; »'(1)— y(1)=3

2 , ; i .

D Y/ U o ——m

———————————————————————

05 - y=(x*—3x2—x + 6)/6 S .

| I
| L |
L ] L

04

0 -2 0.4 0.6 0.8 !

X

Exact solutions and numerical solutions (by the Shooting Method) are
indistinguishable!



5. ODE - BVP

CLASS 25

Finite-Difference Method for Linear BVPs

ODE: y'=y+x(x—4)

BVP:

Dirichlet BCs:  y(0)=y(4) =0

FD Solution with n =4

exact solution

FD solution

Boundary conditions



5. ODE - BVP

Size of the matrix: (n-1)x(n-1)

Number of terms in each line: 3

WHY?

In order to cover the whole interval with the Central Difference Formula

Tridiagonal Matrix

B, C, 0

A, By G

A, B, C;

(CDF) index I runs from 1 to n-1, where n is a number of subdivisions

« 3 is the number of points in which the CDF approximate a 2"d order
derivative.

CLASS 25



5. ODE - BVP

Finite Difference Method - MATLAB Scripts (1)

LIBRARY OF MATLAB PROCEDURES

BVP_FD

SolvesaBVP )" =

pX)y + q(x)y + r(x) with a Dirichlet boundary condition on the interval [a, b]

by the finite-difference method (including solving a tridiagonal system using the Thomas
method) (to be used with Trid Thomas).

x = ]

b(2:n

c(l)
c(2:n
c(n-1

v=T
XX =
out =
$

plot (

;

ones(l, n-1); q = -2*ones(1, n-1); r = zeros(l, n-1):;

gridpoints xX(1), «oep

h2 = h/2; hh = h*h;
inspace (aa+h, bb, n);

er diagonal (a), diagonal (d), lower diagonal (b)
eros(l, n-1); b = a;
-2) =1 - p(1,1:n-2)*h2; d = -(2 + hh*q):

-1) =1 + p(1,2:n-1)*h2;

3ide (cC)
- (1 + p(1)*h2) *ya;
-2) = hh*r(2:n-2):
) = hh*r(n-1) - (1 - p(n-1)*h2)*yb;
ution of tridiagonal system
rid Thomas(a, d, b, ¢);
[aa x]; yy = [va y yb]:
[xx' yy']:; disp(out)

XX, yY, '-'), grid on, hold on

*~na

(xx))

CLASS 25
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5. ODE - BVP

Finite Difference Method - MATLAB Scripts (2)

LIBRARY OF MATLAB PROCEDURES

Trid._T homas

Solves a tridiagonal system of linear equations using the Thomas method.

function x = Trid Thomas(a, d, b, r)
%
% The procedure solves matrix equation Ax = b
% where A is a tridiagonal matrix
%
% Input:
% a — upper diagonal of matrix A, ain) =0
% d - diagonal of matrix A
% b - lower diagonal of matrix A, b(l) =0
% r — right-hand side of edquation
%
n = length(d);
a(l)y = a(l)/d);
r(l) = r(1)/d(1);
%
for 1 =2 : n-1
denom = d(i) - b(i)*a(i-1);
if (denom == 0), error ('Zero in denominator'), end
a(i) = a(i)/dencom;
r{i) = (r(i) - b(i)*r(i-1))/denom;
end
%
r(n) = (r(n) - b(n)*r(n-1))/(dm) - b(n)*a(n-1));
x(n) = r(n);
for i =n-1: -1 : 1
®x(i) = r(i) — a({dl)*x(i+l);

end

CLASS 25
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5. ODE - BVP

Finite-Difference Method for Linear BVPs (2)

Y =2y =2y, y(0)=0.1, ¥(3)=0.1e’ cos(3)

>» BVP_FD

0D D00 D DD Do DD DD DO D DD DD DDDoD Do D Do oD

0

.0100
.0200
.0300
. 0400
.0500
. 0600
L0700
.0800
. 0500
L1000
L1100
L1200
L1300
.1400
L1500
1600
L1700
L1800
L1300
.2000
L2100
L2200
. 2300
.2400
. 2500
2600
L2700
. 2800
L2300
. 3000

[ N s Y s T s Y e Y T v N i T s N v Y T NN v IO v N s Y e Y T v Y i T s Y v Y TN O v O s T s T e Y O s O s T o

BVP:

L1000
.1010
1020
L1030
.1040
.1050
1060
L1070
L1080
L1050
L1100
L1110
.1118
L1125
L1138
.1149
L1158
L1168
L1178
1188
L1157
L1207
1216
L1226
L1235
1244
1254
12683
L1272
1281
L1230

[ R Y N O Y s N [ I T i T s Y o T s Y e Y Y e Y Y O e Y O i O s Y O v Y O s Y s O s T s O o T s T e Y o T e Y

. 3100
L3200
. 3300
. 3400
. 3500
. 3600
L3700
. 3800
. 3800
. 4000
.4100
. 4200
. 4300
. 4400
. 4500
. 4600
.4700
. 4800
. 4300
.2000
.5100
.2200
. 5300
. 2400
. 5500
. 5600
. 5700
. 5800
. 5800
. 6000
.6100
. 6200
. 6300
. 6400
. 6500

[ R Y N O Y s N [ I T i T s Y o T s Y e Y Y e Y Y O e Y O i O s Y O v Y O s Y s O s T s O o T s T e Y o T e Y

L1253
L1308
1316
L1325
L1333
L1342
L1350
L1358
L1387
L1375
L1382
L1380
L1388
.1405
.1413
L1420
L1427
L1434
.1441
. 1448
.1454
1460
L1467
L1473
.1478
.1484
.1489
. 1435
L1500
L1505
L1508
L1514
.1518
L1522
15286

H oo O DO D o000 D00 0D 0000000000000 0o0o000o

. 6600
L6700
6800
. 6300
. 7000
. 7100
. 7200
. 7300
. 7400
. 7500
. 7600
7700
. 7800
. 7800
.B000
. 8100
8200
. 8300
. 8400
.8500
. 8600
8700
.BB0O
. 8500
. 5000
.5100
.8200
. 5300
.9400
.8500
. 5600
.89700
.5800
.5500
.0000

[ R e Y e e Y T e N e Y Y e O Y O e O e Y Y O e Y i O e Y Y i Y Y e Y i O e Y e Y i O T e N e O e Y e Y e Y i Y e Y o

L1523
L1533
1538
L1533
L1541
1544
.1546
L1547
L1543
L1550
L1551
1552
1552
L1552
1552
L1551
L1550
L1543
L1547
L1545
L1543
L1541
L1538
L1534
L1530
1528
1522
L1517
L1511
15086
L1433
L1433
1486
.1478
L1470

Ld R RY ORI RDORY RS R ORY ORI RDORY BRI ORI R ORI ORI ORY ORY ORI ORY ORI ORI ORI ORY ORI ORI ORY ORY ORI ORY ORY ORI ORIOR)

L6600
L6700
L6800
L6300
. 7000
. 7100
. 7200
. 7300
. 7400
. 7500
. 7600
L7700
.T800
. 7900
. 8000
. 8100
. 8200
. 8300
. 8400
.8500
. 8600
8700
. 8800
. 83900
.8000
.8100
.8200
.8300
. 9400
.8500
.89600
. 8700
.85800
.893800
.0000

. 2667
. 2860
. 3055
L3252
. 3449
. 3648
.3848
. 4045
L4252
. 4456
L4661
. 4867
.5074
L5283
. 5492
L5703
. 58915
L6127
. 6341
. 65586
LB8TT2
. 6983
L T207
. T425
. 7645
. 7865
.B0O87
. 8308
L8532
87586
. 8880
L8205
.89431
. 8657
. 588
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5. ODE - BVP CLASS 25

Finite-Difference Method for Linear BVPs (3)

BVP: V" =2y =2y, »(0)=0.1, y(3)=0.1¢ cos(3)

0.5

— y=0.1e*cosx — exact solution

- FD method

13



5. ODE - BVP CLASS 26

Finite-Difference Method for Linear BVPs (4)

d’y  dy

ODE: e
BVP: A’ dx 1.0
Dirichlet BCs: 0<x<1,y,=1y,=7 11

1.2
Problem Definition in BVP_FD




5. ODE - BVP CLASS 26

BVPs - Errors

Shooting Method — the error is the same as for the method in the
respective IVP (because this method solves the BVP by reformulating it as a
series of IVPs).

FD Method — the error is determined by the order of accuracy of the
numerical scheme used:

* On the one hand, the method depends on the truncation errors of the
approximation formulas used for the derivatives

« On the other hand, different n can be applied to discretize the interval, i.e.,
there are round-off errors in discretization of the boundary conditions

So, the accuracy is determined by the larger of the two errors.




5. ODE - BVP CLASS 26

BVPs - Stability

Compared to IVPs: the instability is associated with error that grows as the
solution progress from the initial point to the final one.

BVPs: the growth of numerical error with the solution progress is limited by
the rightmost BC. Additional factors make stability an important issue:

1) The DE itself may be unstable to small perturbations in the BCs.

2) Multiple valid solutions to the DE may exist for different rightmost
BCs.

3) With the FD method, a BVP is converted to a matrix equation, so the
solution is determined everywhere simultaneously, thus the
notion of marching forward in time (or marching from left to right) is
not relevant. Stability of solving a BVP by FDs rests on stability of
the scheme used to solve the resulting set of equations.

NB: there is no simple recipe about how do deal with instability; all elements
— DEs, related BCs, solvers of the system of equations, etc. — should
be investigated and appropriate measures should be taken to
ensure stability of a numerical solution.
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Course Resume

Objectives

|. The primary goal was to introduce you to a wide range of numerical
algorithms related to problems in Calculus and Differential Equations,
review their fundamental principles, and illustrate their applications.

lI. You now should be able to apply numerical procedures to solve
applied problems and, when applying the algorithms to practical
scenarios, control their performance.

Main Topics

* [nterpolation

=  Approximation

= Numerical Integration

= [nitial Value Problems

= Boundary Value Problems

Project No. 1. Project MNo. 2: Project No. 3: Project No. 4:
Inferpolation Approccimation Numerical Infegration Inifial 1V alue Problem
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Course’s MATLAB Procedures

|Pmcedu1'e: H:”Flmction: |D|Source: H:”Duwnload: |
|Lagrange_cc-ef ||:||Comput-ajou of coefficients of the Lagrange interpolation polynomial |D|Claszz Thur, Oct 30 ||:|| Lagrange coeftxt |
|Lagrange_Eva'_ ||:||E‘rz.1uaticn of the Lagrange polynonual at point x = ¢ |D|Clasz: Thur, Oct 30 ||:|| Lagrange Eval txt |
|New:-:-n_-:ce f ||:||E'r:a_1u:aticn of the Newton interpolation polynomial |D|Claszz Fri, Oct 31 ||:|| Newton coef txt |
|2\Iew:on_Eval ||:||E‘rz.1uaticn of the Newton polvnomial at point x = ¢ |D|Cla53: Fri, Oct 31 ||:|| Newton Ewal txt |
| [Boly—Graphl] ‘D‘Tﬁsusliz ation of the resulting interpolation polynomials ||]|H‘C\ [C5]: Mon, Nov 3 H:H |
| [Chebyshev-Nodes] H:HComputajon of abscissas of Chebyshev peoints |D|H‘C\ [Cé]: Mon, Nov 3 H:H |
|inte rpl ||:||1'-.LF‘LTI_AB built-in interpolation function |D|H\’\ [CT]: Mon, Nov 3 ||:|| |
|Sp'_ine_test H:”Scn'pt calling MATLAB "spline” function and plotting the result |D|Clasz: Thur, Nov & H:” Spline testtxt |
|F3C_Diff ||:||)Cumeric:a_1 differentiation with forward, backward, and central d_iffexencez|D|H\T [C10]: Fri, Nov 7 ||:|| |
|Lin_LS ||:||Lj:1ear least squares approzimation |D|Claszz Tue, Nov 11 ||:|| Lin 1.5 fxt |
|Quad_LS ||:||Quad_tatic least squares approximation |D|Claszz Thur, Nov 13 ||:|| Quad L5 txt |
|Cubi c LS5 ||:||Cu':u'c least squares approxzimation |D|H‘C\ [C15]: Thur, Nov 1 3||:|| |
[polyfit [|MATLAB built-in approzimation function ][ [€17): Thus, Nov 13 |
| [Legendre-Poly] ||:||‘?.'£sus_l.izat'|:|:1 of the Legendre polynomials |D|H‘C\ [C18]: Fri, Nov 14 H:H |
| [Chebyshev-Poly] ‘D|"’-ﬁ£sus.l.iza’r;'u:u:1 of the Chebyshev polynomials |D|H\K [C19]: Fri, Nov 14 ||:|| |
|'I rap ||:||Compos:'tc Trapezoid Rule |D|Claszz Thur, Nov 20 ||:|| Trap txt |
|S imp ||:||Compcs:'tc Simpson's Rule |D|H\\ [C22]: Fri, Nov 21 ||:|| |
|Rr:lml:- ||:||Romberg integration |D|Claszz Mon, Nov 24 ||:|| Romb. t=t |
|C—au5 s guad ||:||In:ﬁgrat'on using Gavssian Quadratures |D|Cla3";: Tue, Nov 26 ||:|| Gauss quad =t |
|Eu'_e: ||:||SDZuL-'|:|:1 of IVP using Euler's method |D|Cla53: Thur, Dec 4 ||:|| Euler xt |
|'I aylor_ 2 ‘D‘Suluﬁun of IVP using the 2nd order Tavlor method |D|H‘C\ [C33]: Thur, Dec 4 H:H |
|RZ-{2 ||:||SDZL1L"D:1 of IVP using the Runge-Kutta method of order 2 |D|Cla5";: Fr, Dec 5 ||:|| RE2 =t |
|RZ-{4 H:”Solut'u:un of IVP using the Runge-Kutta methed of order 4 |D|Clasz: Fri, Dec 5 H:” REK4 txt |
|RZ-{4_5 ¥s ||:||Snlu’r_-'u:1 of ODE-IVP system using the Runge-Kutta method of order 4 |D|Claszz Tue, Dec 9 ||:|| R4 systxt |
|fi'-.rp_s ¥s ||:||Dcﬁ:£tion of the right-hand sides in ODE-IVPE systems |D|Clasz: Tue, Dec 9 ||:|| fivp sys txt |
|BVP_5 hooting ||:||Snlu’r_-'u:1 of BVP with the shooting method |D|Claszz Tue, Dec 9 ||:|| BVP shooting txt |
|BVP_5 hooting_b H:”Tersior_ of BVP_shooting for general boundary conditions at x = & |D|H‘C\ [C43]: Fe, Dec 14 H:” |
|BVP_FD ||:||SDZuL-'|:|:1 of BVP with the finite-difference method |D|Cla53: Fri, Dec 14 ||:|| BVP FD.txt |
|'Irid_Thoma s ||:||SDZuL-'|:|:1 of system of linear equations with tridiagoanl matrix |D|Cla53: Fri, Dec 14 ||:|| Trid Thomas txt |
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General Purpose Numerical Software

Computer Algebra Systems

« MATLAB

« Mathematica
 Maple

« MathCAD

* etc.

Libraries of Algorithms/Codes

» International Mathematical and Statistical Libraries (IMSL)
« The Numerical Algorithms Group (NAG) package
« etc.



T Final Exam - Template for the Report o

MA3457/CS4033 B’13
FINAL EXAM V¥V PART?2

<TYPE YOUR NAME HERE >

1. (20 pts) The set of following data points 1s given:

.2 0.4 0.6 0.8 1.0 1;
6 6.0 10.0 9.5 8.4 1.

Determine the 4% order polynomial in the Lagrange form that passes through the points. Use the
obtained polynomial to determine the interpolated value for x = 0.5.

< Here: present your solution — include MATLAB commands showing how you input the problem,
major numerical output, graphs (if any), brief verbal comments, etc. >

2. (20 pts) The following are measurements of the rate coefficient, £, for the reaction CHy + O — CHs +

OH at different temperatures 7-

[ 585 623 761 849
[ 2.12 3.12 14.4 30.6 80.3 131

Temperature (K) = 989 1076 1146 1202 1382 1445 1562 ]
kx1020 (m3/=) = 186 240 489 604 868 ].
Find the “best fit” linear, quadratic, and cubic functions and show their numerical values for all 11

points. Determine the total squared errors for all approximations. Plot them on one graph along with the

data points.

< Here: present your solution — include MATLAB commands showing how you input the problem, 20
major numerical output, graphs (if any), brief verbal comments, etc. >



