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ABSTRACT
Computer modeling is a powerful tool for the design of systems 
and processes of microwave power engineering; however, its appli-
cation to devices containing plasma is still limited. Electromagnetic 
properties of plasma are difficult to measure, and their depen-
dence on operational parameters of the device are system depen-
dent. In this paper, we describe a simple model in which microwave 
plasma is represented by electric conductivity, frequency of 
electron-neutral collisions, and plasma frequency. These character-
istics are compatible with input media parameters of the 
finite-difference time-domain (FDTD) technique. To overcome the 
uncertainty for input generation, we use a series of assumptions to 
link the input parameters to electron density, average electron 
velocity, electron collision cross-section, gas temperature, electron 
temperature, and further, to microwave power and pressure. We 
discuss the steps to approximate the input parameters based on 
available data or informed calculations. We demonstrate this 
approach for an FDTD model of a cylindrical cavity containing 
plasma in a coaxial quartz vessel and validate the model against 
analytical results. Simulated patterns of the electric field and fre-
quency responses of the reflection coefficient show that the pro-
posed approach may be practical for determining the operational 
bounds of applicators with plasma and assisting in their CAD.

1.  Introduction

Applications of microwave (MW) plasma in processing technologies (Mehdizadeh 
2015; Toyoda 2020; Bardos and Barankova 2022) include artificial diamond produc-
tion (Silva et  al. 2009; Thomas et  al. 2018; Bardos and Barankova 2022), surface 
processing for semiconductor components (e.g. deposition, etching, cleaning) (Ventzek 
et  al. 2002; Shearn et  al. 2010; Pauly et  al. 2022), and plasma-based decomposition 
of CO2 (Ashford and Tu 2017; Ong et  al. 2022), among others. However, experi-
mental development of efficient and controllable applicators is challenging (Bardos 
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and Barankova 2022). While examples of computer simulations which assist in the 
design of such systems are widely reported (Silva et  al. 2009; Diaz 2011; Nowakowska 
et  al. 2011a; 2011b; Shivkumar et  al. 2016; Xiao et  al. 2016; Latrasse et  al. 2017; 
Zhang et  al. 2017; Shen et  al. 2020; Wu et  al. 2021; Yadav et  al. 2021; Pauly et  al. 
2022; Xiao et  al. 2022a; 2022b; Chen et al. 2023; Zhong et  al. 2023), the use of 
advanced modeling and CAD remains limited by a principal data uncertainty in 
characterizing MW plasma for electromagnetic (EM) models. One option is to 
characterize plasma using the complex permittivity, but it is difficult to directly 
measure (Li et  al. 2018; Wang et  al. 2021), and its relationship to controllable device 
parameters is system dependent. The complex permittivity of plasma can be esti-
mated by theoretical calculation (Wang et  al. 2021; Xiao et  al. 2022a), but a sys-
tematic approach to go about this is insufficiently developed. The substantial 
complexity of the underlying physics is in part responsible for this drawback.

In this paper – expanding on the initial ideas outlined in Williams and Yakovlev 
(2023) – we describe a simple model in which MW plasma is characterized succinctly 
by the electric conductivity and is conditioned by the frequency of electron-neutral 
collisions and the plasma frequency. We provide the rationale for all necessary 
approximations and discuss the hierarchy of plasma parameters and their connection 
to parameters of the applicator (i.e. MW power, pressure, and the gas flow rate). To 
bridge the principal data uncertainty, our suggestion is that, for a choice of neutral 
gas, the set of input data may be calculated using electron density, neutral gas den-
sity, and average electron velocity. If these values are not easily acquired, they can 
be plausibly assumed by consulting literature for similar MW applicators.

The proposed plasma model is made fully compatible with the finite-difference 
time-domain (FDTD) technique as implemented in the full-wave EM simulation software 
QuickWaveTM (QuickWave 1998–2024), whereas the previous studies modeling systems 
with MW plasma (Nowakowska et al. 2011a; 2011b; Xiao et al. 2016; Latrasse et al. 2017; 
Zhang et  al. 2017; Pauly et  al. 2022; Xiao et  al. 2022a; Chen et al. 2023; Yadav et  al. 
2023; Zhong et  al. 2023) have employed COMSOL Multiphysics® (COMSOL Multiphysics 
1998–2023) based on the finite element method (FEM). With respect to complex MW 
structures (in particular, high-power applicators), FDTD EM modeling has proven to be 
computationally beneficial (Yakovlev 2006; Celuch and Gwarek 2007; Yakovlev et al. 2011; 
Celuch et  al. 2020; Kumi et  al. 2020; Porter et  al. 2023) and is better suited for CAD 
and optimization of applied systems in research and industrial applications.

Following the proposed approach, we compile appropriate input values and demonstrate 
the simulation of a simple system resembling some common applicators containing 
plasma. Computational results of this survey clearly show well-known behavior of the 
electric field in the presence of plasma with frequencies above and below the frequency 
of the microwave field (critical electron density). This confirmation supports the legiti-
macy of the proposed plasma model. Simulated frequency characteristics of the reflection 
coefficient also suggest that the energy efficiency of MW applicators with plasma depends 
on multiple device and plasma parameters. Relevant EM modeling may help better 
understand the role of these parameters in applicator operation.

The overall objectives of the present study are therefore to (i) propose a simple 
approach for the generation of input data on plasma medium for FDTD EM mod-
eling of microwave applicators (with potential for further development), (ii) discuss 
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the validity of the proposed characterization, and (iii) demonstrate, through illus-
trative simulations, the possible benefits of FDTD modeling output for research and 
development of microwave plasma devices.

2.  Background: conductivity-based model of microwave plasma

2.1.  Lorentz model

The Lorentz model describes the behavior of electrons in a material under the 
influence of an electric field (Almog et  al. 2011). It assumes that the electrons are 
both significantly less massive than the nuclei of the material, and that they are 
coupled to the nuclei by a spring-like force. When an electric field E is induced, 
the displacement of electrons by r creates a polarization in the material. Using a 
collection of established concepts (Griffiths 2020), it is possible to extrapolate the 
complex permittivity, and thus the electric conductivity of the material.

In the Lorentz model, oscillation of the electrons is described using a second-order 
differential equation with respect to time:

	 m
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where m is the mass of an electron, ω0 is the angular frequency of the spring-like 
force, γ  is the electron heavy-particle collision frequency for momentum transfer, q 
is the charge of an electron, and E is the applied electric field. For the purposes of 
this model, ω0 represents the restoration of electrons to their neutral position pro-
portional to the strength of the Coulomb force between electron and nuclei. The 
first term on the right-hand side of Eq. (1) represents the restorative spring force. 
The second term is the damping force and is conditioned by the collision of elec-
trons and heavy particles (Heald 1965). The third term is the driving force of the 
system. Cumulatively, these forces equal the left side of Eq. (1) via Newton’s second 
law. Equation (1) can be rewritten in standard form as:
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Applying a Fourier transform uniformly to (2), the result is rearranged to give 
the displacement of electrons R as a function of angular frequency ω:
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where E  is the Fourier transformed electric field. R  is related to the dipole 
moment µ by

	 µµ ω ω( ) = − ⋅ ( )q R .	 (4)
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and

	 p ω ω( ) = ⋅ ( )N µµ 	 (5)

where p is the macroscopic polarization (dipole moment per unit volume), and N 
is the electron density. Using Eqs. (4) and (5) to solve for p, 
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Polarization is related to electric susceptibility χe by

	 p Eω ε χ ω( ) = ( )o e
,	 (7)

where ε
o
 is the permittivity of free space. Substituting the expression (6) into (7), 
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 can be written as
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Finally, the relative complex permittivity is calculated by ε χ
r e
= +1 :
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This expression is sufficient, but it can be effectively simplified by substituting 
an expression for plasma frequency ω

p
 given by the Appleton-Hartree equation which 

describes wave propagation in cold plasmas (like microwave plasma) (Almog et  al. 
2011; Toyoda 2020; Bardos and Barankova 2022):

	 ω
εp

o

Nq

m
=

2

.	 (10)

A general expression for the relative complex permittivity of a material under the 
Lorentz model is therefore

	 ε
ω

ω ω γωr

p

o
i
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.	 (11)

In cases with free electrons like metals or plasma, the Lorentz-Drude model is 
best applied. It describes a case of the Lorentz model such that the restorative force 
is zero, ω

o
= 0. The simplified expression for the relative complex permittivity 

becomes:
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Furthermore,
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such that the dielectric constant ′ε  and the loss factor ′′ε  are:
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respectively.
In applications, the operating frequency of MW systems f = ω/2π is generally 

constant and chosen to be one of the ISM frequencies. As a result, MW plasma 
can be characterized by two fundamental parameters: the electron collision frequency 
γ and the plasma frequency fp = ωp/2π. These parameters are effectively included 
in the expression for electric conductivity σ  (Grant 1958):

	 σ ωε ε= ′′
o

.	 (15)

The set of plasma parameters, σ, γ, and fp, is consistent with input media param-
eters for dielectric dispersive materials in the QuickWave FDTD Lorentz-Drude 
dispersion model.

In the following sections, details of the electron collision frequency and plasma 
frequency are outlined, informing their connection to measurable parameters of the 
MW system.

2.2.  Electron collision frequency

MW plasma is typically highly collisional and dominated by collisions between 
electrons and heavy particles (Green et  al. 2001; Xiao et  al. 2016; 2022a). Under 
these assumptions, the electron collision frequency γ can be approximated by the 
product of the neutral gas density n

g
, the average thermal speed of the electrons v

e
,  

and the cross-section of electron-neutral collisions σ
en

 (Heald and Wharton 1965; 
Green et  al. 2001; Möller 2006):

	 γ σ=n v
g e en

.	 (16)
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In Eq. (16), n
g
 can be approximated using the ideal gas equation (Pauly et  al. 2022)

	 n
P

k T
g

B g

= ,	 (17)

where P is the pressure of the plasma environment, kB is the Kelvin-Boltzmann 
constant, and Tg is the gas temperature. Through its dependence on Tg, neutral gas 
density is determined by the shape of the plasma vessel, the MW power, and the 
gas flow rate (if applicable) (Green 2000; Jasinski and Zakrzewski 2002; Deng et  al. 
2017; Huang et  al. 2022). It is also informatively correlated to electron density via 
the fractional degree of ionization I (Shang 2018):

	 n
N

I
g
= 	 (18)

This correlation is worth mentioning if I happens to be a more accessibly mea-
surable device parameter than P, Tg, or ng.

Furthermore, v
e
 in Eq. (16) can be approximated by the mean of the relevant 

Maxwell-Boltzmann distribution (Ling et al. 2016; Xiao et  al. 2016; Toyoda 2020; 
Boulos et  al. 2023)

	 v
k T

m
e

B e=
8

π
,	 (19)

where that Te is electron temperature. Through its dependence on Te, ve is determined 
by microwave power, pressure, and gas flow rate; these dependencies are studied in 
Masamba et  al. (1992) and Derkaoui et  al. (2014).

Finally, the electron collision cross-section σ
en

 can be loosely approximated by 
reducing collisions to be purely elastic between a point-charge electron and a heavy 
neutral gas ion. In this case, a simple expression can be used (Heald and Wharton, 1965):

	 σ π
en

r= 2
,	 (20)

where r is the atomic radius of the neutral gas used to ignite the plasma. In reality, 
this parameter is complicated by a variety of particle interactions within the plasma. 
For example, polarization collisions are inelastic and are essential for the longevity 
of the plasma. Additionally, with the collision of charged particles, the impact 
parameter, and thus σ

en
, depends on v

e
 (Heald and Wharton, 1965). In light of this 

complexity, Equation (20) serves as an appropriate simplification for the purposes 
of this analytical model. The values of r which are used are summarized in Clementi 
et  al. (1967). To simplify the analysis, atoms are considered in isolation and their 
radii taken from theoretical models.

2.3.  Plasma frequency

In accordance with (10), plasma frequency depends on electron density (such that 
f N
p
≈ 8 968. ). In reality, N is a spatially dependent parameter, with recognized 



176 C. E. WILLIAMS AND V. V. YAKOVLEV

phenomena such as the electron sheath contributing to its spatial variation. However, 
for simplicity of the baseline proposed model, it is treated as an average value across 
the plasma volume.

Electron density depends on pressure (Shirai et al 1999; Wu and Kou 1999; 
Hagelaar et  al. 2004; Derkaoui et  al. 2014; Latrasse et  al. 2016), MW power (Shirai 
et al 1999; Hagelaar et  al. 2004; Choi et  al. 2007; Zhang et  al. 2009; Baeva et  al. 
2012; Derkaoui et  al. 2014; Latrasse et  al. 2016; Xiao et  al. 2016; Zhang et  al. 2017; 
Klute et  al. 2021; Xiao et  al. 2022a; 2022b), and gas flow rate (if applicable) (Wu 
et  al. 2021; Xiao et  al. 2022a). Experimental results presented in the listed studies 
indicate that these dependencies are system dependent.

2.4.  Electric conductivity

Summarizing the observations outlined in the previous subsections 2.2 and 2.3, the 
dependencies of the electron collision frequency and the plasma frequency on addi-
tional parameters are collectively presented in Figure 1. Plasma parameters, param-
eters of the MW device, and fundamental constants are highlighted in blue, orange, 
and green, respectively. Explicit connections such as fp to electron density and γ to 
neutral gas density, average electron velocity, and the electron-neutral collision 
cross-section are represented using solid lines. Implicit connections that are system 
specific are represented by dotted lines. It is apparent that the electric conductivity 
of plasma depends on measurable system parameters, however, to generate inputs 
to the model from such parameters, some form of system-specific approximation 
or experimentation must take place.

The challenge with experimentally determining the roles of MW power, pressure, 
and flow rate is that the related measurements can require complex and expensive 
equipment. Such equipment would likely be unavailable if characterization of plasma 
were needed to assist in early stages of development or design. Therefore, depending 

Figure 1. C haracterization of electric conductivity of MW plasma through its physical parameters, 
fundamental constants, and parameters of the MW system.
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on which parameters are most accessible by measurement (or lack thereof), the path 
to input parameters σ, γ, and fp may differ. The flow chart seeks to inform the 
modeler/designer of multiple possible routes. In this paper, we assert that the required 
set of input data characterizing MW plasma may be compiled based on plausible 
values of N, ng, and ve. These parameters are chosen in accordance with reported 
data for similar MW applicators. σen is approximated using the selected neutral gas. 

In Figure 2, the proposed approach for input generation is laid out in two 
phases. Phase I describes the link between device parameters and plasma param-
eters N, ng, ve, σen, bridged by either published or measured experimental data. 
Phase II two describes the explicit link between these plasma parameters and the 
input parameters σ, γ, and fp. Phase II is calculated using a MATLAB script. The 
next section presents an illustrative example of this approach, provides detail on 
possible courses of action for choosing the input data, and highlights the usefulness 
and plausibility of the obtained modeling results.

3.  FDTD EM modeling demonstration–microwave plasma system

3.1.  FDTD inputs

In EM time-domain simulation, lossy media are characterized by electric conduc-
tivity. Based on the presented approach, to specify σ in the QuickWave FDTD model 
of a MW system containing plasma, one needs the electron collision frequency γ 
and the plasma frequency fp to be specified (QuickWave 1998–2024).

3.1.1.  Electron-neutral collision frequency
To obtain values for γ, we calculate them using Eq. (16) from parameters σen, 
ng, and ve.

The neutral gas density is determined by gas temperature and pressure (17). To 
obtain broadly instructive output from our simulation, it is therefore practical to 
evaluate data for gas temperature in both low and high (near-atmospheric) pressure 
scenarios. Muegge GmbH reports that in a variety of MW plasma applications, the 
value of the gas temperature is measured near 3,500 K (Muegge 2023). This is con-
sistent with measured data in systems operating at near-atmospheric pressures (Green 

Figure 2. C onceptual profile of the proposed plasma model – a two-phase approach to deter-
mination of input data for EM FDTD modeling of MW systems with plasma.
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at al. 2001; Zhang et  al. 2009; Xiao et  al. 2016; Deng et  al. 2017). Adopting Tg = 
3,500 K for near atmospheric applications, we can use (17) to calculate ng = 2.25·1024 
m−3. For lower pressure processing applications, like in Pauly et  al. (2022) (Tg = 
373.15 K, P = 160 Pa), the value of neutral gas density can be appropriated as ng = 
1.94·1022 m−3. With the latter approximation being two orders of magnitude lower, 
it demonstrates the importance of this distinction for different applications.

The average electron velocity is governed by the electron temperature (19). In 
Pauly et  al. (2022), ve was calculated based on Te measured with Langmuir probes 
(1.9 eV), for a low-pressure MW plasma. Following (Schultze et  al. 1998), in atmo-
spheric plasmas, the electron temperature may be within 1 to 5 eV. Seeing that 1.9 eV 
is reflected in this range, we assume ve = 1.06·106 m/s is plausible for a variety of 
applications. This value was used to calculate γ for both low- and high-pressure 
scenarios in the demonstration that follows.

Values of the electron-neutral collision cross-sections can be calculated from (20) 
using the atomic radii of different neutral gases for which values are conveniently 
tabulated (Clementi et  al. 1967). In our demonstration, γ is determined for a col-
lection of gases known for their use for MW plasma ignition – Helium, Neon, 
Fluorine, Oxygen, Nitrogen, Argon, Krypton, and Xenon. These values of γ are 
detailed in Table 1.

3.1.2.  Plasma frequency
Plasma frequency depends directly on electron density N, which differs significantly 
between low-pressure plasmas (1016 < N  < 1019 m−3) and atmospheric pressure plasmas 
(1020 < N  < 1023 m−3).

For any MW system containing plasma, there exists a critical plasma frequency 
fpc which is equal to the operating frequency of the system f0. This limiting behavior 
is occasionally referred to by the corresponding value of electron density Nc. The 
latter is normally one of the ISM frequencies, such as 0.915, 2.45, or 5.8 GHz. It 
has been widely demonstrated and well documented, including in Muegge (2023), 
that for plasma frequencies below fpc, the electric field is able to penetrate the plasma 
domain, whereas above fpc it quickly tapers off. We seek to demonstrate the behavior 
of the electric field near fpc. Setting f0 = 2.45 GHz (so that Nc = 7.6⋅1016 m−3), we 
vary fp in the interval from 0.8 to 8.0 GHz (Figure 3).

3.1.3.  Conductivity
Electric conductivity can be determined from the loss factor (15), which can be 
calculated from the prior two input parameters γ and fp. Four surfaces in Figure 4 
illustrate Phase II introduced in Figure 2 and demonstrate the behavior of plasma 

Table 1. C alculated values of the collision frequency for typical inert gases at low pressure and 
near-atmospheric pressure.
Inert gas He Ne F N O Ar Kr Xe

r [pm] (Clementi et  al. 1967) 31 38 42 48 56 71 88 108
γ [GHz] ng = 1.94⋅1022 m-3 0.062 0.093 0.114 0.149 0.203 0.326 0.500 0.754

ng = 2.25⋅1024 m-3 7.192 10.78 13.22 17.28 23.55 37.82 58.00 87.46
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Figure 4. E lectric conductivity of near-atmospheric (a) and atmospheric (b) plasma as function 
of plasma frequency and neutral gas density for He and Xe.

conductivity as function of the neutral gas density and plasma frequency. Both ng 
(conditioned primarily by power) and fp (conditioned primarily by pressure) are 
varied for Helium and Xenon characterized by the lowest and highest atomic radii 
in the chosen set. These graphs serve as a demonstration of how values of conduc-
tivity may be estimated in diverse plasma scenarios to assess EM performance of 
the MW system prior to its modeling.

Figure 3.  Plasma frequency as function of electron density in accordance with (10).
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3.2.  FDTD model and its verification

To test the proposed characterization of MW plasma, we developed a model of a 
simple 2.45 GHz system resembling typical MW applicators containing plasma 
(Lebedev 2010; Latrasse et  al. 2017; Bardos and Barankova 2022; Pauly et  al. 2022). 
The system consists of a metal cylinder and coaxially placed quartz vessel containing 
a neutral gas where the plasma is ignited. It is fed by either a cross-sectionally, or 
longitudinally oriented rectangular waveguide (Figure 5). The geometric parameters 
are D = 94 mm, d = 47 mm, L = 240 mm, l = 220 mm, and t = 1.5 mm.

The waveguide used in excitation is WR284 (86 × 43 mm). Built for the full-wave 
FDTD simulator QuickWave, the model exploits a non-uniform mesh with 2.0 mm 
cells in air and 1.5 mm cells in quartz and plasma.

The applicator without the quartz vessel can be interpreted as a short section of 
an empty circular waveguide. In the model, this is emulated by setting the complex 
permittivity of the vessel walls to that of air. The model with these material param-
eters, D = 130 mm, and L = 240 mm was validated against analytical results in accor-
dance with the approach described in Yakovlev (2018).

Each of the two waveguide orientations excites its own sets of modes. Three reso-
nant frequencies computed by the QuickWave model agree well with the eigen fre-
quencies of certain higher-order TEmn and TMmn modes in a circular waveguide with 
the same values of D and L. The details of this comparison are given in Table 2. The 
indices m and n were determined by computing the field at the resonant frequencies 
corresponding to the eigen frequencies and visually analyzing the field profiles. The 
similarities seen in Table 2 between analytically determined and modeled values suggest 
that the FDTD model of the system in Figure 5 produces reliable results.

Figure 5.  3D views of the modeled cylindrical cavities with cross-sectional (a) and longitudinal 
(b) excitations by a rectangular waveguide and a coaxial quartz vessel (containing plasma) and 
the dimensions of all the elements (c).
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Figure 6.  Patterns of the electric field relative to the maximum value of the field’s magnitude 
|E|max (at fp = 1.6 GHz); the values of |E|max are given next to each pattern. The fields are visualized 
in the central xz-plane of the system with the cross-sectional excitations [Figure 5(a)] for three 
gases and different values of plasma frequency fp; low pressure plasma (ng = 1.94⋅1022 m−3) (a) 
and atmospheric plasma (ng = 2.25⋅1024 m−3) (b); f0 = 2.45 GHz; P0 = 900 W.

3.3.  Electric field patterns

Figures 6 and 7 show the simulated distributions of the electric field in the applicator 
(Figure 5) for both cross-sectional and longitudinal excitations, three different gases, 
and both high- and low-pressure values of neutral gas density ng. In each case, a 
set of fields was obtained for five plasma frequencies over the interval of 1.6 to 
3.2 GHz. This interval contains the critical plasma frequency which is equal to the 
operating frequency f0 = 2.45 GHz. Each distribution in the xz-coordinate plane is 
shown with the maximum magnitude of the electric field |E|max and is normalized 
to the value of |E|max for fp = 1.6 GHz (the largest magnitude amongst each set).

Table 2. R esonant frequencies of the modes excited in the empty system in Figure 5 and cutoff 
frequencies of the corresponding waveguide.

Excitation Mode

Indices Frequency (GHz)

m n Eigenvalue Excited

Cross-sectional TM 1 1 2.81 2.84
Cross-sectional TM 2 1 3.77 3.78
Longitudinal TE 4 1 3.85 3.91
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The patterns in Figures 6 and 7 are consistent with the anticipated behavior of the 
field with respect to critical plasma frequency. Namely, when fp < fpc, the fields visibly 
occupy almost the entire interior of the quartz vessel. When fp > fpc, the fields in the 
central part of the vessel are significantly smaller in magnitude. Depending on the wave-
guide orientation, gas, and pressure, as fp increases from 1.6 to 3.2 GHz, |E|max decreases 
by roughly 1.2 to 5 times. Transformation of the electric field with variation of fp is 
shown in more detail in the Appendix. The patterns are presented there for a total of 
five gases, and a wider range of plasma frequency (0.8 − 4.0 GHz) without cross-normalization.

The decay of the electric field is observed in the applicators with both longitudinal 
and cross-sectional orientations of the exciting waveguide; however, the profiles of the 
fields are not alike because the orientation of rectangular waveguides excite different 
sets of modes in cylindrical cavities. The structure of the field also differs for simu-
lations of low and near-atmospheric pressure, and for simulations of different gases.

The depicted patterns are consistent with those for the electric field in a 
cylindrical applicator with a coaxial plasma vessel obtained by FEM simulation in 
Pauly et  al. (2022). Both computational illustrations demonstrate the effect of 
electron density (via the plasma frequency) on electric field penetration. The 
difference is that in Pauly et  al. (2022) the patterns are computed for N of three 

Figure 7.  Patterns of the electric field relative to the maximum value of the field’s magnitude 
|E|max (at fp = 1.6 and); the values of |E|max are given next to each pattern. The fields are visualized 
in the central xz-plane of the system with the longitudinal excitations [Figure 5(b)] for three gases 
and different values of plasma frequency fp; low pressure plasma (ng = 1.94⋅1022 m−3) (a) and 
atmospheric plasma (ng = 2.25⋅1024 m−3) (b); f0 = 2.45 GHz; P0 = 900 W.
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Figure 8. F requency characteristics of the reflection coefficient |S11| in the system with a 
cross-sectional excitation [Figure 5(a)] and atmospheric plasma (ng = 2.25⋅1024 m−3) ignited in He 
(a), N (b), and Xe (c) for different plasma frequencies.

orders of magnitude about Nc (1015 ≤ N ≤ 1018 m−3). In this simulation, electron 
density is in the range of 3.2⋅1016 to 1.3⋅1017 m−3 (and 0.8⋅1016 to 2.0⋅1017 m−3 in 
the Appendix). As such, our patterns detail the distinctions in the field near the 
critical value Nc with higher resolution.

3.4.  S-parameters

The FDTD model of the applicator in Figure 5 was also used to compute frequency 
characteristics of the reflection coefficient magnitude |S11| at the input of the exciting 
rectangular waveguide. In the realm of EM modeling scenarios focused on MW power, 
such characteristics are used to estimate energy efficiency of the system and assess the 
options for tuning the system at a nearby resonance (Mechenova and Yakovlev 2004; 
Murphy and Yakovlev 2010; Celuch et  al. 2020; Kumi et  al. 2020; Porter et  al. 2023).

Figures 8 and 9 show the computed |S11|(f) curves in the applicator for both 
waveguide orientations, simulated for three gases, and near atmospheric pressure; 
fp is considered in the interval of 0.8 to 8.0 GHz (consistent with the results in the 
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Appendix); corresponding values of N are within 8⋅1015 to 8⋅1017 m−3. Each curve 
has a marker highlighting the value of |S11| at f0 = 2.45 GHz. Overall, lower levels 
of reflection (and higher coupling with MW plasma) are seen for longitudinal exci-
tation. Unlike the electric field distributions, the characteristics of |S11| are notably 
different for different gases. It also appears that, in some scenarios, variation of 
plasma frequency does not make much impact on the |S11| curves [e.g. Figure 8(c)], 
whereas in others [e.g. Figure 9(a) and (b)] the change is significant. The diversity 
of curves in Figures 8 and 9 demonstrates instructive potential to tune system 
parameters for beneficial (or optimal) design of MW systems with plasma in devel-
opment or prototyping stages.

4.  Discussion and conclusion

This paper establishes the legitimacy of FDTD as a time-resolved and computationally 
efficient alternative for EM modeling of MW plasma. Using a simple model of a 
cylindrical cavity containing plasma in a coaxial quartz vessel, the approach was 
demonstrated to simulate the electric field distribution and frequency characteristics 

Figure 9. F requency characteristics of the reflection coefficient |S11| in the system with a longi-
tudinal excitation [Figure 5(b)] and atmospheric plasma (ng = 2.25⋅1024 m−3) ignited in He (a), N 
(b), and Xe (c) for different plasma frequencies.
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of the reflection coefficient for two different waveguide orientations, a broad set of 
neutral gases, both low- and high-pressure gas densities, and a range of plasma fre-
quency in high resolution about the critical value.

Through the outline of a simple practical approach to characterize MW plasma, 
this paper collects and presents the necessary information to bridge the critical 
uncertainty of calculating input parameters from measurable or accessible information 
about the system. The approach utilizes the conductivity σ, the frequency of 
electron-neutral collisions γ, and the plasma frequency fp to perform FDTD EM 
simulation of the device. These parameters are compatible with FDTD software, 
which is a necessary condition but not completely sufficient to bridge the uncertainty.
Namely, while the dependence of γ and fp on certain plasma parameters (such as 
electron density N, neutral gas density ng, the average electron velocity ve, and 
cross-section of collision σen) can be explicitly calculated, secondary dependance on 
the device parameters (e.g. MW power, pressure, and gas flow rate) is system specific 
and usually not known. Here we discussed and demonstrated the steps to generate 
informative input values by estimation (or measurement) of N, ng, ve, and σen. The 
presented output includes illustrative simulations of the electric field and the S11 
parameter which could be used in the early development/design of MW systems 
with plasma.

Computational results for an example cylindrical MW cavity containing a coaxial 
cylindrical vessel with plasma (Figure 5) reproduce familiar behavior of the EM field 
in the presence of plasma and suggest legitimacy of the proposed characterization for 
plasma medium. When plasma frequency is less than its critical value, fp < fpc  
(N < Nc), the electric field is present everywhere within the cavity. Otherwise fp > fpc, 
(N > Nc), the field is concentrated outside the plasma domain. The simulated patterns 
in Figures 6 and 7 and A1-A4 show how, with the increase of electron density in the 
vicinity of fpc, the field excited by the dominant mode of the rectangular waveguide 
feeder is transformed and gradually extruded from the plasma. In applications, N is 
normally higher than in the present computations, however, the values of fp were 
chosen to be relatively close to f0.

This modeling output demonstrates that even using approximated input parameters 
for plasma, this route of simulation aids in the understanding of system behavior 
and identify influential parameters for the device’s performance. For instance, fre-
quency responses of the reflection coefficient, as evidenced in Figures 8 and 9, 
suggest that certain geometric and plasma parameters (ng conditioned primarily by 
power and fp conditioned primarily by pressure) may be responsible for tuning the 
system at a resonance, allowing for high energy coupling. The field patterns demon-
strate that the electric field inside and outside plasma volume may depend more 
on pressure and the system design (system geometry), rather than the gas in which 
the plasma is ignited and maintained. With the help of such an FDTD EM model, 
it is possible to obtain concrete means to achieve beneficial functionality of the 
device, identify trade-off issues, and narrow down a range of possible design options, 
thus allowing greater preparation for experimental development of the physical 
prototype. This capability may be further improved using machine-learning algo-
rithms for generalization or optimization of certain parameters or data. One method 
of this sort is described in Williams et  al. (2023) and Williams et  al. (2024).
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Because of the abovementioned conceptual uncertainty in data on plasma medium, 
the proposed method to modeling systems with MW plasma must make certain 
assumptions and simplifications and thus has corresponding limitations. However, 
the approach is naturally open for further development towards more adequate 
representation of plasma or more specific plasma cases. Alternative means of cal-
culating the collision frequency, motivated by the focus on certain types of plasma, 
is one possible suggestion to this end. Another suggestion may be to account for 
non-uniformity of certain plasma features by attributing a corresponding 
non-homogeneous FDTD mesh. Cell size can be made as small as physically nec-
essary to adequately represent the scenario if stability of simulation is maintained 
(via consistency of the spatial discretization with corresponding time steps).

In general, it appears that even with principal uncertainties in input data for the 
plasma medium, the approach (characterization of MW plasma, associated assump-
tions, and FDTD EM modeling) outlined in this paper is a practical tool to deter-
mine the operational bounds of applicators containing plasma and assist in the CAD 
of such devices.
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Appendix 

Patterns assembled in this Appendix aim to demonstrate the capabilities of the introduced 
computational approach for analysis of the electric field in MW systems containing plasma. 
To this end, Figures A1–A4 can be seen as modified and extended versions of Figures 6 and 
7. Distributions of the electric field inside the cylindrical applicator (Figure 5) are shown 
for five different gases and nine values of plasma frequency. The patterns are visualized as 
relative distributions rather than being normalized to the maximum field value in the set of 
patterns. Maximum field values accompany each pattern to show the decrease of field mag-
nitude with increasing plasma frequency.

In applications, electron density is heavily conditioned by MW power; the exact dependency 
of N on P0, however, is system-dependent and a priori unknown. As all simulations of the elec-
tric field in Figures A1–A4 (as well as in Figures 6 and 7) mean to demonstrate the computa-
tional approach rather than mimic a particular practical device, we assume for simplicity, that the 
power level is constant despite variation of the electron density (and hence variation of plasma 
frequency). This assumption more affects the computed values of |E|max than the relative profiles 
of the patterns. Additionally, experimental data on N(P0) in Zhang et  al. (2009) and Xiao et  al. 
(2022a) imply that the change of fp from 0.8 to 4.0 GHz may require an insignificant increase of 
power regardless. In the case that simulations of the electric field are performed in the scenario 
in which the dependency N (P0) is known, the input values of fp for the plasma medium should 
simply be set up in accordance with this relation.
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Figure A1. R elative patterns of the electric field |E| in the central xz-plane of the system with 
cross-sectional excitation [Figure 5(a)] for five gases and different values of plasma frequency fp; 
each pattern is shown with its maximum values of |E|; low pressure plasma (with ng = 1.94⋅1022 
m−3); f0 = 2.45 GHz; P0 = 900 W.
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Figure A2. R elative patterns of the electric field |E| in the central xz-plane of the system with 
cross-sectional excitation [Figure 5(a)] for five gases and different values of plasma frequency fp; 
each pattern is shown with its maximum values of |E|; atmospheric plasma (ng = 2.25⋅1024 m−3); 
f0 = 2.45 GHz; P0 = 900 W.
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Figure A3. R elative patterns of the electric field |E| in the central xz-plane of the system with 
longitudinal excitation [Figure 5(b)] for five gases and different values of plasma frequency fp; 
each pattern is shown with its maximum values of |E|; low pressure plasma (with ng = 1.94⋅1022 
m−3); f0 = 2.45 GHz; P0 = 900 W.
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Figure A4. R elative patterns of the electric field |E| in the central xz-plane of the system with 
longitudinal excitation [Figure 5(b)] for five gases and different values of plasma frequency fp; 
each pattern is shown with its maximum values of |E|; atmospheric plasma (ng = 2.25⋅1024 m−3); 
f0 = 2.45 GHz; P0 = 900 W.
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