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Abstract— A heat exchanger, based on a millimeter-wave
absorbing ceramic composite, is under development. This article
describes a 1-D finite-difference model that is used in the design of
the heat exchanger. The purpose of this model is to offer a design
tool that can rapidly estimate the overall performance of the heat
exchanger. This fast model allows for absorber performance to be
evaluated over a wide parameter space as opposed to 3-D finite-
difference time-domain methods, which provide accurate results
but require substantially more computational resources. The
model enables quick calculations by approximating the electric
field such that the simulation runs on the slower thermal dynam-
ics time scale without having to resolve the faster electromagnetic
time scale. Example calculations were performed to illustrate
the performance of a realistic absorber. These calculations used
experimentally measured material properties for a molybdenum-
loaded aluminum nitride (AlN:Mo) ceramic composite. Simula-
tion results show dielectric tiles reaching equilibrium temperature
in around 20 s and the samples absorbing up to 70% of the
power from the millimeter-wave beam. Parameter studies over
Mo loading percentage and boundary condition temperatures
highlight the complexity of this coupled system. An AlN:Mo
composite with 3% Mo (by volume) exhibits uniform power
absorption across multiple boundary condition temperatures and
suggests robustness to variety of possible experimental testing
conditions.

Index Terms— Ceramic absorber, microwave power beaming,
millimeter-wave, wireless power transfer.
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I. INTRODUCTION

W IRELESS power transfer is an attractive technology
for situations where conventional power generation

modalities are inaccessible. Decades of research and devel-
opment have explored microwave wireless power transfer
schemes utilizing RF rectifying diodes for conversion of
electromagnetic radiation into electrical power [1]. However,
another method discussed here employs the direct conversion
of microwave radiation into heat to recapture the power.
A project is underway to demonstrate the delivery of usable
electrical power at distances approaching 1 km [2]. The
demonstration will be conducted using a 95-GHz gyrotron
transmitter and a microwave absorber coupled to a Stirling
engine at the receiver for the generation of electricity. The
design and manufacture of an efficient microwave absorbing
heat exchanger in the millimeter-wave regime for the given
source and beam efficiencies are paramount to achieve this
goal.

A 3-D finite-difference time-domain (FDTD) model has
been developed for this purpose [3], [4]. While this approach
provides accurate results, it requires significant computational
resources and performing significant amounts of simulations
over a wide design parameter space becomes intractable.
A 1-D model that captures the essential features of the heat
exchanger system is outlined in this article. A single case
with this 1-D model took 282 s on a 2.8-GHz, single-core
laptop. A similar calculation performed in [3] took 1.5–6 h
on a 28-core, 2.2-GHz workstation. This yields a speed-
up of two to three orders of magnitude in CPU time. This
model is appropriate for developing scaling relations and to
test the material properties in the converter that optimize the
conversion of millimeter-wave energy into heat to drive a
Stirling engine.

Microwave heating has been the subject of research for
decades [5] for a variety of fields such as materials process-
ing [6]–[13], microwave assisted chemistry [14]–[17], food
processing [18]–[23], and medical applications [24]–[26].
Fundamentally, the modeling techniques across all of these
fields consists of treating the heated material as a lossy
dielectric and coupling an electromagnetic solution to the heat
equation through a heat source term. Such a multiphysics
model is required to account for the temperature-dependent
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Fig. 1. Proposed design for a millimeter-wave absorbing heat exchanger.
AlN:Mo composite ceramic tiles are mounted on a metal backplate that
interfaces with a Stirling engine.

material properties of the dielectric that will change as heat is
absorbed. This coupled system has been treated numerically
in a variety of ways including finite-element methods (FEM)
in 1-D [27], 2-D [28], and 3-D [13], [26], [29], as well as
finite-difference method (FDM) in 1-D [30], 2-D [7], and 3-D
[11], [12], [23], [31]–[33].

In the system under development, the lossy millimeter-
wave absorber is mounted to a metal heat exchanger plate,
as shown in Fig. 1. The incident wave originates from the
millimeter-wave source, propagates through free space, and
deposits energy within the dielectric in the form of heat.
This heat is transported out of the dielectric through the heat
exchanger and used to drive a Stirling engine. This article
models a 1-D approximation to the power-delivery system by
considering a plane-wave with normal incidence on a dielectric
slab with a metal sheet attached to its back surface which
models the heat exchanger. Dissipated power and temperature
are computed with the use of a finite-difference scheme. These
computations are based on experimental data of temperature-
dependent electromagnetic and thermal material properties.

The remainder of this article is organized as follows.
Section II discusses the specifics of the model. Section III
looks at the material properties measurements of a recently
published millimeter-wave absorbing ceramic composite and
describes a sample calculation of a homogenous dielectric
slab. Section IV discusses numerical results of over a sin-
gle homogenous dielectric slab and a parameter space scan
over boundary temperature and material properties. Finally,
Section V concludes this article.

II. MODEL

The heat exchanger shown in Fig. 1 consists of multiple
ceramic blocks stacked on the surface of a metal plate. In this
design, thin air gaps are present between ceramic blocks
in the array to allow for thermal expansion. This article,
similar to [3], [4], is concerned with the performance of a
single block of dielectric. In order to significantly reduce
the calculation time required and allow for a much larger

Fig. 2. Basic computational loop of the algorithm.

parameter space to be analyzed, the problem is reduced to 1-D,
i.e., the block is considered infinite in the x- and y-directions.
This will approximate the temperature along the center of the
dielectric where thermal gradients at the edges of the material
are negligible. This assumption should be valid for materials
with sufficiently high thermal conductivities such as the ones
studied here.

The two equations that need to be solved for this problem
are the wave equation for the electromagnetic field in the
dielectric, and the heat equation for the thermal response of
the material to the energy deposited by the fields. Straightfor-
ward application of an FDTD method to this system would
require time steps that are small enough to resolve the fastest
dynamics, which in this case is the period of millimeter-wave
oscillation. At 95 GHz, the required time step is a fraction of
a wave period, or �t � 10−11 s. The timescale for the heat
equation, on the other hand, is set by the thermal conductivity
and specific heat of the heated material. For the materials
considered in this article, the thermal timescale is on the
order of a millisecond, which gives �t � 10−4 s. In order
to avoid resolving the electromagnetic timescale, the material
properties are assumed to be constant on the timescale of
the wave oscillation. With this assumption, the wave equation
transforms into a Helmholtz equation for the spatial variation
of the wave. There are many ways to solve the Helmholtz
equation; this article uses a method where the dielectric is
decomposed into many thin slabs that are taken to be uniform.
This is a variation of the method used in [34]–[38].

The basic algorithmic approach to solve this 1-D coupled
electromagnetic-thermal problem can be seen in Fig. 2 and
has been implemented in Python 3. Using the assumptions
described in the previous paragraph, the Helmholtz equation
for the electric field is solved for all positions z. The power
dissipated in the dielectric, which is proportional to the
square of the electric field, is then calculated and leads to an
increment in temperature. Finally, the temperature-dependent
material properties of the dielectric are updated based on the
current temperature. A single time step, �t , is composed of
these four substeps, and the algorithm is repeated until the
desired amount of time has passed.

Fig. 3 shows a representation of a single heat absorbing
dielectric tile on a metal backplate. The tile has thickness
L and is divided into M slabs of arbitrary thickness with
M + 1 interfaces and is mounted to a metal plate at z = L,
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Fig. 3. One-dimensional model of a multilayer dielectric of thickness L
mounted on a metal backplate. The total dielectric consists of M total layers
and M +1 boundaries. Each layer has its own time-dependent temperature,
temperature-dependent material properties, and electric field solutions.

labeled as the (M + 1)th region. This multilayer approach is
used to allow for spatial temperature variations to occur in
the model. Each dielectric layer has electrical and thermal
material properties that are functions of temperature T and
thus will change as a function of time as microwave energy
is absorbed and the system temperature increases. The elec-
tromagnetic properties of each dielectric layer are described
by the complex permittivity, ε(T ) = ε�(T ) − jε��(T ), where
the real part ε� is the dielectric constant and the imaginary
part ε�� is the loss factor related to the absorbed energy; heat
is, therefore, deposited in this region by the microwaves if
the dielectric is lossy, i.e., ε�� �= 0. Each dielectric layer also
has the temperature-dependent thermal properties of specific
heat, Cp(T ), and thermal conductivity, κ(T ). The density, ρ,
of each layer is assumed to be independent of temperature.

The incident wave originates from the source in free space.
A reflection occurs at the surface of each dielectric layer due
to a change in the index of refraction at that interface and
E+

i and E−
i are the amplitudes of the forward and reverse

propagating electric field solutions on the left-hand side of
the i th interface, respectively. The total field on the left-hand
side of the i th interface is Ei = E+

i + E−
i . Each slab i of

thickness li is modeled with its own physical parameters,
independent of its neighbors: permittivity, density, specific
heat, and thermal conductivity, denoted by εi , ρi , Ci , and κi ,
respectively. Thus, in order to get finer spatial resolution of
the problem, the number of layers can be increased. Since the
layer thickness li can be of arbitrary size, many thin layers
can be concentrated around regions of high gradients, should
the problem require it.

The electromagnetic solution is formed by assuming a
plane wave with exp( jωt − jkz) dependence impinging on
a multilayer dielectric with normal incidence, where ω is the
frequency and k = ω

√
εμ is the wavenumber. By assuming

that the electric field solution traveling in the forward direction
at the dielectric-metal boundary is unity, i.e., E+

M+1 = 1,
the relative solution for E(z) can be determined by iterating
backward through all of the layers [34], [37]. This iterative
solution for E(z) can be expressed by a system of equations

written in matrix form as⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 a1 b1

0 1 c1 d1

1 0 a2 b2

0 1 c2 d2

. . .
. . .

1 0 aM−1 bM−1

0 1 cM−1 dM−1

1 0 aM bM

0 1 cM dM

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E+
1

E−
1

E+
2

E−
2
...

E+
M−1

E−1
M−1

E+
M

E−
M

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎣

0
...
0

bM − aM

dM − cM

⎤
⎥⎥⎥⎥⎥⎦

(1)

where the constants in the 2M × 2M matrix are defined as

ai = − 1

τi
e jki li

bi = − ri

τi
e− jki li

ci = − ri

τi
e jki li

di = − 1

τi
e− jki li . (2)

The quantity ri is the reflection coefficient, defined as ri =
(ηi −ηi−1)/(ηi +ηi−1), where ηi = √

μ0/εi is the characteristic
impedance of the i th layer, and τi = 1 + ri .

Once the solution for E from (1) is obtained, it is renor-
malized to the power of the microwave source

Ein = �
2Pinη0 (3)

where Pin is the input power (W/cm2) and η0 is the charac-
teristic free-space impedance. The electric field solution from
(1) is renormalized such that E+

1 = Ein. The electromagnetic
solution couples to the thermodynamic solution through the
power dissipated in the dielectric. The power dissipated in
each layer of the dielectric (W/cm3) is proportional to ε��

i and
given by

Pd,i = 1

2
ωε��

i |Ei |2. (4)

The temperature as a function of time is determined from the
1-D heat transfer equation with a source term

ρC
∂T

∂ t
= κ

∂T 2

∂z2 + Pd(z, t) (5)

where T is the temperature and Pd(z, t) is the power dissipated
in the material at a depth z inside the dielectric as described
by (4). This form of the heat equation is chosen because, for
typical ceramic absorbers, κ varies slowly enough such that
(∂κ/∂z)(∂T/∂z) � κ

	
∂2T/∂z2



and the ∂κ/∂z term can be

ignored.
In order to solve (5) on the grid shown in Fig. 3, the forward

finite-difference scheme is employed. The solution for T n+1
i is

T n+1
i = T n

i + �t

ρCn
i

�
κn

i

T n
i+1 − 2T n

i + T n
i−1

�z2 + Pn
d,i

�
(6)
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where i is the spatial index and n is the temporal index.
The solution to (5) requires initial conditions and boundary
conditions. The initial temperature is uniform everywhere,
i.e., T (z, 0) = T0. The initial temperature T0 is considered
the temperature that the Stirling engine is able to maintain
on the heat exchanger backplate and will be referred to as
the operating temperature. The boundary condition at z = L
uses the Dirichlet boundary condition fixed at the operating
temperature, i.e., T (L, t) = T0. The front face of the dielectric
is subject to the Robin boundary condition

∂T (0, t)

∂z
= h

κ
(T1 − Text) (7)

where Text is the ambient air temperature and h (W/m2/K) is
the convective loss coefficient. In the case where h → 0, which
is assumed for the remainder of this article, this boundary
condition becomes the Neumann boundary condition, i.e., zero
heat flux and ∂T (0, t)/∂z = 0. The temperature-dependent
material properties of the dielectric are updated based on the
current temperature, and the simulation clock is advanced by
the time step �t .

III. ABSORBING CERAMIC COMPOSITE–ALN:MO

For the design of the millimeter-wave heat exchanger,
a composite of aluminum nitride loaded with metallic molyb-
denum powder (AlN:Mo) has been chosen. This choice is
motivated by its high thermal conductivity in the wide tem-
perature range that is required of the heat exchanger during
Stirling engine operation. However, in the millimeter-wave
regime, aluminum nitride by itself is characterized by rela-
tively low dielectric losses. Aiming to increase the absorptivity
and find the material demonstrating the best performance,
a series of AlN:Mo composite samples with an additive range
of 0.25%–4% Mo (by volume) were produced for experimental
testing. The electromagnetic properties [39], [40] and thermal
properties [41] of this material have been measured; this exper-
imental data have been numerically processed to make it avail-
able in the temperature range of interest, 25 ◦C–1000 ◦C [3].

Fig. 4 shows the temperature dependence of the real
and imaginary parts of the complex permittivity for vari-
ous Mo loadings at 95 GHz. As the Mo content increases,
the imaginary permittivity increases drastically. Fig. 5 shows
the temperature dependence of the specific heat and thermal
conductivity of the AlN:Mo composite for various Mo loading
percentages. The thermal conductivity can be seen to decrease
with increased temperature, while the specific heat is increas-
ing with increasing temperature. These properties have similar
values for the different loading percentages, i.e., the addition
of Mo does not significantly alter the thermal properties of
the aluminum nitride [41]. Table I shows the density of the
different composites as measured in [39] which is independent
of temperature.

IV. COMPUTATIONAL RESULTS

An L = 10-mm-thick slab of 3% AlN:Mo was given an
initial temperature of T0 = 700 ◦C that was the same as
the temperature of the metal backplate. The right-hand side

Fig. 4. (a) Real and (b) imaginary parts of complex permittivity of AlN:Mo
composite loaded with various concentrations of Mo by volume at 95 GHz
as a function of temperature [3].

TABLE I

MOLYBDENUM-LOADED ALUMINUM NITRIDE DENSITIES

boundary (z = 10 mm) was fixed at T0, while the left-hand
side boundary (z = 0 mm) used a zero heat-flux boundary
condition, i.e., there were no convective losses (h = 0) and
∂T/∂z = 0. The block was uniformly divided into M=
100 slabs resulting in a spatial resolution of �z = 0.1 mm.
The time step for the problem was �t = 0.1 ms. The input
power from the microwave source was Pin = 100 W/cm2 at
a frequency of f = 95 GHz. The calculation was run for a
total simulated time of 50 s. This typical case is selected for
discussion because it is in the middle of the parameter space
of interest and it features all of the physics behaviors present
in the simulations.
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Fig. 5. (a) Specific heat and (b) thermal conductivity for AlN:Mo com-
posite load with various concentrations of Mo by volume as a function of
temperature [3].

Fig. 6. Maximum temperature in the dielectric as a function of time; AlN:Mo
with 3% Mo by volume, T0 = 700 ◦C, f = 95 GHz, Pin = 100 W/cm2, and
L = 10 mm.

Fig. 6 shows the maximum temperature in the dielectric as
a function of time. The maximum temperature can be seen
to reach equilibrium after around 20 s at a temperature near
830 ◦C. The maximum always occurs on the front face of the
dielectric, as can be seen in Fig. 7, showing the temperature
profile, taken at time t = 50 s, with the highest temperature
at z = 0 mm and with a nearly linear drop down to 700 ◦C.

Fig. 7. Temperature in the dielectric as a function of position z at equilibrium
(t = 50 s); AlN:Mo with 3% Mo by volume, T0 = 700 ◦C, f = 95 GHz,
Pin = 100 W/cm2, and L = 10 mm.

Fig. 8. Power dissipated in the dielectric as a function of position z at
equilibrium (t = 50 s); AlN:Mo with 3% Mo by volume, T0 = 700 ◦C,
f = 95 GHz, Pin = 100 W/cm2, and L = 10 mm.

Fig. 8 shows the power dissipation as function of z at
equilibrium. The largest power dissipation corresponds to the
highest temperature in the material and the oscillations have a
wavelength of a 0.90 mm. This is the wavelength of a 95-GHz
electromagnetic wave in a dielectric with ε� ≈ 12.4, and the
relative dielectric constant for AlN:Mo with 3% Mo by volume
at 800 ◦C. By integrating over the curve shown in Fig. 8,
the total power dissipated in the dielectric can be calculated.
This allows the fractional absorbed power in the dielectric to
be defined as

f p =



Pd dz

Pin
(8)

which describes how efficient the absorber is at capturing
the incoming millimeter-wave beam. Fig. 9 shows fractional
absorbed power as a function of time; it increases about 1.4%
to reach an equilibrium value of f p = 0.68 in around 10 s. This
equilibration time corresponds to the knee in the temperature
Fig. 6. The fractional absorbed power equilibrates faster than
the temperature due to the coupled nature of the problem.
The imaginary part of the dielectric constant varies slowly
with temperature and as the temperature starts to change less
rapidly, ε�� prime becomes roughly constant. The temperature
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Fig. 9. Fractional absorbed power as a function of time; AlN:Mo with 3% Mo
by volume, T0 = 700 ◦C, f = 95 GHz, Pin = 100 W/cm2, and L = 10 mm.

Fig. 10. Maximum dielectric temperature at equilibrium as a function
of absorber thickness; AlN:Mo with 3% Mo by volume, T0 = 700 ◦C,
f = 95 GHz, and Pin = 100 W/cm2.

takes additional time to equilibrate because even with a
constant power absorption, it is still contending with heat loss
through the z = L boundary. The fractional absorbed power
is the quantity of interest from the model outputs for making
system-level efficiency calculations.

Calculations like the one described above were performed
over the parameter space of operating temperature, Mo loading
percentage, and absorber thickness in order to gain insight
into how the absorber would perform over a range of power
beaming demonstration operating conditions. Fig. 10 shows
the peak equilibrium temperature as a function of absorber
thickness for AlN:Mo with 3% Mo at an operating temperature
of T0 = 700 ◦C. The peak temperature is generally increasing
as a function of thickness. The oscillatory structure superim-
posed on this linear increase is related to the wavelength of
the f = 95 GHz signal inside the dielectric. The oscillatory
behavior has a wavelength of 0.45 mm, exactly half the
wavelength of 95 GHz in the medium. This factor of two arises
from the metallic plate at the back boundary which causes
the effective pathlength of the wave to be 2L. Thicknesses
exceeding 20 millimeters were not considered due to the fact
that the equilibrium temperature rises above 1000 ◦C. It is
desired to maintain the temperature reasonably below the
limit at which the material may lose its robustness due to

Fig. 11. Fractional absorbed power of the dielectric absorber temperature
at equilibrium as a function of absorber thickness; AlN:Mo with 3% Mo by
volume, T0 = 700 ◦C, f = 95 GHz, and Pin = 100 W/cm2.

Fig. 12. Maximum temperature as a function of Mo loading for different
operating temperatures; L = 10 mm, Pin = 100 W/cm2, and f = 95 GHz.

melting and this temperature represents the limit of material
data available to the model.

Fig. 11 shows the fractional absorbed power as a function
of length for the same Mo = 3% and T0 = 700 ◦C case.
It exhibits the same oscillatory behavior shown in Fig. 10 and
oscillates about a central value of f p = 0.68. The amplitude of
oscillations decreases as the length of the absorbing composite
increases. These oscillations have implications to the design
of the absorber because a few hundred microns difference
in length can result in a temperature change of 20 ◦C and
a fractional absorbed power change of 10%–20%. Variations
between each composite tile can be expected if the manu-
facturing tolerances of the absorbing composite production
process are of this scale size or larger. This effect is likely to
be diminished in 3-D simulations or in the experiment, where
the beam might not impinge on the absorber with exact normal
incidence and edge effects must be considered.

Fig. 12 shows how the peak material temperature scales
with operating temperature. The largest changes in temperature
occur at the higher operating temperatures. At T0 = 600 ◦C,
the peak temperature monotonically increases with Mo con-
centration. This differs from the cases of T0 = 700 ◦C
and T0 = 800 ◦C operating temperatures, where there is a
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Fig. 13. Fractional absorbed power as a function of Mo loading for different
operating temperatures; L = 10 mm, Pin = 100 W/cm2, and f = 95 GHz.

Fig. 14. Total temperature change �T across the dielectric as a function of
operating temperature for various input power densities.

Fig. 15. Fractional absorbed power as a function of operating temperature
for various input power densities.

local maximum at 0.5% Mo loading. This is likely explained
by the behavior of fractional absorbed power, f p, shown
in Fig. 13, where f p at Mo = 0.5% loading increases with
increasing operating temperature. Dielectric losses increase

with temperature, so the larger peak temperatures associated
with larger T0 leads to more millimeter-wave absorption and
more power dissipated in the absorbing composite.

Figs. 14 and 15 show the temperature drop across the dielec-
tric, �T , and the fractional absorbed power, f p, respectively,
for various operating temperatures and input power levels.
Intuitively, �T increases with increased operating temperature
and increased input power. The fractional absorbed power
remains the same across all of these cases which is consistent
with the fact that the material properties for the AlN:Mo
composite do not change that much as a function of tem-
perature. Similar to the results of [3], a material with 3%
Mo concentration appears to be a promising demonstration
candidate due to the uniform fractional power absorption
across multiple operating temperatures and its robustness to
a variety of possible experimental testing conditions.

V. CONCLUSION

A 1-D model that couples the absorption of millimeter-
waves in a dielectric to the heat transfer for temperature-
dependent materials was developed. The model was developed
to allow for calculation over a large parameter space, in order
to rapidly narrow design decisions, and offers an increase in
speed of two to three orders of magnitude compared with
corresponding 3-D calculations. Computational results show
how maximum temperature and absorber efficiency scaled
as a function of absorber length, temperature of the metal
backplate, and material composition. An AlN:Mo ceramic
composite with 3% Mo (by volume) at a thickness of 10 mm
appears to meet the requirements of most likely candidate for
a successful millimeter-wave power beaming demonstration.
For this material and thickness, efficiencies for absorption of
the incoming mm-wave radiation and subsequent conversion
to heat were calculated to be around 66% for heat exchanger
backplate temperatures ranging from 500 ◦C to 700 ◦C. The
1-D assumption of this model likely leads to optimistic values
for fractional absorbed power, which is expected due to the
anticipated reduced beam power coupling into the ceramic
tile due to electromagnetic edge effects at the corners of the
tiles as well as the 1-D heat transfer all acting to reduce the
ceramic temperature. For the AlN:Mo composite materials
studied here, a reduction in temperature results in reduced
power absorption. The model is implemented in a general way
that will allow for easily testing different absorber materials
as well as implementing new thermal boundary conditions,
such as time-evolving boundary conditions, which was beyond
the scope of this article. The code could be paired with
optimization techniques due to its low run times to make this
a useful design tool in the future.
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