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A Triple-Layer Electromagnetic Heat Exchanger
With Plane Poiseuille Flow: Control and

Local Onset of Thermal Runaway
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Abstract—An electromagnetic (EM) heat exchanger (HX) is a
device which converts EM energy into a usable form of heat.
In this article, we present a 2-D multiphysics model mimicking
the operation of a layered EM HX and simulating the nonlinear
interaction between EM wave propagation, energy transport, and
fluid flow. A triple-layer geometry of the EM HX represents a lossy
ceramic slab surrounded by two channels with a plane Poiseuille
flow of a lossless coolant. Validation of the model developed in
COMSOL Multiphysics is done by comparing the results with the
output of another numerical model, which uses a second-order
implicit–explicit scheme where advective and diffusive terms are
treated implicitly and the nonlinear heat source is treated explicitly.
Layer thicknesses are chosen such that an electric field resonance
is achieved in the central layer. Because of the resonance, a power
response curve is found to be a double S-curve. We show that EM
HXs operating on the middle branch of the double S-curve are
favorable and efficient compared to the those operating on the lower
or upper branch. Careful examination of transient evolution of
temperature confirms that thermal runaway occurs when the local
maximum temperature reaches a critical value. The model predicts
a hotspot in ceramic region when thermal runaway initiated locally.
We generate power response curves for increasing Péclet numbers,
which is defined as the ratio of heat convection to conduction within
the fluid region, and show that temperatures of upper and middle
branches keep dropping with Péclet numbers.

Index Terms—Electromagnetic (EM) heat exchanger (HX),
hotspots, microwave heating, multiphysics modeling, thermal
runway.

I. INTRODUCTION

TRADITIONAL electromagnetic (EM) heating applica-
tions include thermal processing of food products,

microwave-assisted chemistry, and high-temperature treatment
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of materials [1]–[6]. Currently under development are high-
power EM heat exchangers (HX) for power beaming applica-
tions. The uses of EM HX include thermal thrusters employing
EM energy to produce thrust by thermal expansion of a com-
pressed gas [7], beamed energy propulsion [8], [9], solar thermal
collectors [10], and wireless energy transfer [11]–[19].

Microwaves (MW) and millimeter waves (MMW) are a
promising choice in continuous power-beaming applications as
they are readily available at high power. While MMW may have
advantages over MW in terms of dimensions of transmitting
antennas, they may not efficiently propagate through the at-
mosphere [11], [13]. Depending on efficiency of transmission,
MMW may be preferable at high altitudes or in space, and MW
or near MMW may be convenient for ground-to-ground power
beaming. For the latter, one of the critical components is a robust
EM HX which efficiently converts EM energy into heat.

Heat generation in lossy materials irradiated by EM waves
depends on the loss factor which can be seen as representation
of both electrical conductivity and dielectric losses. When the
electric field propagates through a material with a nonzero loss
factor, its amplitude decays due to the EM losses. This lost
energy is converted into heat, resulting in a temperature rise. For
many ceramic materials, including zirconia or silicon carbide,
the loss factor can be modelled with an exponential fit in tem-
perature [20], [21]. One peculiar phenomenon associated with
EM thermal processing of such materials is thermal runaway, a
nonlinear phenomenon in which a small increase in the applied
EM power invokes a sharp temporal increase in temperature.
Thermal runaway was studied experimentally [22], [23] and
computationally [21]. These works show that temperature during
thermal runaway increases rapidly as the maximum temperature
in processed material reaches a critical value. Temperatures dur-
ing thermal runaway are high enough to cause material damage
through melting or cracking.

Analytical models of EM heating of a single dielectric
slab [24] and a three-layer structure (Fig. 1) [25] describe thermal
runway. Both the models describe equilibrium of EM heating by
a parametric plot of average steady temperatures as a function
of applied power that is called a power response curve. These
models consider uniform heating of thin laminate structures
which are irradiated by symmetric EM plane waves normal to the
laminate surface. In these models, the wavelength of the incident
EM waves is assumed to be much longer than the layer thickness.
The resulting power response curve in this case is an S-curve as
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Fig. 1. Geometry of the three-layered system subjected to EM heating (sym-
metric about AA′). Media 1 and 5 are free space, layers 2 and 4 are lossless
fluid, and layer 3 is a lossy dielectric.

shown in Fig. 2(a). A branch of the power response curve is
stable (or unstable) when its slope is positive (or negative) [25].
Generally speaking, an S-shaped power response curve has two
stable branches: one at lower and one at higher temperatures. EM
HXs operating on the lower stable temperature branch may not
operate efficiently. On the other hand, high-stable temperatures
may damage the ceramic material itself.

Recently, an analytical model [26], [27] studying EM heating
of thin triple-layer laminate (lossless–lossy–lossless, Fig. 1)
has suggested an innovative electric-field-resonance-based ap-
proach to control thermal runway. Similar to [24] and [25],
these models consider uniform heating by symmetric normal
plane wave irradiation. When wavelength of the incident wave
is comparable to the layer’s thickness, an electric field resonance
may be achieved in the central layer. The response curve in this
case acquires a middle stable branch and becomes a double
S-curve as shown in Fig. 2(b). The model [26] first proved
the existence of the double S-curve and extended model [27]
confirmed that the field resonance in the lossy layer causes
the response curve to have a middle stable branch. The model
described in [16] numerically verifies existence of a double
S-curve for a triple-layer laminate structure. The electric field
resonance can be also achieved in a two layer (lossless–lossy)
laminate undergoing nonsymmetric normal excitation by EM
waves [18]. The implication from these models is that when an
EM HX operates on the middle branch, stable temperatures are
elevated, but remain below values where mechanical damage to
the material can occur. This opens up a window to investigate
how EM HX could efficiently operate on the middle branch.

The working principle of a high-power EM HX is based
on interactions between EM wave propagation, internal energy
conservation, and fluid mass and momentum conservation, so
the design of a practical device requires particularly extensive
experimentation. Computational models can help identify the
competing mechanisms in the energy balances, leading to po-
tential insight on how this phenomena can be controlled. While
asymptotic models are helpful in identifying the mechanisms

Fig. 2. Power response curves for a triple-layer laminate (lossless–lossy–
lossless, Fig. 1) structure. (a) S-curve (no electric field resonance) as in [24]
and (b) a double S-curve (electric field resonance in the lossy layer) [26], [27].
Both curves are obtained using the model [26], [27] for material parameters of
zirconia in region 3 and of 50% glycerin solution in regions 2 and 4. Solid and
dashed lines represent stable and unstable solutions, respectively.

leading to a net energy balance [26], [27], computational tech-
niques are needed to understand how local phenomena can
instigate large changes in temperature.

The goal in this article is to extend the model in [16] to
describe situations where the the heat losses to the environment
from the system, the power delivered to the system, and the
convective transport of energy are larger than the cases explored
in [16]. The model in [16] is validated in the limit when each of
these powers were small. We consider a triple-layered structure
(Fig. 1) in which a lossy ceramic (region 3) is surrounded by
lossless coolant channels (regions 2 and 4). Ceramic region
is heated by EM waves and coolant extracts energy from the
heated region through conduction and convection. We describe
a model developed in COMSOL Multiphysics and incorporate
coupling between electromagnetic, fluid flow, and heat transfer
phenomena by introducing a fully developed plane Poiseuille
fluid flow in regions 2 and 4 along the positive Y-axis. In
order to validate the COMSOL model, we compare the results
with the ones produced by another numerical model developed
using a two-step second-order implicit–explicit (IMEX) finite
difference scheme [28] where linear terms are treated implicitly
and nonlinear terms are treated explicitly. We first consider the
case with no fluid flow and visualize steady-state profiles of
temperature and electric field. Then we introduce fluid flow in
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TABLE I
CONSIDERED MATERIAL PROPERTIES FOR SIMULATIONS

regions 2 and 4 by maintaining nonzero pressure drop across the
inlet and outlet. When fluid flow is present, the EM losses in the
ceramic are balanced by power absorbed by the fluid and external
heat losses to the surrounding. The Biot number characterizes
thermal losses to the environment. Previous studies [26], [27]
have shown that the response curves usually retains the typical
double S shape when the Biot number is varied. One of the goals
of this article is to investigate how convection heat transport
affects the shape of the response curve. The amount of heat
carried away by the fluid is characterized by the Péclet number,
which is the ratio of thermal energy convected to the fluid to
the thermal energy conducted within the fluid. We generate
power response curves for different Péclet numbers, and discuss
how convection affects the shape of response curves. We then
determine effectiveness of the energy absorption by the fluid by
calculating the overall thermal efficiency of the considered EM
HX and show how higher efficiencies can be achieved along
with having control over thermal runaway.

The electric field resonance in the lossy layer, which is re-
quired for the existence of the middle branch, is dependent on
permittivities of fluid and ceramic regions [26], [27]. Another
goal of this article is to investigate cases where resonance criteria
is not followed exactly, and to determine how sensitive is the
middle branch to the permittivity variations.

II. DEVELOPMENT OF NUMERICAL MODELS

We consider plane EM waves incident from both sides with
the assumption that incoming waves are polarized along the Z-
direction and traveling in the X-direction. The time-averaged
power density of the incident plane wave is

Pav =
E2

0

2ψ
(1)

where E0 is the strength of incident electric field, and ψ is
characteristic impedance of free space. In order to achieve an
electric field resonance necessary to produce the double S-curve,
we need to satisfy following conditions [26]:

l1 =
n1λ2

4
l2 =

n2λ3

4
(2)

where l1 and l2 are thicknesses of regions 2 and 3. n1 and n2
are any odd integers, and λ2 and λ3 are wavelengths in regions
2 and 3, respectively. In all of our simulations presented in the
article, we take n1 = 1, n2 = 3, and H = 20l2.

A. Assumptions and Material Properties

An incompressible and viscous fluid in region 2 is composed
of equal parts glycerin and water. The frequency f of incident
EM waves is assumed to be 2.45 GHz. Dielectric and thermal

properties of glycerin are taken from [29] and [30], respectively.
Region 3 is a lossy zirconia; its material properties are borrowed
from [21]. A full exploration of the temperature-dependent
material properties is beyond the scope of this article. However,
the electric field resonance, which is essential for the existence
of the middle branch, is particularly sensitive to temperature
variations in the permittivity. As a leading-order approximation,
we determine intervals about the reference permittivity over
which the double S curve would exist. We think this gives in-
sights on the impact of variable permittivity on this phenomenon,
while providing a tractable problem to address. All the materials
used are assumed nonmagnetic (μr = 1). In addition, only the
material in the middle layer (region 3) absorbs MW energy, and
the outer layers (regions 1, 2, 4, and 5) are considered lossless.
Material properties considered in this article are summarized in
Table I.

B. Governing Equation

Since the plane waves are polarized along the Z-direction,
Maxwell’s equations governing electric field in both regions
reduce to Helmholtz’s equations. We scale electric field withE0.
Lengths along the X-direction in regions 2 and 3 shown in Fig. 1
are scaled with l1. Lengths along the Y-direction in both regions
are scaled with H . The nondimensional temperature is given as
Tj =

T̄j−TA
TA

, where Tj and T̄j are scaled deviation temperatures
from ambient and dimensional temperatures in regions j = 1
and 2, respectively, and TA is ambient temperature. In our
models,TA is set at 300K. Time is scaled on the conduction time
scale in region 3 as l2

2
α3

, where αj =
kj

ρjcpj
is thermal diffusivity,

kj is thermal conductivity, ρj is density, and cpj
is specific heat

of the respective regions 2 and 3. Finally, the velocity of fluid
is scaled with V̄ , where V̄ =

|Pg |l2
1

2μ , |Pg| is the magnitude of
pressure gradient maintained across the inlet and outlet. The
resulting set of nondimensional governing equations for the
electric field amplitude and the energy balances in regions 2
and 3 is

∂2E2

∂x2
+ η2

∂2E2

∂y2
+ γ22E2 = 0 (3)

∂2E3

∂x2
+ η2

∂2E3

∂y2
+ γ23E3 = 0 (4)

∂T2
∂t

+ ηαPe

(
v
∂T2
∂y

)
= α

[
∂2T2
∂x2

+ η2
∂2T2
∂y2

]
(5)

∂T3
∂t

=
∂2T3
∂x2

+ η2
∂2T3
∂y2

+ P |E3|2σ3(T3) (6)

where E2 and E3 are nondimensional electric field strengths
in region 2 and 3, respectively, η = l1

H , γ22 = k20εr2 , and γ23 =
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k20[εr3 + iσ3(T3)
ωε0

] are nondimensional wavenumbers, k0 = ω
c l1

is the nondimensional wavenumber of free space, ω is angular
frequency, c is the speed of EM wave in free space, ε0 is
permittivity of free space, εr2 and εr3 are relative permittivities
of regions 2 and 3, respectively, T is temperature, σ3(T ) is
temperature-dependent electrical conductivity, α = α2

α3
, Pe =

l1V̄
α2

is the Péclet number, v is the nondimensional fluid veloc-
ity along the positive Y-direction, and nondimensional power

P = 1
2
E2

0ωε0l
2
1

k3TA
.

Since our focus in this article is on the coupling between
the field strength and temperature, we chose an exact laminar
solution to the Navier–Stokes equations; fully developed plane
Poiseuille fluid flow is given by the equation

v(x) = −(x2 − x) (7)

Although this assumption is limited in terms of the Reynolds
number of the flow, our formulation is amenable for larger
Reynolds numbers if we include Taylor dispersion for suffi-
ciently long channels [31].

C. Boundary Conditions

As region 1 is free space, for x < 0

E1(x) = eik0x + τe−ik0x (8)

where E1 is the electric field in region 1, τ is the reflection co-
efficient between regions 1 and 2. At the left boundary between
regions 1 and 2, τ can be eliminated by applying continuity of
the electric and magnetic fields [24], which yields

∂E2

∂x
+ ik0E2 = 2ik0. (9)

Similarly, at the interface between regions 2 and 3

E2 = E3

∂E2

∂x
=
∂E3

∂x
. (10)

Since a symmetry condition is assumed at AA′, we have

∂E3

∂x
= 0. (11)

At the top and bottom boundaries, we apply

∂E2

∂y
=
∂E3

∂y
= 0. (12)

For the energy equations (4) and (5), at the left boundary between
regions 1 and 2 we have convective losses to the surroundings
characterized by Newton’s law of cooling as

k
∂T2
∂x

= BiT2 (13)

wherek = k2

k3
,Bi = hl1

k3
is the Biot number,h is the heat transfer

coefficient, and kj is the thermal conductivity of region j. In our
simulations presented in this article, we specifyh = 5W/m2K.
At the interface between regions 2 and 3, we assume perfect

thermal contact

T2 = T3

k
∂T2
∂x

=
∂T3
∂x

. (14)

At the line of symmetry AA′

∂T3
∂x

= 0. (15)

Top boundaries in regions 2 and 3 are insulated, so that

∂T2
∂y

=
∂T3
∂y

= 0. (16)

The lower boundary at y = 0 is maintained at the fixed ambient
temperature in regions 2 and 3

T2 = T3 = 0. (17)

We develop two models to solve the system (3)–(7). One
is with a finite-difference scheme implemented in MATLAB,
the other is with finite-element method (FEM) in COMSOL
Multiphysics. We consider two different cases: the first is with
no fluid flow, i.e,Pe = 0, and the second with fluid flowPe �= 0.
In both cases, we compare steady-state temperature profiles
produced by both the numerical models.

D. Finite-Difference Model

The finite-difference scheme presented here is second order
both in time and space. Spatial derivatives of electric field in
(3) and (4) are discretized using second-order central difference
scheme. The final pentagonal linear system of equations is
solved using GMRES solver [32]. Energy equations in both
regions are then solved using a two-step alternating-direction
IMEX method [28]. The nonlinear heat source in region 3 is
treated explicitly and the rest of the terms are treated implicitly.
At each step we solve the system of linear equations using
a standard tridiagonal solver [33]. The external boundary and
interface conditions involving derivatives are discretized with
central differencing with the ghost points method [34].

Due to explicit treatment of the nonlinear heat source, the
method is unstable for larger time steps. After carrying out nu-
merical experiments, we find temporal step size 0.1 is sufficient
when there is no thermal runaway, and when it is expected,
we choose 0.01 as step size when discretizing time derivatives.
Section of spatial step size is based on Nyquist criterion [35]

Sj <
λj

2
(18)

where Sj is the maximum size of the cells. According to (18),
the step size in both the X- and Y-directions should be such
that we have at least 2 cells per wavelength in both regions. As
a general rule for solving Helmholtz equations, 10 to 12 grid
points per wavelength are sufficient for producing reasonable
accuracy at smaller wavenumbers [36]. With this consideration,
we discretize each region such that we have 61 uniformly
distributed grid points along the X- and Y-directions. In other
words, we choose approximately 66 and 10 cells per wavelength
along the X and Y-directions. In addition, convergence tests are
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Fig. 3. Steady-state dimensional T profiles produced by (a) IMEX and (b) COMSOL, dimensionless |E| profiles given by (c) IMEX and (d) COMSOL models for
power Pav = 3000 W/m2 with no flow case Pe = 0. The solid line represents the interface between regions 2 and 3 and AA’ is the axis of symmetry. Maximum
and average Er in comparison of (a) and (b) is 0.005 and 6.57× 10−4, and between (c) and (d) is 0.24 and 0.004, respectively.

carried to determine number of grid points in each region. We
find that change in average and maximum T and |E| is below
10−2 when grid points in each region increased from 51 to 61.

E. COMSOL Multiphysics Model

The geometry is discretized using cubic Lagrange triangular
elements. In [16], [37], and [38], the maximum element size is
chosen such that we have at least 15 elements per wavelength
throughout the computational domain. To determine the mesh
size, we again carried out converge tests and throughout the
computations below, we discretize both the domains with ap-
proximately 25 elements per wavelength.

As the problem is highly nonlinear due to temperature depen-
dent electrical conductivity, we solve energy equations using
COMSOL’s time-dependent solver along with a time-stepping
algorithm provided in COMSOL package. The solver discretizes
time using the second-order implicit backward-difference for-
mula. The time step taken by the solver is adjusted depending
on temporal gradients of the fields. Finally, the steady state
is assumed to be reached when absolute difference between
average temperatures at previous and current time steps falls
below 10−6. COMSOL Multiphysics 5.3a package runs on a
server which has two Intel Xeon CPU E5-2643 processors and
128 GB of installed RAM. Typical time taken for a simulation
to perform is about 10 min.

III. RESULTS

First, we compare the steady-state temperature and electric
field profiles produced by both COMSOL Multiphysics and

IMEX models. The comparison is made for two cases; one with
no fluid flow and another with fluid flow. As both models use
different discretization schemes, the results from the COMSOL
model are interpolated onto the grid used in the IMEX model us-
ing MATLAB’s Delaunay triangulation technique. We quantify
the differences seen in the profiles using

Er =

∣∣∣∣φIMEX − φCOMSOL

φIMEX

∣∣∣∣ (19)

where Er is the absolute relative error which also includes
interpolation error, and φ can be T or |E|. We then use the
COMSOL model to produce power responses for different Pe.

A. No Fluid Flow (Pe = 0)

We set Pe = 0 and solve the system (3)–(7) along with
the boundary conditions (10)–(17) in COMSOL Multiphysics
and with the IMEX scheme. For this case, the steady state is
achieved when EM losses are balanced by thermal losses to the
surroundings.

Fig. 3 shows the comparison of steady-state temperature and
electric field profiles in regions 2 and 3 for incident power of
Pav = 3000 W/m2. Power response curves for different Pe are
shown in Fig. 4. Stable branches shown in this plot are produced
by performing parametric sweep on incident powers with differ-
ent initial temperatures, and average steady-state temperatures
are plotted against the incident power. It is seen that lower,
middle, and upper branches are achieved when initial temper-
atures are maintained at 300, 1000, and 2500 K, respectively.
For Pav = 3000 W/m2, the steady-state temperatures are low

Authorized licensed use limited to: Worcester Polytechnic Institute. Downloaded on July 31,2020 at 00:22:58 UTC from IEEE Xplore.  Restrictions apply. 



124 IEEE JOURNAL ON MULTISCALE AND MULTIPHYSICS COMPUTATIONAL TECHNIQUES, VOL. 5, 2020

Fig. 4. Stable branches of power response curves for η = 0.06 and different
Péclet numbers produced using COMSOL Multiphysics model.

(Fig. 3) and EM HX operates on the lower branch which can be
seen from Fig. 4. In Fig. 5, as we increase thePav to 8000W/m2,
we observe significant rise in temperature: Maximum value in
ceramic region increases from 323 to 1400 K, and solution is
found to be on the middle branch (see Fig. 4). As a result of this
transition from lower to middle branch, a hotspot is observed in
the lossy region which indicates localized heating. We discuss
this phenomenon in following section.

As soon as we achieve transition between lower and the
middle branch, we observe nonuniform distribution of electric
field amplitude as seen in Figs. 3 and 5. When the device operates
on the lower branch for Pav = 3000 W/m2 and Pe = 0, tem-
peratures are low (maximum of 323 K) and σ3 ∼ 0.0004 S/m,
therefore, attenuation of electric field amplitude in ceramic
region is small as seen in Fig. 3 (c) and (d). On the other hand,
when Pav = 8000 W/m2 for Pe = 0, we operate on the middle
branch and average temperatures are high (maximum of 1400 K).
Dirichlet condition maintained at the bottom boundary causes
a nonuniform temperature distribution, and σ3 is maximum
(or minimum) where temperature is maximum (or minimum),
therefore, it is expected to see attenuation of field amplitude in
high-temperature regions, which is seen in Fig. 5 (c) and (d)
where maximum field amplitude is observed near the bottom
boundary where the temperature is minimum.

B. Fluid Flow (Pe �= 0)

We now introduce fluid flow along the positive Y-direction in
region 2. As the fluid is forced to move in region 2, it collects
thermal energy from the heated region 3 through conduction
and convection. The rate at which fluid delivers the energy at
the outlet (in W/m2) is given by

Pabs =
k2TA
l1

Pe

∫ 1

0

Tovodx (20)

where To and vo are temperature and fluid velocity profiles at the
outlet, respectively. ForPe �= 0, the EM losses in the ceramic are
balanced by Pabs and thermal losses to the surrounding. Overall
efficiency of the device can be defined as the ratio of thermal

power delivered by the fluid at the outlet to incident power of
EM waves. Using the expression above, we calculate the overall
thermal efficiency of the power absorption χ as

χ =
Pabsl1
PinH

× 100 (%). (21)

1) Pe ∼ o(1) and η = 0.06: We now choose velocity scales
such that Pe ∼ o(1) for η = 0.06. Physically, fluid is moving
slowly in region 2 such that velocities are o(10−5) m

s . As Pabs

increases with Pe, we expect that more power of incident wave
would be required to achieve transition from lower branch to
the middle one when Pe is increased. This can be confirmed
from Fig. 6, where we see that for incident power of 8000 W/m2

and Pe = 8.6, EM HX operates on the lower branch (see Fig. 4)
unlike what was seen in Fig. 5. From Fig. 7, when incident power
is 15 000 W/m2, it appears that EM HX operates on the middle
branch, and we observe significant rise in temperature at the fluid
outlet (from ∼ 350 to ∼ 1100 K). This suggests that EM HX
operating on the middle branch may be more efficient compared
to the ones operating on lower branch. We now calculateχwhen
device is operated on lower, middle, and upper branches for
Pe = 4, and plot χ as a function of Pav in Fig. 8. Although, for
Pe = 4, average fluid temperatures when the device operates
on the upper branch are much higher (∼2500 K) compared to
cases when it operates on the middle branch (∼1000 K), the
middle branch is found to be more efficient for Pav between
5800− 6300 W/m2. This plot demonstrates how the devices
operated on the middle branch can operate efficiently even when
average temperatures are moderate (∼1000 K).

We extend the COMSOL model and generate stable branches
of power response curves for different Pe. The presented model
applies the method of resonance-based control over thermal
runaway proposed in [26] and [27] to a triple-layer EM HX with
plane Poiseuille flow. The stable branches of double S-curves
shown in Fig. 4 confirm the existence of the middle branches for
lowPe. When the transition between lower and middle branches
is achieved, thermal runaway initiates locally but stabilizes
on the middle branch where average temperatures are around
1100 K.

We also see from Fig. 4 that average temperatures of upper
and middle stable branches keep dropping as Pe is increased.
Especially, the upper branches undergo drastic reduction in
temperatures compared to the middle and lower branches. This
behavior seems plausible because at higher Pe flow speed is
high and the rate at which fluid extracts heat from the heated
ceramic is large as seen from (20). In general, the amount of
heat transfer through convection between coolant and a heated
region depends on the temperature difference between them.
Convection is large when temperature difference is large. When
EM HX operates on the upper branch, there naturally exists a
large temperature difference between the coolant and ceramic
compared to when EM HX is on middle or lower branch. As
a result, the convection heat transfer between the coolant and
ceramic is large. In Fig. 9, we plot χ as a function of Pe for
Pav = 15 000 W/m2 and Pav = 30000 W/m2. Parameter Pav

is chosen such that steady-state solution is on the middle or
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Fig. 5. Steady-state dimensional T profiles produced by (a) IMEX and (b) COMSOL dimensionless |E| profiles given by (c) IMEX and (d) COMSOL models for
power Pav = 8000W/m2 with no flow case Pe = 0. The solid line represents the interface between regions 2 and 3 and AA’ is the axis of symmetry. Maximum
and average Er in comparison of (a) and (b) is 0.01 and 5.3× 10−4, and between (c) and (d) is 0.14 and 0.01, respectively.

Fig. 6. Steady-state dimensional T profiles produced by (a) IMEX and (b) COMSOL, dimensionless |E| profiles given by IMEX (c) and COMSOL (d) models
for power Pav = 8000 W/m2 with flow case Pe = 8.6 and η = 0.06. The solid line represents the interface between regions 2 and 3 and AA’ is the axis of
symmetry. Maximum and average Er in comparison of (a) and (b) is 0.003 and 1.42× 10−4, and between (c) and (d) is 0.24 and 0.004, respectively.
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Fig. 7. Steady-state dimensional T profiles produced by (a) IMEX and (b) COMSOL, dimensionless |E| profiles given by (c) IMEX and (d) COMSOL models
for power Pav = 15000 W/m2 with flow case Pe = 8.6 and η = 0.06. The solid line represents the interface between regions 2 and 3 and AA’ is the axis of
symmetry. Maximum and average Er in comparison of (a) and (b) is 0.09 and 2.5× 10−3, and between (c) and (d) is 0.5 and 0.03, respectively.

Fig. 8. Overall thermal efficiency of the device operating on respective
branches of power response curves for Pe = 4.

upper branches. From Fig. 9, slopes of the respective curves
suggest that the rate at which Pabs increases with Pe is larger
for the upper branch compared to the middle one. In other words,
the rate at which convection heat transfer increases with Pe is
larger on the upper branch. This explains why the upper branches
undergo drastic temperature drop off with Pe. We expect that
when Pe is large enough, upper branches would converge to the
middle branch. Another observation is that with Pe, hysteresis
on the upper branches keep diminishing, and the length of upper
branch keep decreasing.

2) Pe ∼ o(1) and Pe ∼ o( 1
η ) for η = 0.05: We now gener-

ate power response curves for Pe ∼ o(1) and Pe ∼ o( 1
η ) for

Fig. 9. Efficiency of the considered EM HX as a function ofPewhen operated
on the upper and middle branch for η = 0.06.

η = 0.05. Response curves for this case are shown in Fig. 10.
As found in the previous section, the convective heat transport
within the fluid region causes reduction in temperature of middle
and upper branches with Pe. As a result, hysteresis on the upper
branch keep on diminishing withPe as seen in Fig. 10(a). When
Péclet numbers are moderate, i.e., Pe = o( 1

η ), from Fig. 10(b)
we see that hysteresis is minimal, and transition between middle
and upper branches is not as abrupt as compared to cases when
Pe ∼ o(1). Next, we plot χ as a function of Pe in Fig. 11, when
the steady-state solutions are on the middle and lower branches.
To generate the plot, Pav is chosen such for o(1) ≤ Pe ≤ o( 1

η ),
the steady-state solution are on the lower and middle branches
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Fig. 10. Stable branches of power response curves for different Péclet numbers produced using COMSOL Multiphysics model.

Fig. 11. Overall thermal efficiency as a function ofPewhen device is operated
on lower and middle branches. Efficiencies for lower and middle branches are
calculated for Pav = 7000 W/m2 and Pav = 15000 W/m2, respectively.

when initial temperature is maintained at 300 and 1000 K,
respectively. We observe that the operation on the middle branch
is more efficient (about 20%) compared to operation on the
lower branch (about 1%). Another observation is thatχ increases
almost linearly with Pe when o(1) ≤ Pe ≤ o( 1

η ).

C. Local Onset of Thermal Runaway

In both cases (i.e., with and without fluid flow), we observe a
hotspot in ceramic region when EM HX operates on the middle
branch (see Figs. 5 and 7). In order to understand how hotspots
are generated, we look at the transient behavior of temperatures
in the ceramic. In Fig. 12, we plot transient snapshots of tem-
perature profiles when a hotspot appears in the ceramic region
for Pav = 12 000 W/m2 and Pe = 0.3. In Fig. 13 evolution of
maximum and average temperatures Tmax and Tavg with time
is plotted for different incident powers Pav and Pe. To produce
both figures, Pav and Pe are chosen such that steady-state
solutions are on middle stable branch when initial temperature is
maintained at 300 K. We explain the transient behavior in three
stages.

Stage I: This region is before initiation of thermal runaway.
Temperatures in region 3 are small and σ3 ≈ 0.0004. In that

case |E3|2 is large, but σ3 is small such that the heat source
S|E3|2σ3(T ) is balanced by Pabs, thermal losses at the bound-
aries, and a small instantaneous temperature rise.

Stage II: In this region thermal runaway is observed. Instanta-
neous temperature profiles during this stage are shown in Fig. 12
forPav = 12 000W/m2 andPe = 4.3. TransientTmax andTavg
for this case are shown in Fig. 13 (b). We observe that when
t = 64 in Fig. 12 (a), maximum temperature reaches a critical
value and thermal runaway is about to instigate. When t = 66,
significant rise in maximum temperature (from 649 to 1651 K)
takes place indicating initiation of thermal runaway and a local
hotspot is observed as seen in Fig. 12 (b). At this critical moment,
the EM losses in region 3, where the temperature is maximum,
are large enough such that thermal losses at the boundaries and
Pabs cannot balance the local heat source, which results in large
instantaneous temperature rise and a local hotspot. Oscillations
seen in transient Tmax (in Fig. 13) during STAGE II indicate that
mechanisms of heat generation (EM losses) and combined ther-
mal losses (Pabs and losses at the boundaries) instantaneously
try to dominate each other. When the hotspot in near the top
boundary, Pabs is small as the hotspot is near the outlet. As the
time progresses, thermal energy in the hotspot begins to dissipate
toward the colder region in ceramic through conduction, and
some energy is lost to the environment though thermal losses.
As a result, the hotspot travels toward the negative Y-direction
as seen from Fig. 12 (b)–(g). As the hotspot moves down, Pabs

increases, as more time is available for the fluid to collect heat
from the ceramic as it moves from inlet to outlet. Finally, the
combined thermal losses begin to dominate heat generation and
the thermal runaway stabilizes when t = 120 in Fig. 12 (h).

Stage III: During this stage, combined thermal losses balance
the heat generation and equilibrium is achieved. As a result of
the hotspot, fluid absorbs large thermal energy from the local
heat source making EM HX more efficient when operated on
the middle branch which is shown in Fig. 11.

The key observation from this study is that the thermal
runaway is governed by local temperature. The slope of Tmax

at the critical point is much larger than the slope of Tavg. In
other words, a rapid rise in local maximum results in a rise of
average temperature during thermal runaway. This observation
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Fig. 12. Transient evolution of the hotspot observed in STAGE II for Pav = 12000 W/m2, P e = 4.3. The solid line represents the interface between regions
2 and 3 and AA’ is the axis of symmetry.

is consistent with results in [16] and [21]; as soon as the local
maximum temperature reaches a critical value, thermal runaway
initiates resulting in appearance of the hotspot. In our simulation
for Pe = 0 and Pe �= 0, we observe critical Tmax ≈ 650 K.

D. Effect of Fluid Permittivity

Until now we discussed results when resonance criteria given
by (2) is followed exactly. In this section, we relax the reso-
nance criteria by varying fluid permittivity and keeping all other
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Fig. 13. Transient evolution of maximum and average temperatures Tmax and Tavg given by COMSOL model when (a) Pav = 9000 W/m2, P e = 0 and
(b)Pav = 12000 W/m2, P e = 4.3. Parameters Pav and Pe are chosen such that EM HX operates on the middle branch when initial temperature is 300 K.
STAGE I is heating when there is no thermal runaway, STAGE II is stabilization of thermal runaway on the middle branch, and STAGE III is when steady-state is
achieved.

Fig. 14. Stable branches of power response curves for Pe = 0 and permittivity ratio. (a) r = 6. (b) r = 6.76 (perfect resonance). (c) r = 7.6. (d) r = 8.6.

Fig. 15. Stable branches of power response curves for Pe = 2 and permittivity ratio. of r = 6 (a). (b) r = 6.76 (perfect resonance). (c) r = 7.6. (d) r = 8.6.

parameters constant. We define permittivity ratio as

r =
εr2
εr3

.

We keep εr3 constant and vary r. The perfect electric field
resonance is achieved when r = 6.76. The goal here is to explore
how the shape of the response curve changes in the neighborhood
of r = 6.76.

For Pe = 0 and Pe = 2, power response curves for r = 6,
r = 6.76, r = 7.6, and r = 8.6 are shown in Figs. 14 and 15,
respectively. Although, we do not follow resonance criteria
exactly, we still observe existence of middle branch in the
neighborhood of r = 6.76. To understand how the middle branch
behaves with permittivity ratio, we simulate response curves for

different r and Pe. We define length of the middle branch as
the difference between powers at extreme points. Plot of the
length of middle branches with r for different Pe is shown in
Fig. 16. We see that the length of middle branches slowly starts
to increase we approach the reference r = 6.76, and keeps on
increasing until it reaches to maximum at r = 7.4. The plot in
Fig. 16 gives an estimate on the ranges of r within which we
have three distinct stable branches. As we start to move away
from the ranges shown in the plot, the middle branch merges
into the upper branch as seen from Figs. 14(d) and 15(d), and
eventually acquires a typical S-shaped power response curve as
shown in Fig. 2(a) if permittivity ratio is increased even further.
In that case, only two stable branches exists; the lower branch
(∼ 300K) and the upper branch (∼ 2500K). These observations
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Fig. 16. Length of the middle branch as a function of permittivity ratio r.

are inline with results discussed in [26] and [27]. These papers,
for the no flow case, report that the length of the middle branch
first increases and then decreases with permittivity ratio.

The idea of resonance-based control over thermal runaway re-
lies on the existence of the middle branch. We have demonstrated
that the middle branch exists, as long as permittivity variation is
within roughly 10% of the reference r = 6.76 as seen in Fig. 16
for Pe ∼ o(1).

IV. CONCLUSION

In this article, we presented a numerical model produced
in COMSOL Multiphysics which describes the operation of a
triple-layer EM HX with plane Poiseuille flow. The model is
validated by comparing steady-state electric field and temper-
ature profiles with the ones produced by another model using
an IMEX finite-difference scheme. Because of the electric field
resonance in the lossy region we found that power response
curve stet is a double S-curve when Pe ∼ o(1) and Pe ∼ o( 1η ).
We have found that EM HX operating on the middle branch are
more efficient (about 20%) compared to those operating on the
lower branch (about 1.5%) when Pe ∼ o( 1η ).

From the comparison of power response curves for different
Pe, we observe that the average temperatures of upper and
middle stable branches keep dropping as Pe is increased. Large
convection heat transfer between the fluid and the ceramic causes
the upper branches undergo drastic reduction in temperatures
compared to the middle and lower branches. When Pe is suffi-
ciently large around o( 1η ), we observe hysteresis on the upper
branch diminishes.

We have described the transient behavior of the thermal
runaway in triple-layer EM HX. Results confirm that thermal
runaway instigates as soon as the local maximum temperature
reaches a critical value. The EM losses in region 3, at the point
where the temperature is maximum, are large enough such
that thermal losses at the boundaries and convection between
coolant and the ceramic cannot balance the local heat source,
which results in large instantaneous temperature rise and a local
hotspot. As the time progresses, the hotspot travels toward the
bottom boundary allowing fluid to collect thermal energy from
the local heat source. The hotspot in ceramic region causes

an EM HX to operate more efficiently on the middle branch.
When thermal losses at the boundaries and power absorbed by
fluid balance the local heat source, steady state is achieved and
thermal runaway stabilizes on the middle branch.

We also investigated cases where we vary permittivity of the
fluid region, keeping all other parameters fixed. We found that
middle branch exists for Pe ∼ o(1) when the variations in fluid
permittivity are roughly within 10% of the reference value.
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