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Elementary Integrals: Extended List - Part 1

n+l

Iu”dz{= “
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jldu=1n|u|+c
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je“du =e“ +
ja“du = IZa +C

Icos wdit=smu+C

jsin udu =—cosu+C

jsec32 udu =tanu +C
jcscz udu=—cotu+C
Isecu tanudu =secu+ C

jcscucotudu =—cscu+C
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Elementary Integrals: Extended List - Part 2

jtan udu = ln‘sec u‘+ C
Icot udu = ln‘sin u‘ +C
Isec udu = ln‘sec # + tan H‘ +C

Icsc udi = —ln‘cscu + cotu‘ +C
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Algebraic Procedures for Transforming Integrands

Technique : : - Example . #
Expand (numerator) (1+e)?=1+ 2 + e*
: " o 1+ x 1 X
Separate numerator il P+l et 5
Complete the sguare ' 1 = 1 3
Complete the square. Jm-v A-G-

o B _ ! 2 1
Divide improper rational function _- e 1 211 8

2x 0 x+2-2 2x+2 2-

dd and subtract t = L -
Add and subtract terms in numerator ¥*+2x+1 xX+22+1 P+ 2x+1 (x+ 17

DO NOT SEPARATE DENOMINATORS!
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Trigonometric Ildentities for Trigonometric Integrals

Integral

1. I sinxdx & f cos"xdx
la. » 1s odd

1b. n 1s even

2. j sixcos"xdx

2a. n or m 1s odd

2b. both m and »n are even
3. jtan”xa’x & jc-ot”xdx

4. j tan™xsecxdx & I cotxcscxdx

4a. n even, m any number

4b. m odd, n any number
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Technique

sin?x + cos?x =1

sin?x = Y42(1 — cos2x), cos?x = ¥%(1 + cos2x)

sin?x + cos2x =1

sin?x = ¥%(1 — cos2x), cos?x = ¥%4(1 + cos2x)

tanZx = secx — 1, cot?x =cscix — 1

sec?x = tanx + 1

tanZx = secix — 1, cot®x =csc3x — 1
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Trigonometric Substitutions

Integrand’s Fraction Substitution (Restriction)
1) va* —u’ ’ a u = gsint
t (—7l2<t< 7/2)
Jat —u’
2

u = atanft

(—7l2<t< 7/2)

(3) u’ —a’ u u = asect

vu'—a O<t<z,t# 2
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Partial Fractions (1)

.. with Simple Linear Factors — Examples (0) & (A)

Suppose f(x) = p(x)/g(x), where p and ¢ are polynomials with no common
factors and with the degree of p less than the degree of g. Assume that ¢ is the
product of simple linear factors. The partial fraction decomposition is obtained
as follows.

Step 1.

Step 2.

Step 3.

Step 4.
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Factor the denominator g in the form (x — r)(x — ry) - (x = r,),
where ry, . . ., 1, are real numbers.

Partial fraction decomposition Form the partial fraction decomposition
by writing

X A A
E__(___}_z 1 -+ 2 + o+ An

Q(I) ('x - 3’1) (}C - rE) ('x o r?L)'
Clear denominators Multiply both sides of the equation in Step 2 by
g(x) = (x — n){x— r) - (x — r,), which produces conditions for
Ap, .. LA,
Solve for coefficients Equate like powers of x in Step 3 to solve for the
undetermined coefficients A, ..., A,.
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Partial Fractions (2)

... for Repeated Linear Factors

Suppose the repeated linear factor (x — r)™ appears in the denominator of a
proper rational function in reduced form. The partial fraction decomposition has a
partial fraction for each power of (x — r) up to and including the mth power; that
is, the partial fraction decomposition contains the sum

Ay Ag As A,

(x*r)+(x——;-')2+(x—-r)3+'”+(x——r)’””

where Ay, ..., A,, are constants to be determined.

... with Simple Irreducible Quadratic Factors — Example (B)

Suppose a simple irreducible factor ax” + bx + ¢ appears in the denominator
of a proper rational function in reduced form. The partial fraction decomposition
contains a term of the form

Ax + B

ax> + bx + ¢

where A and B are unknown coefficients to be determined.
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