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Introduction

Let W; = (Wy(t), Wa(t),---, Wy(t))T be a standard
d-dimensional Brownian motion.

Assumption
An underlying process X; is a conservative d-dimensional
time-homogeneous Markov diffusion process with the following
form:

dXy = b(Xe) dt + o(Xe) dWe, Xo =€
Here, b is a d-dimensional column vector and o is a d X d matrix
with some technical conditions.
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Introduction

In finance, we often encounter the quantity of the form:

pr =E%e” Jo" r(X) dE(XT)] .

Purpose: to study a sensitivity analysis for the quantity pt with
respect to the perturbation of X; for large T.

This sensitivity is useful for long-term static investors and for
long-dated option prices.
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Introduction

Let X{ be a perturbed process of X; (with the same initial value
& = Xo = X§) of the form:

dXi = be(X{) dt + o (Xf) dW; . (1.1)
The perturbed quantity is given by
T £)ds €
pr =B o "X r(Xp)] .

For the sensitivity analysis, we compute

9 ;
O€|._y PT

and investigate the behavior of this quantity for large T.
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Introduction

For the sensitivity w.r.t. the initial value Xy = £, we compute

Opr
o

and investigate the behavior of this quantity for large T.
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Martingale extraction
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Martingale extraction

We denote the infinitesimal generator corresponding to the

operator
f s pr = EQe o rXdtr(xp)]
by L :
1< 02
L= I’szl a,J(x D% + ,Z: b; (x — r(x)

where a =00 '.
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Martingale extraction

Let (A, @) be an eigenpair of Lo = —A¢p with positive function ¢.
It is easily checked that

M = eI 060 6 (x) 61 (¢)

is a local martingale.

Definition
When the local martingale M, is a martingale, we say that (X, r)
admits the martingale extraction with respect to (A, ¢).

o fot r(Xs)ds _ M, e~ At ¢_1(Xt) ¢)(§)
: martingale M; is extracted from the discount factor
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Martingale extraction

When M; is a martingale, we can define a new measure P by
P(A) := [, M7 dQ = E? [IaM7] for A € Fr, that is,

dP

My = ——
T dQ| .

The measure P is called the transformed measure from Q with
respect to (A, ¢).

pT can be expressed by

pr = EQeJo r)dsf(x1)]
= ¢(&) e - EU M, (¢ F)(Xe)]
=o(&) e T E7 (o7 )(X7)].
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Martingale extraction

We have
pr = Ee b 0D=f (X)) = o(¢) e -EF|(0 (X7

This relationship implies that the quantity pr can be expressed in
a relatively more manageable manner. The term EF[(¢~1f)(X7T)]
depends on the final value of X7, whereas EQ[e™ Iy r(X)ds£( X))
depends on the whole path of X; at 0 <t < T.

This advantage makes it easier to analyze the sensitivity of
long-term cash flows.
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Martingale extraction

In general, there are infinitely many ways to extract the martingale.
We choose a special one.

Definition

Consider a martingale extraction such that EF[(¢~1f)(X7)]
converges to a nonzero constant as T — oo. We say this is a
martingale extraction stabilizing f. In this case,

1
lim —|I =-A\.
fm, 7 ner

For example, if X; has an invariant distribution g under P, then
B0 )] > (6702 dutz)
for suitably nice f.
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Sensitivity Analysis

The rho and the vaga
Let X{ be a perturbed process of X; (with the same initial value
£ = Xo = X§) of the form:

dXi = be(X{) dt + o (XF) dW; . (3.1)
The perturbed quantity is given by
T £)ds €
p = ECfe™ o "X r(x5)].

For the sensitivity analysis, we compute

— In p$
<
e e=0

and investigate the behavior of this quantity for large T.
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Sensitivity Analysis

Assume that (X, r) also admits the martingale extraction that

stabilizes f, then
= ¢c(€) e IT - EF (¢ F)(XF)] -

Differentiate with respect to ¢ and evaluate at ¢ = 0, then
o)

el P _ B |0 &) i), B o IO (X))
T-pr T-¢(&) T-EF[(¢~F)(X7)]
5 | B (071 1) (X5 )]

TUT E ()]

Here, EF[(¢~1f)(X7)] — (a nonzero constant) as T — co.
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Sensitivity Analysis

The long-term behavior of the rho and the vaga

Under some conditions, the first, third and the last terms go to
zero as T — 00, thus we have

o Py
lim = —| Inp5= lim 21<=0"F — _\(0
Tinoo T Oe =0 nPT TI—>oo T- PT ( )
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Sensitivity Analysis

The dynamics under the transformed measure

Let

pi=0 - Ve (Girsanov kernel)
then .
Bt = Wt —/ SO(XS) dS
0
is a Brownian motion under P. The P-dynamics of X; are

dX, = b(X,) dt + o(X;) dW,
= (b(Xt) + o(Xt)p(Xt)) dt + o(X:) dB: .
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Sensitivity Analysis

The rho
Want to control: + £ | o EF< (07 F)(X$)] = 0 as — oo

The perturbed process X; expressed by

dX§ = b (X?) dt + o(X{) dW,
= (07 be + 0o )(X¢) dt + o(XF) dBE
= ke(X{) dt + o(X{) dB; .
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Sensitivity Analysis
The rho
Assume that there exists a function g : R — R with

‘ Ok(x)

5| <8()

on (€,x) € I x RY for an open interval / containing 0 such that

(i) there exists a positive number €g such that

EF {exp <eo/0Tg2(xt)dtﬂ <ce'l

for some constants aand con 0 < T < 0.

(ii) for each T > 0, there is a positive number €; such that
EPfT 2te1(X,) dt is finite.
(iii) +-EP[(¢71F)?(X7)] = 0as T — cc.
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Sensitivity Analysis

Then, EF<[(¢~1f)(X$)] is differentiable at e = 0 and
T

1 0

o | N0 0.
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Sensitivity Analysis
The vega

One way:
The method of Fournie et. al. with bounded-derivative coefficients

Fournie et. al.: Applications of Mallivin calculus to Monte Carlo
methods in finance. inance Stoch. 3, 391-412 (1999)

The perturbed process Xf :
dX{ = b(X{) dt + (o + eo)(X{) dW,
The P.—dynamics of X; are

dXf = (b+ (0 + €0)pe)(Xf) dt + (0 + €7)(X;) dB;
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Sensitivity Analysis

The vega

We take apart two perturbations by the chain rule.

dX{ = (b+ (o + po)p,)(XE) dt + o(X{) dBY.
dX{ = (b+op)(X{) dt + (o +vo)(X{) dBy .
Then we have

o O 553)

e
| ERETA | e ).

e=0
p=0 v=0
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Sensitivity Analysis

Let Z; be the variation process given by

d
dZ: = (b+ o) (X:)Ze dt +(X)dB: + Y 0}(Xe)Z: dBie , Zo =04
i=1

where o} is the i-th column vector of o and Q4 is the
d-dimensional zero column vector.

Theorem

Suppose that b+ o and ¢~ 1f are continuously differentiable with
bounded derivatives. If + -EF[|Z7|] — 0 as T — oo, then

.1 0 P/ -1 s\
Tﬁ%?@ y:oE (e~ F)(XT) =0.
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Sensitivity Analysis

The vega
One way : the Lamperti transform for univariate processes

The perturbed process is expressed by
dXi = be(X7) dt + o (XE)dWe, X5 =Xo =&, (3.2)

Define a function

ue(x) :== /EX agl(y) dy . (3.3)
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Sensitivity Analysis

The vega
Then we have

1
mqﬁj:wj@—§¢xﬁyﬁ+mm,%m@:%@y:u
Set Us := uc(X), then

dUS = 6.(US) dt +dW; , U5 =0, (3.4)

where 5.(-) == ((0-be — 307) o ve) ().
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Sensitivity Analysis
The delta

Let .
pr = Ege” lo X% £(x1)]

The quantity of interest is for large T
Vg PT -
From the martingale extraction
T
pr =E%elo "COF(XT)] = 9(¢) e T -EF[(¢7 )(XT)],
it follows that

Vepr Ve Ve Elgp[(gb_lf)(XT)]
pr o ¢&)  EZ[(¢71F)(X7)]
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Sensitivity Analysis

The long-term behavior of the delta

We have
lim 7V§ PT _ L§¢
T—oo  pT #(€)

Ve Ee[(¢~ ) (X7)]| = 0.
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Sensitivity Analysis

Let Y; be the first variation process defined by

dy, = (b+a<p)(Xt)Ytdt+Z (Xt)Y:dBit, Yo =1y
i=1

where o} is the i-th column vector of ¢ and I, is the d x d identity
matrix.
Corollary

Assume that the functions b + o and ¢ are continuously
differentiable with bounded derivatives. If E?(gf)_lf)z(XT) and

E§|\a*1(XT)YTH2 are bounded on 0 < T < oo, then
E[(¢oF)(X7)] is differentiable by ¢ and [VeEg (67 F)(XT)| =0
as T — oo. Here, | - | is the matrix 2-norm.
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Examples of Options
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Examples of Options
The CIR short-interest rate model
Under a risk-neutral measure Q, the interest rate r; follows
dry = (0 — ary) dt + o+/r dW;
with 260 > o2
The short-interest rate option price
pr =Bl ot f (1))
Want to know the behavior for large T of

opr  Opr  OpT
00 ' 0da = Oo
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Examples

Assume f(r) is a nonnegative continuous function on r € [0, c0),
which is not identically zero, and that the growth rate at infinity is
equal to or less than ™ with m < 5.

The associated second-order equation is
1
Lo(r) = Eazrqﬁ”(r) +(0 = ar)¢(r) — ré(r) = =o(r) .

Set k= 7“’2222”2_3 It can be shown that the martingale
extraction with respect to

(A, ¢(r) := (O, e™™)

stabilizes f.
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Examples

For large T, we have that

1
lim 7Iin = —0kK,

T—o0

im 1 Oinpr _ Vat+20?2—a
T—oo T 00 o2 ’
1 Olnpr  6(Va®+20%—a)
Tooo T 08a o222 +202

1 Odlnpr 6(Va%+ 202 — a)?

lim —- =

Tooo T 0o o3vVa2 + 202
va2+202—a

lim —~Inpr=———"5——.

T—oo 0Ny g
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Examples

The quadratic term structure model
Let X; be a d-dimensional OU process under the risk-neutral
measure Q

dX: = (b+ BX;) dt + o dW;

where b is a d-dimensional vector, B is a d X d matrix, and o is a

non-singular d x d matrix.

The short interest rate : r(x) = 8 + (o, x) + (I'x, x) where the
constant 3, vector o and symmetric positive definite I are taken to
be such that r(x) is non-negative for all x € R,
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Examples

Interested in: ;
pr = EQe Jo rXddtr(x )]

with suitably nice payoff function f.

Let V be the stabilizing solution (the eigenvalues of B —2aV/ have
negative real parts) of

2VaV —-B'V-VB-T=0,
and let u = (2Va— BT)"1(2Vb + a).

The martingale extraction stabilizes f is

1
(A o(x)) = (B - EuTau +tr(aV) 4+ u'b, e (0= (Vxx)y
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Examples

We have that for 1 < /,j < d,

1 1
lim —Inpr =—-p+ EuTau —tr(aV)—u'b,

T—oo T
i L dlnpr  OA
T—o0 ab,' N 8b,‘ ’

lim l Jdln PT oA
T—ooo T 6B;j N 8B;j ’
1 dln PT o\

li . =

o T 90r 007’
v

lim ~£PT — _,_ove.

T—oo pPT
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Examples of Expected Utilities
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Examples
The geometric Brownian motion

Assume that S; satisfies
dS¢ = pSe dt + 0S5 dW,
with g — %02 > 0. Let Q be the objective measure. Interested in
pr =E%[e T S59].
The corresponding infinitesimal generator:
(£0)(s) = 50°5°0"(5) + st () — ro(s).
The stabilizing martingale extraction:
(0, 0(s)) = (r — pa — S0%a(a — 1), %)
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Examples

The geometric Brownian motion

With this (A, ¢), we conclude that

TIi_r)nOO%Iin = —r+pa+ %aza(a -1),
lim 1 Inp-r——a—)\:a

T—ooo T 0O 6,u ’
Tlinool% Inpr = —% =ocala—1),
lim —Inpr = (%) .

T—o00 059 ?(S) S

40 / 49



Examples

The Heston model

An asset X; follows

dXt = /,I/Xt dt + \/VtXt dZt s
th = (")/ — ﬁvt) dt+5\/7tth s

where Z; and W; are two standard Brownian motions with
(Z, W) = pt for the correlation —1 < p < 1.

Interested in:
pr = E%u(Xr)] = E%[X?]
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Examples

The Heston model

1
T'E‘OO?(TMMPT =a
1
i 75y mPT
— 2 2 — .
_ Lo q). YB=padP £ 8a(l—a) = B+ pas
2 52
lim lﬁm _ V(B = pad)? + 82a(l — a) — B+ pas
T—oo T Of PT 52\/(B_P015)2+52a(1 —a)
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Examples
The Heston model

- o V(B—pad)? +2a(l—a) — B+ pad
T—oo T 00 62\/(B — pad)? + §2a(1 — a)
(V(B = pad)? + 0%2a(1 — a) — B + pad)?
531/(B — pad)? + §2a(l — a)
a/ (B — pad)? + 82a(l — a) — af + pa?s

T—oo T Op 5v/(B — pad)? + 82a(l — a)
lim i Inpr = 2
T—o0 8X0 X()
lim i Inpr
T—oo aVo
— —%Oz(l _ a) . \/(ﬁ - pa5)2 + 5250;(1 - a) * ﬁ+p0&5 )
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Examples of LEFTs
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Examples of LEFTs

The sensitivity analysis of the expected utility and the return of an
exchange-traded fund (ETF) is explored.

The leveraged ETF (LETF) L; can be written by

Le _ (X7 o 2800 gt o)/
Lo Xo ‘

We consider a power utility function of the form
u(c)=c*, 0<a<l.

Interested in the sensitivity analysis of

pr == E%[u(L7)]
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Examples of LEFTs

The 3/2 model
The dynamics of X; follows the 3/2 model
3/2
dXt = (9 — aXt)Xt dt + O'Xt th
with 6, a,0 > 0 under the objective measure Q.

The expected utility and the return of LETF is

aB(B—1)0?
pr = EQ[U(LT)] _ EQ[e_ B ﬂ2 1 fOTXu du X?ﬁ] . e—ra(ﬁ—l)T .
Interested in the behavior for large T of

opr  Opr  Opr
00 ' da ' Oo
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Examples of LEFTs
The 3/2 model

The corresponding infinitesimal operator is

L 023367 (x) + (6 — ax)xd! (x) — %aﬂ(ﬁ — 1)o?xé(x) = —A(x) -

2
é::\/<;+;)2+aﬁ(ﬂ—1)—<;+;> .

It can be shown that the martingale extraction with respect to

O\, b(x)) = (ee, x—‘f)

Set

stabilizes f(x) := x*# when |3| < 3
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Examples of LEFTs
The 3/2 model

If % +1—aB >0, then

T“_i“@%'nPT:—@ (\/<2+J )2+a6(6—1)— <;+;2>) 7

.1 9dlnpr 1 a\? 1 a
AT —‘\/<2+az> +0‘5(5—1)—(2+02)7

1 Olnpr _ 9(\/(54_;)2"‘@5(5—1)—(;—%3))

—
M| o

Tooo T Oa 02\/(%+%)2+@5(5—1)
jm L. 2lner _ 20 (\/(3+ 2)7 +asl5 -1 - (4 3))
T—ooo T oo 03\/(%_{_%) +aﬂ(ﬁ_1)



Conclusion

Thank you !
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