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ANALYSIS OF BLOCK PARAREAL PRECONDITIONERS FOR
PARABOLIC OPTIMAL CONTROL PROBLEMS*

TAREK P. MATHEW!, MARCUS SARKIS}, AND CHRISTIAN E. SCHAERERS

Abstract. In this paper, we describe block matrix algorithms for the iterative solution of a
large-scale linear-quadratic optimal control problem involving a parabolic partial differential equa-
tion over a finite control horizon. We consider an “all at once” discretization of the problem and
formulate three iterative algorithms. The first algorithm is based on preconditioning a symmetric
positive definite reduced linear system involving only the unknown control variables; however inner-
outer iterations are required. The second algorithm modifies the first algorithm to avoid inner-outer
iterations by introducing an auxiliary variable. It yields a symmetric indefinite system with a positive
definite block preconditioner. The third algorithm is the central focus of this paper. It modifies the
preconditioner in the second algorithm by a parallel-in-time preconditioner based on the parareal
algorithm. Theoretical results show that the preconditioned algorithms have optimal convergence
properties and parallel scalability. Numerical experiments confirm the theoretical results.
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1. Introduction. In this paper, we describe several block matrix algorithms for
solving an “all at once” discretization of a parabolic optimal control problem on a
convex polygonal domain  C R over a time interval (to,ts). The state variable z(t,.)
satisfies a parabolic equation with input control v(.) and initial data zo € L2(£2):

(1.1) {zt—FAz Bv for tg <t <ty,

2(0) = 2o,

where A denotes an elliptic operator. The optimal control problem seeks v(.) which
minimizes a cost functional J(z(v),v), which measures the deviation of the state
variable z(t,.) from a desired target y. Formally, A is a coercive map from the
Hilbert space L2(to,tf;Y) to L*(to,tf;Y'), where Y = H}(2) and Y/ = H=1(Q), i.e.,
the dual of Y with respect to the pivot space H = L?(f2). Here, the state variable
space is defined as ¥ = {z € L%(to,t5;Y) : 2z € L?(to,t;Y’)}. It can be shown
that Y C CO([to,ts]; H); see [14]. The distributed control v belongs to an admissible
space U = L*(ty,ts; U), where in our application U = L?(f2), and B is an operator in
LU, L*(to,ts; H)). It can be shown that the problem (1.1) is well-posed (see [14]),
and we indicate the dependence of z on v € U using the notation z(v). Given a target
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PRECONDITIONERS FOR PARABOLIC OPTIMAL CONTROL 1181

function § in L%(to,ts; H) and parameters ¢ > 0, 7 > 0, and s > 0, we shall employ
the following cost function, which we associate with the state equation (1.1):

t

I = [T 1)) -3 Mo e+ 5 [

f
[0t )72 (e dt
to

(1.2) + 5 1)) = 3t ).

For simplicity, we assume that zo € Y and § € L?(to,tf;Y), and we normalize ¢ = 1.
The optimal control problem for (1.1) seeks a control u € U which minimizes the cost
function (1.2):
(1.3) J(y,u) = min J(z(v),v).

veU
Since 0 < r (regularization parameter), 0 < ¢, and 0 < s, the optimal control prob-
lem (1.3) is well-posed (see [14]).

Our focus in this paper is on block matrix iterative algorithms for solving an
“all at once” discretization [5, 11, 12, 17, 20] of the optimal control problem (1.3).
The problem (1.3) seeks a control function u (optimal forcing term in the sense of
the cost function (1.2)) such that the solution z(v) to the parabolic equation closely
matches the given “tracking” function g on the interval (¢o,ty). We also require that
z(v)(ts,-) be close to §(ty,-) by introducing the term 3 [|z(v)(ty,-) — §(ty, -)Hiz(ﬂ)
in the cost function. The constrained minimization problem (1.3) minimizes (1.2)
subject to the constraint (1.1), where the quadratic cost functional (1.2) is a square
norm of the difference between the solution to the parabolic equation and the tracking
function with appropriate regularization, while the linear constraint (1.1) is a parabolic
equation involving the state variable.

Our discussion is organized as follows. In section 2, we describe the finite-
dimensional linear-quadratic optimal control problem obtained using an all at once
discretization of the control problem, where the spatial discretization is obtained by
the finite element method and the temporal discretization by the #-scheme. The dis-
cretization of the functional is obtained by the finite element method [5, 6, 18]. This
transforms the optimal control problem into a large algebraic constrained minimiza-
tion problem, where optimality conditions yield a large saddle point system involving
the state variables y, the control variables u, and the Lagrange multipliers p; see
2, 1, 3].

In section 3, we describe the algorithms. Using a reduction approach employed
in [19, 17], we obtain a symmetric ill-conditioned positive definite reduced system for
the unknown control variables (with low dimension in realistic situations). We refer to
this algorithm as “the reduction to u algorithm,” and a preconditioner is described.
We prove that the rate of convergence is independent of the spatial discretization
parameter h if h*/r is not large. If the parameter s = 0, the rate of convergence
depends only on the parameter r. If s > 0, we prove that the rate of convergence
depends on the time discretization parameter 7 and the parameter r (see expression
(3.41)). As aresult, the preconditioned conjugate gradient method (PCG) can be used
to solve (3.1), but inner-outer iterations are required. To overcome this drawback,
we introduce an auxiliary variable resulting in a symmetric indefinite ill-conditioned
system on the auxiliary and control variables. For this expanded system we employ
a symmetric positive definite block diagonal preconditioner [22]. We also prove that
under the same conditions of the first preconditioner (s = 0), this preconditioner is
independent of the h and 7 parameters when minimal residual (MINRES) acceleration
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1182 T. P. MATHEW, M. SARKIS, AND C. E. SCHAERER

is used. Results analogous to the first preconditioner are obtained if s # 0; see
Theorem 4.7.

In section 4, we present a saddle point preconditioner based on the parareal algo-
rithm [13, 16, 21, 8, 10, 23] and iterative shooting methods [12, 24, 4]. This precondi-
tioner yields a rate of convergence independent of the mesh size h with a dependence
on 7. If the parareal preconditioner is used as an approximate solver in the context
of the reduction to u algorithm and enough number of parareal iterations is per-
formed, then the algorithm depends on 7 for s = 0 and 7 and r for s # 0. Finally, in
section 5, numerical tests confirm the theoretical results and show that the parareal
preconditioner yields scalability when the number of subdomains is increased. To
avoid proliferation of constants, we sometimes use the notation a < b to represent the
inequality a < (constant)b, and a < b if a < b and b < a, where the (constant) does
not depend on 7, h, AT, r, and s.

2. The discretized problem and the saddle point system. To discretize
the state equation (1.1) in space, we apply the finite element method to its weak
formulation for each fixed t € (to,t¢). We choose a quasi-uniform triangulation 77 (£2)
of Q, employ the P; conforming finite element space Y}, C Y for z(t,-) and the Py
finite element space U, C U for approximating v(t,-). Let {¢; ?:1 and {wj}le
denote the standard basis functions for Y, and Uy, respectively. For convenience, we
shall employ the same notation z € Y3, and z € R4, or v € Uy, and v € RP, to denote
both a finite element function in space and its corresponding vector representation,
and to indicate their time dependence, we shall denote z and v, respectively.

A discretization in space of the continuous time linear-quadratic optimal control
problem will seek to minimize the following quadratic functional:

e =g [ =T OME- D@+ [T OR) d
(2.1) + S (alty) = Gt Malzlty) = 5(t5)

subject to the constraint that z satisfies the discrete equation of state
(2.2) Mpz+ Apz = Bpo for to <t <ty, and z(to) = 2.

Here (z — 7)(t) and (z(ts) — g(ty)) denote the tracking and final errors, respectively,
and §(t), z{ € Y}, are approximations of §(t), zo (for instance, L?({2)-projections into
Y3). The matrices My, € R1%4, A;, € R4 By, € R9*P and R;, € RP*P have entries

(Mn)ij = (i, 05), (An)ij = (6i, Ad;), (Br)ij = (i, Bij), and (Rn)i; := (i, ¥5),
where (-,-) denotes the L?(2) inner product.
To obtain a temporal discretization of (2.1) and (2.2), we partition [to, t¢] into

[ equal subintervals with time step size 7 = (ty — to)/l. We denote t; = to + [T for

0 < I <. Associated with this partition, we assume that the state variable z is
continuous in [¢, t¢] and linear in each subinterval [t;_1,%;], 1 <1 <[, with associated

basis functions {9;}}_ so that if z; € R? is the nodal representation of z(t;), we have
z(t) = Zi:o z19;(t). The control variable v is assumed to be time discontinuous and
constant in each subinterval (¢;_1,¢;) with basis functions {Xl}f:l so that if v; € R?

is the nodal representation of v(¢; — (7/2)), then v(t) = 22:1 vrxi(t).
The temporal-spatial discretization of expression (2.1) can be expressed as

(23) Tav) = 5 (e~ )" Kz —§) + 5V Gv + (2 3)Tg,
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PRECONDITIONERS FOR PARABOLIC OPTIMAL CONTROL 1183

where the block vectors z := [2], . .. ,le]T € R4 and v := [T, ... ,UZT]T € R denote
the state and control variables, respectively, at all the discrete times (in our notation,
the dimension [(j means a vector of [ subvectors of size G). Here, the discrete target
is denoted as y := [77,... ,ng]T € Rl with target error e; = (2 — @) for 0 < 1 < [.
In (2.3), matrix K := Z+T, where Z, T € RUD*(D with T = s diag(0,0, ..., M) and
Z = D,®M,, D, € R with entries (D.);; := [/ 0;(t)0;(t)dt, for 1 < i, j < I, where
® stands for the Kronecker product. Furthermore, matrix G = r7[;@ Ry, € R(P)x (D)
where I; € RI* is an identity matrix, and vector g := [g1, g2, - .., gj]7 ® Mpeo € R4,
where g; 1= fttgf 9;(t)90(t)dt. Here, note that g; # 0, and eq does not necessary vanish.

In our notation, a matriz in R("172)%(sn4) has n; block rows (and ng block columns)
where each block has dimension ny X ngy.
Employing the f-scheme discretization in time, (2.2) takes the form

(2.4) Fizii1 = Fyzi+7Brop for 1 <1< [, and zo = 28,

where Fy, F} € R*4 are (fixed) matrices given by Fy := M; — (1 — 6)7A; and
Fy := My, + 07 Ap. A full discretization in time of (2.4) will have the matrix form

(2.5) Ez+Nv="f,

where the input vector is f := [(Fpz#)T,07,...,0T)T ¢ R4 and the block lower

bidiagonal matrix E € RD* 1) g given by
Fy
-y Fy
(2.6) E=
-F K
The block diagonal matrix N & RD* ) g given by N = —71; ® Bj,. The discrete

Lagrangian functional £ (z, v, q) for minimizing (2.3) subject to constraint (2.5) can
be expressed in terms of variables z, v, and q as

(2.7) L (z,v,q) = Jj(z,v) + q" (Ez + Nv — f).

To obtain the stationary point (y,u,p) of (2.7) we apply the KKT optimality condi-
tions for L] (-, -,). This yields the symmetric indefinite linear system

K 0 ET y Ky —g
(2.8) 0 G N7T u | = 0 :
E N 0 P f

where § := [(7)7,..., (5)7]" € R™.

3. Block matrix algorithms. We shall now describe and analyze several pre-
conditioned block matrix algorithms for iteratively solving saddle point system (2.8).

3.1. Reduction to u algorithm. We shall now describe an algorithm for solv-
ing the saddle point system (2.8) based on the solution of a reduced Schur complement
system involving the control variable u. Solving the third and first block rows in (2.8)
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1184 T. P. MATHEW, M. SARKIS, AND C. E. SCHAERER

yield y = —E7'Nu + E7!'f and p = —~E"TKy + E-TKy — E~Tg, respectively.
System (2.8) can then be reduced to the following Schur complement system for u:

(3.1) (G+NTE"TKE 'N)u = b,
where b is given by
(3.2) b:=N'E" (KE'f-Ky+g).

Algorithm 1 consists of solving the Schur complement system (3.1) by the con-
jugate gradient algorithm using G as a preconditioner. This algorithm is simple to
implement. However, it requires inner and outer iterations, where the inner iterations
deal with applications of E~! (and E=T) to a vector. In principle, these applications
must be performed very accurately. The implementation of inexact inner iterations
(see [25]) is under research and will not be considered here.

3.2. Reduction to u and w algorithms. To avoid the expensive computations
in Algorithm 1 involving the action of E=! and E~7T each iteration, we formulate a
new saddle point system equivalent to (3.1) by introducing an auxiliary variable w:

w:= —E TKE 'Nu.

Then, the solution to system (3.1) can be obtained by solving the system

w EK 'E” N w 0
S M R e M R
which is symmetric and indefinite. The action of E~! is required only once in the
assembly of the right-hand side input vector b.
Algorithm 2 consists of solving linear system (3.3) by the MINRES algorithm
using the block diagonal positive definite preconditioner

(3.4) j [ EKEY o ] :

Algorithm 3 consists of solving linear system (3.3) by the MINRES algorithm
using the block diagonal positive definite preconditioner

[ E,K'ET
(35) P.-| ¢l

where matrix EnIA(’lEZ is described in detail in section 4. It is based on applying
twice (one for E, and another for EI) n parallel-in-time iterations of a parareal
algorithm.

We now focus on lower and upper bounds for the eigenvalues of the preconditioned
matrices associated with Algorithms 1 and 2; see Theorems 3.2 and 3.4. To achieve
this goal, we first study the spectral properties of EM~'E”, where the block diagonal
matrix M € RUDX(9 i5 defined as M := I; ® M,.

LEMMA 3.1. Let Ap, and My be the ¢ X § symmetric positive definite matrices
introduced in (2.2). Let A, for 1 < q < § denote the generalized eigenvalues of matriz
Ap, with respect to My. Let E be the evolution matriz defined in (2.6) where the
matrices Fy and Fy are defined by

(3.6) Fy = Mh—(l—e)TAh and Fy := M, + 0TA;,
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PRECONDITIONERS FOR PARABOLIC OPTIMAL CONTROL 1185

respectively. Then, for 6 > %, the scheme (2.4) will be stable for all T > 0, while for

0 < L, it will be stable only if T < 2/ ((1 — 20) Amax). Furthermore, if the scheme (2.4)

is stable, the following bound will hold:

(3.7) Pmin(W, Mw) < (EM'ETw, W) < pax (W, Mw),
where

(3.8) Pumin = min {(Txmm)z (24 (20— 1)7/\max)2}
and

(3.9) Pmax = 4 (1 + 07 Amax)”

where Amax 1= maxq Ay and Apin 1= ming Ay.
Proof. Part 1 (Stability condition). Consider the #-scheme for (2.2):

(310) Zl+1 Z‘I)ZZ—FTFfl Bh’Ul,
where ® € R9%4 is the marching matrix given by
(3.11) O = (My, +07A) (M), — (1 — 0)TA).

Consider X}, = [z1,...,24] and A = diag{\1,...,\;} as the generalized eigen-
vectors and eigenvalues of Aj; with respect to My, ie., Ap Xy = M,XpA,, with
XTIMpXy, = I. Then it is easy to see that the stability condition for (3.10), i.e.,
(®z, Myz) < (2, Mp,z) for any z € R4, is given by

(3.12) | (L+070) 11— (1—0)7\,) [<1 for g € {1,...,4}

or equivalently

(3.13) { 1-(1-60)1A; < 1+67)\;

-1+ (1-0)71) < 1+9mq} for g e {1,...,q}.

From (3.13), we obtain 0 < 7, and 7(1—260)\; < 2 since 0 < A,. In the case § > 1/2,
there is no restriction on 7; consequently the marching scheme will be unconditionally
stable. On the other hand, if § < 1/2, then 0 < (1 — 26), and in order for the scheme
to be stable it is necessary that 7 < 2/ ((1 — 20) Amax), where Amax = maxy Aq. In this
case, the marching scheme is conditionally stable.

Part 2 (Condition number of EM~'ET). We diagonalize the blocks of EM~1E”":
(3.14)

F M, P —F M, FY
EM-IET — | FoMyFT RoMy U F + LM R
' ~F M, FY
—FyM,; 'FF FoM, 'F§ + FiM, P EE

Notice that X;{MhXh = ] and X;{AhXh = A imply that F and F} are diag-
onalized by X}, yielding Ay = X,?FOXh = X,?(Mh — (1 = 6)7A) X, and matrix
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1186 T. P. MATHEW, M. SARKIS, AND C. E. SCHAERER

Ay = XTF X, = XT(M), +01A,)X),. If X := blockdiag(Xy, . .., Xp), then the block
matrix XTEM~!'E”X will have blocks which are diagonal matrices:

A2 — Ay Ao
—AoAy M3+ A3 :
(3.15) XTEM'E’X = —AoAy  AE+ A2 A A :

: —A1 Ao
Mody A2 4 A2

where XTEM'E”TX € RUD*(9)  Next, we permute the rows and columns of the
block tridiagonal matrix (3.15) using a permutation matrix IT. This yields the matrix
© = I(XTEMETX)IIT = blockdiag(O1,...,04;), where each block submatrix
O, is a tridiagonal matrix with entries

9 -
ag —Qaqqu
—agby  ay +b; —Qaqqu
—agby ag;+b;  —agby

(3.16) 0,

—agby;  al 402 |
where b, := (1 — (1 —60)7)y) and a4 := (1+607);). Let 1(0,) denote an eigenvalue of
submatrix ©, (and hence also of ®). Then, Gershgorin’s theorem [7, 26] yields
(3.17) | 1(Oq) — 03 <[ agbq | or [ u(©4) — 03 - bz | <2]agbg |-

Using condition (3.12), we guarantee stability when | b, |<| a4 |, obtaining
2
(318) n(0,) <max (| ay | (|ag |+ b, ). (| aq |+ b )*) < max 4]a, |

and

(3.19) #(©,) = min (| aq 12— | ag 1 b 1), (L ag | = 1 b 1)) = min (| ag | =] b )*.

An upper bound for p(©,) in (3.18) is u(©,) < 4(1 + 0T Amax)’, Where Apax =
maxg Ag. To obtain a lower bound for 1(©,), using (3.19) we employ the notation
Amin = ming A,, obtaining 1(0,) > (TAmin)? or u(0,) > (2 + (20 — 17 Amax)’. The
estimate (3.7) then follows by using (X~ TII-1)(IT-7X~!) = M. O

The next theorem establishes bounds for the condition number of Algorithm 1,
i.e., the spectrum of G™1(G+NTE-TKE~!N). It uses the following straightforward
properties of the matrices Z, G,N, M, and I":

(3.20) aty'My < yT'Zy < cory’My,
(3.21) csrth*u’u< u'Gu < eyr7mh%u’u
(3.22) cs 2 b uTu <u’ NTNu< ¢ 72 B2 uly,
(3.23) crhlyly < y'"My < eshlyly,
(3.24) 0< y'Ty < ¢sy'My,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



PRECONDITIONERS FOR PARABOLIC OPTIMAL CONTROL 1187

where the ¢; are positive constants independent of r, s, h, and 7. We note, however,
for problems where the space of the control variables u is not dense enough within
the space of the Lagrange multipliers variables p, the constant c¢; may vanish.

THEOREM 3.2. Let the matrices Z, G, N, and M and T' satisfy the bounds
described in (3.20)-(3.24). Let K = Z +T'. Let the matrizc E be defined by (2.6).
Let pmax and pmin be as described in Lemma 3.1. Then, there exists pimin > 0 and
Lmax > 0, such that

(325) (14 pimin) ' Gu < u” (G + NTETTKE'N)u < (1 + ftmax) u? Gu,

_ (eaTHeos)esT N
where pimax = i CacT T and fpimin = Pmax Cacs T

Proof. Using the bounds (3.7) and (3.20)-(3.24) we obtain the following.
Upper bound.

(3.26) u'NTETKE 'Nu < (c27 + ¢g s) W NTETTME~'Nu
(3.27) cleTHod) TNtV NG
Pmin
(caT+c9s) por
2 ——u' N'N
(3 8) Pmin C7hd " "
21d
(3.29) < (caT+cgs)cgTh uTu
Pmin C7
(3.30) clertos)eT rqo,
Pmin C3C7 T
(3.31) = [imax U’ Gu;
therefore,
. u + - - u < (14 ptmax) u” Gu.
3.32 '@+ NTE-TKE™'N 1 TG

Lower bound.

(3.33) u'NTE"TKE'Nu > (¢; 7) u NTE""ME'Nu
(3.34) > A7 W'NTM~!Nu
pmax
C1 T TntT
. —— u/NTN
(3 35) - Pmax C8hd " "
3 1d
(3.36) s asTht ey
Pmax C8
2
(3.37) > A% _yTgy
Pmax C4C8 T
(3.38) = fimin 0’ Gu;
therefore,
(3.39) ul(G+NTETKE 'N)u > (1 + jtmin) u’ Gu.

This yields the desired result. O
Remark 3.3. Henceforth, we consider only the choices § = 1 or 0 = % For
finite element discretizations on a polygonal domain of size O(1) with quasi-uniform
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1188 T. P. MATHEW, M. SARKIS, AND C. E. SCHAERER

meshes, the generalized eigenvalues A\, of A;, with respect to M), satisfy the bounds
a1 < Ay < ash™2, and therefore, for § > 1/2 and h? < 7 < 1, it follows that

ht 1+ 2
(3.40) Jomin = . and figax < T,

r

Hence, from (3.25), it follows that the condition number of Algorithm 1 satisfies

148 4
(3.41) cond (G™' (G +NTE"TKE™'N)) = (1 47 T) / (1 + h—) :
T T
The next theorem establishes bounds for the condition number of Algorithm 2.
THEOREM 3.4. Let matrices Z, G, N, M, and T' satisfy (3.20)—(3.24). Define
P := blockdiag(EK'ET,G) as a block diagonal preconditioner for the coefficient

matriz H of system (3.3). Then the condition number of the preconditioned system
P~'H satisfies the bound

1 + Mmax > 1/2

3.42 d(P~'H) <
(3.42) cond(P 1) < ({1

where fimax and pmin are as defined in Theorem 3.2. Additionally, if the assumptions
of Remark 3.3 hold, then

14 s\ 12 BN /2
(3.43) cond(P~'H) < <1 + " T) / <1 + 7) .
Proof. Since P is positive definite, we consider the generalized eigenvalue problem
EK'ET N w EK'ET w
I R 1 R (M

We obtain the equations
(3.45) (n—1)EK 'E’w = Nu and (n + 1)Gu = N'w.

These equations yield (G + NTE-TKE~'N)u = 72Gu, where n? are the generalized
eigenvalues of G + NTE-TKE !N with respect to G. Using Theorem 3.2 we obtain
bounds for 7 as follows:

(346) maxmn < (1 + Nmax)1/2 )
(347) mlnn > (1 + Mmin)l/2 .
The desired result now follows, since

max |7

(3.48) cond(P~'H) <

min |n|
This yields the desired result. O

4. Parareal approximation E;TIA{ET_ll. The parareal method is a parallel
iterative method for solving an evolution equation based on a decomposition of its
temporal domain [to, t] into k coarse subintervals of length AT = (t; — to)/k, setting
Ty = to and Ty = to + kAT for 1 < k < k; see [13]. Tt determines the solution at
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PRECONDITIONERS FOR PARABOLIC OPTIMAL CONTROL 1189

the times Ty for 1 < k < k by using a multiple-shooting technique which requires
solving the parabolic equation on each interval (Ty_1,T) in parallel. To speed up the
multiple-shooting iteration, the residual equations are “preconditioned” by solving a
“coarse” time-grid discretization of the parabolic equation using the time step AT'.
In this section we formulate a preconditioner E,, for E based on n Richardson
iterations of the parareal algorithm. Using E,, an application of E;TKE;! to a
vector s = [sT,..., s;‘F]T € R/ can be computed in three steps: step 1, apply E;'s :—
z™ using n applications of the parareal method (described below); step 2, multiply
Kz" — " (see below); step 3, apply E-Tt" :— w™, i.e., the transpose of step 1.
Let m = (T — Tk—1)/7 and jr_1 = M Consider the solution Zj at T}
defined by marching from Tj;_; to Ty the 6-scheme on the fine triangulation 7 with

an initial data Zy_; at Tj,—1 with forcing term [s]  ,1,...,s] .]7. Tt is casy to
see that
(4.1) F\ Z, = FOA Zy_1+ Sk,

m—m

where F = (FoFy )" 1Fy € RI¥9, Sy = S (FoFyY) Sy tms Zo = 0,
and Fy and F; were introduced in (3.6). Imposing continuity F; Z;C—FOA Zy1—8S,=0
at times T}, for 1 < k < k, yields

F1 Zl Sl
~-FA R Zy S2

(4.2) CZ = ] ) . = . = S.
-Fy B Z;, S;

In this paper we consider only the case where the coarse solution at T}, with initial data
Zy._1 € R9 at Ti_1 is obtained by applying one coarse time step of the backward Euler
method G1Z; = Go Z—1, where matrix Gy := (My, + A,AT) and Gy := M, € RI%4,
We note, however, by using results from [10], the techniques developed here can be
straightforwardly extended to the case where the backward Euler method on the
coarse propagators is replaced by the implicit singly diagonally implicit Runge—Kutta
or by the Radau ITA methods.

In the parareal algorithm, the following coarse propagator based on Gy and Gy
is employed to precondition system (4.2) via

Z Zi G A
43 zZit VA . -Gy Gy R}
n.+1 .i . .i
7z zi -Gy Gi R!

for 0 < i <n— 1, where the residual R? := [Ri", ..., R}CT]T € R* in (4.2) is defined
as R’ =8 — CZ', where ' := [z} ,...,Z1"]" € R¥, and Z° = [07,...,07]".

We now define 2" := E_!s. Let 2" be the nodal representation of a piecewise
linear function " in time with respect to the fine triangulation 7 on [to,t;] and
continuous inside each coarse subinterval [Tj_1,T%]; i.e., the function £ can be dis-
continuous across the coarse points Tk, 1 < k < k — 1; therefore, 2" € RU+F=1d, Op
each subinterval [T},_1,T%], 2" is defined marching from T}_; to T}, using the #-scheme
with fine time steps 7 and initial data Z}' | at Tj_;.
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We define the matrix K := Z + I’ with Z,T € R((”k*l)‘j)x((l*k’l)‘f)k where
T = sdiag(0,0,...,Mp). Here, Z=D,® M, D, := blockdlag(D1 ...,DF), and
the D! € ]R(mq)x(mq) and DF ¢ R(MHDOX((M+Dd) for 2 < k < k are the time mass
matrices associated to the subintervals [Ty_1,T)]. Note that K can be obtained by
assembling K, and the equality (I + k — 1)§ = g + (k — 1)(rh + 1)§ holds.

Remark 4.1. In the following, we shall express using matrix notation, the parareal
algorithm described in the preceding text. For convenience, we consider only unique
values for the solution at the coarse times Ty, although the jumps can be computed
using the evolution matrix. In matrix form, the parareal method to solve Ez = s
corresponds to a Schur complement-based Richardson iteration. We partition z =

T T T
(z7,2%)", where z; = (zgl) ,...,zg) )T and z( ) = (z(k V17 z,?m DT are
subvectors of z at the times ¢; = j 7 in (Ty—1,T})), while zp = (zg, a2 T T denotes
subvectors of z at the times T1,...,T}. This block partitions system Ez = s:

E;; E;p Z] Sy
4.4 = )
(44) [ Epr Egpsp Zp SB

where Err = blockdiag(Egll), . Eg 1)) is a block diagonal matrix, with E denotmg
an evolution submatrix of E on (Tk,l, Tk). The matrices E;p, Egy, and EBB are also
submatrices of E corresponding to the indices B and I. The elimination of y; yields
a Schur complement system CyB = (sp —Ep IEflls 1), where the Schur complement
matrix C = (Egp — EBIEfI E;p) can be shown to be block lower bidiagonal, as
expressed below, where F& := (FyF; ') ' Fy. In the parareal method, the following
preconditioner Cy is also employed for C, where G; = (M}, + AT Ap,):

Fy G,
-F; R -Gy Gy
(45) C= ) ) and Cp = )

—-F; Ry -Gy Gy

It can be shown that the spectral radius p(I — Cy'C) < 1, yielding a convergent
iteration for the Schur complement system. The parareal preconditioner E, for E
corresponds to applying n Richardson iterations based on the Schur complement sys-
tem. To compute the action of 2" = E;ls in step 1 solve E;;z% = sy, then apply n

iterations of the iteration zij ' = z% + Cy ' (sp — EB[ZI Czl;) starting with z% = 0.
Compute z} = E;}(s; — Erpzl), and define 2" = [(z})7, (z7%)7]7. The vector 2"

can be straightforwardly assembled from z™ and z%“

Remark 4.2. We note that numerical studies of parareal methodology have been
considered in [16] for another class of parabolic optimal control problem. Here in (2.1)
we consider the space Y}, of state variables z to be continuous in time, while in [16]
a discontinuous Galerkin-in-time discretization with a penalty term is considered to
control the discontinuities of the state variables z at the coarse times Tj,, 1 < k < k—1.
The first term of (2.1) is also not included in [16]. The resulting linear-quadratic
optimal control problem seeks to minimize the following quadratic functional:

_ L
Jilzn) = MTZH )= 2Ty + g [ IOy o

(4.6) + §||§(T,§) = 3(T)lI2q)
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subject to the constraint that z satisfies the discrete equation of state

(4.7) Myz+ Az = By for [T, Thi1), 0<k<k—1.

We note that the parareal methodology in [16] explores the presence of nonzero block
diagonal matrices due to the discontinuous Galerkin penalty term, while here we use
the auxiliary variable w. X A

Let us decompose Zx = Y0, aq(Ti)xq and Zj' = 371 ap(Ty)xq, where z, are
the generalized eigenvectors of Aj, with respect to My, and let us introduce (7 (Tf) =
a¢(Tk) — ag (Tk). The convergence of the parareal algorithm for systems follows from
the next lemma, which is an extension of the results presented in [9, 10]. From now
on we focus on the case § = 1 for the fine mesh propagator. The case § = 1/2 can be
treated similarly; see Remark 4.4 and Table 5.9.

LEMMA 4.3. Let AT = (t; —to)/k and Ty = to + kAT for 0 <k <k. Then

max |ag(Tk) — ag (T)| < on max |oy(Tk) — ag(Tk)|,
1<k<k 1<k<k

an—1 1_5%—1 n
i (1525 | < 0.2084256075™
Proof. Using Theorem 2 from [9] we obtain

where oy, 1= supg g (61_1/5 — ﬂ)n L

(48) G = ()T = B T(EG

where 8, := (1 + \AT)™ and T(B8) := {B/~"1 if j >4, 0 otherwise} is a
Toeplitz matrix of size k. Applying (4.8) recursively we obtain

max || < o max |(]],
1<k<k 1<k<k

where

(4.9) ot = ||((1+72) AT = 5,) T (By)

Lo

)7AT/T

Since A, > 0 and e 2T < (147X, < B4, we obtain

L+ 7A) 27T = Byl < e AT — B, | = [17V/Fa — 3|,
which yields

of < Je! P BT Byl < sup [e' P — BT (B) =
0<B<1

By considering [|T™(8)|lc < [[T(B)% = |117f'8;_1|”, a simpler upper bound for p,

can be obtained:

n

1— ﬁfc—l

sup }61_1/ﬂ —p 7

0<p<1

0<p<1 1- 5

" A1/ _g\"
< | sup ————— ] =~ 0.2984256075",

and the maximum S, is attained around 0.3528865, independently of n and k (B
presents slight variation for 1 <n and 6 < k, cases of practical interest). d
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Remark 4.4. Lemma 4.3 can be extended to the case where §# = 1/2 (Crank—
Nicolson (CN) method) for the fine propagator and backward Euler for the coarse
propagator. Indeed, it is easy to see that

e*)\qAT/Q - (1_TAq/2>AT/T<ﬁ
(1= A\AT/2)" 1 = \1+7)A/2 -

which yields

(1—7Aq/2>“/*_ﬁq

< |e=2eaT/201 _ _
L2 ) T <ot e,

and an upper bound for p,, can be obtained:
a1 (3 1

Bl — — — | —

P (5-3) 7

We now analyze the spectral equivalence between E;TKE,; 7 and E-TKE~T.
LEMMA 4.5. Let Amax and oy, be defined as in Lemmas 3.1 and 4.3, respectively.
Then for any s € RUD*UD ye have

n n %7% 3 1 "
< sup ‘ > 7 0
~ \o<p<t 1-p5

~ 0.5030630435™.

1_6];_1
1-p

=

sup
0<B<1

€

Ymin (Efls, KEfls) < (E;ls, KE;ls) < Ymax (Efls, KEfls) ,

where
4
(410) Ymax = 1+ =
\/ L+ o2(ty—tots) 1
and
4
(4.11)

Ymin = 1 — .
\/ 1 + G‘%(tf—to-‘rs) + 1

Proof. Let Xj := [z1,...,25] and A; := diag{\1,...,\s] be the generalized
eigenvectors and eigenvalues of A, with respect to My, i.e., Ay = MhXhAhX,jl. Let
z:= E~ls with 2(¢) = 2:1 ay(t)xg, and let 2" = E,'s with 2"(t) = 2:1 ay (t)z,.
We note that oy might be discontinuous across the 7. Then

q
(E7's,KE's) = HEH%%tO,tf;L?(Q)) + SHg(tf)”QL?(Q) = Z Haq||2L2(t0,tf) + S|aq(tf)|2a
g=1

q
(B 15, RE1S) = 127200 sz + 1200 agay = S N0l Wi,y + sl (t) 2.
q=1
First part (Estimation of [|a}'||?). For estimating [a/||* we obtain for e € (0,1/2)
2 2
||O<Z||L2(to7tf) = (O‘Z — g, ag + aq)Lz(tmtf) + ||O‘qHL2(to,tf)

2 2 2
< EHO‘Z - O‘q||L2(t0,tf) + EHO‘Z + O‘q||L2(to,tf) + Haq||L2(to,tf)

IA
ik
S

s

q O‘q||2L2(t0,tf) + 2€|‘QZ||2L2(tO,tf) +(1+ 25)”0%”%2@0,15]")7
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which reduces to

n 1 n
(4.12) (1- 25)||04q H%%to,tf) <1+ 25)||0‘q”%2(t0,tf) + &Haq - O‘q||2L2(t0,tf)-

For each t; € [Ty—1, T)] we have
n — ~Te-1)/T | n
g (t1) — ag(t)] = (1472 ™) T T o (Tr 1) — ag(Ti)l,
. . . i\ (ti=Tx_1)/7 .
and since Ay > 0 implies ((1+7Aq)") < 1, we obtain
ey — aqllie(r ) < ATlag (Th-1) — ag(Ti-1)[*.
Hence

n ly —to n
(1= 200 sy ) < (1 20Nl o) + = max Jag (1) — (T

Using Lemma 4.3 with a,(Tp) = 0 and initial guess aJ(7}) = 0 and using

4
max |og(T%)]? = |ag(Ti)|? < — min ||, (T ) + Bt||? )
s [00(T)P? = o (Tio)? < - min g (Ta) + Bl 1,4

where [ag(Ti)| := max; .7 |og(Tk)| = [ag(Th)|, we obtain

" do3y
(4.13) OI?]??]; |Oéq (Tx) — Oéq(Tk)|2 < 0'721 OI?:?]; |Ocq(Tk)|2 < THO“JH%Q(tO)tf)’

and the upper bound follows as
n 0-?2’L(t — to)
A1) ol < (1+ 2= 4 20) 0 - 20l

The lower bound for [|o[|* follows similarly and is given by

on(ty —to)

419) ol = (1- 2= 20) 14 20l

Second part (Estimation of s|aj(tf)[?). An expression similar to (4.12) holds;
ie.,

n 1 n
(4.16) (1= 26)]ag (t)* < (14 2€) g (£1)]” + -levg (b) — ag (t)[*.
Using (4.13) to bound the second term of the right-hand side we obtain
@1 =29kl < (14 20 gl + 22 o
: g \Lf)l = €)1%g\Lf e 1YallL2(to,t )"

The lower bound for |ay ()| similarly follows, and it is given by

2
n Un
(4.18) (1429003 () 2 (1= 20)laq (¢ = 22 a3 -
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Combining expressions (4.14) and (4.17), and (4.15) and (4.18), yields the following
upper and lower bounds:

’Ymax(e) = (1 + 2e + M)/(l - 26)
and
uin(e) = (120 B0 1o

Defining ymax = infec(0,1/2) Ymax(€) and ymin = SUPce(0,1/2) ~Ymin(€) and performing
straightforward computations yields (4.10) and (4.11).

This completes the proof. a

Remark 4.6. For sufficiently small o,, the expressions (4.10) and (4.11) become

1
(4.19) s — 1= 4oy | L0 F S
Y

and

iyt
(4.20) i — 1= —d gy | LTS
T

Additionally, if the assumptions of Remark 3.3 hold, for (t; —¢¢) =< 1, we obtain

1
(4.21) s — 1= o 1]
\V

and

1
(4.22) min — 1= =0 | 2
T

The next theorem estimates the condition number of Algorithm 3.

THEOREM 4.7. Let us take P, := blockdiag(E, K 'ET G) as a block diago-
nal preconditioner for the coefficient matriz H of system (3.3). Assume the same
conditions of Theorem 3.4 hold. Then the condition number of P, '*H satisfies

(4.23) cond(P; ' H) < 2% cond(P~1H),

Ymin

where Ymax and Ymin are defined by (4.10) and (4.11), respectively.
Proof. We obtain an upper bound for the eigenvalues 7 of P;,'H as follows:

(4.24) max [n (P, H) | = max ‘77 (P;WHP;W)‘
VTP;I/ZHP;1/2V

4.25 =

(4.25) earr) ( vIv
vIHv vIPv

. <
(4.26) < max (VTPV> may (m»nv)
(4.27) < Ymax max [ (P71H) |
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Analogously, we obtain a lower bound
(4.28) min |1 (P, "H) | > i min [n (P71H) |.

The bound (4.23) then follows. O
Remark 4.8. If the assumptions of Remark 3.3 hold, we obtain

(4.29) Ninax (P H) = Yomax (1 1 +:/T>
and

4
(4.30) Thoin (P, "H) = Ymin (1 + h7) :

5. Numerical experiments. In this section, we describe numerical results on
tests of an optimal control problem involving the following one-dimentional heat equa-
tion:
2t — Zee =0, O0<xz <1, t>0,

2(t,0) =0, 0<t,
z(t,1) =0, 0<t,
z(0,2) =0, 0<xz<l.

(5.1)

We choose the performance function g(z) = z(1 — z)e* for ¢ € [0,1]. Following
[15], we normalize the parameter ¢ = 1. The numerical results in Tables 5.1-5.8 are
obtained by discretizing (5.1) using the backward Euler method (§ = 1), while the
results in Table 5.9 are obtained by discretizing (5.1) using the CN method (0 = 1/2).
As a stopping criteria for the iterative solvers, we choose ||ry||/||ro| < 10?2, where ry,
denotes the residual at the kth iteration.

TABLE 5.1
Number of PCG iterations for Algorithm 1 for fized ¢ = 1, r = 107%, and s = 0 (s = 1).
Backward Euler discretization was used for different time steps T = 1/[ and mesh sizes h = 1/m.

|| m\ 1 | 32 | 64 | 128 | 256 | 512 ||
32 36 (41) 38 (44) 40 (46) 40 (47) 40 (48)
64 36 (41) 38 (44) 40 (46) 40 (47) 40 (48)
128 36 (41) 38 (44) 40 (46) 40 (47) 40 (48)
256 36 (41) 38 (44) 40 (46) 40 (47) 40 (48)
512 36 (41) 38 (44) 40 (46) 40 (47) 40 (48)
TABLE 5.2

Number of PCG iterations for Algorithm 1 for varying values of T = l/i and s, with fited g =1
and r = 10~%. Backward Euler is employed with mesh size h = 1/32 and time step T = 1/[

|| I\s | 0 | 1 | 10 | 100 ||
32 36 41 50 68
64 38 44 52 73
128 40 46 57 83
256 40 47 62 89
512 40 48 64 96
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TABLE 5.3
Condition number associated with Algorithm 1 for varying values of s and r and fized ¢ = 1.
Backward Euler discretization was employed with mesh size h =1/32 and time step T = 1/64.

[ r\s | 10% 102 | 1 | 102 | 0 |
10—2 4.9 10* 5.0 102 6.2 1.9 1.9
10— 4.7 106 4.8 10% 5.2 102 93 93
10-6 4.2 108 4.8 106 5.1 104 9.2 103 9.1 103
TABLE 5.4

Number of MINRES iterations for Algorithm 2 when q = 1, r = 1074, and s = 0 (s = 1).
Backward Euler discretization is used with time step T = 1/I and mesh size h = 1/7.

N 32 | 64 | 1 | 256 | 512 |
32 56 (60) 58 (62) 58 (64) 60 (66) 50 (63)
64 56 (60) 58 (62) 58 (64) 60 (66) 60 (68)
128 56 (60) 58 (62) 58 (64) 60 (66) 60 (68)
256 56 (60) 58 (62) 58 (64) 60 (66) 60 (68)
512 56 (60) 58 (62) 58 (64) 60 (66) 60 (68)

Algorithm 1. We employ matrix G (see section 2) as the preconditioner for
system (3.1) and use the PCG method to solve the resulting preconditioned system.
Table 5.1 presents the number of PCG iterations for different temporal and spatial
mesh sizes. We choose the parameters s = 0 (s = 1) and r = 10~%. As predicted by
Theorem 3.2 (see also (3.41)), the number of PCG iterations remains constant as h is
refined; note that O(h*/r) < 1 in all the numerical tests. Table 5.1 also shows that
the number of iterations deteriorates very weakly when 7 is refined. As expected from
(3.41), this deterioration is more noticeable for larger s; see Tables 5.1 and 5.2. The
sharpness of the condition number estimates (3.41) with respect to the parameters r
and s are shown in Table 5.3.

Algorithm 2. Table 5.4 presents the number of iterations required to solve
system (3.3) preconditioned by matrix (3.4) using the MINRES method. We vary the
temporal and spatial mesh sizes, and we choose the parameters s = 0 (s = 1) and
r =107"%. As predicted by the analysis (see (3.43)), as the spatial mesh is refined, the
number of iterations remains bounded. We note that the numerical experiments show
(not all are included here) that Algorithms 1 and 2 have similar properties when we
consider other values of s, r, and 7. This similarity is expected, since both algorithms
have similar condition number estimates.

Algorithm 3 (parareal based). Table 5.5 lists the MINRES iterations required
to solve system (3.3) preconditioned by matrix (3.5) using n = 2 parareal iterations
in E,;! and E,T, with coarse propagation based on the backward Euler method.
Different values of mesh sizes h and coarse time steps AT are tested, with fixed
7 = 1/512 and parameters s = 0, 7 = 1073, 1074, 107°. Comparing Table 5.5 (for
r = 107%) with Table 5.4 (for s = 0 and 7 = 1/512), we see that for a variety
of mesh sizes h, the number of MINRES iterations in Table 5.5 is only 21% more
than in Table 5.4. This is remarkable, since preconditioner (3.5) can distribute F
into (ty — to)/AT processes in parallel. The scalability of preconditioner (3.5) with
respect to the number of subintervals (t; — to)/AT is also seen in Table 5.5. The
number of iterations not depending on (ty — to)/AT follows from Remark 4.6, while
the nondependence on h follows from Remark 4.8, since ht /7 =<1 in the tests.
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Number of MINRES iterations for Algorithm 3 when ¢ =1, s =0, and r = 10~3 /10~* /1075.
Backward Euler discretization is used with 7 = 1/512 and h = 1/m. The preconditioner employed

TABLE 5.5

n = 2 parareal iterations and a backward Euler coarse propagator with k= 1/(AT).

k 8 16 32 64
AT/T 64 32 16 8
h=1/16 | 40 /78 /300 | 40 /78 /164 | 40 / 78 / 160 | 40 / 76 / 158
h=1/32 | 40 /78 /300 | 40 /78 / 164 | 40 / 78 / 160 | 40 / 76 / 158
h=1/64 | 40 /78 /300 | 40 /78 /164 | 40 / 78 / 160 | 40 / 76 / 158
TABLE 5.6

Values of kmax — 1 for 7 = (1/i) and n parareal iterations.

Parameters h = 1/10, AT = 1/20, and s = 0.

n\ Il 200 400 800 1600
n=1 0.864415 1.449299 2.473734 4.371709
n=2 0.070835 0.097852 0.136802 0.193845
n=3 0.007760 0.010765 0.015141 0.021165
n=4 0.000865 0.001224 0.001715 0.002397
Parameters h = 1/10, AT = 1/20, and s = 0.01.
n\ I 200 400 800 1600
n=1 0.864419 1.449305 2473744 4.371725
n=2 0.070852 0.097885 0.136851 0.193918
n=3 0.007784 0.010800 0.015180 0.021208
n=4 0.000869 0.001229 0.001721 0.002436
Parameters h = 1/10, AT = 1/20, and s = 1.
n\ Il 200 400 800 1600
n=1 3.779956 6.866334 12.933472 24.992363
n=2 0.226120 0.333472 0.500244 0.768025
n=3 0.024360 0.034622 0.049315 0.070448
n=4 0.002846 0.004026 0.005699 0.008069
TABLE 5.7

Values of kmax — 1 for s = 0/1/10/100 and n parareal iterations.

Parameters h = 1/10, AT = 1/20, and 7 = 1/800

n\s 0 1 10 100

n=2 0.136802 | 0.500244 2.239858 16.307768
n=3 0.015141 | 0.049315 0.157836 0.581009
n=4 0.001715 | 0.005699 0.017459 0.056029

In the next set of experiments, we compute the largest eigenvalue Ky ax of

(E,'s,KE,'s)
=max-—-———— .

2
(5.2) s#0 (E-1s, KE~!s)

Hmax
The goal is to compare the sharpness of estimate yax — 1 in (4.6) with the exact value
Kmax — 1. Tables 5.6 and 5.7 list the values of kax — 1. We use a backward Euler fine
time step discretization from to = 0 to t; = 1, the spatial mesh size is h = 1/10, and
the coarse time step in the parareal (with backward Euler coarse time propagator)
is AT = 1/20. The results in Table 5.6 confirm that the 1/4/7 term dependence in
(4.21) is sharp. The results in Table 5.7 confirm that the /1 + s term dependence in
(4.21) is sharp for o, sufficiently small, i.e., n sufficiently large. Tables 5.6 and 5.7
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TABLE 5.8
Number of MINRES iterations for Algorithm 3. The parameters areq =1, s =0, andr = 10—4.
Backward Euler discretization is used with 7 =1/l and h = 1/m. The number of parareal iterations
ism =1/2/4/7, and the number of coarse time subintervals is k. AT/t = 16.

k 4 8 16 32

i 64 128 256 512
h=1/16 | 76 /58 /58 /53 | 83 /74 /58 /58 | 89 /76 /66 /60 | 96 /78 /66 / 60
h=1/32| 76/58 /58 /58 | 83/74/58 /58 | 89 /76/66/60 | 96/78 /66 /60
h=1/64 | 76 /58 /58 /58 | 83/74/58 /58 | 89/76/66/60 | 96/78 /66 /60

TABLE 5.9
Number of MINRES iterations for Algorithm 3. The parameters are ¢ = 1, s = 0, and r =
10=%. CN discretization is used with h = 1/m and T = l/f The number of parareal iterations is
n =1/2/4/7, and the number of coarse time subintervals is k. AT/ = 16.

k 4 8 16 32

i 64 128 256 512
h=1/16 | 97 /58 /58 /58 | 86 /76 / 60 / 60 01 /78/66 /60 | 97 /78 /66 / 60
h=1/32|176 /58 /58 /58 | 170 /90 /60 /60 | 106 /80 /66 / 60 | 97 / 78 / 66 / 60
h=1/64 | 259 /60 /58 /58 | 433 /211 /60 / 60 | 375 / 147 / 66 / 60 | 189 / 95 / 66 / 60

confirm the geometrical decay with respect to n, however, with a geometrical factor
smaller than the value 0.2984256075 established in Lemma 4.3.

In Tables 5.8 and 5.9 we study the convergence associated with preconditioner
(3.5) as we increase the number of iterations n of the parareal algorithm. We consider
two discretizations for (5.1). The backward Euler method (6 = 1) is considered in
Table 5.8, while the CN method (6 = 1/2) is considered in Table 5.9. The coarse
propagation operator for the parareal algorithm is the backward Euler method. The
parameters are chosen as s = 0 and r = 10~%. The number of fine temporal subinter-
vals inside each coarse temporal subintervals is set equal to AT /7 = 16. The tables
present the number of MINRES iterations required to solve system (3.3) precondi-
tioned by the block diagonal matrix (3.5). Different values of mesh sizes h, coarse
time step AT, and parareal iterations n are tested. Comparing Table 5.4 (for s = 0
and 7 = 1/512) with Table 5.8 (f = 1), we conclude that Algorithms 2 and 3 (with
n = 7) are nearly identical. We can also see in Table 5.8 that for the backward Euler
discretization Algorithm 3 is robust and scalable for n = 1 or n = 2 parareal iter-
ations, while in Table 5.9 the CN discretization requires n = 4 parareal iterations.
More iterations are expected for the CN method since o,,(CN) = 0.503063035™ and
on(BE) = 0.2984256075™; see Remark 4.4 and Lemma, 4.3.

6. Conclusion. Our central focus in this paper has been the parallel-in-time
preconditioner described in Algorithm 3. Its convergence rate is described in Theo-
rem 4.7 and depends on the parameters Yy, and ymax; see Remarks 4.6 and 4.8. Since
on — 0 as n — oo, this yields an asymptotically sharp bound. However, numerical
tests indicate effective convergence even for significantly smaller n (such as n = 2).
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