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CONVERGENCE ANALYSIS FOR THE NUMERICAL BOUNDARY
CORRECTOR FOR ELLIPTIC EQUATIONS WITH RAPIDLY
OSCILLATING COEFFICIENTS*

MARCUS SARKIS! AND HENRIQUE VERSIEUXT

Abstract. We develop the convergence analysis of a numerical scheme for approximating the
solution of the elliptic problem Leue = —%aij (x/e)%u€ = f in Q,ue = 0 on 99, where a(y) =
i J

(a;;(y)) is a periodic symmetric positive definite matrix and © = (0,1)2. The major goal of the
numerical scheme is to capture the e-scale of the oscillations of the solution ue on a mesh size
h > ¢ (or h >> €). The numerical scheme is based on asymptotic expansions, constructive boundary
corrector, and finite element approximations. New a priori error estimates are established for the
asymptotic expansions and for the constructive boundary correctors under weak assumptions on the
regularity of the problem. These estimates permit to establish sharp finite element error estimates
and to consider composite materials applications. Depending on the regularity of the problem, we
establish for the numerical scheme a priori error estimates of O(h2 + /2 4 €h) on the L2-norm, and

O(h + 61+8) for the broken H'-norm where 6 € (f%, 0].
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1. Introduction. This paper develops the convergence analysis of the numerical
scheme proposed in [46] to approximate the solution of the following problem:

(1.1) Leu, = —% (aij(as/e)aius) =fin Q, u.=0 on 0N
i J

Here, € is a small scale and a(y) = (a;;(y)) is a periodic symmetric positive definite
matrix with period Y = (0,1)2, and Q = (0,1)?. We assume that a;; € L3 (Y), ie.,
a;; is Y-periodic and a;; € L>(R?), and that there exists a positive constant -, such
that v, [|€]|? < aij(y)&&; for all € € R? and y € Y. Throughout the text we consider
the Einstein summation convention, i.e., repeated indices indicate summation, and
domains are always considered open.

We note that standard finite element methods do not yield good numerical ap-
proximations when the mesh size h > €; see [27]. To overcome this, new numerical
methods have been recently proposed for solving the problem (1.1) such as the mul-
tiscale finite element methods [22, 26, 4, 15, 23], the residual-free bubble function
methods [14, 6, 5, 39, 13], and the generalized FEM for homogenization problems
[40]. There are also related methods for the case in which the homogenized equation
is not known; see the heterogeneous multiscale method [18, 19, 1, 20, 21]. The nu-
merical method considered here, as opposed to the methods in [6, 26, 39, 4, 14], is
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546 MARCUS SARKIS AND HENRIQUE VERSIEUX

based strongly on the asymptotic expansion of u.. We also explore the periodicity of
the matrix a to obtain a very efficient numerical method for approximating u..

A theoretical tool commonly used to treat this problem is homogenization theory
[8, 9, 10, 11, 16, 28, 37] where, for instance, a first order term expansion for u, plus a
boundary corrector term are considered. Based on such theory, [45, 46] propose nu-
merical schemes to approximate such terms. These numerical methods were designed
to work with a mesh size h > € (or h >> ¢); however, they also work for the case
h < e. In [45] is presented a numerical algorithm for the case in which the domain € is
a rectangular region, while [46] generalizes the method to the case where the domain
) is a convex polygon with rational boundary normals.

The convergence analysis for the numerical method is performed in two parts.
In the first part we estimate the error between u. and ug + eu; + €¢. in L?- and
H'-norms, where ¢, is a constructive approximation for the boundary corrector term
0.; see [3, 35, 36]. To estimate this error, we first estimate the error between u,. and
ug+eu; +ef, on the H'- and L?-norms (see Propositions 3.1 and 3.4) and then estimate
the error between ¢, and 6.; see Propositions 3.2 and 3.3. Propositions 3.1 and 3.4
extend some results of [3, 35] using fewer regularity requirements. More specifically,
Proposition 3.1 gives the same error estimate of Theorem 2.2 in [3]; however, here
we assume ug € WP(Q) and x? € W)4(Q) for 1/p+1/q < 1/2 and for Lipschitz
domains Q C R?3, while in Theorem 2.2 in [3] it is assumed that ug € W2°°(Q) and
x’ € H},,(Y) for Lipschitz domains Q C R?, d a natural number. We also note that
Propositions 3.1 and 3.4 generalize, respectively, Propositions 2.1 and 2.3 of [35]. In
Proposition 3.1, we assume that a;; € L2, (Y), ug € W2P2(Q), and x7 € WL4(Q) for
1/p+1/q < 1/2, and Q C R?3 is a Lipschitz domain, while in Proposition 2.1 in
[35] it is assumed that a;; € Cpi(Y), ug € H*(Q), and © C R? is a smooth domain.
Proposition 3.4 assumes that a;; € L2, (Y), ug € WP(Q), x/ and x7 € W)4(Q)
for 1/p+1/q < 1/2, Q C R?3 is a Lipschitz domain, while Proposition 2.3 in [35]
assumes that a;; € CLI(Y), up € H3(Q), and Q C R? is smooth. The importance
of considering a theory that handles the case a;; € Lgg,.(Y) comes from applications
to composite materials where the coefficients a;; are often piecewise constants; see
also Theorem 1.1 in [31] which gives conditions on the discontinuities of the functions
a;; so that x7 and x¥ € Wz}éﬁo(Y). We also observe that Proposition 2.1 in [35] is
used in the convergence analysis of the numerical methods presented in [22, 27, 39],
and therefore, the analysis presented here can be used to extend the analysis of these
numerical methods with fewer regularity requirements on a, ug, or 2. To the best of
our knowledge, Propositions 3.2 and 3.3 have not been considered in the literature;

however, a technique developed in [35] is used in part of the proof of Proposition 3.2.

In the second part of this paper we develop the finite element analysis to estimate
the a priori error estimates due to the finite element approximations. One difficulty
lies in the fact that we need a discrete approximation for 0,ug to define the Dirichlet
boundary condition for the discrete boundary corrector problem; If uf is a finite ele-
ment approximation for ug, then 8nug does not necessarily belong to H'/2(9Q), i.e.,
the space required to define the boundary corrector terms. To overcome this, we intro-
duce a Lagrange multiplier space to approximate d,uo and to develop error estimates
between 0,u and its discrete approximation py, using fractional-order Sobolev norms.
The Lagrange multiplier plays an important role in obtaining convergence rates under
weak assumptions on the regularity of ug and 7.

We now introduce some norms and semi-norms. Let B C R?32 be a Lipschitz
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ANALYSIS FOR THE NUMERICAL BOUNDARY CORRECTOR 547
domain and define
lvllm, 00,5 = max {ess. sup |(“)av(ac)|} and |Vl 00,5 = max {ess. sup |8“v(x)},
la|<m r€B la|=m zEB

and for 1 < ¢ < o0

1/q 1/q
ol = | [ 32 10%00de | and folgn = | [ 3 (D%
B B -
|la|<m lal=m
We also define the nonconforming norms related to a partition 7, = K1, Ko, ..., Ky
of B by
[l = | 3 1012 mir -
K;eT,

Throughout this paper when we do not make reference to the domain B or to the
norm ¢, it is because B = ) or ¢ = 2, respectively. In what follows ¢ denotes a generic
constant independent of € and mesh parameters.

This paper is organized as follows: we devote section 2 to introducing the asymp-
totic expansion of u. and to describing the continuous approximation for the boundary
corrector terms; in section 3 we develop the main results and proofs associated to error
estimates due to the asymptotic expansion approximation. In section 4 we consider
the numerical algorithm introduced in [46] for the case Q = (0,1)?, while in section
5 we analyze the discretization errors due to the finite element approximation. In
section 6 we test numerically the numerical schemes, and in section 7 we make some
conclusions.

2. Periodic homogenization and asymptotic expansions.

2.1. Asymptotic expansions. Consider the following ansatz:
(2.1) ue(x) = uo(z,x/€) + eus (x, 2 /€) + ug(x,x/€) + - - -,

where the functions u;(x,y) are Y periodic in y. Using (2.1) in (1.1) and matching
the terms with the same order in €, one may define functions u; such that ug(z, z/€)+
eur(w,z/€) + 2uz(z, x/€) approximates u. as

lue (@) = uo(z, z/e) — cur(w, 2/€)lli < ce'/?[lug|l2,c0,

where ug € C?(Q2) and x/ € WH°(Y), and the constant ¢ depends only on a, X7,
and Q C R?3 a Lipschitz domain. These terms are defined in detail below; for more
details, including the proof of the above inequality, see [11, 28§].

Let x7 € H} o, (Y), ie., X’ € Hj, ,(R*?) and Y-periodic, be the weak solution with
zero average over Y of

. 0
(2.2) Vy-ay)Vyx! =Vy-a(y)Vyy; = 37y-aij (),
and define the matrix
1 0 0 .
2.3 AZ:—/am —\Y; — v - — ) dy.
(2.3) IS ), (y)ayl(y x)ﬁym(yg X! )dy
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548 MARCUS SARKIS AND HENRIQUE VERSIEUX

It is easy to check that the matrix A is symmetric positive definite. Define ug € Hg ()
as the weak solution of

(2.4) —V.AVuy=f in Q, wuy=0 on 0%,
and let

T\ _ i (%) 9%
(2.5) b (I’ e) X (6) Oz ().

Note that ug + eu; does not satisfy the zero Dirichlet boundary condition on 92. To
overcome this, the boundary corrector term . € H'(€2) is introduced and defined as
the solution of

(2.6) —V-a(z/e)VI. =0 in Q, 6.=-u (x, E) on ON.
€

Hence, we have that ug + eu; + €6, € H& (2). Propositions 3.1 and 3.4 provide error
estimates between u. and ug + eu; + € in the norms || - ||; and || - ||o, respectively.
We also define the term ug (see (2.8)), which is used in the proof of Proposition
3.4. Set
o’ 0 ;
bij = —aij + Gim 78;; + . (amix’)
and observe that b;; = A;;, where b;; = [, b;;dy. Define x* € H}

per(Y) as the weak
solution with zero average over Y of

(2.7) V- aVyx7 = bi; — by,
and let
2
TN _ g (T 9o
(28) Y2 (:C’ 6) X (6) 8331695] (I)

Note that ug + euq + €6, + €2uy does not satisfy the zero Dirichlet boundary condition
on 9Q and to overcome this the boundary corrector term ¢, € H* () is introduced
as the weak solution of

(2.9) -V -a(z/e)Vpe =0 in Q, and ¢ (z) = —uz(z,z/e) on ON.

2.2. The boundary corrector terms. When dealing with constructive bound-
ary corrector terms, we assume that Q = (0,1)2, although the same theory holds for
the case Q) = H?zl(ai,bi), a; < b; € R, or convex polygon or polyhedron domains
with rational boundary normals; see [46, 44].

The coefficients a;;(x/€) and the Dirichlet boundary data —ui(z, £) in (2.6) are
highly oscillatory; thus it is not a trivial problem to obtain a good discrete approxi-
mation for §.. We consider an analytical approximation for 6., denoted by ¢, which
satisfies the oscillating boundary condition and is suitable for numerical approxima-
tion; see [3, 35]. Analytical and numerical approximations for ¢, will not be considered
in this paper.

Denote 7 as the unity outward normal vector to d€) and let J,ug be the unity
outward normal derivative of ug on 9€2. In order to define the approximation ¢, for
6., we first introduce a decomposition for 8, = 0, + 0, as

(2.10) —V-a(z/e)VO. =0 in Q, 0. = (Xj (%) M — X*) Onpuog on 09
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and
(2.11) ~V-a(z/e)VO. =0 in Q, 0.=x"Oyuy on 09,

where x*|r, = x}, k € {e,w, n, s}, are properly chosen constants defined in subsection
221, and T = {1} x [0,1], Ty = {0} x [0,1], T =[0,1] x {1}, and T', = [0, 1] x {0}
are the edges of the domain Q = (0,1)2. In Remark 2.1 we show that x*9,uo and
X7 (£)n;0,u0 belong to H'/2(09); therefore, problems (2.10) and (2.11) are well posed.
Later in this section we define the functions (256 and ¢., which are the approximations
for 6. and 0., respectively, and define ¢, = ¢, + @..
Remark 2.1. Let 2 C R? be a convex polygon and assume ug € H?(Q) N Hg(Q).
We have by Theorem A.2 in [38] that dyuol,, € HégQ(Fk) and ||8,,u0||Hééz

cllup||2; therefore,

T S

X" Byuoll /2 (00) < emax |xillluoll2,

where |x}| can be bounded by cmax; ||x’||1,2,y; see the proof of Lemma 4.4 in [3].

Note also that ui(w, £) = —x7 (£) % (x) and g;; = —( dm)ggj i ( ;jg;j). If
we assume ug € W2P(Q) and x? € W;ég( ) for 1 5+ }1 < 1,2 < p,g < oo, then

up € HY(Q). In addition, using ug € Hg(Q) and density arguments we also have
1/2
U1|Fk € HO (Fk)

2.2.1. Calculating the constants . We now define properly the constants
X7 in order to make the function ¢Z€ decay exponentially to zero away from the bound-
ary 89 and to satisfy the Dirichlet boundary condition ¢.(z) = —uy (x, 2)—=x"Opuo ()
for x € 0f.

For k € {e,w,n, s} let Gy, = I} x I, where I} = I2 = (—00,0), IZ = I2 = (0,1),
I} =12 = (0,00), and I} = I! = (0,1). Associated to each side I'y of Q define the
function v, as the solution of

—Vy . a(yl,yg)Vyvk =0 in Gk,
and 9y, vpexp(Y(=1)""yn,) € L*(Gy), i=1,2,

where ny = 1if k € {e,w}, np =2if k € {s,n}, my =1if k € {e,n}, and my, = 2 if
k € {w, s}. For each k € {e,w, s,n} we impose the following boundary conditions:
ve(0,72) = x*(1/e,92) for 0 < yo < 1, Vw(0,72) = —x1(0,72) for 0 < yo < 1,
Ve(y1,+) [0, 1]-periodic for —oo <y; <0, wu(y1,-) [0,1]-periodic for 0 < y; < oo,

Un(y1,0) = X*(y1,1/€) for 0 <y <1, vs(y1,0) = —x*(y1,0) for 0 <y1 <1,
(

vn(,y2) [0, 1]-periodic for — oo < y2 <0, ws(+,y2) [0, 1]-periodic for 0 < y2 < oco.

These boundary layer problems have been studied by several authors; see [30, 32,
28, 35]. Theorem 10.1 in section 10.4 in [32] guarantees existence and uniqueness of
vg and Xj.

2.2.2. Approximating 6.. We note by Remark 2.1 that (uy(, 2)=x*Oyuo)|r, €
HY*(T'y). Thus, we can split §, = Dokefewn,s}) 0%, where

on I,

T i | —ua(, E) — xp0puo
(212) L59€ =0 in Q, and 96 { 0 on 8Q\Fk
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550 MARCUS SARKIS AND HENRIQUE VERSIEUX

We propose to approximate 6% by
~ x—0 ou
(2.13) OF (w1, 2) = pr (w1, 22) (Uk ( k) - XZ) . % (21, 22),
€ T4,

where 6. = (1,0), 6, = (0,1), 6, = (0,0), and 8; = (0,0). The cutting-off functions
¢k are nonnegative smooth functions satisfying ¢y (z1,22) = @i(z1) for k € {e,w},
or(r1, 2) = pg(x2) for k € {n, s}, and

1 if se(2/3,1], 0 if se[2/3,1],
pels) :‘p"(s):{ 0 if se0,1/3], ‘PW(S)Z‘PS(S):{ ~1 if s€0,1/3].

Therefore,

(2.14) b= o

ke{e,w,n,s}

approximates 0. with (Z)6 =0, on the boundary of €.

2.2.3. Approximating .. The boundary _condition imposed on (2.11) does
not depend on e. An effective approximation for 6. is given by ¢ € H'(Q), the weak
solution of

(2.15) ~V-AVé=0 in Q, ¢=x"0yuo on 09,
where Remark 2.1 guarantees the well posedness of this problem.

2.2.4. Approximating u.. We finally define the analytical approximation for
Ue a8 Ug + €Uy + €¢., where

(2'16) ¢e = (ge + (E
Note that ¢|aq = 0c|oq; therefore, ug + euqs + €. = 0 on ON.

3. Convergence results of asymptotic expansions. We now prove the propo-
sitions that are used in the proofs of Theorems 3.1 and 3.2.

Proposition 3.1 generalizes Theorem 2.2 in [3]. Here we assume that a;; €
L. (Y), ug € W2P(Q), and x/ € Wpa(Q) for 1/p + 1/q < 1/2, while Theorem
2.2 in [3] assumes that a;; € L2, (Y), ug € W»*(Q), and x’ € H,,,(2). Proposition
3.1 also generalizes Proposition 2.1 in [35], where it is assumed that a;; € CL2(Y),
up € H%(Q), and Q C R? is a smooth domain. We also refer the reader to Theo-
rem 1.1 in [31] for results associated to sufficient conditions on a;; in order to have
X € Wy (Y).

PROPOSITION 3.1. Let Q C RY, d = 2,3, be a bounded domain with a Lipschitz
boundary. Let u be the solution of the problem (1.1) and ug, w1, and 0. be defined
by (2.4), (2.5), and (2.6), respectively. Assume a;; € L2, (Y), ug € W*P(Q), and

X' € Wha(Y) for 1/p+1/q < 1/2, 2 < p,q < co. Then there exists a constant c,
independent of ug, x’, and €, such that

(3.1) [ue(-) —uo(-) — eur(:,-/€) —€be(-)[1 < cemax X7 1114, 1uoll2,p-
In addition, if p,q > d, then

(3.2) llue — uollo < cemax 1 11,0y |20 2,p-

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



ANALYSIS FOR THE NUMERICAL BOUNDARY CORRECTOR 551

Proof. Define

(3:3)  wolw,y) = a(y)Vzuo(z) + a(y)Vyui(z,y) = a(y)(Vyy; — Vyxj(y))gx(x)

From the definition of x? (see (2.2)) we have
[ (aw)e; = Vo ()~ Aes) Vy00)dy =0 ¥ 6 € Hl (),
Y

Since the vector a(y)(e; — V,x?(y)) — Ae; is Y periodic and has zero average entries
over Y, then the Lemma 3.1 guarantees the existence of a ¢;(y) € H,.,.(Y) with zero
average over Y and such that

(3.4) a(y)(Vyy; — Vyx' (y)) — Aej = —curly¢;(y).
Let

8UO
(3.5) d(z,y) = ¢j(y)87j($)~

For the case d = 2 define

—curly¢(z,y)
_ ( ~0;(y) 50,55 () )

6;(y) 7orhe (@)

U1 (i[, y)

and note that |curly¢;lo.q = |¢;jl1,4- Since x/ € Wj:d(Y) and ¢; have zero average
over Y, we apply a Poincaré inequality to obtain

65110,y < cleurlydsloqgy < cllxl1.qy + IX[1.q0.v)-

For the case d = 3, the Remark 3.11 in [24] guarantees the existence of ¢; € WL(Y)3.

per

Since x7 € Whi(Y) and ug € W*P(Q) for 1/p +1/q < 1/2, we obtain v (z,z/e) €

L?(Q) and is estimated by |v1]lo < 02?21 I |14,y ||woll2,p, d = 2,3. Moreover, by
Lemma 3.1, we have

(36) V-1 (xa y) =0,
and using elementary calculations we obtain

vy . 'Ul(mvy) = vy ~eurly ((bj(y)anUO(x))
= -V, curly (d)j(y)@zj uo(x))
(3.7) =~V - vo(z,y) — f.

ze() = ue(x) — up(x) — eup (z, x/€)

(3.8) Ne(z) = a(z/e)Vue(x) — vo(x, x/€) — evy(x, x/€).
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We have

a(x/e)vze(x) - 776('7;)
= a(z/€)Vue(z) — a(z/e)Vup(z) — ea(x/€)Vyus (z, z/¢€)
—a(z/e)Vyui(z,x/e) — a(x/e)Vue(z) + vo(z, z/€) + evi(z, z/€)
=e(vi(z,z/€) — a(z/e)Vui(z, z/€)),

and using the notation a¢(z) = a(xz/¢) we obtain
(3.9) 1a°Vze = nello < €flvi(,-/€) = a*(-)Vaur (-, -/€)llo-
Given g € L%*(Q), let w. € H}(Q) be the solution of

(3.10) /Qa(x/e)Vwe(x)Vw(x)dx:/g(:c)w(x)d:c Vi/JEH&(Q).

Q

Hence, using (2.6), we obtain

/ g(ze — €0 )dx = / a*Vwe - V(ze — €d.)d,
Q Q
(3.11) / a*Vw, - Vz.dr — e/ a*Vw, - VO.dx = / a*Vw, - Vz.dz.
Q Q Q
Now observe that
(3.12) / a*Vw, - Vz.dr = / Vw, - (a°Vze — ne)dx +/ Ne - Vw,dx.
Q Q Q

In order to estimate the second term on the right-hand side of (3.12) we apply the
definition of 7. (see (3.8)) to obtain

/ Ne - Vwedr = /(a(x/e)Vue(x) —vo(z,z/€e) — evi(z,x/€)) - Vw(z)dx
Q Q
(3.13) = /waedx - /Q(vo(x,x/e) —evi(z,z/€)) - Vw(z)dx
We note that
/ vi(z,z/€) - Vwe(z)dx = / V vz, z/e)w.(z)dx
Q Q
1

(3.14) — /Q (Vi 1/694) - 012, 9)] (@)l = — /Q (Vs - vo + flwede,

where we have used (3.6) and (3.7) to obtain (3.14). Using the definition of vy (see
(3.3)) we have

Oug
| wotefe)- Futayie = [ ataee; - T /) G ) - Tufe)e

and by the chain rule we obtain

a’LLO

319) [ waa/e) Tude = [ ala/o)e; = V@) -5 (Giua) ) do
- [ ata/ote; = T ta/e) (wevgﬁ@))dx_
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In this paragraph we evaluate the first term on the right-hand side of (3.15).
Let (;YZ)Z 1,....im b€ a finite set of translated cells of 6Y coverlng Q, and consider
a partition of unity p;, such that suppp; C YL Where =Y denotes the cell 26Y
centered at £Y;. We note that

2 _
(3.16) supp(p;we) C gYi NQ C €Y.

Thus,

[ atefore; = Ve ¥ (Gue) ) ds
a1 = 3 [ a9 ¥ (nGtu ) o

1=1:1 J

Here we have used that for Lipschitz domains, the function ug defined in (2.4) has a
stable extension to WP (R%) (see [43]) which we have also denoted by ug. We also note
that from (3.16) it follows that the function piOz;upwe is well defined and vanishes

outside of Q. In addition, since 1/p +1/q < 1/2, we have p;0,, upw. € Wha' (R for
1/¢' =1 —1/q. In addition, x/ € WL4(Y) and (2.2) imply that

per

1}maw%xvﬁgm@mwzo‘vwew@gaj

Therefore, since piamj upw, has a compact support contained in the interior of €Y; (see
(3.16)) then p;0,, uowe € WLa'(€Y;) and (3.17) follows.

per

For the second term on the right-hand side of (3.15), we use the definition of vg
(see (3.3)) and 1/p+1/q < 1/2 to obtain

- [atesotes - vtafn - (05520 o= - [ 9 wntea/epuloia
Hence,
(3.18) /Qvo(:c,x/e) -Vw(z)de = — /Q Vi vo(z, z/6)w(z)dz.

From (3.13), (3.14), and (3.18) we obtain

/ Ne - Vwedx = 0,
Q

(3.19) / a*Vw, - Vzdr = /(aEVze — 1) Vwdz.
Q Q

and from (3.12)

Also from (3.11) and (3.19) we have

/ g(ze — €0 )dx
Q

< cllaVze = nellollwellx

<ellor(,-/€) = aVaui (-, -/€)lollgll-1 by (3.9).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Dividing by ||g||-1 and taking the supremum for g # 0, the estimate (3.1) follows
since

[ze(@) = ebell < eellor(:,-/e) = a*Vour (-, /€)llo < cemax [ [l1.q.v ol

We now prove the estimate (3.2). The proof is based on the maximum principle;
see also [7] for a proof based on LP boundary data. Since ug € W2P(Q) and p > d,
we have 9,,uo € C(Q), and since x7 € Wj4(Y) and ¢ > d, we obtain x/ € C(Y); see
(2.5) and (2.6). Using a Sobolev embedding theorem we obtain

w1 ]0,00,00 < cmax 1% 0,00,y 110 11,00 < ij‘X|\Xj||1,q,Y||uo||2,pa

and using the maximum principle in [42], we have

(3.20) 16cllo < €l|Pello.cc 00 = clluallo.cc 00 < cmax X7 1.0, l[oll2.p-

The estimate (3.2) follows from (3.20) and (3.1). d
The following remark is used in the proof of Proposition 3.5.
Remark 3.1. Assume that the solution ug of

—V.AVuy=f in Q, wuy=g on 09
belongs to W2P(Q). Also let u. € HY(Q) be the weak solution of
Lu.=f i Q, uc=g on 0N.

Then it is easy to see that Proposition 3.1 extends immediately to the nonhomogeneous
Dirichlet boundary condition case.

Proposition 3.2 estimates the H'-norm of 0, — (;NSG in terms of a parameter r;
see Remark 3.2 for the discussion on r. Proposition 3.2 is also used in the proof of
Theorems 3.1 and 3.2.

PROPOSITION 3.2. Let Q = (0,1) be the unit square. Let uo, 0., and p. be
defined by (2.4), (2.10), and (2.14), respectively. Assume that a;; € Lgg, (Y) and
ug € W2P(Q). Let the functions vi, be defined as in subsection 2.2.1. Assume that
exp(—yy1)Vve € LY(G.) and exp(—yy1)(ve—x:) € LY(G.) and that similar conditions
also hold for the other functions vy, k € {w,n,s}. Letl be defined by % + % + % =1,
1<p,g<o0. Let r be any number such that r > 2. Then, there is positive constant
c=c(y,l,r) and 6 = 6(p,l,7) = —% + & such that

[0 — pellr < c€® max (llexp(—vy - n*)Vollo.q.6x

+ llexp(=vy - n") ok — Xilla.60) uoll2,p-

In addition, when p,q = co, then 6 = % Also, when % + % < 1, then there exists an
r > 2 such that 6 > 0. Lastly, when % + % < %, then there exists an r > 2 such that
6> —2+ 7.

Proof. By definition

16 — ¢ellr < Z 16 — 6211

ke{e,w,n,s}
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Consider the case k = e; the other cases are treated similarly. Denote a‘(x) = a(z/¢),
let v (x) = ve(2=L, £2), and take g € H{(€2). Then applying the definition of ¢¢ and

€

0° (see (2.13) and (2.12), respectively) we obtain

/ aCV(éi - g?)i) -Vgdx = / —aV ((ug - x:)(pe> -Vgdz
Q Q Oy

(3.21) = —/ ( %aEVv ) -Vgdx —/ ((vg —x2)a‘V (weau())) -Vgdz.
0 Q Oy

We note that due to the Sobolev embedding Theorem 5.4 in [2], the integrals above
are well defined. For estimating the first term on the right-hand side of (3.21) we let

/ ((pea a*Vug ) - Vgdx

Q 8301

(3.22) :/aGva-V ape%g dm—/aEVv§~gV Lpe% dx.
Q O0x1 Q 0x1

We now estimate the first term of the right-hand side of (3.22). Let I; = {(i —
1)e/6—€/6 < xo < i€/6+€/6,}, imaz = 1+sup;en(i3/e < 1), and consider a partition
of unity p; of , subject to (0,1) x I;. Let If be the interval centered in I; with
|If| = e. Since supp(p;g) C [0,1] x If we have

(3.23) / aVui -V (cpea ) dx
0 O

Z / / <pz§0eg g> dxodzy =0,

1=0:max

where to arrive at (3.23) we have used the definition of v, and arguments similar to
the ones given to obtain (3.17).

For estimating the second term on the right-hand side of (3.22) we apply Holder’s
inequality to obtain

(3.24)

/ a*Vug -V ((pe 8u0) gdz
Q 0

_q 1/1
exp (—’yxl ) Vg (6>

€ 0, \7

where 1/l =1—1/p —1/q4. Taking y; = (x1 — 1)/e and y2 = x2/€, and exploring the
[0, 1]-periodicity of ve(y1, ), we have

1
T —1 1 0 1 i q
HV(UDGXP (—’y ! ) < <<+1>/ / lexp(—yy1)Vyve|*€® qdyzd?h)
€ 0,4 € —1/eJ0O

(3.25) < cel@™ Jlexp(—711) Vyello g c.

< [lallsolpe Vol 1,p

)

0,

(v/€)"'exp (7@6—1) 9

Now let g, € C§°(Q) such that g, — ¢ in H!, and let I, = (0,1)N|g,| > 0.
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Using integration by parts in z; we obtain

r1 —1 1 ry —1
H(V/e)l/lexp (7 - )gn = (/ / Lexp (l’y - ) Ignlldxldwz>
€ 0,1 o JiI, € €
1 l 1/1
1 xr1 — 1 a\gn|
2 = - - l dx1d
(3.26) < /0 /I leXP<’Y p ) o, T14T2

1/1

1/
z; —1 -1 agn
3.27 < I 5
( ) <e < exp ( vy c > o ”g ”0’5(171) O 0)
1/(rl
(3.28) < efs(l — 1)) 2 " a1
—_ ’rl’y b)

where we have used Holder’s inequality with 1/s+1/r = 1/2,s < oo to obtain (3.27).
To obtain (3.28), we use the following inequality used in the proof of Lemma 5.10 in
[2], i.e., there exists 1 < ¢ < 2 such that

2t —

Yl for 20/2 1) = s(1-1)

lgnllora—1) < 2t=1/t ( 5

2t —t
< 21/t <2t> vol(Q)/#=1/2)]|g,, ||, by Theorem 2.8 in [2]

2t —t
<ec <2t> |gn|1 by a Poincaré inequality.
Hence, (3.28) follows from (3.27). Now taking the limit n — oo in (3.28), we obtain
the inequality (3.28) for g. Thus, using (3.22), (3.23), (3.24), (3.25), and (3.28), it
follows that

ou _
[ oGt ves - Vade < ca)(s(1 = D)€ el Vol

(3.29) llexp(—yy1) Vel

0,4.G. |91,

where § = f%qtl%. When p, § — oo and then r — 2, then (s(1—1))(¢=D/! (6/(TZ’Y))1/(TZ)

— €/2/(27y). Also it is easy to see that % + % < 1 implies that there exists r < 2
such that § = —% + 4 >0, and 1% + % < 3 implies that there exists r < 2 such that
__ 1,1 1
For estimating the second term on the right-hand side of (3.21), we apply Holder’s
inequality to obtain

8UO>
€ _ v gtV e— - Vad
/Q(v‘e Xe)a (so 02, gdx

8%0 « xr1 — 1 Xr] — 1
<l e 52| ez = xpemn (<222 | e (5
L1y, € 0,d € 0,1
1_1 Ouyg .
(3.30) < c(v)ez?|lallo,00 e o [(ve = x2)exp(=vy1)llo 4.6, 1911
Lp

andwenotethat6<—%+%sinceO§%§1amd2<r.
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Taking g = éj — ¢~>§ and using the ellipticity of a, we obtain
02 = Gy <0 [ (@90 = 62)) - 910 = )

< e’ lallo,00lpe Vo] 1 p (IIV (ve = x2)exp(—vu1)llo.q.c.
+[[(ve = x2)exp(=vy1)llo 5.6.)- O

Remark 3.2. When r — 2, then é6(p,l,7) = % - % increases to 1% - % We
note, however, that » — 2 implies that s — oo and, therefore, the a priori constant
c(v,l,r) — oo if I # 1; see the term (s(I — 1))(1*1)/1(%7[)% in (3.28). The optimal
choice of r (denoted by 7*) to minimize this term depends on ¢, I, and weakly on ~.
When | — 1, then r*(I) — 2. Therefore, 6 — f% + % Also, it is easy to see that
when ¢ — 0, then r* — 2. Hence, for the worst case, i.e., p = 2 and ¢ = oo, when € is
very small, then ¢ is very close to —i.

We next prove the last proposition used in the proof of Theorem 3.1. Proposition
3.3 estimates the H'-norm of ¢ — 0.

PROPOSITION 3.3. Let Q = (0,1)? be the unit square. Let the functions ug, 0.,
and ¢ be defined by (2.4), (2.11), and (2.15), respectively. Assume that a;; € Ly, (Y)

and ug € H?(Y). Then there exists a positive constant c, independent of €, ug, and
X7, such that

6= 0clly < emax 2y ffuoll

Proof. Using that (¢ —0.) = 0 on 9Q we have

€ 8((5756) 8((;_5—0_5) _ € agz) a( *0_5)
/Qau oz, dxf/ﬂa ——dx

K (9.%1 4 8371 8l‘j

) 1/2 - 1/2
10,00, (/Q |V¢|2d$) (/Q V(o — 9e)|2d$> ,

and from the ellipticity of @ and using Remark 2.1 we obtain

< la

_ _ a _ _la .
60y < Loy o Glaloces iy g
a a J
The proposition follows from a Poincaré inequality. 0

The following proposition generalizes Proposition 2.3 in [35], where it is assumed
that a;; € CLA(Y), up € H3(Q), and Q C R? is a smooth domain.

per

PROPOSITION 3.4. Let Q C R?, d = 2,3, be a bounded domain with a Lipschitz
boundary. Let u. be the solution of the problem (1.1), and let X7, ug, u1, 0, X9, ua,
and @ be defined by (2.2), (2.4), (2.5), (2.6), (2.7), (2.8), and (2.9), respectively.

Assume that a;; € L2, (Y), ug € W3P(Q), and x? and x7 € Wy A(Y) for1/p+1/q <

1/2. Then there exists a constant ¢ independent of ug, €, X7, and x* such that

lue(-) = uo(-) = eur(:,-/€) — €be(-) — ua(,-/e) = e ()|l

<oe (max ™
J

o+ s ) ol

In addition, if p,q > d, then

lue(-) = uo(-) = eur(-,-/€) = efe(-)llo < ce? (mfx X7 llo.q + max IIX’”IILq> [[wolls,p-
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Proof. Define the field v; by

. 82u0 6Xij 82u0
— . J .
(3.31) (v1(z,9)e = —ari(y)x 92,00, () + ar(y) Dy, Dw;0 T);
then
(3.32) a(y)Veur(z,y) + a(y)Vyus(z,y) = vi(z,y).

Let q(y) = ¢(y), where ¢ is defined by (3.5), and let ;; € Wpek(Y) such that

) L L
—anx’ +audx’ — C1j

curlyrj = 7]113' = | —a2ax! +andx*’ — ¢§-3) — C%j )

; e
—ag1 X! + az 0 xM + ¢5§ ) i

—a12x? + anudix*>? + ¢§3) — ¢y

" j 25 2
curlytha; = Po; = | —a2ex’ + aqdix™’ — c3; ,

—asax? + az 0> — ¢§-1) — 3
and

4 ; 2
—aizx? + andix> — ¢§- ) ci;j

curlyths; = U35 = | —assxd + and® + ¢§1) — 3

j 35 _ 3
—azzx? +az x> — cj;

Here the constants cﬁj are chosen so that each entry of the vectors 1;; has zero value

integral over Y; for instance, c1; = [} —an1x? + anudix™’dy. Tt is easy to check that

Vy - z/;kj = 0; hence, the existence of such functions 9y, is guaranteed by Lemma 3.1
and by Remark 3.11 in [24]. We then obtain

(3.33) 195111, < (X log + 1X* [11.q)-
Define
82’(1,0
.34 — b
and let

va(x,y) = —curlp(x,y).
An elementary calculation gives
(3.35) Vy-v2=—-Vy v, Vy-02=0
and

[va (-, -/€)llo < clluo

3,pmax [[Ypl1,qy
kj

(3.36) < clluollsp (X710, + X" ll1,q) by (3.33).
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Define
V() = ue(w) — uo(w) — eur(z,2/€) — us(w, x/€)
and
E(x) = a(x/€)Vuc(z) — vo(z,2/€) — evi (2, 2/€) — v, 2 /€),
where vg is defined by (3.3). Then

a(x/e)Vipe — &(x) = a(z/€)Vue(x) — a(z/e)Vug(z) — ea(z/e)Vuy(z, z/€)
—ea(x/e)Vua(z,z/€)
—a(z/€)Vuc(z) +vo(z,z/€) + evi(z,2/€) + Evo(x, 2 /€)
= —a(z/e)Vauo(z) — ea(z/e)Vaui(x, x/€) — alx/e)Vyui(x, z/€)
—ea(x/e)V us(w, v /€) — ea(z/€)V uz(z, 2 /¢)
+vg(z, x/€) + evi(x, 2/€) 4+ 2vo (2, 2 /€)
= %(va(w,w/€) — a(x/e)Vyua(z,z/€)) by (3.3) and (3.32).
Using (3.36) and the definition of us (see (2.8)) we obtain

(3.37) la(z/€)Vipe — Ecllo < ce®[luolls.p rlfgjl.X(lbcho,q + XM l1.q)-
Given g € L*(Q), let w. € H'(Q2) denote the solution of

(3.38) /Qa(x/e)VwG(x)Vz/)(x)dx:/g(x)w(x)d:c Vi/JGH&(Q).

Q
Since ¥, — €0, — 2. € HE(Q) we obtain

/ g(e — €6 — e2g0€)dx = / a(x/€)(Vipe — VO, — eQV@E)Vwe(x)dx
Q Q

(3.39) = /Qa(:c/e)VdJvee(z)dx,
where we have used the definition of 6. and ¢, to obtain (3.39). We observe that
(3.40) /QaGVdJEVweda: = /Q(aew)e — &) - Vwedx + /Q & - Vwedr,
and we estimate the second term on the right-hand side of (3.40) as follows:
/ & - Vwdz = / (a(z/€)Vue(z) — vo(z,x/€) — evi(z, x/€)
’ —221)2(3:, x/€)) - Vwe(z)dz
= /Qf(m)we(:v) + Vg - vo(z, z/e)we(x)

(3.41) —evy(z,z/€) - Vwe(z) + eVvr (2, z/e)w(x)dx,

where we have used the definition of u., (3.18), integration by parts, and (3.35) to
obtain (3.41). Using (3.31) we have

/v (z,z/€) - Vwe(x) —/ —a§;x? O%uq (x)
Q B wiX O0x;0x;
. OXY Q%ug Ow,

e (z)dz.
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Considering the partition of unit p; defined in the proof of Proposition 3.1, we obtain

/ c OXY 0%ug awe Z / X" Oy Ow, b

8yl 0x;0x; amk WG oy, 83:3»8% oxy,
72 / cOXE 0 (P wi(o)) — af axg‘jw (@) 0 [ Pug "
N — Jev, lé)yl Oz plaxjaxi ¢ ooy, N Oy pl@xjé)xi

0 0%u
== -1 S — Az 7 0 €
Z / ( @i~ aig -t J)p 02,01, "

;! 8%uyg 0%ug Ow,
Cnd | — P e

OxY 0 0%ug
A4 — £ —
(3.43) /Qa’” au ) oy (axjax) e
1 82U0
= /Qe (vaoax_a (x) — f) we(z)dx
3UL4
; 82U0 8w€
_ €\ J
(3.44) /Qa,ﬂx€ da,0m; 0, /Vf vidx.

Here, we have used the definition of x%/ to arrive at (3.43). From (3.41), (3.42), and

(3.44) we obtain
/ & - Vwe(x)dr =0,
Q

and, therefore, from (3.37) and (3.40) we obtain

/Q 9(e — e — p0)dz| < ||a“ Ve — Edllollwel

< cé[luollzp (X 0.,y + 1X* 1,4, )llgll-1-

Dividing by g and taking the supremum over g, (3.31) follows since

y
a1 lg)-

lue — up — €uy — € — uy — 2@ |1 < ce , rrllcax(|

j
The remainder of the proof uses the same arguments given to ) prove (3.2). d

The following proposition estimates the L?-norm of ¢ — 6, and it is used in the
proof of Theorem 3.2.

PROPOSITION 3.5. Let Q = (0,1)? be the unit square. Let ug, x’, 0., and ¢ be
defined by (2.4), (2.2), (2.11), and (2.15), respectively. Assume that a;; € Le, (Y),
ug € W3P(Q), and xJ € WLi(Y) for 1/p+1/q <1/2, 2 < p,q < co. Then we have

per

1 = Jllo < cemax I [l1.2. l[uolls. -

Proof. Using the arguments given in Remark 2.1 we have

(3.45) Z CrX5 Vo - Mk

< cmax x| [[uolls,p < cmax 1 11,2,y o139,
- .

2,p
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where we have used that |x}| < cmax; [|x7|/1,2,y; see the proof of Lemma 4.4 in [3].
By assumption, ug € Hg () N W3P(Q). Using a trace theorem and Remarks 2.1 and
5.1, we obtain that

Poa = Y _ PeXi Vo - kjoo
k
1
belongs to szi’p(ljk) N WolO p’p(Fk), k = {e,w,n,s}. Following Chapter 5 in [25],
when 2 is a is a polygonal convex domain, then the problem is Wzvp () regular. There-
fore, the solution of (2.16) belongs to W2?(2) and satisfies ||¢[]2, < cmax; ||x? 1,2,y
lluolls,p- From Remark 3.1 and (3.2) we obtain

10 = Gllo < ce mjaXHXj 12,y [0]l2.p,

and the proposition follows. 0
The following proposition is used in the proof of Propositions 3.1 and 3.4.
LEMMA 3.1. A function v € L2,.(Y)?, (v € L2,,.(Y)?) satisfies

per per
(3.46) V-v=0,
and [y vidy = 0 iff there exists a function ¢ € H),.(Y) (¢ € Hp.,(Y)?) such that
(3.47) v = curl.

Proof. The proof is similar to the proof of Theorem 3.4 in [24], where here
we use discrete Fourier transforms rather than continuous Fourier transforms; see
[44]. O

The following theorems provide error estimates between u. and ug — eu; — €¢. on
the H'- and L?-norms.

THEOREM 3.1. Let Q = (0,1)? be the unit square, and let u. be the solution of
the problem (1.1). Let ug, u1, ¢, be defined by (2.4), (2.5), and (2.16), respectively.
Assume ai; € L2 (Y), up € W*P(Q), and x? € WRi(Y) for 1/p+1/q < 1/2. Let the
functions vy, be defined as in subsection 2.2.1. Assume that exp(—yy1)Vov. € LI(G.)

and exp(—yy1)(ve — xZ) € Li(G.) for % + % < 1 and that similar conditions also
hold for the other functions vg, k € {w,n,s}. Define 6 = min{0, 6}, & defined by
Proposition 3.2 and Remark 3.2. Then there exists a constant ¢ independent of € such
that

lue() = o) = eur (-, fe) = g ()1 < ce*u|la,p-

In addition, if% + % < %, then &6 > —% + %, Also, if% + % <1, then 6 =0.
Proof. By the triangular inequality we have

|te —ug — €uy — €de|1 < |ue — ug — eug — €61
+ e‘ée - ¢Ze|1 + 6|0_5 - $|17
and applying Propositions 3.1, 3.2, and 3.3 and Remark 3.2, the theorem then
follows. ]

Remark 3.3. Theorem 1 in [34] guarantees that x/ € W) 4(Y) for all ¢ < co. See

also Theorem 1.1 in [31] for conditions on a;; in order to have x7 € W:>°(Y).
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The following theorem gives higher error estimates when more regularity is as-
sumed.

THEOREM 3.2. Let Q = (0,1)% be the unit square, and let u. be the solu-
tion of problem (1.1). Let ug, ui, ¢ be defined by (2.4), (2.5), and (2.16), re-

spectively. Assume ug € W3P(Q), ¢ € WP(Q), and x? and x"7 € Wpi(Y) for
1/p+1/q < 1/2, p,q > 2. Let the functions vy, be defined as in subsection 2.2.1.
Assume that exp(—yy1)Vve € L®(G.) and exp(—vyy1)(ve — X%) € L*®(G,) and that
sitmilar conditions also hold for the other functions vg, k € {w,n,s}. Then there

exists a constant c independent of € such that

lue(-) = uo(-) = eur (-, -/€) = ede(:)llo < ce®?uolls.p-

Proof. Use a triangular inequality similar to the one used in the proof of Theorem
3.1, use a Sobolev embedding theorem to have uy € W2°°(Q), and then apply the
Propositions 3.4, 3.2, and 3.5. We obtain the factor O(e/?) rather than the (€?)
as in Proposition 3.4 since [|f. — ¢c|lo is O(e'/?); see Remark 3.2 and Proposition
3.2. a

Remark 3.4. Note that if a;; € CLP2(Y), 8> 0, then from regularity theory we
have x/ € CLP2, v, € C1F, and V(ve — x})exp(—yy1) € L>(Ge); see Theorem 15.1 in
[29] and Remark 6.4 in [35]; see also Theorem 3 in [30] for related issues.

4. Finite element approximation. For sections 4 and 5 we assume that A4, x/,

v, and x* are computed exactly. We now describe the finite element approximations
for ug, u1, ¢, and ¢.

e Let V() be the P; or the Q1 conforming finite element space on the mesh
T1(Q), and let V*(Q) = VH(Q) N HL(Q). Define ul € VI*(Q) as the solution
of

(4.1) / AVul - Voldr = / fode Yo € VIQ).
Q Q

e We now introduce the discrete approximation for d,ug. Note that 0,ug is
used on the boundary condition imposed for problem (2.15). In order to
approximate 0, ug, we define Y = V*(Q)|pq, V}* = Y"|r,, and YO},Lk ={\ ¢
YA =0 at 9Ty} For all ¢" € V() and ¢"|sa\r, = 0, let A} € Y be
defined as the solution of

(4.2) Moldo = / AVul - Vohdr — / foldz;
Q Q

T

see [48]. Later in Lemma 5.3 we show that A! is a good approximation for
AVug - mi on I'y; hence, we approximate Opug by u", where
1 if k=ew
h h s Wy
(43) w |Fk = )\k/Alklka ly = { 2 if k=n,s.

e We note that we use " as the approximation for d,ug in (4.7). Therefore, in
order to guarantee that the final numerical approximation for u. satisfies the
zero Dirichlet boundary condition, we define the approximation for Vug as

(4.4) T = Vul + Z El(u" —vul - nF)n*.
ke{e,w,n,s}

Here E}'(-) denotes the trivial zero nonconforming discrete extension of p" —
Vul -0k in Q. More specifically, Ef (u" —Vuli-n*)(2) = 0 if z is a nodal point
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of Tp,(Q)\ Tk, ER(u" —Vub -nk) = " —Vub -nk on Ty, and EP (u" — Vul-n*)
inside each element K; € 75,(9) belongs to V;,(K;) := VA(Q)|k,.

e Define
(4.5) u}f(%m/e) = —\I/;-’(m)xj(x/e).
Note that this leads to a nonconforming approximation for u; in 7,(£2).
e Define
(4.6) gr= o
ke{e,w,n,s}
where

~ z1—1 =z
e an,an) = pulona) (v (T2 ) ) vt
(see (2.13) and (4.4)) and the others terms @Fh are defined similarly.
o Let ¢" € V3,(Q2) be the solution of

4.7 AVOh . Volde =0 W' e VI(Q) and ¢" = x*u" on 0.
(4.7) 0 X"
Q

The well posedness of (4.7) follows from Remark 4.1.
e Approximate ¢, by ¢! = ¢ + ¢" and finally define the numerical solution
for (1.1) as
(4.8) ul = ub 4 eul + eql.
Remark 4.1. By construction p” vanishes at the corners of Q; therefore, xy*u" €
H'?(99). This implies that (4.7) is well posed. In addition, x*u" € V"|sq; hence,
we can look for a numerical solution of (4.7) in V().

5. Finite element error analysis. The main results of this section are Theo-
rems 5.1 and 5.2, which provide the a priori error estimates between the exact solution
ue and its numerical approximation u”. Theorem 5.1 provides estimates on the a priori
error estimates on the broken H!'-norm, while Theorem 5.2 provides the Lo-norm.

In this section we recall a few results on discrete Sobolev norms and spaces, prove
the propositions and lemmas required in the proofs of Theorems 5.1 and 5.2, and then
close the section proving Theorems 5.1 and 5.2.

5.1. Preliminaries. We first review general finite element results that are used
later in this section. Let ug and ul! be the solutions of problems (2.4) and (4.1),
respectively. We consider P; or Q; finite elements spaces for approximating ug. We
assume that the domain  is a convex polygon; therefore, problem (2.4) is WP
regular for some 2 < p; see [25]. Standard finite element analysis provides

(5.1) luo — ug|l1.p < chllugll2,p for 2 < p < oo,
(5.2) [lwg — ug op < ch2||u0||2’p for 2 < p < o0,
and

(5.3) o — ugll2,pn < clluollz,p for 2 < p < oo;
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see Corollary 7.1.12, inequality (7.5.4), and Theorem 4.4.20 in [12] to obtain (5.1),
and standard duality arguments to obtain (5.2). To obtain the stability result (5.3),
we first introduce the interpolation operator Z", i.e., the usual local pointwise inter-
polation Py or Q; in 7;(Q2). Then, for each element K € 7,(f2), we have

(5-4) [uo = gz < uo = T"uol2p,r + 120 — ug |2p,1c,

and using an interpolation error estimate (see Theorem 4.4.20 in [12]) we obtain
(5.5) |uo fIhu0|S,p,h < ch275|u0|27p7h forl1<p<oofor0<s<2.

Now apply an inverse inequality (see Lemma 4.5.3 in [12]) to obtain

(5.6) 1T"ug — ublap i < ch T ug — ul||1 i for 1 < p < oo,

and hence, (5.3) follows from (5.4), (5.5), (5.6), and (5.1).

In order to estimate the L2- and the broken H!'-norms of u; —u? (see Proposition
5.1) we apply Hélder’s inequality on uy —uf = (9,;uo— W)X’ to obtain [Juy —uf |15 <
0,q fOI‘%—F%S%
Hence, it requires estimating the error between ¥” and Vug on the LP-norm and the
broken W1 P-norm; see Lemma 5.4. Lemma, 5.4 requires estimating the errors between
AVug -1 and A" (see (4.2)) over I'y, using fractional-order Sobolev norms.

Remark 5.1. Here, we review some facts about fractional-order Sobolev norms
and spaces that are used throughout the text; see [25, 33].

cl|0z;u0 — |1 pnllx? ll1q and [Jur — ufflo < elln;u0 — O o, lIx

Case 2 < p < oo. Since W'~ 5?(T';) < C°(T';), we define the spaces Woloig’p(l“k)
={yp € Wlf%’p(l“k); @ = 0 on 'y} equipped with the norm || - | , 1, =
Woo P (Tx)
.

Case p = 2. We set Wolo_g’p(I‘k) = HégQ(Fk) equipped with the norm

-1 .- ; see [33] for the definition of HOIO/Q(Fk).

Wo P00 (RN

Case 1 < p < 2. We define Woloii’p(lﬂk) = Wl_%’p(rk) equipped with the norm
Il i =l ate

Woo ¥ (Tk) wo P ()

1-1, .
We note that for Lipschitz domains, we have that W, * p(I‘k) are also equivalent

to [LP(Tk), Wol’p(I‘k)]l,l/p’p, i.e., via real interpolation theory on Banach spaces; see
[25]. This property is used throughout the text to establish stabilities and a priori
error estimates results.

1-1, . . -
The spaces Wy, * p(Fk) also have the following important feature. Denote by ¢

the extension by zero to 9\ 'y, of a given function ¢ € Wolo_l/p’p(l“k). Then, by the
trace theorem and the lift theorem, Theorem 1.5.2.3 in [25], there exists a function

Yy € lei"(Q) such that ¢<p|8(2 = ¢ and

5.7 c _1 < <eco||ll 11 <e: _1 .
(5.7) 1H<PHW010 by S Wellip < c2ll@lly -1 50 < s||90||W010 .
_1 ’
The dual space of WolO »P(T) is denoted by Wltep (T'x), where % + ﬁ =1

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



ANALYSIS FOR THE NUMERICAL BOUNDARY CORRECTOR 565

5.2. Finite element convergence analysis. We now prove the lemmas and
propositions required to complete the proof of Theorems 5.1 and 5.2.
The following inverse inequality is required in the proofs of Lemma 5.3.
LEMMA 5.1. Let 1 < p < oo and v € Y({Lk. Then
h
(5.8) [[o"

P

_1 <ch YoM i
Wolo L T || ”W 1+pl/ P

(Tw)

Proof. Considering the inverse inequality given by Theorem 4.5.11 in [12] followed
by the real interpolation method (see Proposition 12.1.5 in [12]), we have

(5.9) 0" ls.q.00 < ch %" |lo.g00 Yo" €Y 1<p<oo, and0<s < 1.

Given v € Yo'fk, let 9" € Y" be the extension of v" to dQ \ I'y by zero. Using (5.7)
and (5.9) we obtain

||7} 1—=.p

M
Woo 7 (Tk)

_ 1., _ 1
(5.10) S Ch 1+P H’UhHLp(aQ) = Ch 1+P ||'Uh||Lp(Fk).

~h
< el 3r ey

Let Po x denote the L? projection on Yo’fk, and assume that v € Yohk Then

h h
v 7¢ (% ,P ,k¢

Wl = sup gy S Posd)
$eL? (T'x) ”qS”Lp,(Fk) peL? (T'y) ||¢||Lp’(rk)

We also have by Theorem 1 in [17] that
(5.11) 1Pok®ll Lo ) < el s 1< D" <00

Thus,

L [ Y e

P (Tw)
HUhHLp r) <c sup 00
) peLr’ (Ty) HPOJCQSHLP'(F,C)
5.12 < ch WV ot 4
( ) > C |v ”W_le"p(rk)’

where in the last inequality we have used (5.10). Combining inequalities (5.10) and
(5.12), we obtain (5.8). d

The following lemma provides stability and approximation results associated to
Po.k, i.e., the L? projection on Yo'fk. These results are required in the proof of Lemma
5.3.

LEMMA 5.2. Let1 < p < oo and Py Wit (Tg) — YO’:Lk be the L? projection
on YO},Lk' Then we have

1—4,
(5.13) 1Posdll i1, <eldll i1, VéE Wy PE(T),
Woo P (Fk) W()o P (Fk)
_1 1-1,
(5.14) 6= Poxdllna < h' 6l g V6 EWoo " (L),
00 k

, < , —1+%,p/

(5.15) ||P0,k¢HW—1+%,p ) = CH¢”W—1+%,p (Te) VoeW (T'k),
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and

(516) 116 =Posdll et <RI NGllr,) V6 E LY (Th).

Proof of (5.13). Observe that Poj : LP(I'y) — Y, is stable in LP and WP,
1 <p<oo,ie, [[Pordller,) < cllélier,) forall ¢ € LP(Ty), and ||Po x@|lwir(r,) <

cl[ollwirr,) for all ¢ € W, P (T'1.), respectively; see Theorems 1 and 2 in [17]. Since

Wolofl/p’p(l“k) is equivalent to [L?(T'y), Wol’p(Fk)]l,l/p’p, the stability of Py in the

norm Wolofl/ PP(Ty,) follows from the real interpolation method; see Proposition 12.1.5

n [12]. The inequality (5.13) then follows.
Proof of (5.14). Let Q" : LP(Ty) — V"(Q)|r, denote the P; or Q; Clement
interpolation operator defined by (2.13) in [41]. Then we have

16 — Posdllremy) < 16 — QLo + Pok(d — Q") Lo (ry)
< dll¢ — Q"¢llLr(r,) by (5.11)
(517) <ch'Hgll L
W,

1, 5
o0 7 (Tk)
where to obtain (5.17) we have used Theorem 4.1 and Lemma 4.1 [41] followed by the
real interpolation method.

Proofs of (5.15) and (5.16). These proofs follow from standard duality arguments,
the properties of the Lo projection Py, and estimates (5.13) and (5.14), respec-
tively. 0

The following lemma estimates the error between A = AVug -1 and its numerical
approximation A" defined by (4.2). This lemma is used in the proof of Lemma 5.4.

LEMMA 5.3. Assume that ug € W2P(Q). Then we have

(5.18) A" sy G IA=AM i, < clugllay for 2<p < oo,
WO P k) Woop (Fk)

5.19 X=X < ch 2 < p< oo,

(5.19) | ||W7 T < ch|lugllzp for 2<p<oo

and

(5.20) IA = Nl ooy < ch' 77 |luglla, for 2 < p < oo

Proof of (5.18). From Remark 2.1 and a trace theorem we have

(5.21) [V B

< clluoll2,p-
W()() P (Fk) | P

In order to prove inequality (5.18) observe that

(5.22) A=, <M s, N s,
Woop k) Woop (Tk) Woop (Tx)
and
(A", ¢)

||)\hH -1, = sup —_—
Woo P (Tk) ¢6W71+%”’I(I‘k) ”(ZSHW—H%,IJ’(F]C)
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Since A" € (', then (A, ¢) = (X", Py x¢), and using (5.15) we obtain

<)‘h7 PO,]C¢>
||P0,k¢H W—1+%,p’

(5.23) A : <c sup

pew 7 (1)) (Te)

Let E : Wt ? (8Q) — WL (Q) be a stable lift extension and let Q, (see
[41]) be the modified Clement Ly-quasi-projection satisfying the discrete boundary
condition. Then Ej, = Q,E : YY" — V*(Q) (see (5.5) in [41]) satisfies

E / < 1—1
1ERgllpr < ellgll i oo
for g € Y". Hence, if g" € Yolfk and §" denotes the extension of g" by zero to 92\ I'y,
it follows that
(5.24) 1BhG" lp < ellg"ll 2,

T ’
Wog (Fk)

Let 7507k¢ denote the discrete extension of Py ¢ to 0\ I'y by zero. From the
definition of A" (see (4.2)) inequalities (5.1), and (5.24), and the inverse inequality
(5.8), we obtain

(A" Pord) = (N, Pord) + /Q AV (ul — ug) - V(ERPo rd)dx

< [[A 1, Poxd|l  _1i1 + chl|u Po,x @ T

|| || 010 5 (Fk)” 0 ”W 45, (Tw) || 0 2,19” 0 || 010 P ()
5.25 < A _1 + c||u P ¢ S .

( ) < H 010 ;”p(rk) || 0”2,17) || 0,k HW 14+4.p ()

The inequality (5.18) follows from (5.23), (5.25), (5.22), and (5.21).
Proof of (5.19). We observe that

A—\P
=N = s A
w P (Ty) 11— pf H(b” 1—4 p/
PEWy, P (Tk) Woo P (Tk)
(A= A" Py o (A=A ¢ — Py o)
5.26) < sup c ’ + sup c .
(5:20) P TPokdl L ¥
¢€Wog P k) Woo P (Fk) ¢€Woo P (Fk) Woo P (Fk

In order to estimate the first term on the right-hand side of (5.26), we use the definition
of A and A" and inequality (5.24) to obtain

A=\ Py o) = /QAV(ug —ug) - V(EpPo pd)dx

Posdll i

(5.27) < chlluoll2,p -
00 P (Fk)

For estimating the second term on the right-hand side of (5.26), we use (5.18) and
(5.16) to obtain

A=2"0=Pored) <IA=A"| o1, 6 =Pordll v
Woo P (Te) w Y
(5.28) < chfuoll2,pll#ll

(Tk)

1 ’
1— N2 ’
s

Woo (Fk)
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and inequality (5.19) follows from (5.26), (5.27), and (5.28).
Proof of (5.20).

Case 2 < p < 0o. We have

_\hop— __\h
(5.29) A= My < sup DA Powd) o AT A Posd)
seLr’ (T) 161 o (00 serrtn) 191 o)

The first term on the right-hand side of (5.29) is bounded as follows:

A=A o) O —Por®ll  _1i1
sup A=\ ¢ — Py 19) < sup | ”Wol0 P’ (m)” 0, ”W P ()
beLP’ (Ty) 9l e (ry) el (Ty) 1l Lo ()
(5.30) < ch' 7 flugla.p-

Here we have used (5.16) and (5.18) to arrive at (5.30). In order to estimate the
second term on the right-hand side of (5.29) we use the definition of A and A" to
obtain

(A = A, Py ) Jo AV (uo — ult) - V(EyPo x¢)dw
sup ——F0F—>—— <c sup
¢peLP' (Ty) ||¢‘|Lp’(rk) peLr’ (Ty) HPO,kaHLp’(Fk)
[uoll2,pl|Poedll -1,
w. P
<ch sup e

beLP (Ty) 1Po,kdl Lo (1)
< ch' "7 |lugll2,p, by (5.10),

Case p = 0. Let z € T'y; then
(5.31) IA(z) = AN*(2)] < [A\(z) = PopA(2)] + [N'(2) — PorA(z)].

To estimate the first term on the right-hand side of (5.31), we use that the L? pro-
jection is stable in any LP-norm, 1 < p < 0o; see Lemma 3.5 in [47].

To estimate the second term on the right-hand side of (5.31) we use the techniques
developed in [47]. Let E, C T’y denote an edge of an element K, € 7"(f2) such that
z € E,, and define §, as the polynomial of degree 1 on F, such that

/ 6.(s)v(s)ds = v(z) for any v polynomial of degree 1.
E.

Regard 6, as extended by zero to I'y, \ E., and denote by 6" € V"(Q) the extension
by zero of Py 1.0, to 2. Then we have

MN1(2) = PoxA(z) = Por(A" = N)é.ds = / (A" — NPy 16.ds
Fk Fk

(5.32) = [ AV(ug —ul) - Vé"da,
Q

where we have used the definition of A" to obtain (5.32). From (5.1) and (5.32) it
follows that

IN"(2) — PoxA(2)| < chlluoll2,00 187 ]|1,1-
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Using an inverse inequality followed by a discrete Sobolev inequality for trivial exten-
sions, we have

162111 < ch™ 18" lo.1 < el Pokbzllo,1,r, -

Finally, we use the fact that ||Poxd.ll0,1,r, < ¢ (see Lemma 3.5 in [47]) to obtain
(5.20). |

The next lemma estimates the error between Vug and its numerical approximation
Uh. This proposition is required in the proof of Proposition 5.1.

LEMMA 5.4. Let ug and U" be defined by (2.4) and (4.4), respectively. Assume
that ug € W2P(Q) for 2 < p < oo. Then

(5.33) [(Vug — O™ - v|o,p < chlluglla, Vv e R? with [v] =1
and
(5.34) [(Vug —¥") - vll1pn < clluollzp Vv € R? with |v| = 1.

Proof of (5.33). From the triangular inequality we have

(5.35) 1(Vuo = ¥") - vllop < (Vo — Vug) - v]lop + [(Vug —¥") - v

|0,p-

The first term on the right-hand side of (5.35) is estimated by (5.1), while for the
second term we use (4.4) to obtain

[(Vug = 9") vy <c D IERE" = Vug - 1) o
ke{e,w,n,s}

Consider the case k = e and Q; conforming finite elements for approximating ug;

the other cases, i.e., k € {w,n, s} or P; conforming finite elements, can be treated
h

similarly. The function E(u” — g%) is piecewise linear in the x; direction and equal

to zero for x; < 1 — h; see the definition of E" in (4.4). Hence, using a discrete
Sobolev inequality for trivial extensions we obtain

i .
HEéL(,uh _ Vug . nk)HO,p < h? H@xlug — uhHo}p,Fe if 2<p< oo

or
B (" = Vg - 1) o0 < [|0nuf = 1"|lgoop, i =00,
Case 2 < p < co. The triangular inequality gives
536) o0l = i, < 0510 = Orstoll g, + 100r0 = -

In order to estimate the first term on the right-hand side of (5.36), let K be an element
of 7;,(92) containing an edge E C I'y. Applying a trace theorem we have

102,45 = Deuolly

=

— p —
(5.37) < o (WU |wyuly — Duyuolly , g + BP0yl — Bryoll? i)
From (5.37), (5.1), and (5.3) we obtain

(5.38) [ < ch' 77 |[ug|2,p-

Ug ||O}p,l—‘e
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We now estimate the second term on the right-hand side of (5.36). Let A = AVug - 7,
and let A, and py, be defined by (4.2) and (4.3), respectively. Using that the tangential
derivative of ug vanishes on 02, we obtain

(539) 6x1U0 — Mh = All()\ — )\h)
Hence, from (5.20) we have

(5.40) 102,50 = 1" o, < Ana|A = Nllopr, < ch'77|
From (5.36), (5.38), and (5.40) we obtain

1Ee (1" = Vug - 1) o < chlluoll2,p,

and thus the estimate (5.33) holds for 2 < p < co.
Case p = co. We have
10usus = 1" g o r. < 1001uG = Bayuollo oo, + [02y10 = 1 lo,00,r.
and applying (5.1), (5.39), and (5.20) we have

< chllug|l2,00-

‘893111/0 - 'LLhHO,oo,R3

Hence, estimate (5.33) follows for p = oo.
Proof of (5.34). We have

1(Vuty = 9") - vllop < ell(Vuo = ¥*) - o, + [|(Vuo — Vug) - vlo,
(5.41) < chl|ugll2,, by (5.1) and (5.33),
and from an inverse inequality (see Lemma 4.5.3 in [12]) it follows that

(5.42) (Vg = ©") - v

1p.h < clluoll2,p-

Since
1(Vuo = ¥*) - vll1pn < e (I(Vug — Vo) - v pn + 1(Vug —¥") - vll1pn)

we obtain (5.34) from (5.3) and (5.42). 0
The following proposition is required in the proofs of Theorems 5.1 and 5.2.
PROPOSITION 5.1. Let uy and u} be defined by (2.5) and (4.5), respectively.
Assume that ug € W*P(Q) and x7 € W a(Y) for % +% <Lland2<p,q<oo. Then
there exists a constant ¢ independent of € and h such that

h2 1/2
(543 i < e (5 +1) 20
and
(549 s — o < chma g vl

Proof of (5.43). We have
(5.45)

luy — U}fﬁ h

<2 5[OS (On w0 = WO (S + (/00 (Ory 10~ W)

KeTw(Q) i€l1,2
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For the first term on the right-hand side of (5.45) we have

ST (a0 — W), X (-/€)d < [0, u0 — I,
KeT, (@) ' K

(5.46) < € 2|05,u0 — VIE I 1T 4y < ce 2R luoll3 L lIX7 117 4.y

102, (/)13 4

where we have used (5.33) to obtain (5.46).

For the second term on the right-hand side of (5.45) we use Holder’s inequality
t0 obtain |70, (B, o — UH)2 < X [13,010, w0 — WP .

Proof of (5.44). This proof follows from a direct application of Holder’s inequality
and the approximation error estimate (5.33). O

The next proposition is required in the proofs of Theorems 5.1 and 5.2.

PROPOSITION 5.2. Let ¢ and ¢" be defined by (2.14) and (4.6), respectively. Let
the functions vy be defined as in subsection 2.2.1. Assume that ug € W2P(Q) and
v € WH(Gy) for % + % <land2<p,G<oo. Then

1
2

- - h?
(5.47) 6=t <% 1) maxliulig uoles
and
(5.48) 16 = é¢llo < chmax |[ox — X5 llo.g.6, [uol2,p-

Proof. From the definition of ¢, and (5? we have

e —dllin< D 18E = i,

ke{e,w,n,s}

and using the arguments similar to the ones given in the proof of Proposition 5.1, the
proof follows. 0
We now prove the last proposition used in the proof of Theorems 5.1 and 5.2.
PROPOSITION 5.3. Let ¢ and ¢" be defined by (2.15) and (4.7), respectively, and
assume that ug € H?(Y). Then we have

(5.49) 6 —d"l1 < clluollz
and
(5.50) |6 — @"[lo < chllug2-

Proof of (5.49). Consider the triangular inequality
16— &"Is < 116" = ¥l + 16 = ¥l
where 1 € H'(Q) is defined as the weak solution of
(5.51) —V-AVY =0 in Q@ and ¢ = x*u" on Q.

We note that problem (5.51) is well defined since y*u" € H'/2(9Q); see Remark 4.1.
From regularity theory, (5.18), (5.39), and Remark 2.1 we have the following estimate:

(5.52) Il < 2 el s e, < cluol
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Note also that x*u” belongs to Y. Hence, by using (5.52) and standard finite element
analysis for conforming finite element discretizations we obtain

6" — ¢l < efluolla-
Finally, from regularity theory, (5.39), and (5.20) we obtain
6 — )1 < IIx* 1" = X Ouoll /200
< 2}; Ix* " — X Onuoll gz i,y < clluoll2.
Proof of (5.50). From the triangular inequality
16 = ¢"[lo < ellé = wllo + [|" = ®llo,
and from standard finite element analysis and (5.52) we obtain
16" = wllo < chll¢ll1 < chllug]a.

Finally, from Theorem 6.1 in [38], (5.39), and (5.19) we obtain

1/2
6 —llo < e (Z X" Oyuo — x*uhlli—l/zm))
k
< chljugll2 by (5.19). O

Finally, we prove Theorems 5.1 and 5.2.
THEOREM 5.1. Assume the same conditions of Theorem 3.1, and let u, be defined
by (4.8). Then there exists a constant ¢ independent of €, ug, and h such that

(5.53) e — |1 < e(h+ € 0)|ugll2,p

and

(5.54) e — ullo < e(h? + ¢+9)ug

|2,p~

Proof. From the triangular inequality we have

ue = ul|1n < Jue — g — ur — dely + |uo — ugh + €lus — uff1n
+€|¢e_¢? 1,h+€‘§£_($h|17

and (5.53) follows from Theorem 3.1, the approximation error (5.1), and Propo-
sitions 5.1, 5.2, and 5.3. Using similar arguments and (5.2) the estimate (5.54)
follows. ]

THEOREM 5.2. Assume the same conditions of Theorem 3.2, and let u, be defined
by (4.8). Then there exists a constant ¢ independent of €, ug, and h such that

ue — ulllo < c(h? + €2 + eh)|[uol|s.p-

Proof. Repeat the proof of Theorem 5.1 and use Theorem 3.2. ]
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6. Numerical results. The objective of this section is to compare the difference
between u. and u” on the L?-norm and on the broken H!'-semi-norm. We note,
however, that an explicit formula for u. is not known; hence, we replace u. by a
regular P; conforming finite element solution of the problem (1.1) on a very fine
uniform mesh of size h¢; denote this numerical solution by .

We note that we have assumed in sections 4 and 5 that the cell and boundary
layer problems were solved exactly in order to define y, A, vk, and x*. In [44, 46] we
have developed an accurate numerical algorithm for approximating these values and,
as a result, the errors between u” and u* do not depend on whether the approximated
or the exact values were used or not. We now describe how to approximate y, A,
vk, X, and ¢, and display only the changes that should be made in the algorithm in
section 4 in order to obtain the numerical results of this section.

e Replace x? by the finite element solution of the problem (2.2) using a P; or
Q; conforming finite element method on a partition 7; (Y).

e Replace A;; by ﬁ fy alm(y)a%l(yi — Xl)afm (y; — x7)dy; see (2.3).

e Let 7 be a positive integer and G7 = {y € R?, —7<y; <0and0<yy < 1}.
Using a P; or Q; conforming finite element, replace v, by the finite element
solution associated to the following problem:

—Vy-a(y)Vyve =0 in G,

ve(y) = x'(1/€,2) on {y e GT,y1 =0},
Oyve =0 on {y € GT; y1 = —7},

and ve(y1,0) = vg(y1,1) for —7 <y; <0,

and replace x} by fol Ve(—T, y2)dy2. We replace ¢~>§ by

oy - { (B2 ) i > 1
o¢ (21, 22) _{ 0 otherwise.

The other cases k € {w,n, s} are treated similarly.
In the numerical experiments we use a P; conforming finite element with a uniform
meshﬁ:% and 7 = 2.
For the first test of experiments we consider a smooth coefficient a(yi,y2) case

(see [26]) where

aly) = (2 + 1.8sin(27y1) 2 + sin(2mys)

I d = 1.
2 4 1.8cos(2mys) 2+ 1.8sin(27ry1)> ax2 and  f(z)

Table 6.1 shows the errors between u? and u”. We see that for € << h the errors are
of order h% and h on the L2-norm and the on broken H'-semi-norm, respectively. We
can see that when we fix h and decrease € the errors then change very little. This
is evidence that the dominant error is related to h, not to e. Also, looking at the
diagonal values of Table 6.1 we see that the numerical errors are in agreement with
the theoretical convergent rates of Theorems 5.1 and 5.2.

Table 6.2 shows the level of approximation when each term of u. = ul + eult +
€@" + ed! is taken into account separately. We can see that the numerical boundary
layer treatment ¢" is very effective on the Lo-norm rather than on the broken H'-
semi-norm. The improvement on the L?-norm is evidence that we were able to obtain,
through the proper calculation of x*, the L? asymptotic behavior of the boundary
corrector 0, in the interior of the domain 2. We also see from Table 6.2 that the

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



574

MARCUS SARKIS AND HENRIQUE VERSIEUX

TABLE 6.1
lluf — ul||o error, hy = 1/2048
el h— | 1/8 1/16 1/32 1/64
1/16 2.7085e-04 | 7.7993e-05
1/32 2.6300e-04 | 6.6246e-05 | 1.7773e-05
1/64 2.5388e-04 | 5.8069e-05 | 1.6020e-05 | 1.2137e-05
[uf — ul[; p, error,h; = 1/2048
1/16 0.0097 0.0067
1/32 0.0086 0.0051 0.0036
1/64 0.0086 0.0044 0.0025 0.0018
TABLE 6.2
€e=1/64, h=1/32, hy =1/1024
Il llo [ l1.n
uf —ul 0.0287 0.0215
uf —ul — eul 0.0213 0.0026
uf —ull — eul — e 5.0450e-05 | 0.0026
uf —ul —eul —e(¢" + ¢P) | 5.1865¢-05 | 0.0025

term o, (¢" and (;35) forces the final approximation u to satisfy the zero Dirichlet
boundary condition without deteriorating the L?-norm (broken H!-semi-norm).

The second test of experiments, reported in Table 6.3, consider the discontinuous
coefficient a(yi,y2) case,

aly) = { 2 1f2/5§y1 < 3/5or2/5<yy <3/5, and f = —1,
1 otherwise,
and we obtain the same behavior as above.
TABLE 6.3
|luf — ul|lo error, hy = 1/2000
€]l h— | 1/10 1/20 1/40
1/20 4.8318e-04 1.3043e-04
1/40 4.7578e-04 | 1.1954e-04 | 3.0805e-05
1/64 2.5388e-04 | 5.9446e-05 | 1.4414e-05
[uf — Py 5 error, hy = 1/2000
€] h— | 1/10 1/20 1/40
1/20 0.0180 0.0092
1/40 0.0179 0.0090 0.0046
1/64 0.0086 0.0045 0.0026

Although the convergence analysis presented here is not intended for the quasi-
periodic case a;;(x,x/€), the numerical approximation presented here can be gener-
alized for this case. This would be done by approximating the matrix a(z,z/e) by
ZK_,ET;L(Q) aj(z/e)Ik,(x), where aj(z/e) = ﬁfze& aj(z,z/e)dz, and I, is the
characteristic function of K;. In such case, it is required to solve a cell problem for
each element Kj.

7. Conclusions. We perform the convergence analysis for the proposed numer-
ical method for approximating the solution of (1.1). The error estimates obtained in
the numerical experiments agree with the theoretical error estimates from Theorems
5.1 and 5.2. The numerical method presented here is strongly based on the periodic-
ity of the coeflicients a;; and on the construction of computable boundary correctors.
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For this reason the method has relative low computational cost with optimal error
convergence rates.

We generalize results in the literature for estimating the error between u. and its
first and second order asymptotic expansion under weak assumptions on the regularity
of the solutions of the cell problems and the homogenized equation. We also develop
and analyze constructive boundary correctors. Such analysis permits us to develop
finite element error estimates with very weak assumptions on the regularity of a(y),
including composite materials applications.
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