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Summary. Two-level domain decomposition methods are developed for a sim-
ple nonconforming approximation of second order elliptic problems. A bound
is established for the condition number of these iterative methods, that grows
only logarithmically with the number of degrees of freedom in each subregion.
This bound holds for two and three dimensions and is independent of jumps
in the value of the coefficients and number of subregions. We introduce face
coarse spaces, and isomorphisms to map between conforming and nonconform-
ing spaces.
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1. Introduction

The purpose of this paper is to develop domain decomposition methods for sec-
ond order elliptic partial differential equations approximated by a simple noncon-
forming finite element method, the nonconformingP1 elements. We first consider
a variant of a two-level additive Schwarz method introduced in 1987 by Dryja
and Widlund [15] for a conforming case. In this method, a preconditioner is
constructed from the restriction of the given elliptic problem to overlapping sub-
regions into which the given region has been decomposed. In addition, in order
to enhance the convergence rate, the preconditioner includes a coarse problem of
lower dimension. The construction of this component is the most interesting part
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of this work; we introducenonstandard coarses spacesfor problems with dis-
continuous coefficients, and show that the condition number of the corresponding
iterative methods is bounded byC (1 + log(H /h)). Here,H andh are the mesh
sizes of the global and local problems, respectively. We also note that this bound
is independent of the variations of the coefficients across the subregion interfaces.

Our motivation for considering theP1-nonconforming space comes from the
equivalence established by Arnold and Brezzi [1] between nonconforming meth-
ods and Raviart-Thomas mixed methods. The latter methods are useful in appli-
cations for which an accurate approximation to the flux variable of the elliptic
problem is required and the solution (of the elliptic problem) is not sufficiently
smooth; see Sarkis [26].

This paper is an extended version of a technical report completed in March
1993 [24]. That work had been inspired by earlier multilevel studies, cf. Brenner
[4], Oswald [23] as well as by recent work by Dryja, Smith, and Widlund [14],
but a number of additional technical difficulties had to be overcome. They are
primarily related to our efforts to treat quite general coefficients. One of the main
ideas relates to the construction of certainisomorphisms, or local interpolators,
which map between conforming and nonconforming spaces and to obtaining
several results for the nonconforming case which are known for the conforming
case.

In this work, we also introduce theface basedand theβ-Neumann-Neumann
coarse spaces, that have the following characteristics. The values at the non-
conforming nodes are constant on each edge (face) of the subregions and the
values at the other nonconforming nodes are given by a piecewise discrete non-
conformingP1 harmonic extension, or by a simple but nonstandard interpolation
formula, an (approximate harmonic extension). In the latter case, and for trian-
gular (tetrahedral) substructures, the value at any nonconforming node in the
interior of a subregion is a convex combination of the three (four) values given
on the boundary.

We believe that our isomorphisms were first introduced in a short version of
[24] that was entered into Copper Mountain student competition in mid-December
1992. We note that recently considerable attention has been focused on related
techniques for domain decomposition methods with nonconforming spaces; for
second order scalar problems (cf. Brenner [3], Cowsar [9, 10], Cowsar, Mandel,
and Wheeler [11], Sarkis [25, 26]), for plate elements (cf. Brenner [2]), and
for non-nested meshes (cf. Cai [5, 6], Chan, Smith, and Zou [7]). We also note
the face basedcoarse spaces andapproximate harmonic extensions, which were
originally introduced in [24], also have been discussed in the conforming case in
recent work by Dryja, Sarkis, and Widlund [13], and Dryja, Smith, and Widlund
[14].
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Nonstandard coarse spaces and Schwarz methods 385

2. Differential and finite element model problems

To simplify the presentation, we assume thatΩ is an open, bounded, polygonal
region of diameter 1 in the plane, with boundary∂Ω. In a separate section, we
extend all our results to the three dimensional case.

We introduce a partition ofΩ as follows. In a first step, we divide the regionΩ
into nonoverlapping triangular substructuresΩi , i = 1, · · · ,N . Adopting common
assumptions in finite element theory, cf. Ciarlet [8], all substructures are assumed
shape regular, quasi-uniform and to have no dead points, i.e. each interior edge is
the intersection of the boundaries of two triangular regions. We can show that the
theory also holds if we choose nontriangular substructures, where the boundary
of each substructure is a composition of several polygonal edges, and each of
them is the intersection of two substructures. Naturally, we need assumptions
related to the nondegeneracy of this partition. Initially, we restrict our exposition
to the case of triangular substructures since the main ideas can be seen in this
case. This partition induces a coarse meshT H and we also introduce a mesh
parameterH = max{H1, · · · ,HN} whereHi is the diameter ofΩi . Later, we will
extend the results to nontriangular substructures. The quasiuniformity assumption
is not required for the coarse triangulationT H since all arguments are local.

We study the following selfadjoint second order elliptic problem:
Find u ∈ H 1

0 (Ω), such that

a(u, v) = f (v) ∀ v ∈ H 1
0 (Ω) ,(1)

where

a(u, v) =
N∑

i =1

∫
Ωi

ρi ∇u · ∇v dx and f (v) =
∫
Ω

f v dx for f ∈ L2 .

Here, theρi are constants values such thatρi ≥ λmin > 0 ∀i . This includes
cases where there is a great variation in the value of theρi across substructures
interfaces. We remark that there is no difficulty in extending the analysis and the
results to the case where eachρi varies mildly inside each substructureΩi .

In a second step, we obtain the elementsτh
j in the finest triangulation by sub-

dividing the substructures into triangles in such a way that they are shape regular,
and quasi-uniform. The mesh parameterh is the diameter of the smallest element
and denote this triangulation byT h. Similarly, we assume the triangulationT h

has no dead points.
Let Eij represents an openedgeof a substructureΩi ; sometimes we useEij

to represent an open edge shared by two substructuresΩi andΩj . We denote
the interface between the subdomains byΓ = ∪∂Ωi \∂Ω. We denote byCR
nodal pointsthe nonconforming nodal points, i.e. the midpoints of the edges of
elements inT h. The sets of CR nodal points belonging tōΩ, Ω̄i , ∂Ω, Eij , ∂Ωi ,
andΓ are denoted byΩ̄CR

h , Ω̄CR
i ,h , ∂ΩCR

h , E CR
ij ,h , ∂ΩCR

i ,h , andΓCR
h , respectively.

Definition 1. The nonconformingP1 element spaces (cf. Crouzeix and Raviart
[12] on theh-mesh andH -mesh are given by
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Ṽ h(Ω) = {v | v linear in each triangleτh
j ∈ T h,

v continuous at the CR nodes ofΩCR
h },

Ṽ h
0 (Ω) = {v | v ∈ Ṽ h(Ω) andv = 0 at the CR nodes of∂ΩCR

h },
Ṽ H (Ω) = {v | v linear in each triangle inT H ,

v continuous at the midpoints of the edges ofT H }, and
Ṽ H

0 (Ω) = {v | v ∈ Ṽ H (Ω) andv = 0 at the
midpoints of edges ofT H that belong to∂Ω}.

These spaces are nonconforming and non-nested sinceṼ H
0 (Ω) 6⊂ Ṽ h

0 (Ω) 6⊂
H 1

0 (Ω).
Let Σ be a region contained inΩ such that∂Σ does not cut through any

element. Denote bỹV h(Σ) andT h(Σ̄) the spaceṼ h and the triangulationT h

restricted toΣ̄, respectively.
Given u ∈ Ṽ h(Σ), we define a discrete weighted energy seminorm by:

|u|2H 1
ρ,h(Σ) = ah

Σ(u, u) ,(2)

where

ah
Σ(u, v) =

∑
T∈ T h| Σ̄

∫
T
ρ(x) ∇u · ∇u dx.(3)

In a similar fashion, we define the inner productaH
Ω (u, v) and the seminorm

|u|H 1
a,H (Σ) for u, v ∈ Ṽ H (Σ). In order to avoid unnecessary notations, we drop

the subscriptΣ when the integration is overΩ and the subscriptρ whenρ = 1.
The discrete problem associated with (1) is given by:

Find u ∈ Ṽ h
0 , such that

ah(u, v) = f (v) ∀ v ∈ Ṽ h
0 (Ω).(4)

We note that| · |H 1
ρ,h(Ω) is a norm for the spacẽV h

0 , because if|u|H 1
ρ,h(Ω) = 0,

then u is constant in each element. By the continuity at the CR nodes and the
zero boundary condition, we obtainu = 0. Therefore, we obtain uniqueness and
existence of the solution for (4).

We obtain similar stability results as for the conforming case.
We also define the weightedL2 norm by:

‖u‖2
L2
ρ(Σ) =

∫
Σ

ρ(x) |u(x)|2 dx for u ∈ (Ṽ h(Σ) + Ṽ H (Σ) + L2(Σ)),(5)

and a weighted energy norm by:

‖u‖2
H 1
ρ,h(Σ) = |u|2H 1

ρ,h(Σ) +
1

(d (Σ))2
‖u‖2

L2
ρ(Σ),(6)

whered (Σ) is the diameter of the regionΣ.
We introduce the following notations:u � v , w � x, and y � z meaning

that there are positive constantsC andc such that
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Fig. 1.

u ≤ C v, w ≥ c x and c z ≤ y ≤ C z, respectively.

HereC andc are independent of the variables appearing in the inequalities and
the parameters related to meshes, spaces and, especially, the weightρ. Sometimes,
we will use≤ to stress thatC = 1.

Sometimes is more convenient to evaluate a norm of a finite element function
in terms of the values of this function at the CR nodal points. By first working
on a reference element and then using the assumption that the elements are shape
regular, we obtain the following lemma:

Lemma 1. For u ∈ Ṽ h(Σ),

‖u‖L2
ρ(Σ) � h2

∑
τh

j ∈T h(Σ)

ρ(τh
j ) (u2(M1) + u2(M2) + u2(M3)),(7)

and

|u|2H 1
ρ,h(Σ) �

∑
τh

j ∈ T h(Σ)

ρ(τh
j ) {(u(M1)− u(M2))2(8)

+(u(M2)− u(M3))2 + (u(M3)− u(M1))2}.

where M1,M2,M3 are the CR nodes of the triangleτh
j as in Fig. 1.

We stress the the formulas (7) and (8) are for the two-dimensional case. There
are three-dimensional version of these formulas; the main difference is that we
have to multiply the right hand sides by an additional factorh.

An inverse inequality can be obtained by using only local properties. It is
easy to see that foru ∈ Ṽ h(Σ),

|u|H 1
ρ,h(Σ) � h−1‖u‖L2

ρ(Σ).(9)

We note that (9) also holds for the three-dimensional case.
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3. Additive Schwarz schemes

We now describe the special additive Schwarz method introduced by Dryja and
Widlund; see e.g. [16, 19]. In this method, we coverΩ by overlapping subregions
obtained by extending each substructureΩi to a larger regionΩ′

i . We assume that
the overlap isδi , whereδi is the distance between the boundaries∂Ωi and∂Ω′

i ,
and we denote byδ the minimum of theδi . We also assume that∂Ω′

i does not
cut through any element. We make the same construction for the substructures
that meet the boundary except that we cut off the part ofΩ′

i that is outside ofΩ.
For eachΩ′

i , a nonconformingP1 finite element triangulation is inherited
from T h(Ω). The corresponding finite element space is defined by

Ṽi = {v | v ∈ Ṽ h
0 , support ofv ⊂ Ω̄′

i }, i = 1, · · · ,N .(10)

A coarse spacẽV0 ⊂ Ṽ h
0 (Ω) is given as the range of a certain composition

of interpolation and prolongation operators. The most fundamental and original
coarse space for nonconformingP1 spaces is theface basedcoarse space with an
approximate discrete harmonic extension. This space, which we denote bỹV F̃

0 ,
can also be defined as the range of an operatorĨ h

H . The prolongation operator
Ĩ h
H will be defined later.

Our finite element space is represented as a sum ofN + 1 subspaces

Ṽ h
0 = Ṽ0 + Ṽ1 + · · · + ṼN .(11)

We introduce projection operators̃Pi : Ṽ h
0 → Ṽi , i = 0, · · · ,N , by

ah(P̃iw, v) = ah(w, v) ∀ v ∈ Ṽi ,(12)

and the operator̃P : Ṽ h
0 → Ṽ h

0 , by

P̃ = P̃0 + P̃1 + · · · + P̃N .(13)

In a case in whichṼ0 = Ṽ F̃
0 , the matrix form ofP̃0 is given by

P̃0 = Ĩ h
H ( Ĩ h T

H K Ĩ h
H )−1Ĩ h T

H K ,(14)

whereK is the finite element operator associated withah(·, ·).
We replace the problem (4) by

P̃u = g, g =
N∑

i =0

gi where gi = P̃i u.(15)

By construction, (4) and (15) have the same solution. We point out thatgi

can be computed, without knowledge ofu, since we can findgi by solving

ah(gi , v) = ah(u, v) = f (v) ∀v ∈ V h
i .(16)

It is very easy to check that the operatorP̃ is symmetric with respect to the
inner productah(·, ·). The reason for replacing the problem (4) by (15) is that, we
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can transform a large ill-conditioned system into a very well conditioned system
problem at the expense of solving many small ill-conditioned and independent
linear problems. The equation (15) is typically solved by a conjugate gradient
method, without further preconditioning, usingah(·, ·) as the inner product. In
order to see that the problem (15) hasu as the unique solution, and also to
estimate the rate of convergence of the preconditioned conjugate gradient method,
we need to obtain upper and lower bounds for the spectrum ofP̃. A lower
bound is obtained by using the following lemma; cf. Dryja and Widlund [16–
18], Matsokin and Nepomnyaschikh [21], and Zhang [27].

Lemma 2. Let P̃i be the operators defined in equation (12) and letP̃ be given
by (13). Then

ah(P̃−1v, v) = min
v=
∑

vi

∑
ah(vi , vi ), vi ∈ Ṽ h

i .(17)

Therefore, if a representationv =
∑

vi can be found such that

N∑
i =0

ah(vi , vi ) ≤ C2
0 ah(v, v), ∀v ∈ Ṽ h

0 ,(18)

then

λmin(P̃) ≥ C−2
0 .

4. Isomorphism

We first introduce alocal equivalence map(isomorphism) in order to obtain
some inequalities and local properties of our nonconforming space. With the
help of that map, we can extend some results that are known for the piecewise
linear conforming elements to our nonconforming case. We point out that all the
isomorphisms introduced in this paper are carefully defined so that our analysis
also holds for any triangulation that is shape regular and nonuniform.

Let V
h
2 (Ωi ) be the conforming space of continuous, piecewise linear func-

tions on the triangulationT
h
2 (Ωi ), where theh/2-mesh is obtained by joining

midpoints of the edges of elements ofT h(Ωi ). The set of vertices inT h be-
longing toΩ̄i , and∂Ωi are denoted byΩ̄i ,h, and∂Ωi ,h, respectively.

We define thelocal equivalence mapMEij

i : Ṽ h(Ωi ) → V
h
2 (Ωi ), as follows:

Isomorphism 1. Given u ∈ Ṽ h(Ωi ), and an edgeEij of the substructureΩi ,

defineMEij

i u ∈ V
h
2 (Ωi ) by the values ofMEij

i u at the four sets of points (cf.
Fig. 2):

i) If P ∈ Ω̄CR
i ,h , then

MEij

i u(P) = u(P).
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390 M. Sarkis

ii) If P ∈ Ω̄i ,h\∂Ωi ,h, and theτh
j are the elements that haveP as a vertex,

then
MEij

i u(P) = mean of u|τh
j
(P).

Hereu|τh
j
(P), is the limit value ofu(x) whenx ∈ τh

j approachesP.

iii) If V is a vertex of the substructureΩi and an end point ofEij , and
VEij the CR node onE CR

ij ,h that is the next neighbor ofV , then

MEij

i u(V ) = u(VEij ).

iv) If Q ∈ ∂Ωi ,h and is not in the case iii), andQl and Qr the two CR
nodes of∂Ω̄CR

i ,h that are the next neighbors ofQ, then

MEij

i u(Q) =
|Ql Q|

|Ql Q| + |QQr |u(Ql ) +
|QQr |

|Ql Q| + |QQr |u(Qr ).

Here |Ql Q| is the length of the segmentQl Q.

In a case where the triangulationT h(Ωi ) is uniform, e.g. as in Fig. 2, Case
ii) becomes

MEij

i u(P) =
1
6

6∑
i =j

u|τh
j
(P).
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We can easily prove (cf. Sarkis [26]):

Lemma 3. Given u∈ Ṽ h(Ωi ). Then,

|MEij

i u|H 1
ρ,h(Ωi ) � |u|H 1

ρ,h(Ωi ),(19)

‖MEij

i u‖L2
ρ(Ωi ) � ‖u‖L2

ρ(Ωi ),(20)

and ∫
Eij

MEij

i u(s) ds =
∫

Eij

u(s) ds.(21)
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Remark 1.The Isomorphism 1 is a local construction. Therefore, Lemma 3 holds
locally in eachΩi but not simultaneously for everyi . In fact, we can prove that it
is impossible to construct a global IsomorphismM : Ṽ h(Ω) → V

h
2 (Ω) such that

(19) and (20) hold for everyi simultaneously. The problem is how to define the
values at the vertices of the substructures that are cross points. We note, however,
that for problems with constant or quasi-monotone coefficients, discussed in [13],
a global isomorphismM can be defined in such way that (19) and (20) hold
simultaneously for everyΩi .

5. Interpolation operator

In this section, we introduce an interpolation operator forP1-nonconforming
spaces and establish that it is stable. This operator plays an important role in the
analysis of our algorithms.

Definition 2. Let v ∈ Ṽ h(Ω). The Interpolation operatorI H
h : Ṽ h(Ω) → Ṽ H (Ω),

is given by:

i) If Pij is the midpoint of the edgeEij common toΩ̄i andΩ̄j , then

(I H
h v)(Pij ) =

1
|Eij |

∫
Eij

v|Ω̄i
(x) dx =

1
|Eij |

∫
Eij

v|Ω̄j
(x) dx.

ii) If Pij is the midpoint of an edgeEij common toΩ̄i and∂Ω, then

(I H
h v)(Pij ) =

1
|Eij |

∫
Eij

v|Ω̄i
(x) dx.

Here,v|Ω̄i
(x) is the limit value ofv(y) wheny ∈ Ωi approachesx. We note

that the second equality in part i) of Definition 2 follows from the fact that the
mean ofv on each edge of an elementτh

j ∈ T h(Ω) is equal tov(M1), whereM1

is the CR node of this edge. It is important to note that the value of (I H
h v)(Pij )

depends only on the values ofv on the interfaceEij . This allows us to obtain
stability properties that are independent of the differences ofρ(x) across the
substructure interfaces. It is easy to see from Definition 2 that

(I H
h Ṽ h

0 (Ω)) ⊂ Ṽ H
0 (Ω).

Before studying the stability properties of this operator, we need two lemmas
for the piecewise linear conforming finite element space.

The following lemma is a Poincaré-Friedrichs inequality. The idea of the
proof can be found in Ciarlet (Theorem 6.1) [8] and in Něcas (Chapter 2.7.2)
[22].

Lemma 4. Let γ be a subset of∂Ωi , such thatγ and∂Ωi have measures on the
order of H . Then,
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‖ū‖2
L2(Ωi ) � H 2|ū|2H 1(Ωi ) + (

∫
γ

ū(x) dx)2, ∀ū ∈ H 1(Ωi ).(22)

As a consequence, if
∫
γ

ū(x) dx = 0, we have the Poincaré inequality

‖ū‖L2
ρ(Ωi ) � H |ū|H 1

ρ,h(Ωi ).(23)

The next lemma is a Poincaré-Friedrichs inequality for nonconformingP1

elements. It is obtained by using Lemmas 3, and 4.

Lemma 5. Let u ∈ Ṽ h(Ωi ), whereΩi is a triangular substructure of diameter
O(H ). Letγ be∂Ωi (or an edge of∂Ωi ). Then,

‖u‖2
L2(Ωi ) � H 2|u|2H 1

h (Ωi )
+ (
∫
γ

u(s) ds)2.(24)

As a consequence, if
∫
γ

u(s) ds = 0, we have the Poincaré inequality

‖u‖L2
ρ(Ωi ) � H |u|H 1

ρ,h(Ωi ).(25)

The next lemma gives an example of an operator locallyL2
ρ− andH 1

ρ,h−stable.

Lemma 6. Let ū ∈ H 1(Ωi ), whereΩi is a triangular substructures of diameter
of O(H ). Define a linear function̄uH in Ωi by

ūH (Pij ) =
1
|Eij |

∫
Eij

ū(s) ds j = 1, 2, 3,(26)

where theEij are the edges ofΩi , and Pij is the midpoint ofEij . Then

|ūH (Pij )|2 � |ū|2H 1(Ωi ) +
1

H 2
‖ū‖2

L2(Ωi ).(27)

|ūH |H 1
ρ,h(Ωi ) � |ū|H 1

ρ,h(Ωi ),(28)

and
‖ūH − ū‖L2

ρ(Ωi ) � H |ū|H 1
ρ,h(Ωi ).(29)

Proof. Consider initially a subregionΩi with diameter of 1. Using that|Eij | =
O(1), the Cauchy-Schwarz inequality and a trace theorem, we have

|ūH (Pij )|2 � |
∫

Eij

ū(x) dx|2 � ‖ū‖2
L2(Eij )

� ‖ū‖2

H
1
2 (Eij )

� ‖ū‖2
H 1(Eij ) � ‖ū‖2

L2(Eij ) + |ū|2H 1(Eij ).

We obtain (27) by returning to a region of diameterH .
Note that using the first part of this lemma, for any constantc

|ūH |2H 1(Ωi )(30)

� |ūH (Pi 1)− ūH (Pi 2)|2 + |ūH (Pi 2)− ūH (Pi 3)|2 + |ūH (Pi 3)− ūH (Pi 1)|2
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� ‖ū − c‖2
H 1(Ωi ).

By choosingc = ū(Pi 1) and γ = Ei 1, we can apply Lemma 4 and obtain the
H 1
ρ,h(Ω)-stability (28).

We now prove theL2
ρ(Ω) error stability. Since ¯u− ūH has mean zero on∂Ωi ,

we can apply the Poincaré inequality (25) and obtain

‖ū − ūH ‖L2(Ωi ) � H |ū − ūH |H 1(Ωi ).(31)

Using the second part of this lemma, we obtain theL2
ρ(Ω) error stability (29).

�

The next lemma shows that the interpolation operatorI H
h , introduced in Def-

inition 2, is locally L2
ρ− andH 1

ρ,h−stable.

Lemma 7. Let u ∈ Ṽ h(Ω). Then uH = I H
h u ∈ Ṽ H (Ω) satisfies the following

properties
(I H

h Ṽ h
0 (Ω)) ⊂ Ṽ H

0 (Ω),(32)

|uH |H 1
ρ,H (Ωi ) � |u|H 1

ρ,h(Ωi ),(33)

and
‖uH − u‖L2

ρ(Ωi ) � H |u|H 1
ρ,h(Ωi ), i = 1, · · · ,N .(34)

Proof. Let uH = I H
h u ∈ Ṽ H (Ω) and ui 1 = MEi 1

i u ∈ V
h
2 (Ωi ), and letūH (Pi 1) ∈

H 1(Ωi ) be given by (26). Using (21) and Definition 2, we have

uH (Pi 1) = ūH (Pi 1).(35)

Therefore, from (35), (27), and Lemma 3, we have

|uH (Pi 1)|2 = |ūH (Pi 1)|2 � |ū|2H 1(Ωi ) +
1

H 2
‖ū‖2

L2(Ωi )(36)

� |u|2H 1(Ωi ) +
1

H 2
‖u‖2

L2(Ωi ).

We also obtain the same estimate for|uH (Pi 2)| and |uH (Pi 3)|.
The rest of the proof is similar to that of Lemma 6. We now use Lemma 5,

the Poincaŕe inequality for nonconforming elements.�

6. The face based basis

In this section, we introduce prolongation operators and establish that they are
stable. The range of each of these operators will serve as a coarse space in our
algorithms.

Definition 3. The Prolongation Operator,I h
H : Ṽ H → Ṽ h, is given by:

i) Let Eij , j = 1, 2, 3, be the edges of a substructuresΩi . For all CR nodes
q ∈ E CR

ij ,h , j = 1, 2, 3, and i = 1, · · · ,N , let (I h
H uH )(q) = uH (Pij ), where

Pij is the midpoint of the edgeEij .
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ii) Given I h
H uH at the CR nodal points ofΓ = ∪i ∂Ωi from i ), let I h

H uH (Ω)
be the nonconformingP1 harmonic extension inside eachΩi .

It is easy to check thatuh = I h
H uH ∈ Ṽ h(Ω), and (I h

H Ṽ H
0 (Ω)) ⊂ Ṽ h

0 (Ω). A
disadvantage of stepii ) is that we have to solve exactly a local Dirichlet problem
for each substructure in order to obtain the harmonic extension. Other extensions
can be used, which we callapproximate harmonic extensions. They are given by
simple explicit formulas with the sameL2

ρ and H 1
ρ,h stability properties as the

harmonic one.
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Let Pj , j = 1, 2, 3, be the midpoints of the edges ofΩi , and letVj be the
vertex ofΩi that is opposite toPj . Let C be the barycenter of the triangleΩi ,
i.e. the intersection of the line segments connectingVj to Pj .

Extension 1. The construction of an approximate harmonic extension inΩi is
defined by the following steps (see Fig. 3):

i) Let

ū(C) =
1
3
{uH (P1) + uH (P2) + uH (P3)}.

ii) For a pointR that belongs to a line segment that connectsC to a vertex
Vj , let

ū(R) = ū(C).

iii) For a point Q that belongs to a line segments connectingC to Pk ,
defineū(Q) by linear interpolation between the values ¯u(C) anduH (Pk),
i.e by

ū(Q) = λ(Q)ū(C) + (1− λ(Q))uH (Pk).

Hereλ(Q) =dist(Q,Pk)/dist(C ,Pk).
iv) For a pointS that belongs to the line segment connecting the previous
point Q to a vertexV`, with ` /= k, let

ū(S) = ū(Q).
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v) Finally, let Ĩ h
H uH (Ωi ) = I CR

i ,h ū, whereI CR
i ,h is the interpolation operator

into the spaceṼ h(Ωi ) that preserves the values of a function at the CR
nodesΩ̄CR

i ,h .

Note that the function ¯u just constructed is continuous except at the vertices
Vj of Ωi . We note that several other extensions can be easily constructed; Sarkis
[26]. The construction given above is a generalization of the partition of unity
introduced by Dryja and Widlund in [16]. We note Dryja and Widlund [16] use
this partition only as a tool for analyzing their algorithms, while here we use the
approximate harmonic extension also to define our algorithms.

The next lemma shows that the extension given above have quasi-optimal
energy stability.

Lemma 8. Let uH ∈ Ṽ H (Ω). Then

|Ĩ h
H uH |H 1

ρ,h(Ωi ) � (1 + log(H /h))
1
2 |uH |H 1

ρ,H (Ωi ),(37)

and
‖Ĩ h

H uH − uH ‖L2
ρ(Ωi ) � H |uH |H 1

ρ,H (Ωi ) i = 1, · · · ,N .(38)

Proof. Let ϑCR
Eij

∈ Ṽ h(Ωi ), j = 1, 2, 3, be the approximate harmonic extension

defined by Extension 1, constructed from the boundary valuesϑCR
Eij

= 1 at the CR

nodesE CR
ij ,h , andϑCR

Eij
= 0 at the other CR nodes of∂ΩCR

i ,h . It is easy to see that

the ϑCR
Eij

form a basis of all approximate harmonic extensions that take constant
values on the edges of the substructure. Using ideas of Dryja and Widlund [16],
it is easy to show that if a pointx belongs to the interior of an element ofΩi ,
then |∇ϑCR

Eij
(x)| is bounded byC/r , wherer is the minimum distance fromx

to any vertex ofΩi . Note that any element that touches a vertex ofΩi provides
an order one contribution to the energy seminorm. To estimate the contribution
to the energy seminorm from the rest of the substructure, we introduce polar
coordinate systems centered at the vertices ofΩi . Then,

|ϑCR
Eij
|2H 1

h (Ωi )
� 1 +

∫ ∫ H

h
r−2 r dr dϕ � 1 + log(H /h).(39)

Since the partition of unityϑCR
Eij

forms a basis, it is easy to see that

|Ĩ h
H uH |2H 1

h (Ωi )
� (1 + log(H /h)) {|uH (P1)|2 + |uH (P2)|2 + |uH (P3)|2},(40)

and using ideas similar to that of Lemma 6, we have

|Ĩ h
H uH |2H 1

h (Ωi )
� (1 + log(H /h)) {|uH (P1)− uH (P2)|2

+|uH (P2)− uH (P3)|2 + |uH (P3)− uH (P1)|2}
� (1 + log(H /h))|uH |2H 1

h (Ωi )
.

By construction, it is easy to see that
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|(Ĩ h
H uH )(x)| ≤ max

i =1,2,3
|uH (Pi )|.

Therefore
‖Ĩ h

H uH − uH ‖2
L2(Ωi ) �

∑
i

H 2 |uH (Pi )|2 ,

and by using (36) and (25), we obtain (38).
Since, by assumption,ρ(x) = ρi in eachΩi , these arguments are also valid

for the weighted norms and we obtain (37).�
Let us denotẽI F̃

h = Ĩ h
H I H

h . Using Lemmas 5 and 8 and the triangular inequality,
we have:

Theorem 1. Let u∈ Ṽ h(Ω). Then,

(Ĩ F̃
h Ṽ h

0 (Ω)) ⊂ Ṽ h
0 (Ω),

‖Ĩ F̃
h u − u‖L2

ρ(Ωi ) � H |u|H 1
ρ,h(Ωi ),(41)

and
|Ĩ F̃

h u|H 1
ρ,h(Ωi ) � (1 + log(H /h))

1
2 |u|H 1

ρ,h(Ωi ), i = 1, · · · ,N .(42)

Let θCR
Eij
∈ Ṽ h(Ωi ), j = 1, 2, 3, be the nonconformingP1 harmonic functions

in Ωi constructed with the valuesθCR
Eij

= 1 at the CR nodesE CR
ij ,h , andθCR

Eij
= 0

at the other CR nodes of∂ΩCR
i ,h . It is easy to see that theθCR

Eij
form a basis

of all nonconformingP1 harmonic functions inΩi that take constant values on
the edges of the substructure. Hence, the Interpolation OperatorI h

H given in
Definition 3 can be given in terms of theseθCR

Eij
functions. Let us denote the face

interpolation operator bỹI F
h = I h

H I H
h . As in Theorem 1, we obtain

Theorem 2. Let u∈ Ṽ h(Ω). Then

Ĩ F
h (Ṽ h

0 (Ω)) ⊂ Ṽ h
0 (Ω),

‖Ĩ F
h u − u‖L2

ρ(Ωi ) � H |u|H 1
ρ,h(Ωi ),(43)

and
|Ĩ F

h u|H 1
ρ,h(Ωi ) � (1 + log(H /h))

1
2 |u|H 1

ρ,h(Ωi ) i = 1, · · · ,N .(44)

Proof. The inequality (44) follows trivially from (42) since the nonconforming
P1 harmonic function has minimal energy seminorm.

Using trivial arguments, we can show a weaker result than (43), given by

‖Ĩ F
h u − u‖L2

ρ(Ωi ) � H (1 + log(H /h))
1
2 |u|H 1

ρ,h(Ωi ).(45)

We note that (45) will be enough for our purposes. To prove (43), we use the
same ideas as in the proof of Lemma 4.3 of Dryja, Smith, and Widlund [14]; we
note that the convexity ofΩi is used. �
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Remark 2.It is easy to see that we do not need to use the fact thatuH ∈ VH (Ω);
we only need to calculate the values ¯uEij = uH (Pij ) by Definition 2. The next
step is to provide the constant value ¯uEij to all CR nodes onE CR

ij ,h and perform
a discrete nonconformingP1 harmonic extension, or an approximate harmonic
extension. An important observation is that these extensions can be constructed
for nontriangular substructures. In a case of approximate harmonic extension, in
a first step, we construct a partition of unity inΩi . This can be done by using
ideas similar to those of the triangular case, ifΩi is not too degenerate. By using
the same technique as in the proof of Lemma 8, we can show that

|Ĩ F̃
h u|2H 1

ρ,h(Ωi )
� ρi (1 + log(H /h))

∑
Eij ⊂∂Ωi

(ūEij − ū∂Ωi )
2.(46)

Here, ū∂Ωi is the average ofu over ∂Ωi . We obtain (42) by showing that each
term in the sum can be bounded byC |u|2H 1

ρ,h(Ωi )
.

7. The Neumann-Neumann basis

We consider Neumann-Neumann coarse spaces. This is the nonconformingP1

version of a coarse space studied in Dryja and Widlund [18], and Mandel and
Brezina [20]. However, here we use an approximate harmonic extension inside
the substructures. We note that the coarse spaces considered by these authors
differ only in how certain weights are chosen; Mandel and Brezina use weights
that are convex combinations of the coefficientρ(x), while Dryja and Widlund use
ρ

1
2 (x). Here we show that any convex combination of theρβ(x), for β ≥ 1/2,

leads to stability. We remark that we can even define a Neumann-Neumann
coarse space forβ = ∞ by considering the limit ofβ → ∞; see Dryja, Sarkis,
and Widlund [13]. We point out that the choiceβ = 1/2 can be viewed as a
L2-average, whileβ = 1 is an average in theL1 sense.

The coarse spaces of the previous section areface based. There are some dif-
ferences between Neumann-Neumann and face based coarse spaces. A Neumann-
Neumann coarse spaces has only one degree of freedom per substructure, while
a face based uses one degree of freedom per edge. A Neumann-Neumann basis
function associated with the substructureΩi , has support inΩi and its neigh-
boring substructures, while a face based function basis, associated with an edge
of a substructure, has support in just two substructures. The face based coarse
spaces appear to be more stable since all the estimates, related to the jumps
of the coefficients, are tight. In the lemmas that we have proved for the face
based methods, all the stability results were derived in individual substructures,
while in the Neumann-Neumann cases, we need to work with the neighboring
substructures as well.

Definition 4. The Neumann-Neumann interpolation operator,Ĩ ÑN
h : Ṽ h

0 → Ṽ h
0 ,

is given as follows:
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i) For each substructureΩi , calculate the mean value on∂Ωi , i.e.

ūi =
1

|∂Ωi |
∫
∂Ωi

u(s) ds.

Here |∂Ωi | is the length of∂Ωi .
ii) Let Pij be the midpoint of the edgeEij common toΩ̄i and Ω̄j . Then

for all CR nodeP ∈ E CR
ij ,h , let Ĩ ÑN

h u(P) = (Î H
h u)(Pij ), where

(Î H
h u)(Pij ) =

ρβi

ρβi + ρβj
ūi +

ρβj

ρβi + ρβj
ūj .

iii) Let Pij be the midpoint of the edgeEij common toΩ̄i and∂Ω. Then

for all CR nodeP ∈ E CR
ij ,h , let Ĩ ÑN

h u(P) = (Î H
h u)(Pij ), where

(Î H
h u)(Pij ) = (I H

h u)(Pij ).

iv) Perform an approximate harmonic extension to defineĨ ÑN
h u in the

interior of the substructures.

Note that we can also calculate ¯ui by:

ūi =
3∑

j =1

|Eij |
|∂Ωi | (I

H
h u)(Pij ).(47)

Therefore, there exists a linear transformationI H
H : Ṽ H (Ω) → Ṽ H (Ω), such

that Î H
h u = I H

H I H
h u. The next lemma establishes stability properties forI H

H .

Lemma 9. Let uH ∈ Ṽ H (Ω) and 1/2≤ β ≤ ∞. Then

|I H
H uH |H 1

ρ,H (Ωi ) � |uH |H 1
ρ,H (Ωext

i ) ,(48)

and
‖I H

H uH − uH ‖L2
ρ(Ωi ) � H |uH |H 1

ρ,H (Ωext
i ).(49)

Here the extended domainΩext
i is the union ofΩi and the substructures that share

an edge withΩi .

Proof. Let us first prove theL2
ρ error stability. We focus on the case wherePij

does not belongs to∂Ω. The other case is trivial. Note that (see Fig. 4)

|uH (Pij )− (I H
H uH )(Pij )|2 = |uH (Pij )− ρi

β ūi + ρβj ūj

ρβi + ρβi
|2.

By using (47) and simple calculations, this quantity is equal to

1

|ρβi + ρβj |2
∗
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|ρβi {
|Eik |
|∂Ωi | (uH (Pij )− uH (Pik )) +

|Eil |
|∂Ωi | (uH (Pij )− uH (Pil ))}

+ρβj {
|Ejs|
|∂Ωj | (uH (Pij )− uH (Pjs)) +

|Ejr |
|∂Ωj | (uH (Pij )− uH (Pjr ))}|2.

Using the shape regularity of the subdomains, it is easy to see that

ρi |uH (Pij )− (I H
H uH )(Pij )|2(50)

� ρ2β
i

|ρβi + ρβj |2
|uH |2H 1

ρ,H (Ωi )
+

ρi ρ
2β−1
j

|ρβi + ρβj |2
|uH |2H 1

ρ,H (Ωj ),

and using the fact thatβ ≥ 1/2, we can bound this quantity by

� |uH |2H 1
ρ,H (Ωi∪Ωj ).

We note that the constant related to the last bound, is also independent ofβ.
Therefore, our results also holds forβ = ∞. We obtain (49) by adding all the
contributions (50) to theL2

ρ(Ωi ) norm. We prove (48) by using the triangular
inequality, an inverse inequality, and (49).�
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Theorem 3. Let u∈ Ṽ h(Ω) and 1/2≤ β ≤ ∞. Then

‖Ĩ ÑN
h u − u‖L2

ρ(Ωi ) � H |u|H 1
ρ,h(Ωext

i ),(51)

and

|Ĩ ÑN
h u|H 1

ρ,h(Ωi ) � (1 + log(H /h))
1
2 |u|H 1

ρ,h(Ωext
i ).(52)
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Proof. Using Lemmas 8, 9, and 7, we have

|Ĩ ÑN
h u|H 1

ρ,h(Ωi ) � (1 + log(H /h))
1
2 |I H

H I H
h u|H 1

ρ,H (Ωi )

� (1 + log(H /h))
1
2 |I H

h u|H 1
a,H (Ωext

i )

� (1 + log(H /h))
1
2 |u|H 1

ρ,h(Ωext
i ).

The L2
ρ error stability is obtained by

‖Ĩ ÑN
h u − u‖L2

ρ(Ωi ) ≤ ‖Ĩ ÑN
h u − I H

H I H
h u‖L2

ρ(Ωi )+

‖I H
H I H

h u − I H
h u‖L2

ρ(Ωi ) + ‖I H
h u − u‖L2

ρ(Ωi ),

and by using Lemmas 8, 9, and 7.�

Remark 3.Using the same ideas in Theorem 2 the analysis and results in this
section can also be extended to the case in which we replace in step iv) of
Definition 4 the approximate harmonic extension by the discrete nonconforming
P1 harmonic extension inside eachΩi . We denote the corresponding interpolator
by Ĩ NN

h .

8. The three-dimensional case

We show in this section that the methods developed above can be extended to
three dimensions.

For simplicity, we assume thatΩ is a polyhedral region of diameter 1 in three
dimensional space. As before, we introduce a nonoverlapping partition composed
of tetrahedraΩi of diameter of orderH . This defines a coarse space and a
triangulationT H . We further subdivide the substructures into tetrahedra which
results in a triangulationT h and define the nonconformingP1 finite element
spacesṼ h(Ω), Ṽ h

0 (Ω), Ṽ H (Ω), Ṽ H
0 (Ω) as the three-dimensional counterpart of

Definition 1. Here, the continuity is enforced at the barycenter of the faces of
the triangulations.

The local equivalence map is given by the following procedure. In each
tetrahedral element ofT h (cf. Fig. 5), we connect the centroid to the four
vertices and to the barycenters of the four faces. We also connect each face
barycenter to the three vertices of the face. Thus, we subdivide each tetrahedral
element into twelve subtetrahedra. We denote this new triangulation byT ĥ. The
vertices ofT ĥ are the vertices, barycenters, and centroids of the elements of
T h. Denote byV ĥ(Σ) the conforming space of continuous, piecewise linear
functions on the triangulationT ĥ restricted to a regionΣ. We denote by CR
nodal points, the barycenters of the faces of elements inT h. We use notations
similar to those used for two dimensions.F CR

ij ,h , ∂ΩCR
i ,h , and Ω̄CR

i ,h represent the
sets of CR nodal points belonging to a faceFij , ∂Ωi , and Ω̄i , respectively.
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Ω̄i ,ĥ and ∂Ωi ,ĥ denote the sets of vertices ofT ĥ belonging toΩ̄i , and ∂Ωi ,
respectively.∂Ωi ,h represents the set of vertices ofT h belonging to∂Ωi .

The counterpart of Isomorphism 1 is given by the following local equivalence
mapMFij

i : Ṽ h(Ωi ) → V ĥ(Ωi ), by:

Isomorphism 2. Given u ∈ Ṽ h(Ωi ) and a faceFij of ∂Ωi , defineMFij

i u ∈
V ĥ(Ωi ) by the valuesMFij

i u at the following sets of points:

i) If P ∈ Ω̄i ,ĥ\∂Ωi ,ĥ and theτ ĥ
j are the elements inT ĥ(Ωi ) that haveP

as a vertex, then

MFij

i u(P) = mean of u|
τ ĥ

j
(P).

Hereu|
τ ĥ

j
(P) is the limit of u(x) whenx ∈ τ ĥ

j approachesP.

ii) If P ∈ ∂ΩCR
i ,h , then

MFij

i u(P) = u(P).

iii) Let P ∈ ∂Ωi ,h ∩ ∂Fij , and letTj , j = 1, · · · ,NFij

P , be the triangles of
T h ∩Fij that haveP as a vertex. Then

MFij

i u(P) =

N
Fij
P∑

k=1

|Tk |
∪N F

P
j =1|Tj |

u(Qi ).

Here Qi and |Ti | are the barycenter and the area of the triangleTi , re-
spectively.

iv) Let P ∈ ∂Ωi ,h\∂Fij , and let Tj , j = 1, · · · ,NP, be the triangles of
T h ∩ ∂Ωi that haveP as a vertex. Then

MFij

i u(P) =
NP∑
k=1

|Tk |
∪NP

j =1|Tj |
u(Qi ).

Remark 4.It is easy to check that Lemma 3 holds, if we replaceV h/2(Ωi ) by
V ĥ(Ωi ), and let the faces play the role previously played by the edges.

Definition 5. Let v ∈ Ṽ h(Ω). The Interpolation operatorI H
h : Ṽ h(Ω) → Ṽ H (Ω),

is given by:

i) If Pij is the barycenter of the faceFij common toΩ̄i andΩ̄j , then

(I H
h v)(Pij ) =

1
|Fij |

∫
Fij

v|Ω̄i
(x) dx =

1
|Fij |

∫
Fij

v|Ω̄j
(x) dx.

ii) If Pij is the barycenter of a faceFij common toΩ̄i and∂Ω, then

(I H
h v)(Pij ) =

1
|Fij |

∫
Fij

v|Ω̄i
(x) dx.
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Using the same ideas as in two dimensions, we can prove lemmas analogous
to Lemmas 5-7.

Definition 6. Let the prolongation operatorsI h
H , Ĩ

h
H : Ṽ H (Ω) → Ṽ h(Ω), be de-

fined as in the two dimensional case. In a first step, let define (I h
H uH )(q) =

(Ĩ h
H uH )(q) = uH (Cij ) for all CR nodesq ∈ F CR

ij ,h . Finally, perform a noncon-
forming P1 harmonic or approximate harmonic extension.

We describe the three dimensional version of Extension 1. LetPj , j =
1, · · · , 4, be the barycenters of the faces of∂Ωi , and let Vj be the vertex of
Ωi that is opposite toPj . Let C the centroid ofΩi , i.e. the intersection of the
line segments connecting theVj to the Pj . Let Ejk , k = 1, 2, 3, be the edges of
∂Fj ; see Fig. 5.
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Extension 2. The construction of an approximate harmonic extension inΩi is
defined by the following steps (see Fig. 5):

i) Let

ū(C) =
1
4

4∑
j =1

uH (Pj ).

ii) For a pointQ that belongs to a line segment connectingC to Pj , define
ū(Q) by linear interpolation between the values ¯u(C) anduH (Pj ), i.e. by

ū(Q) = λ(Q)ū(C) + (1− λ(Q))uH (Pj ).

Hereλ(Q) =dist(Q,Pj )/dist(C ,Pj ).
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iii) For a point S that belongs to any of the three triangles defined by the
previousQ, and the edgesEjk , k = 1, · · · , 3, let

ū(S) = ū(Q).

iv) Finally, let I h
H uH (Ωi ) = I CR

i ,h ū, whereI CR
i ,h is the interpolation operator

into the spaceṼ h(Ωi ) that preserves the values of a function at the CR
nodes ofΩ̄CR

i ,h .

The prolongation operator̃I h
H in three dimensions has the same stability prop-

erties as in the two dimensional case, i.e. Lemma 8 still holds. The idea of the
proof is the following. Consider the case whereuH (Ωi ) is given byuH (P1) = 1
and uH (P2) = uH (P3) = uH (P4) = 0. This gives an element of the partition of
unity introduced by Dryja, Smith, and Widlund [14] and the energy seminorm
of uH is on the order ofH . Let ϑCR

Fi 1
(Ωi ) = I h

H uH (Ωi ). We note that|∇ϑCR
Fi 1

(x)|
is bounded byC/r , where r is the distance to the nearest edge ofΩi . The
contribution to the energy seminorm from the union of the elements with at
least one vertex on the edge of the substructure can be bounded byCH , using
that the extension is given by a convex combination of the boundary values.
To estimate the contribution to the energy from the rest of the substructure, we
introduce cylindrical coordinates using the appropriate substructure edge as the
z-axis. Integrating|∇ϑCR

Fi 1
(x)|2 over this region, we find that it is bounded by

C (1 + log(H /h)) H . See Dryja, Smith, and Widlund [14] for more details; the
arguments can be extended easily for the nonconformingP1 case.

To prove Lemma 8 for a generaluH ∈ Ṽ H (Ωi ), we use the same ideas as
for two dimensions.

As in the two-dimensional case, we can extend the results to nontriangular
substructures and to the Neumann-Neumann case.

9. Main result for two-level method

In this section, we consider the Schwarz method introduced in the previous
subsections and prove the following result.

Theorem 4. The operatorP̃ of the additive Schwarz algorithm, defined by the
spacesṼ h

0 (Ω) and Ṽi , satisfies:

κ(P̃) � (1 + log(
H
h

)) (1 +
H
δ

).(53)

Here κ(P̃) is the condition number of̃P, andΩ is a region in<2 or in <3.
Therefore, if we use a generous overlapping, i.e. H/δ is uniformly bounded, then

κ(P̃) � 1 + log(
H
h

).
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Proof. The lower bound is obtained by usingAssumptioni) of Lemma 2. We
partition the finite element functionu ∈ Ṽ h

0 (Ω), as follows. We first choose
u0 = Ĩ X

h u, with X = F , F̃ , NN, or ÑN, and setw = u − u0. The other terms in
the representation ofu are defined byui = I CR

h (θiw), i = 1, · · · ,N . Here I CR
h is

the linear interpolation operator into the spaceṼ h
0 (Ω) that preserves the values

at the CR nodes ofΩCR
h , and{θi } is a partition of unity withθi ∈ C∞

0 (Ω′
i ) and∑

θi (x) = 1.
For a relatively generous overlap of the subdomains, these functions can be

chosen so that∇θi is bounded byC/H . By using the linearity ofI CR
h , we can

show that we have a correct partition ofu. In order to estimate the seminorm of
ui , we work on one elementτh

j at a time. We obtain

|ui |2H 1
ρ,h(τh

j ) ≤ 2 |θ̄iw|2H 1
ρ,h(τh

j ) + 2 |I CR
h ((θi − θ̄i )w)|2H 1

ρ,h(τh
j ).

Here θ̄i is the average value ofθi over τh
j . Here and afterwards we use that the

coefficientρ(x) is constant in each elementτh
j . It is easy to see, by using the

inverse inequality (9), that

|I CR
h ((θi − θ̄i )w)|2H 1

ρ,h(τh
j ) � h−2 ‖I CR

h ((θi − θ̄i )w)‖2
L2
ρ(τh

j ).

We can now use the fact that onτh
j , θi differs from its average by at most

C h/H . After summing over all elements ofΩ′
i , we arrive at the inequality

|ui |2H 1
ρ,h(Ω′

i ) � |w|2H 1
ρ,h(Ω′

i ) + H−2 ‖w‖2
L2
ρ(Ω′

i ).(54)

We sum over alli and use that each point inΩ is covered only a fixed
number of times and we obtain a uniform bound onC2

0 . We conclude the proof,
by estimating the two terms of

|w|2H 1
ρ,h(Ω) + H−2 ‖w‖2

L2
ρ(Ω)

by |u|2H 1
ρ,h(Ω). The bounds follow by using the stability results of Theorems 1, 2,

3, or the Remark 3, or the results of Sect. 8.
For the case of small overlap, the proof is similar to that of the case of

piecewise linear conforming space considered in Dryja and Widlund [19]. Let
Γ =

⋃
∂Ωi \∂Ω. Let Γδ,i ⊂ Ωi be the region that is within a distanceδ of Γ .

In order to use Lemma 2, we first estimate|ui |H 1
ρ,h(Ω) in terms of|w|H 1

ρ,h(Ω). We
consider the contribution from one substructure at a time and we obtain

|ui |2H 1
ρ,h(Ωi \Γδ,i ) = |w|2H 1

ρ,h(Ωi \Γδ,i ),

and
|ui |2H 1

ρ,h(Γδ,i )
� |w|2H 1

ρ,h(Γδ,i )
+ δ−2 ‖w‖2

L2
ρ(Γδ,i )

.

We also need to estimate|uj |2H 1
ρ,h(Γδ,i )

| for the j that correspond to neighboring

substructures. This presents no new difficulties. It remains to estimate‖w‖2
L2
ρ(Γδ,i )

.

It is easy to check that
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‖w‖L2
ρ(Γδ,i ) � ‖MEij

i w‖L2
ρ(Γδ′,i ),

whereΓδ′,i ⊂ Ωi is the region obtained by extendingΓδ,i within a distance of
two elements of∂Γδ,i . Using Lemma 3 of Dryja and Widlund [19] and Lemma
3, we obtain

‖MEij

i w‖2
L2
ρ(Γδ′,i )

� δ′2((1 + H /δ′)|MEij

i w|2H 1
ρ(Ωi ) + 1/H δ′‖MEij

i w‖L2
ρ(Ωi ))

� (δ)2((1 + H /δ)|w|2H 1
ρ,h(Ωi )

+ 1/H δ ‖w‖L2
ρ,h(Ωi ).

We note that we have used that the coefficientρ(x) is nearly constant inΩi . We
note that eachx ∈ Ω is covered only a finite number of times by the subregions.
The rest of the proof is similar to that of generous overlap case given above.

An upper bound on the spectrum is obtained by bounding

ah(P̃v, v) = ah(P̃0v, v) + ah(P̃1v, v) + · · · + ah(P̃Nv, v),(55)

from above in terms ofah(v, v). Using Schwarz’s inequality, the fact that theP̃i

are projections, and that the maximum number of regions that intersect at any
point is uniformly bounded, it is easy to show that the spectrum ofP̃ is bounded
from above by

max
p∈ Ω

{#(i : p ∈ Ω′
i ) + 1}. �

Remark 5.The proof of Theorem 4 also works for triangulationsT H andT h

that are shape regular and nonuniform. We can then show that

κ(P̃) � max
{1,···,N}

(1 + log(
Hi

hi
)) (1 +

Hi

δi
).

Here, Hi is the diameter ofΩi , hi is the diameter of the smallest element in
T h(Ωi ), andδi measures the overlap.
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