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Summary. Two-level domain decomposition methods are developed for a sim-
ple nonconforming approximation of second order elliptic problems. A bound
is established for the condition number of these iterative methods, that grows
only logarithmically with the number of degrees of freedom in each subregion.
This bound holds for two and three dimensions and is independent of jumps
in the value of the coefficients and number of subregions. We introduce face
coarse spaces, and isomorphisms to map between conforming and nonconform-
ing spaces.
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1. Introduction

The purpose of this paper is to develop domain decomposition methods for sec-
ond order elliptic partial differential equations approximated by a simple noncon-
forming finite element method, the nonconformiRgelements. We first consider

a variant of a two-level additive Schwarz method introduced in 1987 by Dryja
and Widlund [15] for a conforming case. In this method, a preconditioner is
constructed from the restriction of the given elliptic problem to overlapping sub-
regions into which the given region has been decomposed. In addition, in order
to enhance the convergence rate, the preconditioner includes a coarse problem of
lower dimension. The construction of this component is the most interesting part
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384 M. Sarkis

of this work; we introducenonstandard coarses spacts problems with dis-
continuous coefficients, and show that the condition number of the corresponding
iterative methods is bounded I6y(1 + logH /h)). Here,H andh are the mesh
sizes of the global and local problems, respectively. We also note that this bound
is independent of the variations of the coefficients across the subregion interfaces.

Our motivation for considering thB;-nonconforming space comes from the
equivalence established by Arnold and Brezzi [1] between nonconforming meth-
ods and Raviart-Thomas mixed methods. The latter methods are useful in appli-
cations for which an accurate approximation to the flux variable of the elliptic
problem is required and the solution (of the elliptic problem) is not sufficiently
smooth; see Sarkis [26].

This paper is an extended version of a technical report completed in March
1993 [24]. That work had been inspired by earlier multilevel studies, cf. Brenner
[4], Oswald [23] as well as by recent work by Dryja, Smith, and Widlund [14],
but a nhumber of additional technical difficulties had to be overcome. They are
primarily related to our efforts to treat quite general coefficients. One of the main
ideas relates to the construction of certaiamorphismsor local interpolators
which map between conforming and nonconforming spaces and to obtaining
several results for the nonconforming case which are known for the conforming
case.

In this work, we also introduce thface basedind the3-Neumann-Neumann
coarse spaces, that have the following characteristics. The values at the non-
conforming nodes are constant on each edge (face) of the subregions and the
values at the other nonconforming nodes are given by a piecewise discrete non-
conformingP; harmonic extension, or by a simple but nonstandard interpolation
formula, an &pproximate harmonic extensiprin the latter case, and for trian-
gular (tetrahedral) substructures, the value at any nonconforming node in the
interior of a subregion is a convex combination of the three (four) values given
on the boundary.

We believe that our isomorphisms were first introduced in a short version of
[24] that was entered into Copper Mountain student competition in mid-December
1992. We note that recently considerable attention has been focused on related
techniques for domain decomposition methods with nonconforming spaces; for
second order scalar problems (cf. Brenner [3], Cowsar [9, 10], Cowsar, Mandel,
and Wheeler [11], Sarkis [25, 26]), for plate elements (cf. Brenner [2]), and
for non-nested meshes (cf. Cai [5, 6], Chan, Smith, and Zou [7]). We also note
the face basedtoarse spaces arapproximate harmonic extensignshich were
originally introduced in [24], also have been discussed in the conforming case in
recent work by Dryja, Sarkis, and Widlund [13], and Dryja, Smith, and Widlund
[14].
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Nonstandard coarse spaces and Schwarz methods 385

2. Differential and finite element model problems

To simplify the presentation, we assume tliais an open, bounded, polygonal
region of diameter 1 in the plane, with bounddts?. In a separate section, we
extend all our results to the three dimensional case.

We introduce a partition of? as follows. In a first step, we divide the regiéh
into nonoverlapping triangular substructus@si = 1,---,N. Adopting common
assumptions in finite element theory, cf. Ciarlet [8], all substructures are assumed
shape regular, quasi-uniform and to have no dead points, i.e. each interior edge is
the intersection of the boundaries of two triangular regions. We can show that the
theory also holds if we choose nontriangular substructures, where the boundary
of each substructure is a composition of several polygonal edges, and each of
them is the intersection of two substructures. Naturally, we need assumptions
related to the nondegeneracy of this partition. Initially, we restrict our exposition
to the case of triangular substructures since the main ideas can be seen in this
case. This partition induces a coarse mggh' and we also introduce a mesh
parameteH = max{Hs,---,Hy} whereH; is the diameter of . Later, we will
extend the results to nontriangular substructures. The quasiuniformity assumption
is not required for the coarse triangulationn™ since all arguments are local.

We study the following selfadjoint second order elliptic problem:
Find u € H3(£2), such that

(1) a(u,v) =f(v) Yve HI),

where
N
a(u7v)=Z/ pi VU - Vo dx andf(u)z/fvdx forf € L2.
i=1 2

Here, thep; are constants values such that> Ayin > 0 Vi. This includes
cases where there is a great variation in the value opttrecross substructures
interfaces. We remark that there is no difficulty in extending the analysis and the
results to the case where egghvaries mildly inside each substructuf.

In a second step, we obtain the elemeni‘i‘t:tn the finest triangulation by sub-
dividing the substructures into triangles in such a way that they are shape regular,
and quasi-uniform. The mesh paramdias the diameter of the smallest element
and denote this triangulation by ". Similarly, we assume the triangulatiori "
has no dead points.

Let & represents an opegdgeof a substructure?;; sometimes we usé;
to represent an open edge shared by two substructgremnd (2. We denote
the interface between the subdomains By= U0 \df2. We denote byCR
nodal pointsthe nonconforming nodal points, i.e. the midpoints of the edges of
elements inZ7 . The sets of CR nodal points belongings® (2, 912, i, 08,

and " are denoted by2SR, 2CR, 908K, Zih 00CR, and IR, respectively.

Definition 1. The nonconforming?; element spaces (cf. Crouzeix and Raviart
[12] on theh-mesh andH -mesh are given by
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386 M. Sarkis

VN(£2) = {v|v linear in each triangle" € .7,
v continuous at the CR nodes 6fR},
V($2) = {v|v € V"(£2) andwv = 0 at the CR nodes ab2¢R},
VH(£2) = {v|v linear in each triangle i7",
v continuous at the midpoints of the edges®t }, and
Vi(02) = {v|v e VH(2) andv = 0 at the
midpoints of edges of7 1 that belong ta)(2}.

These spaces are nonconforming and non-nested Qtﬁt(éZ) 7 \70*‘((2) 04
HE(£2).

Let X be a region contained if? such thatoX' does not cut through any
element. Denote by "(¥) and.7 "(X) the space/" and the triangulatior7 "
restricted toX, respectively.

Givenu € V"(X), we define a discrete weighted energy seminorm by:

(2) |U‘E|;’h(z) :ag(u,u),

where

(3) al(uv)= > p(x) Vu - Vu dx.
Te ,7""‘ = T

In a similar fashion, we define the inner prodwc}(u,v) and the seminorm
|u|H1 L foru,v e VH(2). In order to avoid unnecessary notations, we drop
the subscnptE when the integration is ove? and the subscript whenp = 1.

The discrete problem associated with (1) is given by:
Find u € V', such that

(4) a(u,v) =f(v) Vve VD).

We note that - |H1 () is a norm for the spac¥/', because ifuly: (@ =0,
thenu is constant in each element. By the continuity at the CR pnodes and the
zero boundary condition, we obtain= 0. Therefore, we obtain uniqueness and
existence of the solution for (4).

We obtain similar stability results as for the conforming case.

We also define the weightdd® norm by:

®) ||UHE%(2):/EP(X) ux)Pdx foru e (VN(£)+VH () +LA(2)),

and a weighted energy norm by:

1
2 — 1112 2
(6) HUHH/}’h(E) - |U‘H/}Yh(2) + (d (X))2 Hu”Li(E)’

whered (X)) is the diameter of the regiof.
We introduce the following notationst < v , w > X, andy =< z meaning
that there are positive constar@sandc such that
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Nonstandard coarse spaces and Schwarz methods 387

u<Cwv, w=>cx and cz<y<Cz respectively

HereC andc are independent of the variables appearing in the inequalities and
the parameters related to meshes, spaces and, especially, thepv&iginetimes,
we will use< to stress tha€C = 1.

Sometimes is more convenient to evaluate a norm of a finite element function
in terms of the values of this function at the CR nodal points. By first working
on a reference element and then using the assumption that the elements are shape
regular, we obtain the following lemma:

Lemma 1. Foru e VN(X),

) ullzesy = 0% Y7 p() (M) + U2(Mp) + u?(Ms)),
e N(x)
and
®) s o= Do A {UM) — u(M2))®
' e 7h(x)

+U(Mz) — u(M3))? + (u(M3) — u(M1))?}.
where M, M5, M3 are the CR nodes of the triangﬁi,q as in Fig. 1.

We stress the the formulas (7) and (8) are for the two-dimensional case. There
are three-dimensional version of these formulas; the main difference is that we
have to multiply the right hand sides by an additional fadtor

An inverse inequality can be obtained by using only local properties. It is
easy to see that far € V"(2),

-1
9) ulnz ) = h Ul z)-

We note that (9) also holds for the three-dimensional case.
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388 M. Sarkis

3. Additive Schwarz schemes

We now describe the special additive Schwarz method introduced by Dryja and
Widlund; see e.g. [16, 19]. In this method, we coygby overlapping subregions
obtained by extending each substruct(keto a larger regiorf?/. We assume that
the overlap is, whereé; is the distance between the boundatieg andof,
and we denote by the minimum of the). We also assume that(2/ does not
cut through any element. We make the same construction for the substructures
that meet the boundary except that we cut off the pastofhat is outside of?2.

For each(?/, a nonconformingP; finite element triangulation is inherited
from .7 "(£2). The corresponding finite element space is defined by

(10) Vi ={v|ve V, supportofv c 2/}, i=1---,N.

A coarse spac¥y C \70h(!2) is given as the range of a certain composition
of interpolation and prolongation operators. The most fundamental and original
coarse space for nonconformifg spaces is théace baseatoarse space with an

approximate discrete harmonic extensidrhis space, which we denote h?yf
can also be defined as the range of an operigtoiThe prolongation operator
If will be defined later.

Our finite element space is represented as a suM ofL subspaces
(11) Vi =Vo+Vi+---+Vy.

We introduce projection operatofs : V! — Vi, i =0,---,N, by
(12) a"(Piw,v) =a(w,v) VuveW,
and the operatoP : V' — V', by
(13) P=Py+Py+---+Py.

In a case in which, = V', the matrix form off, is given by
(14) Po =T (T TKIH) M) TK,

whereK is the finite element operator associated vaf, -).
We replace the problem (4) by

N

(15) Pu=yg, g=) g where g =Pu.
i=0

By construction, (4) and (15) have the same solution. We point outgthat
can be computed, without knowledge wf since we can find; by solving

(16) a(gi,v) =a(u,v) =f(v) Ywe V".

It is very easy to check that the operafdris symmetric with respect to the
inner product”(-, -). The reason for replacing the problem (4) by (15) is that, we
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Nonstandard coarse spaces and Schwarz methods 389

can transform a large ill-conditioned system into a very well conditioned system
problem at the expense of solving many small ill-conditioned and independent
linear problems. The equation (15) is typically solved by a conjugate gradient
method, without further preconditioning, usimj(-,-) as the inner product. In
order to see that the problem (15) hasas the unique solution, and also to
estimate the rate of convergence of the preconditioned conjugate gradient method,
we need to obtain upper and lower bounds for the spectrur®.of lower
bound is obtained by using the following lemma; cf. Dryja and Widlund [16—
18], Matsokin and Nepomnyaschikh [21], and Zhang [27].

Lemma 2. Let P; be the operators defined in equation (12) andRebe given
by (13). Then

v= U

(17) a"(P~'v,v)= min > a(ui,v), v € V"

Therefore, if a representation= 3 v; can be found such that

N
(18) > a(ui,v) < CFa"(v,v), Vv e V,
i=0

then
Amin(P) > Co_2~

4. Isomorphism

We first introduce docal equivalence magisomorphisn in order to obtain
some inequalities and local properties of our nonconforming space. With the
help of that map, we can extend some results that are known for the piecewise
linear conforming elements to our nonconforming case. We point out that all the
isomorphisms introduced in this paper are carefully defined so that our analysis
also holds for any triangulation that is shape regular and nonuniform.

Let V 2(£2)) be the conforming space of continuous, piecewise linear func-
tions on the triangulation”” 2 (£2,), where theh/2-mesh is obtained by joining
midpoints of the edges of elements.af "(£2). The set of vertices i7" be-
longing to (2, and (2 are denoted by? ,,, anddf2 p, respectively.

We define thdocal equivalence map//;ff” VN2) =V Q(Qi), as follows:

Isomorphism 1. Givenu € V"(£2), and an edge%; of the substructure?;,

define./éf” u € V:(£2) by the values of//@f“’ u at the four sets of points (cf.
Fig. 2):

i) If P e QCR, then
260 u(P) = u(P).
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i) If Pe ﬁi,h\a(zi_,h, and therjh are the elements that hateas a vertex,
then (
2477 u(P) = mean of ul(P).
Hereu\Tjh(P), is the limit value ofu(x) whenx € 7-J-“ approache®.
i) If 7" is a vertex of the substructur@ and an end point o#;, and

7 the CR node o, that is the next neighbor o, then
/% o .
T = U(T5).

iv) If Q € 942, and is not in the case iii), an@ and Q; the two CR
nodes ofdf2°R that are the next neighbors &, then

|QQJ Q|
[QQ[+|QQ| IQQ[+]QQ|
Here |Q Q| is the length of the segmef; Q.

In a case where the triangulatiofr "(¢2;) is uniform, e.g. as in Fig. 2, Case
i) becomes

267u(Q) = u(Q)+ u(Q)

6
67 u(P) = (15 > ula(P).

i=j

Fig. 2.

We can easily prove (cf. Sarkis [26]):

Lemma 3. Given ue V"(2;). Then,

&
(19) A6 Ul (@) = Ulk (@)
/V)i'
(20) 74" ullL2 () = Ullz(2),
and
(21) / 2671 u(s) ds = / u(s) ds.
i i
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Nonstandard coarse spaces and Schwarz methods 391

Remark 1.The Isomorphism 1 is a local construction. Therefore, Lemma 3 holds
locally in eachf?; but not simultaneously for every In fact, we can prove that it

is impossible to construct a global Isomorphis#s : V() -V rz‘((l) such that

(19) and (20) hold for every simultaneously. The problem is how to define the
values at the vertices of the substructures that are cross points. We note, however,
that for problems with constant or quasi-monotone coefficients, discussed in [13],
a global isomorphism#4 can be defined in such way that (19) and (20) hold
simultaneously for every?.

5. Interpolation operator

In this section, we introduce an interpolation operator Farnonconforming
spaces and establish that it is stable. This operator plays an important role in the
analysis of our algorithms.

Definition 2. Letv € V"(£2). The Interpolation operatdf' : V"(£2) — VH (1),
is given by:

i) If P; is the midpoint of the edgé&;; common toﬁi andﬁj, then

1

(I 0)(Py) = v (x) dx =

1
= o v| g (X) dx.
@l IR

ii) If Pj is the midpoint of an edgé&;; common toﬁi andds2, then

WP = [ vla00 o
|(’(|J I i

Here,v| 5 (x) is the limit value ofv(y) wheny € (% approaches. We note
that the second equality in part i) of Definition 2 follows from the fact that the
mean ofv on each edge of an elemerjﬂ € .7 (1) is equal tov(M;1), whereM;
is the CR node of this edge. It is important to note that the value/bf)(P;)
depends only on the values ofon the interface; . This allows us to obtain
stability properties that are independent of the differencegp(nj across the
substructure interfaces. It is easy to see from Definition 2 that

(V) € Vi (92).

Before studying the stability properties of this operator, we need two lemmas
for the piecewise linear conforming finite element space.

The following lemma is a PoincasFriedrichs inequality. The idea of the
proof can be found in Ciarlet (Theorem1$ [8] and in N&as (Chapter 2.7.2)
[22].

Lemma 4. Let~ be a subset off2;, such thaty and 02, have measures on the
order of H. Then,
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@) [0 = R0+ ([ G002 Ve HY(@).
vy
As a consequence,]L u(x) dx = 0, we have the Poincérinequality

(23) 1Ullz ey = H [Uluz (@)-

The next lemma is a Poind@Friedrichs inequality for nonconforming,
elements. It is obtained by using Lemmas 3, and 4.

Lemma 5. Letu € \7“(Qi), where (2 is a triangular substructure of diameter
O(H). Lety be 02 (or an edge oDf2). Then,

(24) Ul = H2UZ 0 * € / u(s) 4.
As a consequence,ﬁ; u(s)ds = 0, we have the Poincérinequality
(25) Jullize) = H |U|H;’h(rzi)-

The next lemma gives an example of an operator Iod.@ly andH;h—stabIe.

Lemma 6. Letu € H(£2), where(? is a triangular substructures of diameter
of O(H). Define a linear functiony in 2, by

(26) WP)= o [ deds j=123
1% | Jo

where the?; are the edges of%;, and R, is the midpoint o¥%; . Then

_ 1 _
(27) |Gn (Py )2 < \lﬂﬁm) * 2 ||UHEZ(Qi)‘
(28) [Un [ 2 = [Ulnz )
and
(29) U = Ullize) = H[Uluz (2)-

Proof. Consider initially a subregiod; with diameter of 1. Using thae5 | =
0O(1), the Cauchy-Schwarz inequality and a trace theorem, we have

|G (Py) [ = |// a(x) dx|* < HJ”E?(;:U-)
Zij

12 12 =2 M2
= ||U||H%(ZU) S UKy 2 N0 Ees ) * 1UTR -
We obtain (27) by returning to a region of diamekér

Note that using the first part of this lemma, for any constant

(30) |0 B2

= |4 (Pi1) = Un (Pi2)|* + [Un (Pi2) — Un (Pia) | + |On (Pia) — G (Pin) 2
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Nonstandard coarse spaces and Schwarz methods 393

=T =l -
By choosingc = u(Pj;) and~y = &1, we can apply Lemma 4 and obtain the
H p{ n(£2)-stability (28).
We now prove thde,(Q) error stability. Sincei— uy has mean zero of(2;,
we can apply the Poincarinequality (25) and obtain

(31) lU—Un oy = H U = Un [H1ye)-

Using the second part of this lemma, we obtain II@(EQ) error stability (29).
d

The next lemma shows that the interpolation opergfarintroduced in Def-
inition 2, is locallyL2— andH !, —stable.

Lemma 7. Let u € V(). Then y = I/'u € VH () satisfies the following
properties

(32) (IFVg(92)) Vgt (1),

(33) [Un 2 2 = Ul (@)

and

(34) ||UH _UHL%(Qi) <H ‘U|H:,h(9i)7 i =1,---,N.

Proof. Let uy = Ii'u € VH (12) andui; = .//Zix‘lu € V2(£2), and letus (Pi1) €
H(2)) be given by (26). Using (21) and Definition 2, we have

(35) U4 (Pi1) = U4 (Pig).
Therefore, from (35), (27), and Lemma 3, we have
_ _ R
(36) |Un (Pia)[? = [0 (Pig)]? < |U\E|1(rzi) + HzHu”E?(Qi)
1

2 2
2 ulfey * H2||U|||_2(Qi)-

We also obtain the same estimate fay (Pi2)| and |uy (Pi3)]-
The rest of the proof is similar to that of Lemma 6. We now use Lemma 5,
the Poincag inequality for nonconforming elements.d

6. The face based basis

In this section, we introduce prolongation operators and establish that they are
stable. The range of each of these operators will serve as a coarse space in our
algorithms.

Definition 3. The Prolongation Operatol] : VH — VN is given by:

i) Let &;,j =1,2,3, be the edges of a substructur@s For all CR nodes
qe &R =123 andi =1,---,N, let (Jun)(@) = us(P;), where
P; is the midpoint of the edg€;; .
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ii) GivenIluy at the CR nodal points af = U; 962 fromi), let 1] uy (£2)
be the nonconforming; harmonic extension inside each.

It is easy to check that, = Ifluy € VN(R2), and (JV{ (2) c V(). A
disadvantage of stdp) is that we have to solve exactly a local Dirichlet problem

for each substructure in order to obtain the harmonic extension. Other extensions
can be used, which we capproximate harmonic extensionkhey are given by
simple explicit formulas with the sarrief) and Hp{h stability properties as the
harmonic one.

Fig. 3.

Let P, j = 1,2,3, be the midpoints of the edges 6f, and letV, be the
vertex of £2; that is opposite td”;. Let C be the barycenter of the triangl@,
i.e. the intersection of the line segments connectngo P, .

Extension 1. The construction of an approximate harmonic extensiotijiris
defined by the following steps (see Fig. 3):

i) Let
_ 1
u(C) = 3 {un (P1) + un (P2) + un (P3) }-

if) For a pointR that belongs to a line segment that conn€&t® a vertex

Vj, let
u(R) = u(C).

iii) For a point Q that belongs to a line segments connectibgo Py,
defineu(Q) by linear interpolation between the valug&C) anduy (Py),
i.e by

u(Q) = AMQU(C) + (1 — AQ))un (Px)-
Here \(Q) =dist@, Px)/dist(C, Py).

iv) For a pointS that belongs to the line segment connecting the previous

point Q to a vertexVy, with ¢ # k, let

u(s) = u(Q).
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Nonstandard coarse spaces and Schwarz methods 395

v) Finally, let | huH (¢2) = 1.5RU, wherel SR is the interpolation operator

into the. space/"(2) that preserves the values of a function at the CR
nodes 2R

Note that the functionu just constructed is continuous except at the vertices
V; of 2. We note that several other extensions can be easily constructed; Sarkis
[26]. The construction given above is a generalization of the partition of unity
introduced by Dryja and Widlund in [16]. We note Dryja and Widlund [16] use
this partition only as a tool for analyzing their algorithms, while here we use the
approximate harmonic extension also to define our algorithms.

The next lemma shows that the extension given above have quasi-optimal
energy stability.

Lemma 8. Let uy € V" (£2). Then

~ 1
(37) 1 un It 2y = (L+logH /h))2 Uk iy (2,
and 3
(38) 1§ un — un lza) 2H Ukln: 2y 151+ N.

Proof. Let 19%3 e V"(12),j = 1,2,3, be the approximate harmonic extension
defined by Extension 1, constructed from the boundary vaﬁﬁ}c?s: 1 at the CR
nodes# G, and 9t = 0 at the other CR nodes 6i2(F. It is easy to see that

the 19CR form a baS|s of all approximate harmonic extensions that take constant
values on the edges of the substructure. Using ideas of Dryja and Widlund [16],
it is easy to show that if a point belongs to the interior of an element 6%,

then |V ﬂ%ﬁ(xﬂ is bounded byC /r, wherer is the minimum distance from

to any vertex off2,. Note that any element that touches a vertexZpfprovides

an order one contribution to the energy seminorm. To estimate the contribution
to the energy seminorm from the rest of the substructure, we introduce polar
coordinate systems centered at the vertice®ofThen,

(39) wcﬁHm)<1+// r~2rdrde < 1+logH /h).
Since the partition of unityﬂ?,in forms a basis, it is easy to see that

(40) [ifuy [fiaay = @+1ogH /M) {Jun (P1)| + [un (P2) | + |uw (P3)[?},
and using ideas similar to that of Lemma 6, we have
1 un ‘ahl(gi) = (1 +logH /h)) {Jux (P1) — un (P2)[?
+Un (P2) — Uk (P3)[* + [un (P3) — uw (P1)[?}

= (L+1ogH /M)t [0

By construction, it is easy to see that
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Iug)(x)| < max |ug (P))].
|(1 ur ) (X)| *i=1,2,3‘ H(P)|

Therefore
HhﬂuH — Uy ||E2(Q‘) = Z H2 ‘UH (Pi)|27
i

and by using (36) and (25), we obtain (38).

Since, by assumptiom(x) = p; in each(2, these arguments are also valid
for the weighted norms and we obtain (37)

Letus denoteteh IH IH. Using Lemmas 5 and 8 and the triangular inequality,
we have:

Theorem 1. Let u e V"(£2). Then,

(@) c V),

(41) lifu—ullz (o) < H [Ulnz ()
and
o~ 1 .
(42) ||Ifu|H1h(.Qi) = (1 +logH /h))z \U|H1h(ni)7 i=21---,N.
s o,
Let HCR e VN(12), j = 1,23, be the nonconforming; harmonic functions

in 2, constructed with the valueﬁCR 1 at the CR nodeéfl R and OCR =

at the other CR nodes af(2Cy. It is easy to see that theZ~ form a ba5|s
of all nonconformingP; harmonic functions in2; that take constant values on
the edges of the substructure. Hence, the Interpolation Opef@tgiven in
Definition 3 can be given in terms of theé%llR functions. Let us denote the face

interpolation operator by =111 . As in Theorem 1, we obtain
Theorem 2. Let u e V"(£2). Then

IFVE(92) c V&),

(43) Iifu— Ullz(ey = H Uluz (@),
and
~ 1 .
(44) ||hFu|H;Yh((Zi) = (L +logH /h)): |U|leyh(rzi) i=1---,N.

Proof. The inequality (44) follows trivially from (42) since the nonconforming
P, harmonic function has minimal energy seminorm.
Using trivial arguments, we can show a weaker result than (43), given by

(45) IT§u = ulliz oy < H (L +logH /)z Ul (q)-

We note that (45) will be enough for our purposes. To prove (43), we use the
same ideas as in the proof of Lemma 4.3 of Dryja, Smith, and Widlund [14]; we
note that the convexity of is used. 0O
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Remark 2.1t is easy to see that we do not need to use the factuhat Vy (£2);

we only need to calculate the valuasg, = uy(Pj) by Definition 2. The next

step is to provide the constant valug, to all CR nodes on%;fﬁ and perform

a discrete nonconforming; harmonic extension, or an approximate harmonic
extension. An important observation is that these extensions can be constructed
for nontriangular substructures. In a case of approximate harmonic extension, in
a first step, we construct a partition of unity §3. This can be done by using
ideas similar to those of the triangular caseflifis not too degenerate. By using

the same technique as in the proof of Lemma 8, we can show that

(46) [Fulfs (@) = a @ +logH /M) D7 (G — Uoa)™

&ij COS2;

Here, usg, is the average ofi over 9£2;. We obtain (42) by showing that each
term in the sum can be bounded ﬁy|u|a1 @)
p,h =4

7. The Neumann-Neumann basis

We consider Neumann-Neumann coarse spaces. This is the nonconfd?ming
version of a coarse space studied in Dryja and Widlund [18], and Mandel and
Brezina [20]. However, here we use an approximate harmonic extension inside
the substructures. We note that the coarse spaces considered by these authors
differ only in how certain weights are chosen; Mandel and Brezina use weights
that are convex combinations of the coefficigft), while Dryja and Widlund use
p;(X). Here we show that any convex combination of g#x), for 3 > 1/2,

leads to stability. We remark that we can even define a Neumann-Neumann
coarse space faf = oo by considering the limit of3 — oo; see Dryja, Sarkis,

and Widlund [13]. We point out that the choige= 1/2 can be viewed as a
L2-average, whiles = 1 is an average in the! sense.

The coarse spaces of the previous sectiorfawe basedThere are some dif-
ferences between Neumann-Neumann and face based coarse spaces. A Neumann-
Neumann coarse spaces has only one degree of freedom per substructure, while
a face based uses one degree of freedom per edge. A Neumann-Neumann basis
function associated with the substructuie, has support in2; and its neigh-
boring substructures, while a face based function basis, associated with an edge
of a substructure, has support in just two substructures. The face based coarse
spaces appear to be more stable since all the estimates, related to the jumps
of the coefficients, are tight. In the lemmas that we have proved for the face
based methods, all the stability results were derived in individual substructures,
while in the Neumann-Neumann cases, we need to work with the neighboring
substructures as well.

Definition 4. The Neumann-Neumann interpolation operatdf : V' — V",
is given as follows:
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i) For each substructurg;, calculate the mean value @i12, i.e.

g = 1
"0 Jag

Here |0(2 | is the length 0f0(2. _ _
i) Let P; be the midpoint of the edg&; common tof2 and (2. Then
for all CR nodeP € #£CR, let (NNu(P) = (if'u)(P;), where

u(s) ds.

163
@ue)= "

U + p] (r
|
R s

Uj.

i) Let P; be the midpoint of trlg edgé&; common toﬁi anddf?2. Then
for all CR nodeP € #£CR, let (NNu(P) = (if'u)(P;), where
(Fu)Py) = (15" u)(Py).
iv) Perform an approximate harmonic extension to defiﬂ@u in the
interior of the substructures.
Note that we can also calculate by:

(47) Z '8(') (17 u)Py).

Therefore, there exists a linear transformatig: V" (£2) — V" (1), such
thatlHu = 11Hu. The next lemma establishes stability properties! fpr

Lemma 9. Let yy € VH(2) and1/2 < 3 < co. Then

H
(48) A Un Ik, ) 2 (UH TR e
and
(49) 1 U — uy |||_§)(Qi) =<H |uy \H;H(Qiexx).

Here the extended domai?™ is the union of2; and the substructures that share
an edge with(?;.

Proof. Let us first prove theLf, error stability. We focus on the case whdtg
does not belongs t0(2. The other case is trivial. Note that (see Fig. 4)

B BT
pi” U+ o Ui
un (Py) — (15 uy )(PIJ)|2 lup (Pyj) — 5, 23 2.
I I
By using (47) and simple calculations, this quantity is equal to
1

k
o) +p/'2
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1 gy @ @) = (P} + 8] ()~ P}
o Ly (P~ s @)+ [ ()~ v @O

Using the shape regularity of the subdomains, it is easy to see that

(50) pi Jun (Py) — (1 un )(Py )
23—-1
= o |Un 51 nn [k (2
= H 0 H 2)
o+ p! |2 Pt o 4 pf 2 ()

and using the fact that > 1/2, we can bound this quantity by

2
= lunlie @ ua):

We note that the constant related to the last bound, is also independgént of
Therefore, our results also holds f6r= co. We obtain (49) by adding all the
contributions (50) to the_f)(fzi) norm. We prove (48) by using the triangular
inequality, an inverse inequality, and (49).00

Fig. 4.

Theorem 3. Letue V"(£2) and1/2 < < co. Then

(51) 1™y — Ullz(o) = H |U|H/}‘h(niext),
and
~NN 1
(52) RNl () = (L+ TogH /M) [Ulz (oo,
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Proof. Using Lemmas 8, 9, and 7, we have

~ 1
| hNNulH:,h(Qi) = (1 +logH /h))> “»T'#U\H,}_H(ni)
1
< (L+logH /h))> I Ulhz, (209

< (1+logH /h))? [Ulnz (-
The Lf) error stability is obtained by

NN NN H [ H
U = Uiz < [Ih7u =15 I ullz o)t

[P PTE TS Ullzeo) * 5y — Ullz(2),

and by using Lemmas 8, 9, and 7.0

Remark 3.Using the same ideas in Theorem 2 the analysis and results in this
section can also be extended to the case in which we replace in step iv) of
Definition 4 the approximate harmonic extension by the discrete nonconforming
P, harmonic extension inside ea€h. We denote the corresponding interpolator
by I[NV

8. The three-dimensional case

We show in this section that the methods developed above can be extended to
three dimensions.

For simplicity, we assume tha? is a polyhedral region of diameter 1 in three
dimensional space. As before, we introduce a nonoverlapping partition composed
of tetrahedra(); of diameter of ordeH. This defines a coarse space and a
triangulation.7 " . We further subdivide the substructures into tetrahedra which
results in a triangulation7 " and define the nonconforminig, finite element
spacesV "(12), V{'(12), VH(£2), V{1 (£2) as the three-dimensional counterpart of
Definition 1. Here, the continuity is enforced at the barycenter of the faces of
the triangulations.

The local equivalence map is given by the following procedure. In each
tetrahedral element o7 " (cf. Fig. 5), we connect the centroid to the four
vertices and to the barycenters of the four faces. We also connect each face
barycenter to the three vertices of the face. Thus, we subdivide each tetrahedral
element into twelve subtetrahedra. We denote this new triangulatior byThe
vertices of. 7" are the vertices, barycenters, and centroids of the elements of
7", Denote byV"(X) the conforming space of continuous, piecewise linear
functions on the triangulatio” " restricted to a regiort. We denote by CR
nodal points, the barycenters of the faces of elementgth We use notations
similar to those used for two dimensiong; §*, 902CF, and 2CR represent the
sets of CR nodal points belonging to a fac§, 02, and (2, respectively.
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2, and 81, ; denote the sets of vertices 6F " belonging to(2, and 942,
respectivelyds2 , represents the set of vertices.@T" belonging 0052 .

The counterpart of Isomorphism 1 is given by the following local equivalence
map. 727 :NN(2) — Vi), by:

Isomorphism 2. Givenu € V"(2) and a faceZ; of 042, define!//zf”'u €
V() by the vaIues/é;"”’ u at the following sets of points:

i) If Pe (Zﬁ\a(ziﬁ and therjﬁ are the elements i7" "(£2) that haveP
as a vertex, then

#¢]7u(P) = mean of u|_;(P).
]

Hereu|_«(P) is the limit of u(x) whenx € 7'J-ﬁ approache®.
J
i) If Pe 8(2&?, then
267 u(P) = u(P).

i) Let P € 00, h N 0%, and letT;,j = 1,---, Nf”, be the triangles of
7 "N .7 that haveP as a vertex. Then

7

N
T . T
7P =Y ).

k=1 Uy [Tj
Here Q; and|T;| are the barycenter and the area of the triariglere-
spectively.

iv) Let P € 002 n\0.7;, and letT;, j = 1,---,Np, be the triangles of
7" N as that haveP as a vertex. Then

N
~ [Tl

AT u(P) = "

u(Qi).

Remark 4.1t is easy to check that Lemma 3 holds, if we replat®/2(£2;) by
VP(£2), and let the faces play the role previously played by the edges.

Definition 5. Letv € V"(£2). The Interpolation operatdf! : V"(£2) — VH (1),
is given by:

i) If P; is the barycenter of the fac& common tos2, andﬁj, then
(o) = 2 [ daax= 2 [ olg00
Al )z Tl Sz
ii) If Py is the barycenter of a fac&; common tof2 andds2, then

aFoe = 2 [ el o
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Using the same ideas as in two dimensions, we can prove lemmas analogous
to Lemmas 5-7.

Definition 6. Let the prolongation operatoig, i : V7 (£2) — V"(£2), be de-
fined as in the two dimensional case. In a first step, let defiffen((q) =
((hu)(@) = u4(Cy) for all CR nodesq Z; G}, Finally, perform a noncon-
forming P; harmonic or approximate harmonic extension.

We describe the three dimensional version of Extension 1.Retj =
1,---,4, be the barycenters of the faces @f, and letV; be the vertex of
{2} that is opposite td®;. Let C the centroid off2, i.e. the intersection of the
line segments connecting thg to the P;. Let Ey, k = 1,2, 3, be the edges of
0.7, see Fig. 5.

Fig. 5.

Extension 2. The construction of an approximate harmonic extensiotiiris
defined by the following steps (see Fig. 5):

i) Let
1 4
ac)=, jz:ljuH G
i) For a pointQ that belongs to a line segment connectihdo P;, define

u(Q) by linear interpolation between the value&) anduy (P}), i.e. by

u(Q) = MQ)u(C) + (1 — MQ))uw (P)).
Here A\(Q) =dist(@Q, P;)/dist(C, P;).
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iii) For a pointS that belongs to any of the three triangles defined by the
previousQ, and the edge&j, k=1, ---,3, let

u(s) = u(Q).

iv) Finally, let 1}uy (£2) = 1,570, wherel SR is the interpolation operator
into the sEace7h(!2i) that preserves the values of a function at the CR
nodes of 2.

The prolongation operat(f':1 in three dimensions has the same stability prop-
erties as in the two dimensional case, i.e. Lemma 8 still holds. The idea of the
proof is the following. Consider the case whexg(f2) is given byuy (P1) = 1
and uy (P2) = uy(P3) = uy(P4) = 0. This gives an element of the partition of
unity introduced by Dryja, Smith, and Widlund [14] and the energy seminorm
of uy is on the order oH. Let 952 (62) = I]ju (). We note tha{ VYR (x)|
is bounded byC /r, wherer is the distance to the nearest edgefaf The
contribution to the energy seminorm from the union of the elements with at
least one vertex on the edge of the substructure can be boundé# busing
that the extension is given by a convex combination of the boundary values.
To estimate the contribution to the energy from the rest of the substructure, we
introduce cylindrical coordinates using the appropriate substructure edge as the
z-axis. Integrating| VYR (x)[* over this region, we find that it is bounded by
C (1 +logH /h))H. See Dryja, Smith, and Widlund [14] for more details; the
arguments can be extended easily for the nonconformingase.

To prove Lemma 8 for a general; € VH(£2), we use the same ideas as
for two dimensions.

As in the two-dimensional case, we can extend the results to nontriangular
substructures and to the Neumann-Neumann case.

9. Main result for two-level method

In this section, we consider the Schwarz method introduced in the previous
subsections and prove the following result.

Theorem 4. The operatorl5 of the additive Schwarz algorithm, defined by the
spacesV{(2) andV;, satisfies:

(59 5(P) < (L +log( N (a+").

Here x(P) is the condition number o, and £2 is a region in%2 or in K3,
Therefore, if we use a generous overlapping, i.g6Hs uniformly bounded, then

k(P) <1+ |og(ﬂ ).
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Proof. The lower bound is obtained by usifgssumption) of Lemma 2. We
partition the finite element function < \70h((2), as follows. We first choose
Up = IXu, with X = F, F, NN, or NN, and setw = u — Up. The other terms in
the representation of are defined by = I|R(fw),i = 1,---,N. Herel R is
the linear interpolation operator into the spa?b%(Q) that preserves the values
at the CR nodes of2tR, and{6;} is a partition of unity with¢; € C5°(£2/) and
> 0i(x)=1.

For a relatively generous overlap of the subdomains, these functions can be
chosen so tha¥¢; is bounded byC /H. By using the linearity of °R, we can
show that we have a correct partition wfIn order to estimate the seminorm of
u;, we work on one elemengh at a time. We obtain

|ui |I2-|pl,n(7]h) < 2|¢9iw\fi,},h(ﬂ-h) 2|17 -~ ei)w)mim(ﬂh)'

Heree_i is the average value @& over Tjh. Here and afterwards we use that the

coefficientp(x) is constant in each elemeqt‘. It is easy to see, by using the
inverse inequality (9), that

76 — 6w oy <02 = 0)w)Fa oy,

We can now use the fact that Gﬁ 0; differs from its average by at most
C h/H. After summing over all elements @/, we arrive at the inequality

2 2 -2 2
(54) |ui |H3,h(9i') = |w‘H;’h(Q") +H ”wHL%(Q{)'

We sum over alli and use that each point if? is covered only a fixed
number of times and we obtain a uniform bound@f We conclude the proof,
by estimating the two terms of

|w|ﬁp{h(9) +H? ”wHE%(Q)
by \u|ﬁp1’h(m. The bounds follow by using the stability results of Theorems 1, 2,
3, or the Remark 3, or the results of Sect. 8.

For the case of small overlap, the proof is similar to that of the case of
piecewise linear conforming space considered in Dryja and Widlund [19]. Let
I' = |Jo\01. Let I's; C (2 be the region that is within a distanéeof I".

In order to use Lemma 2, we first estim¢te|H;h(m in terms °f|w|th(Q)- We
consider the contribution from one substructure at a time and we obtain

|ui |E|;Yh(ni\ré,,) = \wﬁ;’h(rzi\r&‘)v
and
| |ﬁ§,h(Fé,i) = ‘wm;’h(p&,i) +672 ”wHE%(FM)'
We also need to estimate; |2 | for thej that correspond to neighboring

HY L (Tsi)
p;h >
substructures. This presents no new difficulties. It remains to estlma@(rﬁ -
P N
It is easy to check that
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&
lwllzr,,y = [-267" wlzr, )

where s j C {2 is the region obtained by extendidg; within a distance of
two elements oD I;. Using Lemma 3 of Dryja and Widlund [19] and Lemma
3, we obtain

|25 w1,y = (A +H /8D w0y + I/HE A w3 )

= OAA+H /Ol o)+ Y/HO [0l )

We note that we have used that the coefficigix)) is nearly constant in2;. We

note that eacl € (2 is covered only a finite number of times by the subregions.

The rest of the proof is similar to that of generous overlap case given above.
An upper bound on the spectrum is obtained by bounding

(55) a"(Pu,v) = a"(Pov, v) + a"(Prv,v) + - - - +a"(Py v, v),

from above in terms 0" (v, v). Using Schwarz’s inequality, the fact that tRe
are projections, and that the maximum number of regions that intersect at any
point is uniformly bounded, it is easy to show that the spectrui &f bounded
from above by
max{#(i :pe 2)+1}. O
pe 2

Remark 5.The proof of Theorem 4 also works for triangulatiogs" and.7 "
that are shape regular and nonuniform. We can then show that

Hi

K(B) = max (L+log( ) (L+ ).

Here, H; is the diameter off2, h; is the diameter of the smallest element in
7 N(2), ands; measures the overlap.
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