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Multilevel Methods for P, Nonconforming Finite
Elements and Discontinuous Coefﬁ01ents
in Three Dimensions

MARCUS SARKIS

ABSTRACT. We introduce multilevel Schwarz preconditioners for solving
the discrete algebraic equations that arise from a nonconforming Py fi-
nite element method approximation of second order elliptic problems. For
the additive multilevel version, we obtain a condition number bounded by
C1(1 + log H/h)? from above, and for the multiplicative versions, such
as the V-cycle multigrid methods using Gauss Seidel and damped Ja-
cobi smoothers, we obtain a rate of convergence bounded from above by

1—Ca{l+logH/R)™2

1. Introduction

There are many engineering applications in which the main goal is to find a
. good approximation for ¢ = p Vu. Here, u is the solution of an elliptic problem
. with coefficient p. We ¢an find an approximation for ¢ by finding an approxi-

mation for © and then applying the operator p V. This procedure may generate
serious errors since when p becomes more discontinuous, the solution 4 becomes
‘more singular and the operator pV more numerically unstable. Furthermore,
‘we note that in the interior of £ we have, formally, divg = f. Therefore, we
8xpect g(z) to be less sensitive than u{x) to variations of p(z). For instance, if
e consider the one-dimensional case with f = 0 and inhomogeneous Dirichlet
ata, we obtain ¢ = constant. This is why mixed methods are introduced in
rder to approximate ¢ Vu and u, independently. Our motivation for consider-
Ing the P -nonconforming space comes from the fact that there is an equivalence
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hods and nonconforming methods; see Arnold and Brezzi (1]
nforming finite clements were intro-
The existing convergence

between mixed met
The first multigrid methods for nonco

duced. by. Braess am _______Verfiith [2], and Drenner [3].

yesulls are based on the H 2 yggularity assuniption for the continuous prob-

lem. Later, Oswald {12}, Vassilevski and Wang [15] proposed optimal frinltilevel

BPXapreconditioners for nonconforming P, elements n three—dimensional case
Dy using a gequence O

f nested conforming subspaces. No additional regularity
assumption

beyond the H* is used. We note, however, that we cannot guarantee
that the rate of convergence of these methods are insensitive 1o large variations
f the differential equabio

in the coefficients © n; see also [11], 116}, and o]. In
this paper, wWe modify the Oswald preconditioner by introducing ovr nonstan-
dard coarse spaces Sarkis [13], and establish that its condition number BrOws at

most as the square of the number of levels, and does not depend on the number
e coeflicients. To analyze Our methods, we

of substructures and the jumps of th
local interpolators 13, 14] in order 10 convert results

ng case. We note that an operator simi-

the ponconformi
dently been introduced in Cowsar, Mandel, and Wheeler

introduce ponstandard
from the conforming to
lar to ours has jndepen

4} _
This paper is very closely related to those of Dryja 16}, and Dryja, Sarkis,
and Widlund {8} and we refer to i) for some of our notation. The proofs of our

results can be found in {14}.

9. Notation

A coarse sriangulation of Uis introduced by dividing the region into nonover-

lapping simplicial gubstructures Q1= 1" N, with diameters of order H.
The barycenters of faces of tetrahedra 'r;‘ ¢ T* are called CR nodal points. The
sets of CR nodal points belonging to £ aQ, Fij. 0 and I are denoted by
QcE, aacE, Ficji, BQE,‘?, and TSF, respectively.

DEFINITION 1. The nonconforming P, element spuces On the h-mesh (cf

Crouzeiz and Raviart [B)) ere given by
7h(Q) = {viv linear in each totrahedron T €T n
and v continuous at the nodes of Q5 iy, and
V(@) = {elv e fh(Q) and v =10 at the nodes of sy

s ponconforming since V¢ H (.

ighted enersy n

Note that V' (2}
g discrete we

For u € V{H(§), we define a nonconformin

with p = pi 0D Q; by

(1)



i)
ntro-
zence
prob-

P —— —

| case
larity
-antee
ations
0]. In
nstan-
ows ab
umber
ds, we
results
)t simi-
Vheeler

Sarkis,
s ofonr

LoNgver-
wrder H.
ats. The
woted by

nesh ( cf.

irgy nOrm

3-D NONCONFORMING FE WITH DISCONTINUQUS COEFFICIENTS 121

where

N N
(2) a{u,v) = Z z ['L pi Vu-Vude = Z agi(u,w).
; i=1 .

i=1 T;’G Q; 75

" Our discrete problem is given by:
Find u € Vi?(Q2), such that

(3) " (u,v) = f(v) Vv e VQ).

3. Nonconforming Coarse Spaces

In this section, we introduce two different types of coarse spacies which make
it possible to design efficient domain decomposition methods for problems with
discontinuous coefficients in three dimensions.

3.1. A face based coarse space. The first coarse space to be considered,
VI C V), is based on the average over each face F71L. Let fircn and fignen
1 tF i
be the average values of 1 over (j*g and 9QFT respectively, and let 92,3 be the
B H 7

2
discrete nonconforming harmonic function in €, in the sense of ea?h {-,*), which
equals 1 on FC¥ and is zero on NI\ FLE.
The space ﬁfl can conveniently be defined as the range of am interpolation
operator IF : Vi(€)) — V¥, defined by

Fule)a, = > uzcr 055 (z).
Fig SO0,

The associated bilinear form is defined by

W (u,u) = 3" p{H(1 +log I/R) > (Tipgr — Usgon)?}.
i Fi C a0,

3.2. Neumann-Neumann coarse spaces. We consider a feamily of coarse
Spaces with only one degree of freedom per substructure; see [13]].

For each 3 > 1/2, we define the pseudo inverses ,u:ﬁ, t=1,-- N, by
1 .
18(t) = ————s we FERVE. C (0,\00
I‘Lry,ﬁ( ) (pi)'ﬁ + (pj)‘ﬁ x 17,k 3 ( \ ) .

and

wip(z) =0, = ¢ (TFM AT Uang®,
We extend ;,ejﬁ elsewhere in 2 as a nonconforming discrete harmonic funetion

With data on TCH UINEE. The resulting functions belong to V*(#2) and are also
- denoted by ,u:rﬁ.

We can now define the coarse space VNN ¢ Vi (Q) by
VA = span{pf 175},

here the Span is taken over all the substructures Q.
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We note that VAV is also the range of the interpolation operator IVN given

by

(4) U_1 = INNy(z) = Zuij)l = Zﬁaﬂfﬂ (Pi)ﬁﬂzﬁ-

an-Neumann coarse space 100 B=-oo-{8]-by--

We can even define a Neuma!
considering the limit of the space VNN when /3 approaches 00, ie.

NN — Span{ghf;op? wigh

d bilinear form is defined by:

The assoclate

bgﬁNN(u, u) = a” (u,u)-

for any u € VIS

LemMa 1. Let X = F or NN. Then,
at (I w, I w) §C3(1+1ogH/h)ah(u,u)‘

dent of the mesh parameters, 8,
substructures.

indepen and
the interfaces separating the

A1l constants C; in this paper are
the jumps of the coefficients across

dditive Schwarz Method

4. Multilevel A

fined by the underlying splitting of the dis-
¢ subspaces, and by bilinear forms associated

NN. The splitting of VE(Q) that we consider

Qchwarz method can be de

Any
0asum o

cretization space VI (2) int
with these subspaces. Let X=For

is given by

4
VD"ﬁV_Xl+Z > VE+ 3 v

k=0 jEN* JENER

the space V{ (€). The

d by cf)’;, the standard .
NEHR, For the ;

t of CR nodal points associated with

is the one-dimensional space spanue
ssociated with the nodes J €

Here, NP is the se
space VI C V)
P;-nonconforming basis funct
definitions of VF and N k see [6].
We introduce the following operators:
By TX Vo 7%, is given by

ions a

BOR (T, uyv) = @ (wv), V0 E 7X.

ii) PJ‘F:VJL-%VJ"‘,k:O,v-- 6, jeNt is given by

ah(pjku,ﬁ) = a"(u,v), YV € Vj"‘.

ii1) PJ,,h : fﬁ,h — f/'jh, j& N}?R, is given by

ah(p;’u,v) =at(u,v), YV € th.
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Let

£
(5) TY=TX+3 3 By S B

k=0jan* FEN SR

THEOREM 1. For any u € V(Q)
Cy (1 +log H/R) ?a" (u,u) < a(T%uu) < C; a’(u, u).

5. A Multiplicative Version

We consider two versions:

£
(6) Ee={( [T a-8(] ] €-Bnu-1%),
JENER k=0jiecN*k
and
£
(7) Ey=(-n Y ENI[-n 3" BRI - X)),
JENER k=0 JENE

where 7 is a damping factor such that

TSNy, 30 Bl e Y Pl <w <z
JENCR JEN®

When the product is arranged in an appropriate order, the operators Eq; and
E; correspond to the error propagation operator of V-cycle multigrid methods
using Gauss Seidel and damped Jacobi smoothers, respectively; see Zhang [17].
The norm of the error propagation operators | Ea|! i, and |EF| a1, can be

estimated from above by 1 — C, (log (H/h))~2.

REMARK 1. In [13], we analyzed a two-level additive Schwarz method for
discontinuous coefficients. There, we cover 2 by overlapping subregions by ez-
tending each substructure () to a larger region. We can modify that method by
constdering inexact local solvers and by covering U in a different way. The anal-
ysis of our methods suggests two attractive ways of covering Q: by face regions
Qi =QUF; USY;, or by cross point regions Q. ; see [6]. We again obtain con-
dition number estimates which are polylogarithmically on the number of degree
of freedom of individual local subproblems.

REMARK 2. We ean decrease the complezity of our algorithm by considering
approzimate discrete nonconforming harmonic extension given by simple explicit
formulas in [13).

REMARK 3. In a case in which we have quasi-monotone coefficients [6] and
use VM the piecewise linear function, as a coarse space, oll algorithms in this
Paper are optimal,
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