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Abstract. A discontinuous Galerkin discretization for second order elliptic

equations with discontinuous coefficients in 2-D is considered. The domain of
interest Ω is assumed to be a union of polygonal substructures Ωi of size O(Hi).
We allow this substructure decomposition to be geometrically nonconforming.
Inside each substructure Ωi, a conforming finite element space associated to
a triangulation Thi

(Ωi) is introduced. To handle the nonmatching meshes
across ∂Ωi, a discontinuous Galerkin discretization is considered. In this paper
additive and hybrid Neumann-Neumann Schwarz methods are designed and
analyzed. Under natural assumptions on the coefficients and on the mesh sizes

across ∂Ωi, a condition number estimate C(1 + maxi log Hi
hi

)2 is established

with C independent of hi, Hi, hi/hj , and the jumps of the coefficients. The
method is well suited for parallel computations and can be straightforwardly
extended to three dimensional problems. Numerical results are included.

1. Introduction

In this paper we consider a discontinuous Galerkin (DG) approximation of elliptic
problems with discontinuous coefficients. More precisely, we consider the problem

(1.1)

{
−div(ρ(x)∇u) = f in Ω

u = 0 on ∂Ω,

where Ω is a two-dimensional polygonal region and the coefficient ρ might be a dis-
continuous function. We use the DG discretization introduced in [9] and described
below. For an overview on local DG discretizations we refer to [4, 30] and refer-
ences therein. The domain Ω is a geometrically nonconforming union of disjoint
polygonal substructures Ωi, i = 1, . . . , N . Large discontinuities of the coefficients
are assumed to occur only across the interfaces between substructures. For sim-
plicity of presentation we assume that inside each substructure Ωi the coefficient is
a positive constant, i.e, ρ(x) = ρi > 0 for all x ∈ Ωi. The extension of the results
to mildly variation of ρ inside Ωi is straightforward. Inside each substructure Ωi

a conforming finite element method is introduced to discretize the local problem.
Nonmatching triangulations are allowed to occur across the substructures bound-
aries ∂Ωi, i = 1, . . . , N . This kind of composite discretization is motivated by the
location of the discontinuities of the coefficient ρ(x) and by the regularity of the
solution of the problem. The discrete problem is formulated using a symmetric DG
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method with interior penalty (IPDG) terms on ∂Ωi. To deal with the discontinuities
of the coefficients across the substructure interfaces, harmonic averages of the val-
ues of the coefficient are considered in the bilinear forms associated to substructure
boundaries in the IPDG formulation; see [9] and Section 2 below. The consistency
of this discretization is given in [10]. An optimal a priori error estimate is estab-
lished in [9]; see also Lemma 2.4 below. IPDG methods based on harmonic averages
of the coefficients were also considered for advection-diffusion-reaction problems to
obtain stable discretizations; see [7].

The main goal of this paper is to design and analyze additive and hybrid Neumann-
Neumann (N-N) algorithms for the resulting DG-discrete problem. This type of
algorithms are well established for the solution of discrete problems resulting from
standard conforming and nonconforming discretizations; see [14, 28, 29, 33, 32, 22,
19, 20]. However, not enough attention has been payed to DG discretizations. We
note that other types of preconditioners have been considered for solving discrete
IPDG problems. In connection with two-level domain decomposition precondition-
ers, we mention [15, 16, 25, 6, 1, 2, 8, 27], where small and generous overlapping
Schwarz methods were considered for DG discretizations. In connection with mul-
tilevel preconditioners for DG problems, we mention [17, 21, 26, 24, 23, 5]. These
papers focus on the scalability of the preconditioners with respect to mesh param-
eters, however, little has been said about the robustness with respect to jumps of
the coefficient and nonmatching grids across the substructuring interfaces. It is
known that, in the case of classical conforming and nonconforming discretizations
in two dimensions, domain decomposition and multilevel methods may lead to ro-
bust preconditioners with respect to jumps of the coefficient; see [33]. In three
dimensions, however, the robustness of these methods with respect to the jumps
in the coefficient can be achieved only in special circumstances such as when every
substructure touches part of the Dirichlet boundary or when only few cross points
do not satisfy the quasi-monotonicity condition on the jumps of the coefficient;
see [12, 34, 18]. For discontinuous coefficients, the robustness of these methods
can be achieved when coarse problems based on discrete harmonic extensions are
introduced; see [12, 14, 29, 32, 13, 31]. The same robustness issues also occur
for DG discretizations and motivated the introduction of the notion of discrete
harmonic extension in the DG sense in [10, 11]. In [10, 11] the authors consider
discontinuous coefficients and the case where Ω is a geometrically conforming union
of substructures Ωi, i = 1, . . . , N . In this paper we consider discontinuous coeffi-
cients and the geometrically nonconforming case. We design and analyze several
DG Neumann-Neumann coarse spaces and solvers for the case where the domain
Ω is the nonconforming union of substructures Ωi, i = 1, . . . , N .

As a first step toward our developments, the original DG discrete problem is
reduced to the Schur complement form with respect to unknowns associated to the
substructures boundaries ∂Ωi, i = 1, . . . , N . Discrete harmonic functions defined
in a special way are required in this step; see Section 3. After a Schur complement
problem is posed, we use the general theory of N-N methods (see e.g. [33]) to
design and analyze our methods. At this step, special local problems and special
coarse problems are designed. The local problem associated to the substructure Ωi

includes all the Schur complement degrees of freedom associated to ∂Ωi. Due to
the nature of the DG discretization we are considering, this local problem actually
includes degrees of freedom within the substructure Ωi and also includes degrees
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of freedom within the neighbor subdomains Ωj that are associated to the edges
or part of edges of ∂Ωj which are common to Ωi. The coarse space is defined by
using a special partitioning of unity with respect to the substructures Ωi and by
introducing master and slave sides of the local interfaces between the substructures.
We prove that the algorithms are almost optimal and their rates of convergence are
independent of the mesh parameters, the number of substructures Ωi and the jumps
of the coefficient. The algorithms are well suited for parallel computations and they
can be straightforwardly extended to three-dimensional problems. Despite of the
fact the extension of our results to the 3-D case is easy, it needs a lot of details and
therefore is not discussed in the paper. It will be considered separately.

The paper is organized as follows. In Section 2 the differential problem and its
DG discretization are formulated. In Section 3 the Schur complement problem is
derived using discrete harmonic functions in a special way. Section 4 is dedicated
to introduce notation and the interface condition on the coefficient and the mesh
parameters, see Assumption 4.1. Two additive N-N Schwarz preconditioners, one
based on a small coarse space and another based on a larger coarse space, are defined
and analyzed in Section 5. In Section 6 we present the Balancing Domain Decompo-
sition preconditioning versions. Finally, in Section 7 some numerical experiments
are presented which confirm the theoretical results. The numerical results show
that the introduced Assumption 4.1 is necessary and sufficient to obtain robustness
with respect to the jump of the coefficient and the mesh size ratios.

2. Differential and discrete problems

We consider the following problem: Find u∗ ∈ H1
0 (Ω) such that

(2.1) a(u∗, v) = f(v) for all v ∈ H1
0 (Ω)

where

a(u, v) :=

N∑

i=1

∫

Ωi

ρi∇u · ∇vdx and f(v) :=

∫

Ω

fvdx.

Here, Ω = ∪N
i=1Ωi where the substructures {Ωi}N

i=1 are disjoint regular polygonal
subregions of diameter O(Hi). We assume that the substructures {Ωi}N

i=1 form a
geometrically nonconforming partition of Ω. In this case, for i 6= j, the intersection
∂Ωi ∩ ∂Ωj is either empty, a vertex of Ωi and/or Ωj , or a common edge or part of
an edge of ∂Ωi and ∂Ωj . We recall that in the case of geometrically conforming
decomposition, the intersection ∂Ωi∩∂Ωj is either empty or a common vertex of Ωi

and Ωj , or a common edge of Ωi and Ωj . For simplicity of presentation we assume
that the right-hand side f ∈ L2(Ω) and the value of the coefficient ρi on Ωi is a
positive constant, i = 1, . . . , N .

In each Ωi we introduce a shape regular triangulation Thi(Ωi) with triangular
elements and mesh parameter hi. The resulting triangulation of Ω is in general
nonmatching across ∂Ωi. Let Xi(Ωi) be the regular finite element space of piecewise
linear and continuous functions in Thi(Ωi). We do not assume that functions in
Xi(Ωi) vanish on ∂Ωi ∩ ∂Ω. We define

Xh(Ω) = X1(Ω1) × · · · × XN(ΩN )

and represent functions v of Xh(Ω) as v = {vi}N
i=1 with vi ∈ Xi(Ωi).

Remark 2.1 (Notation). Let E = ∂Ωi ∩ ∂Ωj . Due to the fact that Thi(Ωi) and

Thj (Ωj) are independent from each other, it is useful to distinguish between E ⊂ Ωi
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and E ⊂ Ωj . From now on we will distinguish between the Ωi-side of E, denoted
by Eij and the Ωj-side of E, denoted by Eji. Geometrically, Eij and Eji are the
same object.

We will use the following harmonic averages. For i, j ∈ {1, . . . , N} define

(2.2) ρij =
2ρiρj

ρi + ρj
and hij =

2hihj

hi + hj
.

We also set lij = 2 when Eij is a common edge (or part of an edge) of ∂Ωi and

∂Ωj . The outward normal derivative on ∂Ωi is denoted by ∂
∂ni

.

The discrete problem obtained by the DG method, see [4, 9, 30], is of the form:
Find u∗

h = {u∗
h,i}

N
i=1 ∈ Xh(Ω) such that

(2.3) âh(u∗
h, vh) = f(vh) for all vh = {vh,i}

N
i=1 ∈ Xh(Ω).

Here

(2.4) âh(u, v) =

N∑

i=1

âi(u, v) and f(v) =

N∑

i=1

∫

Ωi

fvidx

for all u = {ui}N
i=1, v = {vi}N

i=1 ∈ Xh(Ω). Each local bilinear form âi is given as a
sum of three bilinear forms:

(2.5) âi(u, v) := ai(u, v) + si(u, v) + pi(u, v),

where ai is the bilinear form,

(2.6) ai(u, v) :=

∫

Ωi

ρi∇ui∇vidx,

the si is the symmetric bilinear form,

si(u, v) :=
∑

Eij⊂∂Ωi

∫

Eij

ρij

lij

(
∂ui

∂ni
(vj − vi) +

∂vi

∂ni
(uj − ui)

)
ds

and pi is the penalty bilinear form,

(2.7) pi(u, v) :=
∑

Eij⊂∂Ωi

∫

Eij

ρij

lij

δ

hij
(uj − ui)(vj − vi)ds.

Here ρij and lij are defined in (2.2) and δ is a positive penalty parameter. In order to
simplify notation we included the index j = ∂ in the definition of the bilinear forms
si and pi above. In this case Ei∂ := ∂Ωi ∩ ∂Ω is an edge of ∂Ωi and we set li∂ := 1
and let v∂ = 0 for all v ∈ Xh(Ω), and define ρi∂ = ρi and hi∂ = hi. We note that
when ρij is given by the harmonic average then min{ρi, ρj} ≤ ρij ≤ 2 min{ρi, ρj}.

We also define the positive bilinear forms di as

(2.8) di(u, v) = ai(u, v) + pi(u, v),

and the broken bilinear form dh for Xh(Ω) with weights given by ρi and δ
lij

ρij

hij
by

(2.9) dh(u, v) :=

N∑

i=1

di(u, v).
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For u = {ui}N
i=1 ∈ Xh(Ω) the associated broken norm is then defined by

(2.10)

‖u‖2
h = dh(u, u) =

N∑

i=1



ρi ‖ ∇ui ‖

2
L2(Ωi)

+
∑

Eij⊂∂Ωi

δ

lij

ρij

hij

∫

Eij

(ui − uj)
2ds



 .

It is known that there exist constants 0 < δ0 and 0 < c < 1 which do not
depend on the hi, ρi and u, such that for δ ≥ δ0, we have |si(u, u)| < cdi(u, u) and∑

i si(u, u) < cdh(u, u). We also have the following lemma.

Lemma 2.2. There exists δ0 > 0 such that for δ ≥ δ0 and for all u ∈ Xh(Ω) the
following inequalities hold:

(2.11) γ0di(u, u) ≤ âi(u, u) ≤ γ1di(u, u), i = 1, . . . , N,

and

(2.12) γ0dh(u, u) ≤ âh(u, u) ≤ γ1dh(u, u)

where γ0 and γ1 are positive constants independent of the ρi, hi Hi and u.

For the proof of Lemma 2.2 we refer to [9] or [10]. This result implies that the
problem (2.3) has a unique solution and it is stable.

Remark 2.3. We note that γ1/γ0 in Lemma 2.2 deteriorates when δ gets larger. In
practice, however, δ ≥ δ0 is chosen such that δ = O(1), therefore, from now on we
assume that all the estimates will not depend on δ.

A priori error estimates for the method are optimal for constant coefficient, and
also for the case where hi and hj are of the same order; see [3, 4, 30].

For discontinuous coefficients and/or when the mesh sizes hi and hj are not on
the same order, we have the following Lemma 2.4. For the proof, see Theorem 4.2
of [9] and Lemma 2.2 of [10].

Lemma 2.4. Let u∗ and u∗
h be the solutions of (2.1) and (2.3), respectively. For

u∗ ∈ H1
0 (Ω) and u∗|Ωi ∈ H1+τ (Ωi), i = 1, . . . , N , we have

‖u∗ − u∗
h‖

2
h ≤ C

N∑

i=1


h1+τ

i ρi|u
∗|2H1+τ (Ωi)

+
∑

Eij⊂∂Ωi

hj

hi
hτ+1

j ρj |u
∗|2H1+τ (Ωj)




with τ ∈ (1/2, 1] and C is independent of hi, Hi, ρi and u∗.

3. Schur complement problem

In this section we derive the Schur complement bilinear form for the problem
(2.3). We first introduce auxiliary notation.
Define X◦

i (Ωi) as the subspace of Xi(Ωi) of functions that vanish on ∂Ωi. A function
ui ∈ Xi(Ωi) can be represented as

(3.1) ui = Hiui + Piui

where Hiui ∈ Xi(Ωi) is the discrete harmonic part of ui in the sense of ai(., .), see
(2.6), i.e., Hiui solves,

(3.2)

{
ai(Hiui, vi) = 0 for all vi ∈ X◦

i (Ωi)
Hiui = ui on ∂Ωi,
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while Piui ∈ X◦
i (Ωi) is the projection of ui into X◦

i (Ωi) in the sense of ai(., .), i.e.,

(3.3) ai(Piui, vi) = ai(ui, vi) for all vi ∈ X◦
i (Ωi).

Note that Hiui is the classical discrete harmonic part of ui. Let us denote by X◦
h(Ω)

the subspace of Xh(Ω) defined by X◦
h(Ω) = X◦

1 (Ω1) × · · · × X◦
N(ΩN ) and consider

the global projections Hu := {Hiui}N
i=1 and Pu := {Piui}N

i=1 : Xh(Ω) → X◦
h(Ω) in

the sense of
∑N

i=1 ai(·, ·). Hence, a function u ∈ Xh(Ω) can then be decomposed as

(3.4) u = Hu + Pu.

Alternatively to (3.4), a function u ∈ Xh(Ω) can be represented as

(3.5) u = Ĥu + P̂u,

where P̂u = {P̂iui}N
i=1 : Xh(Ω) → X◦

h(Ω) is the projection in the sense of the

original bilinear form âh(·, ·), see (2.4), and Ĥu = {Ĥiu}N
i=1 ∈ Xh(Ω) where Ĥiu is

the discrete harmonic part of u in the sense of âi(., .) defined in (2.5), i.e., Ĥiu ∈
Xi(Ωi) is the solution of

(3.6)





âi(Ĥiu, vi) = 0 for all vi ∈ X◦
i (Ωi),

Ĥiu = ui on ∂Ωi

Ĥiu = uj on every (part of) edge Eji ⊂ ∂Ωj .

Here the index j in the last equation of (3.6) runs over all Ωj and j = ∂ such that

Ωi ∩ Ωj and Ωi ∩ ∂Ω has one-dimensional nonzero measure, respectively. In the
latter case, recall that u∂ = 0.

Observe that since P̂iui ∈ X◦
i (Ωi) we have that for all vi ∈ X◦

i (Ωi),

ai(P̂iu, vi) = âh(u, RT
i vi),

where RT
i : X◦

i (Ωi) → Xh(Ω) is the standard discrete zero extension operator, i.e.,
RT

i vi := {vj}N
j=1, where vj vanishes for j 6= i; see also Section 4 for the definition

of other discrete zero extension operators Ii and Ĩi.

The discrete solution of (2.3) can be decomposed as u∗
h = Ĥu∗

h + P̂u∗
h. To

compute the projection P̂u∗
h we need to solve the following set of standard discrete

Dirichlet problems:

(3.7) ai(P̂iu
∗
h, vi) = f(RT

i vi) for all vi ∈ X◦
i (Ωi).

Note that these problems, for i = 1, . . .N , are local and independent, and so, they
can be solved in parallel. This is a precomputational step.

We next formulate the problem for Ĥu∗
h. We first point out that for vi ∈ X◦

i (Ωi)
we have

(3.8) âi(ui, vi) = (ρi∇ui,∇vi)L2(Ωi) +
∑

Eij⊂∂Ωi

ρij

lij
(
∂vi

∂n
, uj − ui)L2(Eij).

Note that (3.6) has a unique solution. To see this, let us rewrite (3.6) in the form

(3.9) ρi(∇Ĥiu,∇ϕi
k)L2(Ωi) = −

∑

Eij⊂∂Ωi

ρij

lij
(
∂ϕi

k

∂n
, uj − ui)L2(Eij)

where ϕi
k is the nodal basis function of X◦

i (Ωi) associated with any interior nodal

point xk of the hi-triangulation of Ωi. The normal derivative
∂ϕi

k

∂n does not vanish

on ∂Ωi when xk is a node of τ ∈ Thi(Ωi) such that τ ∩∂Ωi 6= ∅. We see that Ĥiu is
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a special extension into Ωi where u is given on ∂Ωi and on all (part of) edges Eji

belonging to ∂Ωj and common to ∂Ωi. Therefore, Ĥiu depends not only on the
values of ui on ∂Ωi but also on the values of uj given on Eji = ∂Ωi ∩ ∂Ωj and on

E∂i (we already have assumed that u∂ = 0). Note that Ĥiu is discrete harmonic

except at nodal points close to ∂Ωi. We will sometimes call Ĥiu as the discrete
harmonic in a special sense, i.e., in the sense of âi(·, ·).

For u ∈ Xh(Ω) observe that (3.6) is obtained from

(3.10) âh(Ĥu, v) = 0

by taking v = {vi}N
i=1 ∈ X◦

h(Ω). It is easy to see that Ĥu = {Ĥiu}N
i=1 and

P̂u = {P̂iui}
N
i=1 are orthogonal in the sense of âh(., .), i.e.,

(3.11) âh(Ĥu, P̂v) = 0, u, v ∈ Xh(Ω).

In addition,

(3.12) HĤu = Hu and ĤHu = Ĥu

since neither Ĥu nor Hu changes the values of u at the nodes on the boundaries of
the substructures Ωi; see (3.2) and (3.6).

Define

(3.13) Γh = (∪i∂Ωihi),

where ∂Ωihi is the set of nodal points of ∂Ωi. We note that the definition of Γh

includes the nodes on both sides of every edge or part of edge ∂Ωi ∩ ∂Ωj .
We are now in a position to derive the Schur complement problem for (2.3).

Applying the decomposition (3.5) to (2.3) we obtain

âh(Ĥu∗
h + P̂u∗

h, Ĥvh + P̂vh) = f(Ĥvh + P̂vh)

or

âh(Ĥu∗
h, Ĥvh) + 2âh(Ĥu∗

h, P̂vh) + âh(P̂u∗
h, P̂vh) = f(Ĥvh) + f(P̂vh).

Using (3.7) and (3.10) we have

(3.14) âh(Ĥu∗
h, Ĥvh) = f(Ĥvh) for all vh ∈ Xh(Ω).

This is the Schur complement problem for (2.3). We denote by V the space of

discrete harmonic functions in the sense of the Ĥ, i.e.,

(3.15) V :=
{

vh ∈ Xh(Ω) : vh ≡ Ĥvh in Ω
}

.

An important observations is that functions of V are completely determined by its
nodal values on Γh. That is, in order to define a function in V we need only to
specify its values at the nodes of Γh.

We rewrite the Schur complement problem as follows: Find u∗
h ∈ V such that

(3.16) S(u∗
h, vh) = g(vh) for all vh ∈ V

where, here and below, u∗
h ≡ Ĥu∗

h and for uh and vh ∈ Xh(Ω),

(3.17) S(uh, vh) := âh(Ĥuh, Ĥvh) and g(vh) := f(Ĥvh).

The Schur complement problem (3.16) has a unique solution.
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We now introduce some notation and facts to be used later. Let u = {ui}N
i=1 ∈

Xh(Ω) and consider di(·, ·) and dh(·, ·), the bilinear forms defined in (2.8) and (2.9),
respectively. First note that for u ∈ Xh(Ω), Lemma 2.2 states that

(3.18) γ0dh(u, u) ≤ âh(u, u) ≤ γ1dh(u, u),

where γ0 and γ1 are positive constants independent of hi, Hi, ρi and u. Additionally,
the following lemma shows the equivalence of local energies of discrete harmonic

functions in the sense of H and in the sense of Ĥ. The proof can be found in [10].

Lemma 3.1. For u ∈ Xh(Ω) we have

(3.19) di(Hiu,Hiu) ≤ di(Ĥiu, Ĥiu) ≤ Cdi(Hiu,Hiu), i = 1, . . . , N,

and

(3.20) dh(Hu,Hu) ≤ dh(Ĥu, Ĥu) ≤ Cdh(Hu,Hu)

where Hu = {Hiui}N
i=1 and Ĥu = {Ĥiu}N

i=1 are defined by (3.2) and (3.6) respec-
tively, and C is a positive constant independent of hi, u, ρi and Hi.

From (3.18) and (3.20) we have

(3.21) γ0dh(Hu,Hu) ≤ âh(Ĥu, Ĥu) ≤ Cγ1dh(Hu,Hu)

and therefore for Ĥ, we can take advantages of all the discrete Sobolev norm results
known for H discrete harmonic extensions and for the norm dh.

4. Notation and the interface condition

In this section we introduce local and global subspaces and extension and restric-
tion operators for functions defined on the interface Γh (see (3.13)). Here and below
we use the same symbol to denote both piecewise finite element functions and their
vector representations. We also introduce a sufficient condition (Assumption 4.1)
for designing robust preconditioners and for deriving quasi-optimal bounds for the
condition number of the preconditioners. In Section 7 we show numerically that
Assumption 4.1 is indeed necessary for robustness.

First we classify substructures according to their position with respect to the
boundary ∂Ω. We say that a substructure Ωi is an interior substructure or floating
substructures if Ωi does not share an edge with the boundary of Ω. Otherwise, we
say it is a boundary substructure or nonfloating substructure. We denote by NI and
NB the sets of indices of interior and boundary substructures, respectively.

We need to classify the nodes associated to the substructures boundaries accord-
ing to their relative location with respect to edges and/or part of edges. To this
end we introduce special notation which is summarized in Table 1. See Figure 1
for an example. Recall that Eij is a closed interval.

Using the notation in Table 1 we define

(4.1) Γi = ∂Ωihi ∪
⋃

Eij⊂∂Ωi

Ejihj .

The definition of Γi is motivated by definition of Ĥi. Note that Γi includes the

nodes on Γh that are required in the computation of Ĥi in (3.6).
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Table 1. Notation

Notation Explanation
◦
Ωihi Interior nodes of Thi(Ωi)

∂Ωihi Boundary nodes of Thi(Ωi)
Eijhi Nodes of ∂Ωihi that are on Eij

∂Eijhi Nodes on Eijhi that are closest to the boundary ∂Eij
◦
Eijhi Interior nodes of Eij defined by

◦
Eijhi = Eijhi \ ∂Eijhi

∂eEijhi

Extended boundary nodes defined as the union of ∂Eijhi and the
nodal points y ∈ ∂Ωi \ Eij closest to x ∈ ∂Eij when x is not a
nodal point

Eijhi
Nodes associated with Eij defined by Eijhi =

◦
Eijhi ∪ ∂eEijhi

Figure 1. An example of node classification on an interface. For
the notation see Table 1.

The local subspace Wi is the space of piecewise linear functions, or its vector

representation, defined by the nodal values on Γi extended via Ĥi inside Ωi, i.e.,

(4.2) Wi :=

{
v with nodal values defined on

◦
Ωihi ∪ Γi and v ≡ Ĥiv in Ωi

}
.

Observe that a function u(i) ∈ Wi can be represented as

u(i) = {u
(i)
l }l∈#(i) where #(i) = {i} ∪ {j : Eij ⊂ Ωi}.

Here u
(i)
i and u

(i)
j stand for the nodal values of u(i) on Ωi and on Ejihj , respectively.

According to our conventions, if i ∈ NB and u(i) ∈ Wi then u
(i)
∂ = 0 on the fictitious

side E∂i.
An important fact is that functions in Wi are completely determined by its nodal

values at the nodes in Γi defined in (4.1). That is, in order to define a function
in Wi we need only to specify its value at the nodes in Γi. We will use this fact
several times in the rest of the paper.
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Now we define the extension operator Ĩi : Wi → V . The space Wi is defined

in (4.2) and V is defined in (3.15). Given u(i) ∈ Wi, let Ĩiu
(i) ∈ V be the only

function in V with the following nodal values on Γh,

(4.3) Ĩiu
(i)(x) =

{
u(i)(x) if x ∈ Γi

0 if x ∈ Γh\Γi,

and discrete harmonic in the sense of Ĥ inside every substructure Ωj , j = 1, . . . , N .

This means that v = Ĩiu
(i) defines uniquely v = {vj}N

j=1 ∈ V such that vj = Ĩiu
(i)

on ∂Ωjhj for j = 1, . . . , N.
Recall that we identify Eij and Eji as being different sides of ∂Ωj ∩ ∂Ωj . The

mesh on Eij is inherited from Thi(Ωi) while the mesh on Eji corresponds to Thj (Ωj);
see Remark 2.1 and Table 1. We remind that ∂Ωi ∩ ∂Ωj does not need to be a full
edge of Ωi nor Ωj .

From each pair {Eij , Eji} we label one side as the master side (or master) and
the other one as the slave side (or slave). If Eij is chosen to be the slave then Eji

must be the master. If Eij is a slave side we will use the notation δij (instead of
Eij) to emphasis this fact, while if Eij is a master side we will use the notation γij .
Note that since we are working with a geometrically nonconforming decomposition
of Ω, a part of an edge can be labeled as master while other part of the same edge

can be marked as slave. We will use the notation γijhi := Eijhi ,
◦
γijhi

:=
◦
Eijhi ,

γijhi
:= Eijhi ∂γijhi := ∂Eijhi , ∂eγijhi := ∂eEijhi when Eij is a master side.

Analogous notation will be used also for a slave side δij .
The choice of slave-master sides is such that the interface condition, stated next

in Assumption 4.1, can be satisfied. Under this assumption, Theorems 5.2, 5.7 and
6.1 below hold with constants C independent of the ρi, hi, Hi and hi/hj . This
assumption says basically that the coarser meshes hi should be chosen where the
coefficient is larger, and additionally, the master side should be chosen on the side
where the coefficient is larger. In terms of accuracy, this condition is satisfied in
practice since the solution u∗ in general varies less where the coefficient is larger.
We note that this condition is similar to the ones adopted in mortar studies for
geometrical nonconforming cases; see [22].

Assumption 4.1 (The interface condition). We say that the values of the coeffi-
cient {ρi}N

i=1 and the local mesh sizes {hi}N
i=1 satisfy the interface condition if there

exist constants β1 and β2, of the order O(1), such that for any (part of) edge Eij ,
one of the following inequalities hold:

{
hi ≤ β1hj and ρi ≤ β2ρj if Eij is a slave side, or
hj ≤ β1hi and ρj ≤ β2ρi if Eij is a master side.

(4.4)

We say that the Assumption 4.1 holds if β1 and β2 are not large.

We associate to each i a weighting diagonal matrix D(i) = {D
(i)
l }l∈#(i) on

Γi ∪
◦
Ωihi , i = 1, · · · , N . Let x be a node of Γi ∪

◦
Ωihi . Then, the diagonal ele-

ment of D(i) associated to x is defined by:

• On
◦
Ωihi ∪ ∂Ωi,hi (l = i)

D
(i)
i (x) =

{
0 if x ∈

◦
Eijhi and Eij is a slave side

1 otherwise,
(4.5)
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• On Ejihj (l = j)

D
(i)
j (x) =





0 if x ∈ ∂eEjihj ,

1 if x ∈
◦
Ejihj and Eij is a master side

0 if x ∈
◦
Ejihj and Eij is a slave side,

(4.6)

• On Ei∂hi

D
(i)
i (x) = 1 for all x ∈ Ei∂hi .

The prolongation operators Ii : Wi → V , i = 1, . . . , N , are defined as

(4.7) Ii = ĨiD
(i).

Note that the weights used in the definition of the D(i) form a partition of unity
on Γh, see (3.13), and it follows that

(4.8)

N∑

i=1

IiĨ
T
i u = u,

where the Ĩ T
i stands for the restriction of V to Wi.

Remark 4.2. We can define any value for D(i) on
◦
Ωihi since, as we will see below,

the operator of interest is Ii := ĨiD
(i) and Ĩiu

(i) does not depend on the values of

u(i) on
◦
Ωihi ; see (4.3).

Remark 4.3. There are another two alternative ways of defining the diagonal ma-
trices D(i) on Γi and still ensuring Theorems 5.2, 5.7 and 6.1 below to hold: 1)

On (part of) edges Eij , the values of (4.5) and (4.6) at nodal points x of
◦
Ejihj

can be replaced by ρβ
i /(ρβ

i + ρβ
j ), β ≥ 1/2 (see reference [32]). To see it note that

the D(i) defined in this way also form a partition of unity and (4.8) is satisfied.
Unfortunately the estimates given in the Theorems 5.2, 5.7 and 6.1 are valid with
constants that depend on the ratios hi/hj , so this variant can be used only when hi

and hj are of the same order. 2) Similarly, on (part of) edges Eij , we can replace

(4.5) and (4.6) at nodal points x of
◦
Eijhi and

◦
Ejihj by hi/(hi + hj). In this case

the constants in Theorems 5.2, 5.7 and 6.1 depend on ρi/ρj , so it can be used only
when ρi and ρj are of the same order, see also below Remark 5.5.

5. Additive preconditioners

To design and analyze additive N-N type methods for solving (3.16) we use the
general framework of ASM; see Lemma 5.1 below and [33]. In the Section 5.1
we consider an additive Schwarz operator based on the coarse space V0,I , i.e., a
coarse space with one degree of freedom per interior substructure and no degrees
of freedom for any boundary substructure; see (5.5). Then we consider several
variants of this method.

5.1. Additive Schwarz method with the V0,I coarse space. We now introduce
the local and coarse problems to define the additive Schwarz method Tas,I .
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5.1.1. Local problems. Recall the definition of Γi in (4.1), the space Wi in (4.2)
and that NB and NI are the sets of indices of interior and boundary substructures,
respectively. Define

(5.1)





Vi = Vi(Γi) =
{
u(i) ∈ Wi :

∫
∂Ωi

u
(i)
i = 0

}
, if i ∈ NI ,

Vi = Vi(Γi) = Wi, if i ∈ NB ,

i.e., for interior substructures {Ωi}i∈NI , Vi is the subspace of Wi consisting of func-
tions with zero average value on ∂Ωi, while for boundary substructures {Ωi}i∈NB ,

Vi is the whole space Wi. Recall that if v(i) ∈ Wi (or Vi) then v(i) ≡ Ĥiv
(i) and if

v ∈ V then v ≡ Ĥv.
For u(i), v(i) ∈ Vi, i = 1, . . . , N , we define the local bilinear form bi as

(5.2) bi(u
(i), v(i)) = âi(u

(i), v(i)),

where the bilinear form âi is defined in (2.5). We define the operators Ti : V → V ,

i = 1, . . . , N , by defining T̃i : V → Vi as

(5.3) bi(T̃iu, v(i)) = âh(u, Iiv
(i)) for all v(i) ∈ Vi,

and then set Ti = IiT̃i. In matrix form Tiu is given by

Tiu = ĨiD
(i)(S(i))−1D(i)Ĩ T

i Su,

where the matrices S and S(i) are defined by

(v(i))T S(i)u(i) = âi(Ĥiu
(i), Ĥiv

(i)), ∀u(i), v(i) ∈ Wi

and

vT Su = âh(Ĥu, Ĥv), ∀u, v ∈ V.

It is easy to see, from Lemma (2.2), that these problems are well posed.

5.1.2. Coarse problem. Let e(i) ∈ Wi be the vector with value one at the nodes of

Γi and on
◦
Ωihi . Recall that the prolongation operators Ĩi and Ii are defined in

(4.3) and (4.7), respectively. Define θi ∈ V , for i = 1, . . . , N , as θi = ĨiΘ
(i) where

Θ(i) = D(i)e(i), hence, θi = Iie
(i). From (4.5) and (4.6) we conclude that

(5.4)

N∑

i=1

θi = 1 on Γh.

We consider the following coarse space:

(5.5) V0,I := Span {θi}i∈NI
⊂ V.

The coarse bilinear form is defined according to

(5.6) b0(u, v) =

(
1 + log

H

h

)−2

âh(u, v), u, v ∈ V0,I .

We define the projection-like operator T0 : V → V0,I as

(5.7) b0(T0u, v(0)) = âh(u, v(0)) for all v(0) ∈ V0,I .

Let us denote below V0 = V0,I and I0 by the identity operator defined on functions
V0 ⊂ V .
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The additive preconditioner is defined by

(5.8) Tas,I =
N∑

i=0

Ti.

5.1.3. Condition number estimate for Tas,I with the V0,I coarse space. In this sec-
tion we state and prove the main result concerning the preconditioner Tas,I defined
in (5.8) with V0 = V0,I . Note that Tas,I is symmetric with respect to the inner
product âh(·, ·). From the abstract theory of ASM we have the following abstract
lemma.

Lemma 5.1 (See Theorem 2.7 in [33]). Suppose that the following three assump-
tions hold:
Assumption i) There exists a constant C0 such that for all u ∈ V there exists a

decomposition u =
∑N

i=0 Iiu
(i) with u(i) ∈ Vi, i = 0, 1, . . . , N , such that

(5.9) b0(u
(0), u(0)) +

N∑

i=1

bi(u
(i), u(i)) ≤ C2

0 âh(u, u).

Assumption ii) There exist constants εij , i, j = 1, . . . , N , such that for all u(i) ∈ Vi,

u(j) ∈ Vj we have

âh(Iiu
(i), Iju

(j)) ≤ εij âh(Iiu
(i), Iiu

(i))1/2âh(Iju
(j), Iju

(j))1/2.

Assumption iii) There exists a constant ω such that

âh(Iiu
(i), Iiu

(i)) ≤ ωbi(u
(i), u(i)) for all u(i) ∈ Vi, i = 0, 1, . . . , N.

Then, Tas,I is invertible and

C−2
0 âh(u, u) ≤ âh(Tas,Iu, u) ≤ (ρ(ε) + 1)ωâh(u, u) for all u ∈ V.

Here, ρ(ε) is the spectral radius of the matrix ε = {εij}N
i,j=1.

The following theorem gives the condition number bound for the preconditioner
Tas,I defined in (5.8) with V0 = V0,I .

Theorem 5.2. Let the Assumption 4.1 be satisfied. In addition, assume that for
i ∈ NB, the size of ∂Ωi∩∂Ω is of the same order as the diameter of Ωi. Then there
exist positive constants C1 and C2 independent of hi, Hi, hi/hj and the jumps of
ρi such that

(5.10) C1âh(u, u) ≤ âh(Tas,Iu, u) ≤ C2

(
1 + log

H

h

)2

âh(u, u) for all u ∈ V.

Here log(H/h) := maxi log(Hi/hi).

Proof. By the general theory of ASMs we need to check the three key assumptions
of Lemma 5.1.

Assumption i) In order to verify (5.9) it is enough to prove (see Lemma 2.2)

that for every u = {ui}N
i=1 ∈ V , there exist u(i) ∈ Vi, i = 0, . . . , N , such that

u = u(0) +
∑N

i=1 Iiu
(i) and

(5.11) b0(u
(0), u(0)) +

N∑

i=1

bi(u
(i), u(i)) ≤ C2

0dh(u, u)
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where C0 does not depend on hi, Hi, hi/hj and ρi.

Recall that θi = Iie
(i) where e(i) has value one at the nodes of Γi and

◦
Ωihi . See

also (4.5), (4.6) and (4.7). Let u = {ui}N
i=1 ∈ V and define

(5.12) u(0) =
∑

i∈NI

uiθi =
∑

i∈NI

Iiuie
(i),

with

(5.13) ui =
1

|∂Ωi|

∫

∂Ωi

uidx, i = 1, . . .N.

Since the operators Ii defined in (4.7) form a partition of unity on Γh, see (4.8), we
can write

(5.14) u − u(0) =
N∑

i∈NI

Ii(Ĩ
T
i u − uie

(i)) +
∑

i∈NB

Ii(Ĩ
T
i u) =

N∑

i=1

Iiu
(i),

where u(i) := Ĩ T
i u − uie

(i) if i ∈ NI , and u(i) := Ĩ T
i u if i ∈ NB . Note that

u(i) ∈ Vi, i = 1, · · · , N .

Note that u(i) can be represented as u(i) = {u
(i)
l }l∈#(i) ∈ Vi, for i = 1, · · · , N .

For i ∈ NI we have

(5.15)

{
u

(i)
i = ui − uie

(i)
i = ui − ui on Ωi,

u
(i)
j = uj − uie

(i)
j = uj − ui on Eji, for all Eij ⊂ ∂Ωi,

while for i ∈ NB we have

(5.16)

{
u

(i)
i = ui on ∂Ωi,

u
(i)
j = uj on Eji, for all Eij ⊂ ∂Ωi.

Using Lemma 2.2 we have that for i = 1, · · · , N ,

bi(u
(i), u(i)) � ρi ‖ ∇Hiu

(i)
i ‖2

L2(Ωi)
+

∑

Eij⊂∂Ωi

δ
ρij

hij
‖ u

(i)
i − u

(i)
j ‖2

L2(Eij)

= ρi ‖ ∇Hiui ‖
2
L2(Ωi)

+
∑

Eij⊂∂Ωi

δ
ρij

hij
‖ ui − uj ‖2

L2(Eij)
.(5.17)

It remains to estimate b0(u
(0), u(0)). In Lemma 5.3, see below, we will prove that

(5.18) dh(u(0), u(0)) ≤ C

(
1 + log

H

h

)2

dh(u, u),

and therefore, together with Lemma 2.2 and the definition of b0 in (5.6), we have
that

(5.19) b0(u
(0), u(0)) ≤ Câh(u, u)

where C does not depend on hi, Hi, hi/hj and ρi.

Assumption ii) We need to prove that

(5.20) âh(Iiu
(i), Iju

(j)) ≤ εija
1/2
h (Iiu

(i), Iiu
(i)) a

1/2
h (Iju

(j), Iju
(j))
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for u(i) ∈ Vi and u(j) ∈ Vj , i, j = 1, · · · , N, and that the spectral radius %(ε) of
ε = {εij}N

i,j=1 is bounded. In our case %(ε) ≤ C with constant independent of hi,
Hi, hi/hj and ρi, i = 1, . . . , N . This follows from the fact that εij vanishes when
Γi and Γj do not touch each other.

Assumption iii). We need to prove that for i = 0, 1, · · · , N,

(5.21) âh(Iiu
(i), Iiu

(i)) ≤ ωbi(u
(i), u(i)) for all u(i) ∈ Vi

with ω ≤ C (1 + log(H/h))
2

where C is a positive constant independent of hi, Hi,

hi/hj and the jumps of ρi. The proof of (5.21) for i = 0 with ω = C (1 + log(H/h))2

follows from the definition of b0(·, ·), while for i = 1, . . . , N , the proof will be
presented separately in Lemma 5.4 below. �

The next two auxiliary Lemmas are proven in Appendix A and Appendix B.

Lemma 5.3. Let the Assumption 4.1 be satisfied. Then for any u ∈ V and u(0)

defined by (5.12), the following inequality holds

(5.22) dh(u(0), u(0)) ≤ C

(
1 + log

H

h

)2

dh(u, u)

where the constant C does not depend on hi, Hi, hi/hj and the jumps of ρi.

Lemma 5.4. Let the Assumption 4.1 be satisfied. In addition, assume that for
i ∈ NB the size of ∂Ωi ∩ ∂Ω is of the same order as the diameter of Ωi. Then for
u(i) ∈ Vi, i = 1, . . . , N , we have

(5.23) âh(Iiu
(i), Iiu

(i)) ≤ C

(
1 + log

H

h

)2

bi(u
(i), u(i)),

where C does not depend on hi, Hi, hi/hj and the jumps of ρi.

Remark 5.5 (Weak interface condition for general distribution of coefficients). We
note that there exist distributions of coefficients {ρi}N

i=1 and mesh sizes {hi}N
i=1

where Assumption 4.1 does not hold for any choice of slave-master sides, i.e., slave
and master sides can not be chosen properly so that neither β1 nor β2 is bounded.
We note, however, that always can choose slave and master sides such that the
following weaker Assumption 5.6 (stated next) holds, see also Remark 4.3.

Assumption 5.6. We say that the values of the coefficient {ρi}N
i=1 satisfy the weak

interface condition if there exists a constant β2 of the order O(1), such that for any
(part of) edge Eij , one of the following inequalities hold:

{
ρi ≤ β2ρj if Eij is a slave side, or
ρj ≤ β2ρi if Eij is a master side.

(5.24)

Note that Assumption 5.6 can always be satisfied with β2 = 1 if we place the
mortar side on the side where the coefficient is larger. Note that Assumption 4.1
implies Assumption 5.6.

Under the Assumption 5.6 condition, it is easy to show that the constants C
in Lemma 5.3 and also in Lemma 5.4, do not depend on hi, Hi, and the jumps
of ρi, however, it depend on the maximum value of hi/hj among all (part of)
edges Eij in Ω. This implies that the lower bound estimation for C1 and C2

for Theorem 5.2 does not depend on hi, Hi, and the jumps of ρi, but it might
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deteriorate when β1 in Assumption 4.1 gets larger. Similar results also extend to
all the preconditioners that are introduced later in this paper for the case that the
Assumption 5.6 condition is satisfied.

5.2. Additive Schwarz method with the V0,I∪B coarse space. We recall that
the upper bound C(1+ logH/h)2 in Theorem 5.2 requires that |∂Ωi ∩∂Ω| � Hi for
all i ∈ NB . Without this condition we obtain an upper bound C(1+ logH/h)3; see
Remark B.1. To obtain an upper bound C(1+logH/h)2 without this condition, we
enhance the coarse space V0,I , see (5.5), by adding boundary coarse basis functions,
i.e., we use the richer coarse space

(5.25) V0,I∪B := Span {θi}i∈(NI∪NB) .

The additive preconditioner is then defined by

(5.26) Tas,I∪B =

N∑

i=0

Ti,

where the T0 is defined as in (5.7) except that now we replace V0,I by V0,I∪B . We
obtain the following theorem.

Theorem 5.7. Let the Assumption 4.1 be satisfied. Then there exist positive con-
stants C1 and C2 independent of hi, Hi, hi/hj and the jumps of ρi such that

(5.27) C1âh(u, u) ≤ âh(Tas,I∪Bu, u) ≤ C2

(
1 + log

H

h

)2

âh(u, u) for all u ∈ V.

Here log(H/h) := maxi log(Hi/hi).

Proof. Use that V0,I ⊂ V0,I∪B ⊂ V and repeat the proof of Theorem 5.2 with the
discussion in Remark B.1. �

Remark 5.8. If size of any Eij and Ei∂ is of the order of Hi, we can use the following
coarse bilinear form,

(5.28) b̃0(u, v) =

(
1 + log

H

h

)−1

âh(u, v), u, v ∈ V0

and still keep the two logarithmic factors in the final results (5.10) and (5.27) of
Theorem 5.2 and Theorem 5.7, respectively. In such a case, it is easy to see that
(5.22) in Lemma 5.3 will hold with only one logarithmic factor; see the discussions
in (A.8) and (A.10).

Remark 5.9. We point out that all the bilinear forms bi, i = 0, · · · , N , considered

until now were based on exact solvers, i.e., based on the bilinear forms âh(Ĥu(0), Ĥu(0))

and âi(Ĥiu
(i), Ĥiu

(i)). We note that, due to Lemma 2.2 and Lemma 3.1, all the
results will still hold if we replace those bilinear forms by dh(Hu(0),Hu(0)), and
di(Hiu

(i),Hiu
(i)), respectively.

6. Hybrid preconditioners

In this section we design and analyze a hybrid type (BDD) method for solving
(3.16); see [28, 33]. We consider the hybrid version of Tas,I , see (5.8). The hybrid
version of Tas,I∪B , see (5.26), can be treated similarly; see [11].
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6.1. The method. Recall the definition of the Γi in (4.1), the spaces Wi in (4.2),
the local subspaces Vi in (5.1) and the coarse subspace V0 = V0,I in (5.5). Consider
the bilinear forms bi, i = 1, · · · , N , defined in (5.2).

Now define bilinear form a0 as the exact bilinear form âh, i.e.,

(6.1) a0(u, v) = âh(u, v), u, v ∈ V0,

with Ĥ defined in (3.6). Introduce the coarse orthogonal projection P0 : V → V0

defined by

(6.2) a0(P0u, v) = âh(u, v) for all v ∈ V0.

The hybrid method is defined as (see [33])

(6.3) Thyb,I = P0 + (I − P0)

(
N∑

i=1

Ti

)
(I − P0),

where the operators Ti were defined as Ti = IiT̃i with T̃i defined by (5.3), i =
1, . . . , N .

Let the subspace V ⊥
0 ⊂ V consists of functions w ∈ V such that âh(w, v0) = 0,

for all v0 ∈ V0. It is easy to check that if w ∈ V ⊥
0 then Thyb,Iw ∈ V ⊥

0 . The PCG
algorithm for solving Thyb,Iv = w, w ∈ V ⊥

0 , searches for the best approximation
to the solution in the Krylov subspace generated by powers of Thyb,I applied to w.
Assume that the goal is to solve Su = g, where u = u∗

h, see (3.16). We replace
this equation by Thyb,Iu = g̃ where g̃ = Thyb,Iu, and compute u0 = P0u. The
computations of g̃ and u0 can be obtained directly from g without the knowledge
of u by (5.3) and (6.2), respectively; see also [33]. Note that in our case u = v + u0

and w = Thyb,Iu − P0u belongs to V ⊥
0 . Then we can solve Thyb,Iv = w using the

PCG algorithm operated on the subspace V ⊥
0 .

6.2. Condition number estimate for Thyb,I . From the analysis of the additive
method Tas,I developed in Theorem 5.2 we can derive an analysis for the hybrid
method Thyb,I . Observe that in both methods we have considered the same local
and coarse spaces. Note also that in the design of the hybrid method Thyb,I we
have considered the bilinear form a0(·, ·) defined in (6.1) rather than the bilinear
form b0(·, ·) defined in (5.6). These two bilinear forms differ only from each other
by a scaling factor. For both methods we have considered the same local bilinear
forms bi(·, ·) defined in (5.2).

Theorem 6.1. Let the Assumption 4.1 be satisfied. In addition, assume that for
i = 1, · · · , N , the size of ∂Ωi∩∂Ω is of the same order as the diameter of Ωi. Then
there exists a positive constant C independent of hi, Hi, hj/hj and the jumps of ρi

such that

(6.4) âh(u, u) ≤ âh(Thyb,Iu, u) ≤ C

(
1 + log

H

h

)2

âh(u, u) for all u ∈ V ⊥
0 .

Here log(H/h) := maxi log(Hi/hi).

Proof. Upper Bound: Using Rayleigh quotient arguments and properties of the
orthogonal projection P0, i.e., that (I − P0)P0 = 0, we obtain

λmax(Thyb,I |V ⊥0
) = max

u∈V ⊥0 \{0}

âh(Thyb,Iu, u)

âh(u, u)
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= max
u∈V ⊥0 \{0}

âh(
∑N

i=1 Tiu, u)

âh(u, u)
= max

u∈V ⊥0 \{0}

âh([γP0 +
∑N

i=1 Ti]u, u)

âh(u, u)

≤ max
u∈V \{0}

âh([γP0 +
∑N

i=1 Ti]u, u)

âh(u, u)
= λmax(Tas,I),

where γ =
(
1 + log H

h

)−2
and Tas,I defined in (5.8). Hence, the upper bound fol-

lows from the upper bound of Theorem 5.2.

Lower Bound: We obtain

λmin(Thyb,I |V ⊥0
) = min

u∈V ⊥0 \{0}

âh(Thyb,Iu, u)

âh(u, u)

= min
u∈V ⊥0 \{0}

âh(
∑N

i=1 Tiu, u)

âh(u, u)
= sup

ε>0
min

u∈V ⊥0 \{0}

âh([εP0 +
∑N

i=1 Ti]u, u)

âh(u, u)

≥ sup
ε>0

min
u∈V \{0}

âh([εP0 +
∑N

i=1 Ti]u, u)

âh(u, u)
.

It remains to show

(6.5) sup
ε>0

min
u∈V \{0}

âh([εP0 +
∑N

i=1 Ti]u, u)

âh(u, u)
≥ 1.

Let ε > 0 be fixed. A lower bound estimation for εP0+
∑N

i=1 Ti can be obtained from
the general theory of ASMs where we need to check the Assumption i) of Lemma
5.1. To check this assumption, let u ∈ V and consider the same decomposition∑N

i=1 Iiu
(i) = u described in the proof of Theorem 5.2, i.e., u(0) defined in (5.12)

and the u(i), i = 1, · · · , N, defined in (5.14). Using the same steps of the proof of
Theorem 5.2 we obtain

εâh(u0, u0) ≤ Cε(1 + log
H

h
)2âh(u, u),

and
N∑

i=1

bi(u
(i), u(i)) = âh(u, u).

Note that to obtain this equality we do not use di as in (5.17). Instead, we work
with âi and we get an equality in (5.17) with right-hand side equal to âi. Summing
these equalities we get the above estimates. Hence, we obtain

εâh(u0, u0) +

N∑

i=1

bi(u
(i), u(i)) ≤

(
1 + Cε(1 + log

H

h
)2
)

âh(u, u),

and therefore

sup
ε>0

min
u∈V \{0}

âh([εP0 +
∑N

i=1 Ti]u, u)

âh(u, u)
≥ sup

ε>0

(
1 + Cε(1 + log

H

h
)2
)−1

= 1.

�
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7. Numerical experiments

In this section, we present numerical results for the preconditioners introduced
in (5.8), (5.26) and (6.3), for the geometrically nonconforming case. Similar results
have been obtained for the geometrically conforming case.
We show that the bounds of Theorems 5.2, 5.7 and 6.1 are reflected in the numer-
ical tests. In particular we show that the interface condition (Assumption 4.1) is
necessary and sufficient.

Figure 2. Geometrically nonconforming partition.

We consider the domain Ω = (0, 1)2 and divide it into N = M × M rectangular
geometrically nonconforming substructures Ωi as in Figure 2. In each substructure,
the next level of refinement is obtained from a regular conforming 2×2 rectangular
refinement by enlarging (or decreasing) the width or high of some rectangles by
a factor fac = 1 + 1/23 (or 1 − 1/23) for M = 2, 4; see Figure 2. To obtain
substructures with M = 8 and M = 16 we subdivide each of substructures for the
case M = 4 (right picture of Figure 2) equally in 2 × 2 and 4 × 4 subdomains,
respectively. Note that H ' 1/M .

Inside each substructure Ωi we generate a structured triangulation with ni subin-
tervals in each coordinate direction and apply the discretization presented in Section
2 with δ = 4. In the numerical experiments we use a red and black checkerboard
type of substructure partition starting with the lower left corner substructure as a
black type substructure. On the black substructures we let nb = 2 ∗ 2Lb and on
the red substructures we let nr = 3 ∗ 2Lr , where Lb and Lr are integers denoting
the number of refinements inside each substructure Ωi. Hence, since the size of
each substructure is O(1/M) then the mesh sizes are hb ' 1

Mnb
and hr ' 1

Mnr
,

respectively. We solve the second order elliptic problem −div(ρ(x)∇u∗(x)) = 1 in
Ω with homogeneous Dirichlet boundary conditions.

7.1. Hybrid preconditioner. In the first test we consider the constant coefficient
case ρr = ρb = 1. We consider different values of M × M coarse partitions and
different values of local refinements Lb = Lr, therefore, keeping constant the mesh
ratio hb/hr � 3/2. We test two different choices of masters and slaves:

(1) We place the master on the black substructure side of the edge or part of
edge ∂Ωi∩∂Ωj in the case that Ωi and Ωj are two different colors substruc-
tures, and place on the most north-east substructure side otherwise.
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(2) We place the master on the red substructure side of the edge or the part
of edge ∂Ωi ∩ ∂Ωj in the case that Ωi and Ωj are two different colors sub-
structures, and place on the most south-west substructure side otherwise.

Table 2 lists the number of PCG iterations and in parenthesis the condition
number estimate and the smallest eigenvalue of the preconditioned system. We
note that for constant coefficients and fixed mesh ratio hb � hr, the interface
condition (Assumption 4.1) is satisfied with β1 � 3/2 and β2 = 1. As expected by
Theorem 6.1, the condition numbers appear to be independent of the number of
substructures and grow by a polylogarithmical factor of the number of subdomains
when the size of the local problems increases. We recall that Assumption 4.1 implies
Assumption 5.6.

Table 2. Hybrid preconditioner Thyb,I : number of iterations,
condition number and smallest eigenvalue (in parenthesis) for dif-
ferent sizes of coarse and local problems and with constant coeffi-
cient ρb = ρr = 1 and Lb = Lr. . Top: Master/Slave choice (1).
Bottom: Master/Slave choice (2)

Lr ↓ M → 2 4 8 16

0 12 (6.22,1.00) 18 (7.83,1.03) 20 (9.15,1.01) 22 (12.39,1.01)
1 16 (7.95,1.00) 24 (11.74,1.02) 27 (14.63,1.01) 26 (13.97,1.00)
2 20 (16.03,1.05) 29 (18.87,1.01) 31 (19.64,1.00) 31 (19.43,1.00)
3 22 (20.24,1.06) 32 (24.13,1.00) 35 (23.55,1.00) 34 (23.64,1.00)

Lr ↓ M → 2 4 8 16

0 10 (8.21,1.00) 19 (9.06,1.02) 22 (10.73,1.01) 23 (11.39,1.01)
1 14 (10.06,1.00) 25 (13.61,1.01) 27 (14.67,1.01) 27 (14.99,1.00)
2 20 (17.83,1.03) 31 (20.43,1.01) 32 (19.53,1.00) 32 (19.02,1.00)
3 20 (19.55,1.05) 33 (25.12,1.01) 37 (24.68,1.00) 36 (24.21,1.00)

We now consider the discontinuous coefficients case where we set ρb = 1 on the
black substructures and we vary ρr on the red substructures. The substructures
partition is kept fixed to 4× 4. Table 3 lists the results on runs for different values
of ρr and for different levels of refinements Lr on the red substructures. On the
black substructures nb = 2 is kept fixed. We test the same two choices of masters
and slaves as in the first experiment. It is easy to see in Table 3 that when the
interface condition (Assumption 4.1) holds, i.e. when β1 and β2 are not large, then
the preconditioner is robust. If the Assumption 4.1 does not hold, however we still
choose the master side where the coefficient is larger, i.e., the Assumption 5.6 holds
with β2 = 1, the performance of the preconditioner is still robust with respect to
the coefficients but depends on the mesh ratio hb/hr, see Remark 5.5.

7.2. Additive preconditioner. For the additive preconditioners we repeat the
experiments done for the hybrid preconditioner in the geometrically nonconforming
case. As before we consider the constant coefficient case ρr = ρr = 1, the mesh ratio
hb/hr � 3/2. Table 4 shows that the condition numbers appear to be independent
of the number of substructures and grow by a polylogarithmical factor when the
size of the local problems increases. As expected by Theorem 5.7, Table 5 shows
that condition numbers do not change much when we replace Tas,I to Tas,I∪B.

Now consider the discontinuous coefficients case. On the black substructures we
consider ρb = 1 and on the red substructures we vary ρr. The substructure partition
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Table 3. Hybrid preconditioner Thyb,I : number of iterations and
condition numbers (in parenthesis) for different values of the coeffi-
cient ρr and local meshes with Lr refinements) on the red substruc-
tures. On black substructures the coefficient ρb = 1 and Lb = 0 are
kept fixed. The substructure partition is also kept fixed to 4 × 4.
Top: Master/Salve choice (1). Bottom: Master/Slave choice (2).

Lr ↓ ρr → 1000 10 1 0.1 0.001

Assum. 4.1 No No Yes Yes Yes
Assum. 5.6 No No Yes Yes Yes

0 93(3069.53) 34(34.84) 18( 7.83) 18( 8.93) 18( 9.73)
1 120(4530.84) 43(50.36) 21(10.35) 19( 9.60) 19(10.45)
2 175(4990.32) 48(54.73) 23(14.81) 20(15.60) 19(16.24)
3 235(6496.58) 53(69.84) 25(17.54) 20(17.41) 19(18.12)
4 336(7542.38) 57(79.24) 26(20.02) 21(20.05) 19(20.98)

Lr ↓ ρr → 1000 10 1 0.1 0.001

Assum. 4.1 No No No No No
Assum. 5.6 Yes Yes Yes No No

0 17 (11.62) 19 (10.57) 19 (9.06) 27 (27.08) 68 (2392.31)
1 20 (16.87) 21 (15.72) 23 (14.04) 28 (27.32) 70 (2297.89)
2 22 (27.79) 25 (26.21) 27 (23.88) 34 (32.49) 82 (2227.64)
3 27 (49.85) 30 (47.31) 34 (43.06) 41 (52.45) 92 (2194.14)
4 33 (94.07) 40 (89.53) 42 (81.38) 50 (94.33) 109 (2180.58)

Table 4. Additive preconditioner Tas,I : number of iterations,
condition numbers and smallest eigenvalues (in parenthesis) for
different sizes of coarse and local problems and constant coefficient
ρb = ρr = 1 and Lb = Lr. Top: Master/Salve choice (1). Bottom:
Master/Salve choice (2).

Lr ↓ M → 2 4 8 16

0 11 (7.32,1.00) 23 (36.03,0.40) 38 (44.03,0.32) 43 (45.63,0.32)
1 17 (15.01,1.00) 31 (40.09,0.53) 39 (41.87,0.45) 41 (42.06,0.45)
2 22 (20.19,1.03) 35 (47.28,0.63) 41 (49.39,0.56) 44 (48.77,0.56)
3 23 (23.76,1.05) 37 (48.77,0.71) 43 (54.00,0.65) 46 (53.90,0.65)

Lr ↓ M → 2 4 8 16

0 10 (10.20,1.00) 25 (40.26,0.38) 44 (60.71,0.29) 49 (62.10,0.28)
1 15 (13.38,1.00) 32 (39.46,0.53) 43 (56.49,0.41) 46 (55.66,0.42)
2 20 (20.84,1.03) 35 (46.94,0.61) 44 (58.28,0.52) 47 (57.38,0.53)
3 22 (21.24,1.05) 38 (50.15,0.70) 46 (62.50,0.62) 49 (61.68,0.62)

is kept fixed to 4 × 4. Table 6 lists the results on runs for different values of ρr

and for different levels of refinements Lr on the red substructures. On the black
substructures nb = 2 is kept fixed, i.e., Lb = 0. It is easy to see in Table 6 that
when the interface condition Assumption 4.1 holds the algorithm is robust with
respect to the coefficients and mesh ratio hb/hr. When the Assumption 4.1 does
not hold, however the Assumption 5.6 holds, i.e., when the master side is chosen
where the coefficient is larger, as expected from the Remark 5.5, the algorithm is
still robust with respect to the coefficients but depends on the mesh ratio hb/hr.
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Table 5. Additive preconditioner Tas,I∪B: number of iterations,
condition numbers abd smallest eigenvalue (in parenthesis) for dif-
ferent sizes of coarse and local problems and constant coefficient
ρb = ρr = 1 and Lb = Lr. Top: Master/Slave choice (1). Bottom:
Master/Slave choice (2).

Lr ↓ M → 2 4 8 16

0 13 (8.20,1.00) 23 (36.99,0.44) 38 (43.54,0.36) 41 (44.95,0.35)
1 18 (17.25,1.00) 31 (44.82,0.55) 38 (43.91,0.48) 40 (43.90,0.47)
2 23 (22.83,1.05) 35 (53.68,0.63) 40 (50.81,0.57) 42 (50.52,0.57)
3 25 (27.10,1.06) 37 (55.76,0.71) 42 (55.32,0.65) 43 (55.36,0.65)

Lr ↓ M → 2 4 8 16

0 11 (11.10,1.00) 25 (39.12,0.43) 43 (57.80,0.32) 46 (59.35,0.32)
1 16 (15.21,1.00) 31 (41.90,0.55) 41 (57.60,0.43) 44 (56.93,0.44)
2 23 (23.06,1.03) 35 (49.45,0.62) 43 (59.39,0.53) 45 (58.80,0.53)
3 24 (23.77,1.05) 36 (51.59,0.71) 44 (63.48,0.62) 45 (62.86,0.62)

Table 6. Additive preconditioner Tas,I : number of iterations and
condition numbers (in parenthesis) for different values of coefficient
ρr and the local mesh refinements Lr on the red substructures. The
coefficient and the local mesh sizes on the black substructures are
kept fixed to ρb = 1 and Lb = 1. The number of substructures are
also kept fixed to 4 × 4. Top: Master/slave choice (1). Bottom:
Master/Slave choice (2).

Lr ↓ ρr → 1000 10 1 0.1 0.001

Assum. 4.1 No No Yes Yes Yes
Assum. 5.6 No No Yes Yes Yes

0 129 (225164.57) 47 (205.41) 23 (36.03) 22 (23.75) 21 (24.41)
1 209 (294622.11) 59 (333.17) 26 (42.50) 21 (23.05) 22 (22.86)
2 289 (291958.12) 65 (462.11) 28 (54.06) 23 (36.76) 22 (35.45)
3 395 (289006.68) 71 (621.10) 31 (65.35) 23 (39.06) 21 (36.61)
4 514 (273591.72) 76 (790.20) 32 (78.79) 24 (44.24) 21 (40.29)

Lr ↓ ρr → 1000 10 1 0.1 0.001

Assum. 4.1 No No No No No
Assum. 5.6 Yes Yes Yes No No

0 20 (38.67) 23 (30.12) 25 (40.26) 39 (155.01) 102 (169137.54)
1 25 (91.50) 27 (58.44) 31 (74.73) 41 (182.61) 106 (111142.92)
2 31 (207.09) 36 (128.70) 37 (147.46) 45 (238.01) 121 (67089.50)
3 37 (400.62) 43 (302.86) 50 (365.20) 54 (394.09) 136 (39583.97)
4 45 (808.87) 54 (835.62) 63 (1067.69) 67 (836.05) 153 (24664.06)

8. Conclusions

In this paper we considered a discontinuous Galerkin discretization for second
order elliptic equations with discontinuous coefficients and nonmatching meshes on
geometrically nonconforming substructures. We designed and analyzed Neumann-
Neumann methods of additive and additive-multiplicative type. We proved that
these methods are almost optimal and very well suited for parallel computations.
The coarse space is constructed using a special partition of unity. The rate of
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convergence of both methods are polylogarithmically with respect to the local mesh
size, and does not depend on the number of substructures and on the jumps of
coefficient. The numerical tests confirm the theoretical results. The methods can
be straightforwardly extended to 3-D cases. Despite of the fact the extension of our
results to the 3-D case is easy, it needs a lot of details and therefore is not discussed
in the paper. It will be considered separately.
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Appendix A. Proof of Lemma 5.3

To avoid the proliferation of constants, we will use sometimes the notation A � B
to represent the inequality A ≤ (constant)B, and A � B if A � B and B � A,
where the (constant) does not depend on Hi, hi, hi/hj and ρi.

Let us denote u(0) = {u
(0)
i }N

i=1. By Lemma 3.1 it is enough to prove the estimate

(5.22) for Hu(0) = {Hiu
(0)
i }N

i=1; see (3.2). Here we denote Hu(0) by u(0) in order to
simplify the notation. We have
(A.1)

dh(u(0), u(0)) =

N∑

i=1



ρi ‖ ∇u

(0)
i ‖2

L2(Ωi)
+

∑

Eij⊂∂Ωi

δ

lij

ρij

hij
‖ u

(0)
i − u

(0)
j ‖2

L2(Eij)



 .

Now we will bound each term in the sum above. For simplicity of the presentation
we split each summand above in two terms

(A.2)
{
ρi ‖ ∇u

(0)
i ‖2

L2(Ωi)

}
+





∑

Eij⊂∂Ωi

δ

lij

ρij

hij
‖ u

(0)
i − u

(0)
j ‖2

L2(Eij)



 = {I}+{II}

and bound each one separately. To finish the proof of the lemma we proceed as
follows,

(1) We bound term I in (A.2) by considering the two cases
(a) i ∈ NI (see Section A.1).
(b) i ∈ NB (see Section A.2).

(2) We bound term II in (A.2) (see Section A.3).

A.1. Bound of I in (A.2) for interior substructures. Let i ∈ NI . From the
definition of u(0) in (5.12) we see that on ∂Ωi

(A.3) u
(0)
i = uiΘ

(i)
i +

∑

δij⊂∂Ωi

ujΘ
(j)
i −

∑

δij⊂∂Ωi, j∈NB

ujΘ
(j)
i .

It is easy to see from (4.6) that when δij = Eij is a slave side and
◦
Eijhi is

empty then Θ
(j)
i vanishes. Hence, we consider only the cases in (A.3) when

◦
Eijhi

is not empty, and hence from the definition of
◦
Eijhi we have hi � |Eij |, where
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|Eij | denotes the size (the one-dimensional Lebesgue measure) of Eij . In general,
|Eij | can be very tiny due to the geometrically nonconformity of the Ωi partition,

however, this is not the case when
◦
Eijhi is not empty. Additionally, because Eij

is a slave side and the Assumption 4.1 hypothesis holds, we have hi � hij � hj .
From (5.4) we have

(A.4) u
(0)
i − ui =

∑

δij⊂∂Ωi

(uj − ui)Θ
(j)
i −

∑

δij⊂∂Ωi, j∈NB

ujΘ
(j)
i on ∂Ωi.

Using (A.4) we obtain

‖ ∇u
(0)
i ‖2

L2(Ωi)
= ‖ ∇(u

(0)
i − ui) ‖

2
L2(Ωi)

�

(
1 + log

Hi

hi

)
 ∑

δij⊂∂Ωi

(ui − uj)
2 +

∑

δij⊂∂Ωi, j∈NB

u2
j


(A.5)

where we have used the following extension theorem ‖ ∇Θ
(j)
i ‖2

L2(Ωi)
�‖ Θ

(j)
i ‖2

H
1/2
00 (δij )

and the discrete inequality (see [33])

‖ Θ
(j)
i ‖2

H
1/2
00 (δij)

�

(
1 + log

Hi

hi

)
.

In order to finish the estimation of term I in (A.2) when i ∈ NI we only need to
bound the two terms in the right hand side of (A.5). We do that as follows,

• First term in (A.5). Denote

(A.6) uij =
1

|Eij |

∫

Eij

uids and uji =
1

|Eji|

∫

Eji

ujds.

Note that hij � hi � |Eij | and so

(uij − uji)
2 =

1

|Eij |2
(ui − uj , 1)2L2(Eij)

�
1

hi
‖ui − uj‖

2
L2(Eij)

.

By the discrete and Poincaré inequalities, and using again that hi � |Eij |
we obtain

(A.7) (ui − uij)
2 �

(
1 + log

Hi

hi

)
‖ ∇ui ‖

2
L2(Ωi)

.

Using the above estimates we obtain

(ui − uj)
2 � (ui − uij)

2 + (uij − uji)
2 + (uji − uj)

2

�

(
1 + log

Hi

hi

)
‖ ∇ui ‖

2
L2(Ωi)

+
1

hij
‖ ui − uj ‖2

L2(Eij)

+

(
1 + log

Hj

hj

)
‖ ∇uj ‖2

L2(Ωj)
.(A.8)

We point out that the log factor above in (A.7) can be dropped if |Eij | � Hi.
See Remark 5.8 above.
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• Second term in (A.5). Recall that u∂ = 0, hence, u∂j = 0. Then, using the

notation (A.6) and (A.7) we obtain

(uj)
2 = (uj − uj∂ + uj∂ − u∂j)

2

�

(
1 + log

Hj

hj

)
‖∇uj‖

2
L2(Ωj)

+
1

hj∂
‖uj − u∂‖

2
L2(Ej∂ ).(A.9)

A.2. Bound of I in (A.2) for boundary substructures. Let i ∈ NB and recall
equation (A.3). We obtain

‖ ∇u
(0)
i ‖2

L2(Ωi)
�

∑

δij⊂∂Ωi, j∈NI

(uj)
2 ‖ Θ

(j)
i ‖2

H
1/2
00 (δij )

�

(
1 + log

Hi

hi

) ∑

δij⊂∂Ωi, j∈NI

u2
j .(A.10)

Here again, the log factor above in (A.10) can be dropped if |Ej∂ | � Hj . See also
Remark 5.8.

In order to finish the estimation of term I in (A.2) when i ∈ NB we only need to
bound the right hand side of (A.10). To estimate the term u2

j with j ∈ NI we use

(uj)
2 �

{
(uj − uji)

2 + (uji − uij)
2 + (uij − ui)

2 + (ui − ui∂ + ui∂ − u∂i)
2
}

and then apply the same arguments given above. Substituting (A.8) and (A.9) into
(A.5) and recalling that ρi � ρij � ρj and hi � hij � hj on every slave side δij , we
obtain

ρi ‖ ∇u(0) ‖2
L2(Ωi)

�

(
1 + log

H

h

)2 {
ρi ‖ ∇ui ‖

2
L2(Ωi)

(A.11)

+
∑

Eij⊂Ωi

{
ρj ‖ ∇uj ‖2

L2(Ωj ) +
ρij

hij
‖ ui − uj ‖2

L2(Eij)
+

ρj∂

hj∂
‖ uj − u∂ ‖2

L2(Ej∂ )

}}
.

A.3. Bound of term II in (A.2). It remains to estimate the second term of
(A.2). Observe that the estimate is obvious for Ei∂ since u(0) = 0 on E∂i and Ei∂

when i ∈ NB . We consider separately the case i, j ∈ NI (in Section A.3.1) and the
case i ∈ NI and j ∈ NB (in Section A.3.2).

A.3.1. The case of two interior substructures i, j ∈ NI . We further consider sepa-
rately the cases when Eij is a master and a slave side.

• Assume that Eij = γij is a master side. We have that on Eij

u
(0)
i − u

(0)
j = uiΘ

(i)
i −

(
ujΘ

(j)
j + uiΘ

(i)
j

)
(A.12)

= (ui − uj)Θ
(j)
j .

Hence,

1

hij
‖ u

(0)
i − u

(0)
j ‖2

L2(Eij)
=

1

hij
(ui − uj)

2 ‖ Θ
(j)
j ‖2

L2(Eij)
� (ui − uj)

2

where we have used that hj � hij � hi and

(A.13) ‖ Θ
(j)
j ‖2

L2(Eij)
� hj



26 MAKSYMILIAN DRYJA, JUAN GALVIS, AND MARCUS SARKIS

since Θ
(j)
j vanishes on

◦
Ejihj . Using (A.8) and ρj � ρij � ρi we obtain

ρij

hij
‖ u

(0)
i − u

(0)
j ‖2

L2(Eij)
�

(
1 + log

Hi

hi

)
ρi ‖ ∇ui ‖

2
L2(Ωi)

+
ρij

hij
‖ ui − uj ‖2

L2(Eij)

+

(
1 + log

Hj

hj

)
ρj ‖ ∇uj ‖2

L2(Ωj ) .(A.14)

• Assume that Eij = δij is a slave side. In this case we have that on Eij (see

(A.12)),

u
(0)
i − u

(0)
j = uiΘ

(i)
i + ujΘ

(j)
i − ujΘ

(j)
j = (ui − uj)Θ

(i)
i ,

therefore, we get
ρij

hij
‖ u

(0)
i − u

0)
j ‖2

L2(Eij)
=

ρij

hij
(ui − uj)

2 ‖ Θ
(i)
i ‖2

L2(Eij)
(A.15)

� ρij(ui − uj)
2 �

(
1 + log

Hi

hi

)
ρi ‖ ∇ui ‖

2
L2(Ωi)

+
ρij

hij
‖ ui − uj ‖2

L2(Eij)
+

(
1 + log

Hj

hj

)
ρj ‖ ∇uj ‖2

L2(Ωj )

in view of (A.13) for δij ⊂ ∂Ωi and (A.8).

A.3.2. The case of an interior substructure i ∈ NI and a boundary substructure

j ∈ NB. Since i ∈ NI then u
(0)
j vanishes on Eji. If Eij = δij is a slave side or

Eij = γij is a master side then

ρij

hij
‖ u

(0)
i − u

(0)
j ‖2

L2(Eij)
� ρij(ui)

2

and using that

u2
i � (ui − uij)

2 + (uij − uji)
2 + (uji − uj)

2 + (uj − uj∂ + uj∂ − u∂j)
2

and the same arguments given before, the estimate follows. The case i ∈ NB and
j ∈ NI follows from the previous case.

Substituting (A.11), (A.14) and (A.15) into (A.1) we get (5.22 ).

Appendix B. Proof of Lemma 5.4

To prove (5.23) we can replace the terms âh(Iiu
(i), Iiu

(i)) and bi(u
(i), u(i)) by

dh(HiIiu
(i),HIiu

(i)) and di(Hiu
(i),Hiu

(i)), respectively; see Lemma 2.2 and Lemma
3.1.

In order to simplify notation, all the functions are considered as harmonic ex-
tensions in the H sense. Hence, we denote HIiu

(i) by D(i)u(i) and Hu(i) by u(i)

and let u(i) = {u
(i)
l }l∈#(i) ∈ Vi. Using (2.8), (2.9) and (4.7) we obtain

dh(D(i)u(i), D(i)u(i)) = di(D
(i)u(i), D(i)u(i))

+
∑

j

dj(D
(i)u(i), D(i)u(i))

= I + II.(B.1)
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Here, in term II, the sum is taken over all j such that Ωj has common edges or
part of edges with Ωi. In oder to finish the proof of the Lemma we bound term I
and term II in (B.1) separately in Section B.1 and Section B.2.

B.1. Bound of term I in (B.1). From the definition of di in (2.8) we write

di(D
(i)u(i), D(i)u(i))

= ρi‖∇D
(i)
i u

(i)
i ‖2

L2(Ωi)
+

∑

Eij⊂∂Ωi

δ

lij

ρij

hij
‖ D

(i)
i u

(i)
i − D

(i)
j u

(i)
j ‖2

L2(Eij)
.(B.2)

To get the bound of term I in (B.1) we estimate the two terms in (B.2) above.

B.1.1. The first term of (B.2). We note that

ρi ‖ ∇D
(i)
i u

(i)
i ‖2

L2(Ωi)

≤ 2ρi

{
‖ ∇(D

(i)
i u

(i)
i − u

(i)
i ) ‖2

L2(Ωi)
+ ‖ ∇u

(i)
i ‖2

L2(Ωi)

}
(B.3)

and observe that from the definition of D
(i)
i in (4.5) and (4.6) we have

(B.4) ρi ‖ ∇(D
(i)
i u

(i)
i − u

(i)
i ) ‖2

L2(Ωi)
≤ C

∑

δij⊂∂Ωi

ρi ‖ ũ
(i)
i ‖2

H
1/2
00 (δij)

.

Here, ũ
(i)
i = u

(i)
i at the nodal points of

◦

δijhi , and ũ
(i)
i = 0 on ∂eδijhi and at the

remaining nodes of ∂Ωihi . Note that the support of ũ
(i)
i is contained in δij . Also

recall that δij denotes Eij when Eij is a slave side.
We only need a bound for the right hand side of (B.4) above. To obtain the

desired estimate we analyze the two cases: i ∈ NI and i ∈ NB .

• Assume i ∈ NI . In this case the local function u
(i)
i has zero average value

on ∂Ωi, hence, we can bound the H
1/2
00 −norm of ũ

(i)
i by (see for example

[33]),

ρi ‖ ũ
(i)
i ‖2

H
1/2
00 (δij)

�

(
1 + log

Hi

hi

)2

ρi|u
(i)
i |2H1(Ωi)

.

• Assume i ∈ NB . In this case we have

ρi‖ũ
(i)‖2

H
1/2
00 (δij)

�

(
1 + log

Hi

hi

)2

ρi

{
|u

(i)
i |2H1(Ωi)

+
1

H2
i

‖u
(i)
i ‖2

L2(Ωi)

}

�

(
1 + log

Hi

hi

)2

ρi

{
|u

(i)
i |2H1(Ωi)

+
1

hi
‖u

(i)
i ‖2

L2(Ei∂)

}
(B.5)

where Ei∂ ⊂ ∂Ω. To get the inequality in (B.5) we have used the following
estimate

1

H2
i

‖u
(i)
i ‖2

L2(Ωi)
≤

2

H2
i

{
‖u

(i)
i − u

(i)
i∂ ‖

2
L2(Ωi)

+ ‖u
(i)
i∂ ‖2

L2(Ωi)

}

� |u
(i)
i |2H1(Ωi)

+
1

hi
‖u

(i)
i ‖2

L2(Ei∂)(B.6)

where u
(i)
i∂ =

∫
Ei∂

u
(i)
i ds/|Ei∂ | and we have used the assumption |Ei∂ | � Hi.

See Remark B.1 below for a discussion on this assumption.
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Using the estimates (B.4) and (B.5) in (B.3) we get the estimate for the first
term of (B.2),

ρi‖∇D
(i)
i u

(i)
i ‖2

L2(Ωi)
(B.7)

�

(
1 + log

Hi

hi

)2

ρi

{
‖∇u

(i)
i ‖2

L2(Ωi)
+

1

hi
‖u

(i)
i ‖2

L2(Ei∂)

}
.

Remark B.1. It is important to note that we have used the assumption |Ei∂ | � Hi

in order to avoid an extra log factor in the inequality (B.6). In case this assumption
is not satisfied, the coarse basis function θi must be added to the coarse problem
to obtain the estimate with (1 + log(Hi/hi))

2 factor. We point out that the coarse
space V0,I∪B defined in (5.25) includes automatically such functions; see Theorem
5.7 where we analyze the method that uses the coarse space V0,I∪B . For the proof
of Theorem 5.2 we do not assume that the size of ∂Ωi ∩ ∂Ω is of the same order as
the diameter of Ωi.

B.1.2. The second terms of (B.2). First note that the estimate is straightforward

for boundary edges Ei∂ since by definition u
(i)
∂ = 0 and D

(i)
i = 1 on Ei∂ . We need

to analyze separately the cases of slave (Eij = δij) and master side (Eij = γij).

• Assume Eij = δij is a slave side. From (4.5) and (4.6) we have

‖ D
(i)
i u

(i)
i − D

(i)
j u

(i)
j ‖2

L2(δij)
� hi max

δij

|u
(i)
i |2,

and recalling that ρi � ρij � ρj and hi � hij � hj we obtain
ρij

hij
‖ D

(i)
i u

(i)
i − D

(i)
j u

(i)
j ‖2

L2(δij)
� ρi max

δij

|u
(i)
i |2

�

(
1 + log

Hi

hi

)
ρi

{
|u

(i)
i |2H1(Ωi)

+
1

H2
i

‖u
(i)
i ‖2

L2(Ωi)

}
.(B.8)

To estimate of the second term of the right-hand side in (B.8) we use a

Poincaré inequality (recall u
(i)
i has zero average value on ∂Ωi) when i ∈ NI ,

and we use the inequality (B.6) when i ∈ NB . Thus
ρij

hij
‖D

(i)
i u

(i)
i − D

(i)
j u

(i)
j ‖2

L2(δij )

� (1 + log
Hi

hi
) ρi

{
|u

(i)
i |2H1(Ωi)

+
1

hi
‖u

(i)
i ‖2

L2(Ei∂)

}
.(B.9)

• Assume Eij = γij is a master side. Remember that on a master side, hj �
hij � hi and ρj � ρij � ρi. We have

‖ D
(i)
i u

(i)
i − D

(i)
j u

(i)
j ‖L2(γij)≤‖ u

(i)
i − u

(i)
j ‖L2(γij) + ‖ z

(i)
j ‖L2(Eji),(B.10)

where
z
(i)
j =

∑

xj
k∈∂eEjihj

u
(i)
j (xj

k)ϕj
k .

Here, ϕj
k are the nodal basis functions on Eji,hj corresponding to the nodes

xj
k on ∂eEji,hj . Let us denote the support of z

(i)
j by S

z
(i)
j

on Eji and see

that |S
z
(i)
j

| � hj . We have

‖ z
(i)
j ‖L2(S

z
(i)
j

)�‖ u
(i)
j ‖L2(S

z
(i)
j

)� ‖u
(i)
j − u

(i)
i ‖2

L2(γij)
+ ‖u

(i)
i ‖2

L2(S
z
(i)
j

).(B.11)
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The second term of the right-hand side of (B.11) can be estimated by

‖u
(i)
i ‖2

L2(S
z
(i)
j

) � Chj max
Eij

|u
(i)
i |2

� hi

(
1 + log

Hi

hi

){
|u

(i)
i |2H1(Ωi)

+
1

hi
‖u

(i)
i ‖2

L2(Ei∂)

}
,(B.12)

where we have used a Poincaré inequality for i ∈ NI and the estimate (B.6)
for i ∈ NB . Using (B.11) and (B.12) in (B.10 ) we get

ρij

hij
‖D

(i)
i u

(i)
i − D

(i)
j u

(i)
j ||2L2(Eij)

�(B.13)

ρij

hij
‖u

(i)
j − u

(i)
i ‖2

L2(Eij)
+

(
1 + log

Hi

hi

)
ρi

{
‖∇u

(i)
i ‖2

L2(Ωi)
+

1

hi
‖u

(i)
i ‖2

L2(Ei∂)

}
.

We now use the estimates (B.7), (B.8) and (B.13) in (B.2) and Lemma 2.2 to
obtain an estimate for second terms of (B.2),

(B.14) di(D
(i)u(i), D(i)u(i)) �

(
1 + log

Hi

hi

)2

bi(u
(i), u(i)).

B.2. Bound of term II in (B.1). We now estimate the second term of (B.1) by

bounding dj(D
(i)u(i), D(i)u(i)) by bi(u

(i), u(i)). For u(i) = {u
(i)
j } ∈ Vi we have

dj(D
(i)u(i), D(i)u(i))

= ρj ‖ ∇D
(i)
j u

(i)
j ‖2

L2(Ωj ) +
δ

lij

ρij

hij

∫

Eij

(D
(i)
i u

(i)
i − D

(i)
j u

(i)
j )2dx.(B.15)

We only need to estimate the first term of (B.15) since the second term has been
already estimated; see (B.8) and (B.13).

If Eij = δij is a slave side then D
(i)
j vanishes, and so ‖ ∇D

(i)
j u

(i)
j ‖2

L2(Ωj)
vanishes

as well.
We now estimate the case where Eij = γij is a master side. On Eji we decompose

u
(i)
j = w

(i)
j +

∑
xj

k∈∂eEjihj
u

(i)
j (xj

k)ϕj
k, where w

(i)
j = D

(i)
j u

(i)
j , i.e., w

(i)
j equals u

(i)
j at

the nodes in
◦
Ejihj and zero at the nodes in ∂eEjihj . Note that the support of w

(i)
j

belongs to Eji. We have

‖ ∇w
(i)
j ‖2

L2(Ωj)
� ‖ w

(i)
j ‖2

H
1/2
00 (Eji)

= {|w
(i)
j |2H1/2(Eji)

+

∫

Eji

(w
(i)
j )2

dist(s, ∂Eji)
ds}.(B.16)

We now estimate the first term of (B.16). Let Qj be the L2- projection on the hj-
triangulation of Eji. Then

|w
(i)
j |2H1/2(Eji)

≤ 2{|w
(i)
j − Qju

(i)
i |2H1/2(Eji)

+ |Qju
(i)
i |2H1/2(Eji)

}(B.17)

�
1

hj
‖ w

(i)
j − u

(i)
i ‖2

L2(Eji)
+ ‖ ∇u

(i)
i ‖2

L2(Ωi)
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and

‖ w
(i)
j − u

(i)
i ‖2

L2(Eji)

≤ 2{‖ u
(i)
j − u

(i)
i ‖2

L2(Eji)
+ ‖

∑

xj
k∈∂eEji,hj

u
(i)
j (xj

k)ϕj
k ‖2

L2(Eji)
}(B.18)

where the second term of (B.18) can be bounded as before, see (B.10)-(B.12).

It remains to estimate the second term of (B.16). In order to simplify the argu-
ments, we take Eij as the interval [0, H ]. Note that

(B.19)

∫

Eji

(w
(i)
j )2

dist(s, ∂Eji)
ds �

∫ H/2

0

(w
(i)
j )2

s
ds +

∫ H

H/2

(w
(i)
j )2

(H − s)
.

Let us estimate the first term in the right-hand side of (B.19). Let A be the most

far left node of
◦
Ejihj in [0, H/2] and note the size of the interval of [0, A] is O(hj).

We have

∫ H/2

0

(w
(i)
j )2

s
ds =

∫ A

0

(w
(i)
j )2

s
ds +

∫ H/2

A

(u
(i)
j )2

s
ds

� (u
(i)
j (A))2 +

∫ H/2

A

(u
(i)
i − u

(i)
j )2

s
ds +

∫ H/2

A

(u
(i)
i )2

s
ds

� (u
(i)
j (A))2 +

1

hj
‖ u

(i)
i − u

(i)
j ‖2

L2(Eji)

+

(
1 + log

Hj

hj

)
max
Eij

|u
(i)
i |2

�
1

hj
‖ u

(i)
i − u

(i)
j ‖2

L2(Eij)

+

(
1 + log

Hi

hi

)(
1 + log

Hj

hj

){
|u

(i)
i |2H1(Ωi)

+
1

hi
‖u

(i)
i ‖2

L2(Ei∂)

}

where (u
(i)
j (A))2 has been estimated using (B.11) and (B.12). The second term of

(B.19) is estimated similarly. Substituting these estimates in (B.19) we get

∫

Eji

(w
(i)
j )2

dist(s, ∂Eji)
ds(B.20)

�

(
1 + log

H

h

)2

{‖ ∇u
(i)
i ‖2

L2(Ωi)
+

1

hj
‖ u

(i)
i − u

(i)
j ‖2

L2(Eij)
+

1

hi
‖u

(i)
i ‖2

L2(Ei∂)}.

Substituting (B.17) together with the estimate for (B.18) and (B.20) into (B.16),
and then substituting this resulting estimate with (B.8) and (B.13) into (B.15), and
using Lemma 2.2, we get

(B.21) dj(D
(i)u(i), D(i)u(i)) �

(
1 + log

H

h

)2

bi(u
(i), u(i)).
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Using (B.14) and (B.21) in (B.1), we get

dh(D(i)u(i), D(i)u(i)) �

(
1 + log

H

h

)2

bi(u
(i), u(i)).
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