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1. Introduction

The purpose of this paper is to develop multilevel Schwarz methods for a con-
forming finite element approximation of second order elliptic partial differential
equations. A special emphasis is placed on problems in three dimensions with
possibly large jumps in the coefficients across the interface separating the sub-
regions. To simplify the presentation only piecewise linear finite elements are
considered. Our goal is to design and analyze methods with a rate of conver-
gence which is independent of the jumps of the coefficients, the number of
substructures, and the number of levels.

We consider two classes of the methods, additive and multiplicative. The
multiplicative methods are variants of the multigrid V-cycle method. In our de-
sign and analysis, we use a general Schwarz method framework developed in
Dryja and Widlund [13, 14, 17], and Dryja et al. [12] for the additive variant,
and in Bramble et al. [4] for the multiplicative one. Among the particular cases,
discussed here, are the BPX algorithm, cf. Bramble et al. [5], and Xu [30], and
the multilevel Schwarz method with one-dimensional subspaces considered by
Zhang [33, 34]; see also Dryja and Widlund [15, 16]. It is well known that these
methods are optimal when the coefficients are regular.

The problems become quite challenging for problems with highly discontin-
uous coefficients. An earlier study was carried out in Dryja and Widlund [16],
where the BPX method was modified and applied to a Schur complement system
obtained after that the unknowns of the interior nodal points of the substructures
had been eliminated. In that case, the condition number of the preconditioned
system was shown to be bounded from abov€k +¢)?, wherel is the number
of level of the refinement; see further Sect. 9.

The main question for problems with discontinuous coefficients is the choice
of a coarse space. We introduce a coarse triangulation given by the substructures
and assume that the coefficients can have large variations only across the inter-
faces of these substructures. We then design methods with several coarse spaces,
sometimes known asxotic coarse spacesf. Widlund [28]. Some are new and
others have previously been discussed; see Dryja et al. [12], Dryja and Widlund
[17], and Sarkis [22]. One of our main results is that the condition number of
the resulting systems can be estimated from abov€ % + ¢)? with C inde-
pendent of the jumps of coefficients, of the number of substructures, and also
of ¢; see Sect. 4. For multiplicative variants such as the V-cycle multigrid, the
convergence rate is bounded from above by @ (1 +¢)~2,C > 0; see Sect. 6.

In Sect. 5, we study in detail the weighted projection with weights given
by the discontinuous coefficients of the elliptic problem. Bramble and Xu [6],
and Xu [29] have considered this problem and established that the weighted
projection is not always stable in the presence of interior cross points. Here, we
introduce a new concept callagliasi-monotonalistribution of the coefficients
which characterizes the cases for which certain optimal estimates for the weighted
L2 projection are possible. For problems with quasi-monotone coefficients, the
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standard piecewise linear functions can be used as the coarse space and optimal
multilevel algorithms are obtained.

In Sect. 7, we introduc@pproximate discrete harmonic extensicasd de-
fine new coarse spaces by modifying previously known exotic coarse spaces;
see Sarkis [22] for a case of nonconforming elements. Using these extensions,
we can avoid solving a local Dirichlet problem for each substructure when using
exotic coarse spaces [28]. We show that the convergence rate estimate of our new
iterative methods, with approximate discrete harmonic extensions, are compara-
ble to those using exact discrete harmonic extensions. The use of approximate
discrete harmonic extensions results in algorithms where the work per iteration
is linear in the number of degrees of freedom with the possible exception of the
cost of solving the coarse problem.

Elliptic problems with discontinuous coefficients have solutions with singular
behavior. Therefore, in Sect. 8, we consider nonuniform refinements. We begin
with a coarse triangulation that is shape regular and possibly nonuniform and then
refine it using a local refinement scheme analyzed by Bornemann and Yserentant
[1]. We establish a condition number estimate for the iteration operator which is
bounded from above bg (1 + £)?. For quasi-monotone coefficients, we obtain
an optimal multilevel preconditioner.

2. Differential and finite element model problems

We consider the following selfadjoint second order problem:
Find u € Hg(£2), such that

(1) a(u,v)=f(w) Vove Hol(.Q),

where

a(u,v) =/ p(X) Vu-Voudx and f(v) =/ fodx for f e L3(02).
Q Q

For simplicity, letf2 be a bounded polyhedral regionirf with a diameter of
order 1. A triangulation of? is introduced by dividing the region into nonover-
lapping shape regular simplicds? }I\,;, with diameters of ordeH , which are
called substructures or subdomains. This partitioning induces a coarse triangu-
lation associated with the parametér In Sect. 8, we consider a case in which
the coarse triangulation is shape regular but possibly nonuniform.

We assume thap(x) > 0 is constant, in each substructure, with possibly
large jumps occurring only across substructure boundaries. Therefpre=
pi = const in each substructu® . The analysis of our methods can easily be
extended to the case whefx) varies moderately in each subregion.

We define a sequence of quasi-uniform nested triangulat{ciﬁ'é‘}ﬁzo as
follows. We start with a coarse triangulatio®m © = {2}, and sethy = H.

A triangulation.7 ¥ = {Tj"}jN:k1 on levelk is obtained by subdividing each in-
dividual elementTj"*l in the set.7 k1 into several elements denoted bﬁ/.
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We assume that all the triangulations are shape regular and quasi-uniform. Let
hjk = diameterfjk), he = may h]-k, andh = h,, where/ is the number of refine-
ment levels. We also assume that there exist constantsl, ¢ > 0, andC,

such that if an elemeﬁ’{“k of leveln +k is contained in an elememji‘ of level

k, then

diam@;"*)
diam()

n

Cr =

n

v

In Sect. 8, we consider a case in which the refinemenbisuniform
For each level of triangulation, we define a finite element spd&?) which
is the space of continuous piecewise linear functions associated with the trian-
gulation.7%. Let VX(£2) be the subspace &f%(£2) of functions which vanish
on 912, the boundary of2. We also use the notatio'(2) = V{(£2).
The discrete problem associated with (1) is given by:
Find u € V{'(£2), such that

(2) a(u,v) =f(v) Yve V().

The bilinear forma(u,v) is directly related to a weighted Sobolev space
H }(£2) defined by the seminorm

2 —
\U|H;(9) =a(u, u).

We also define a weighted® norm by:
©) Iulfsiy= [ o6 U007 for u € L),

Let X' be a region contained if? such thatoX' does not cut through any
elementrf € .77¥. We denote by ¥(X) the restriction ofv¥(£2) to X, and by
V() the subspace of ¥(X) of functions which vanish o#X. We also define
H}(¥) andL?(X) by restricting the domain of integration of the weighted norms
to X. To avoid unnecessary notations, we drop the parametdrenp = 1, and
X’ when the domain of integration 8.

In the case of a regio&’ of diameter of ordehy, such as an elememjf or
the union of few elements, we use a weighted norm,

1
2 Y 2
(4) ||UHH3(2) = |U\H/}(2) + hE”u”Lg(Z)'

We introduce the following notationst < v , w = X, andy < z meaning
that there are positive constar@sandc such that

u<Cov, w>cx and cz<y<Cz respectively

HereC andc are independent of the variables appearing in the inequalities and
the parameters related to meshes, spaces and, especially, thepv&iginetimes,
we will use < to stress tha€ = 1.
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3. Multilevel additive Schwarz method

Any Schwarz method can be defined by a splitting of the sp@bénto a sum
of subspaces, and by bilinear forms associated with each of these subspaces. We
first consider certain multilevel methods based on the MDS-multilevel diagonal
scaling introduced by Zhang [34], enriched with a coarse space as in Dryja [11],
Dryja and Widlund [17], Dryja et al. [12], or Sarkis [22, 23].

Let ./ % and. /5% be the set of nodes associated with the spateand
Vg, respectively. Lep be a standard nodal basis function\yff, and letv;* =
spar{¢'}. We decompos¥/’ as

£ £

Ve =V Y VeV Y Y vk

k=0 k=0 je. Iok

We note that this decomposition is not a direct sum and that\q'fm(: 1. Four
different types of coarse spac¥s‘;, and associated bilinear forni, (u, u) :
VX x VX — R, with X = F, E,NN, and W, will be considered; see Sect.4. We
also consider variants of these four coarse spaces using spaces of approximate
discrete harmonic extensions given by simple explicit formulas; see Sect. 7. The
case when the coarse space/$=V{! is considered in Sect. 5.

We introduce operator8* : V' — V¥, by

a(Pfu,v)=a(u,v) Yve V¥
and an operatof X : V' — VX, by an inner producb* (-, ) and the formula
(5) bfl(Ti(lu,v) =a(u,v) Vove Vi(l.

The analysis can easily be extended to the case when we use approximate solvers
for the other one-dimensional subspat&;‘é Thus, we do not necessarily need

to save, in memory, or recompute, all the valuesa(lzﬁ}‘, ¢>J-k), fork=1,--- ¢,

andVj € .J5*.

Let ,
(6) T =T+ > Pf
k=0je lb'k
We now replace (2) by
14
7) TXu=yg, g=TXu+> > Pfu.
k=0 je. //o'k

By construction, (2) and (7) have the same solution. We noticeTthatn (and
similarly the P]-ku) can be computed, without the knowledgewfthe solution
of (2), since we can find*,u by solving

(8) b*,(T*,u,v) =a(u,v) =f(v) Yve V.
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Equation (7) is typically solved by a conjugate gradient method. In order to
estimate its rate of convergence, we need to obtain upper and lower bounds for
the spectrum off X. The bounds are obtained by using the following theorem;
cf. Dryja and Widlund [17], Zhang [33, 34].

Theorem 1. Suppose the following three assumptions hold:

i) There exists a constant;@Guch that for all ue VOh there exists a decom-
position u=u_1+ >0 Y. Ul with ug € VX, yf € Vi, such
that

l
by (X u* )+ ) a(uf, uf) < Céa(u, u).

k=0 je. g%

i) There exists a constant such that
a(u,u) < wbX;(u,u) vue VX,

iii) There exist constantg™, m,n =0, ---, ¢ and
Vie g™, Vj € .4y" such that

1/2 n1/2

a(u™ u") < ¢Ma(u™, u) " ay’, u

vum e V" ovul e V.

Then, ™ is invertible, §T*u,v) = a(u, TXv), and
(9) C; %a(u,u) < a(T*u,u) < (p(¥) +w)a(u,u) Yu e Vy.

Here p(#) is the spectral radius of the tenséf = {¢[™}, | .

4. Exotic coarse spaces and condition nhumbers

We now introduce certain geometrical objects in preparation for the description
of our exotic coarse spac&s’,. Let.7 represent the opefacewhich is shared
by two substructures andf}. Let & represent an opesdge and 7, a vertex
of the substructure?,. Let 74 denote thewire basketof the subdomairf?;, i.e.
the union of the closures of the edgesad?, . We denote thénterfacebetween
the subdomains by’ = Ud£2;\012, and thewire baskeby 77" = U74\012. The
sets of nodes belonging (2, (2, 042%, %, &, 7, andI" are denoted by
08h, 082 n, (2 p, !%j',h: gi,h: “7/4fh, and I}, respectively.

We now proceed to discuss several alternative coarse spaces and to estab-
lish bounds for the condition numbers of the corresponding additive multilevel
methods.
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4.1. Neumann-Neumann coarse spaces

We first consider the Neumann-Neumann coarse spaces which have been ana-
lyzed in Dryja and Widlund [17], Mandel and Brezina [18], and Sarkis [22]. An
interesting feature of these coarse spaces is that they are of minimal dimension
with only one degree of freedom per substructure, even in the case when the
substructures are not simplices. For afy> 1/2, we introduce the weighted
counting functiongy; g, for alli =1,---,N, defined by

i ’ﬁ(X) = ijﬁ, X e 8(2i7h\6()h, Mi,ﬁ(x) = 0, X e (Fh\aﬂiyh) U th.
j

For eachx € 02 n\0f2, the sum is taken over the values joffor which
X e 8(2“1.
The pseudo inversg; ; of pi s is defined by

w5 () = (i 5 (X)), X € O p\Oh,

and
1 5(X) =0, X € (Ih\O2 ) U 0.

We extendy; ; elsewhere in2 as a minimal energyiscrete harmonidunction
using the values oy, U2, as boundary values. The resulting functions belong
to V{'(2) and are also denoted W 5

We can now define the coarse spac® c V! by

(10) VMY = spar{p! iif 51,

i.e. we use one basis functions for each substructirae remark that we can
even define a Neumann-Neumann coarse spaceg forco by considering, the
limit of the spacev NN when 3 approachesx, i.e.

P W o = Jim o i
For instance, fox € .% », we obtain
P 1 () =1, i pi > py,

P 1 e (X) =0, if pi < py,
and
P i (X)) =1/2, if pi = pj.

We note thatvN) is also the range of amterpolator |NN : V' — VNI,
given by

(11) u_y = IMNu(x) = Z u) = Z " o i -
i i

Here,u?1 is the discrete average value wfover 0(2 .



320 M. Dryja et al.

We note the coarse spaces defined itk 1/2, 5 =1, andg > 1/2 have
been used by Dryja and Widlund [17], Mandel and Brezina [18], and Sarkis
[22], respectively. Recently, Wang and Xie [27] introduced another coarse space
which is similar to ours with3 = co. However, their basis functions only take
the value 0 or 1 orf},.

We introduce the bilinear forroY(u, v) : VNN x VNN — 1, defined by

(12) b} (u, v) =a(u, v).

Theorem 2. Let TNN be defined by (6), and let/2 < 3 < oo. Then for any
u € VQ(£2), we have

(L+0)~?a(u,u) < a(MNu,u) < a(u,u).
The bounds are also independentsof

Proof. We use Theorem 1:

Assumption i).For notational convenience, we introduce, for= 0,-- -, /¢, the
bilinear formshy (U, Uc): V& x V& — I, defined by

(13) bk, u) = > ughg)alel, ¢f) = > a(uf,ub).
jetg* jetyx

We use a levek decomposition given by = 37, uf, with uf = uc(x)¢f. Here,
¥ is the position of the nodp € . /5.
We decompose € V(£2) as

u=.7Zu+2°u in (2,

where _ _
(14) u=.72u+0u in 0.

Here,.77(u is the discrete harmonic part of i.e.
(V.720u, Vo) 20y =0 Yo € V(2),
7£Ou =u on ae;,

and ?0Ou € V() is the H1—projection associated with the spaeg (1),
ie.
(V(ZOU), Vo)izay = (VU, V)iza) Vo € VG(42).

We decompose’()u and.7#")u separately. We start by decomposirfg =
2WOuin o as

”U(i) - %(i)’l)(i) + ('Q/Zjl(i) 7 _J/b(i)) ,U(i) o+ (’J/é(i) . %9)1) ”U(i),
where " : VP($2) — VX(£2), is theH 1—projection defined by

(VAD), V) a0 = (Vo V)i Vo € Ve(2).
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We extendv® by zero to 2\, and also denote this extension by
ARV 0. Thus, 2000 € VE(92). Let

vg) — %;)(i)v(i)’ US) — (.%i(i) _ e’/i)<(i)1) U(i), k=1,---,¢.
Hence _ . . _ . _
(15) 'U(')=vg)+v§')+~~+vl((')+~~-+v$ll+v2).

We use the decomposition (15) for & 1, - - -, N. The global decomposition
of v is equal tov® in (2, and is defined by

¢ N
(16) UZZUM vk:ZvS).
k=0 i=1

We now decomposeZu. Let
w=.76U — U_q,

whereu_; is defined in (11).
We decomposev as

N
w = Zw(i),
i=1

where
w = Inupl i 5) — U 1t 5 = (o i 5 (U —UM) on U AR

and extended as a discrete harmonic function in &ach =1,---,N.

Here, Iy is the standard linear interpolant based on the h-triangulatidn. dif is

easy to show that(x) = 3, w®(x) ¥x € £2. Note that the support ab® is

the union of thef2; which have a vertex, edge, or face in common with
We decomposev() further as

I S S IR T ot

T CO GCo TnCO;

where.7 , &, and Z;, are the faces, edges, and vertice®) 6% . Here,w.(%_,w%),

and w(}')n are the discrete harmonic extensions iftowith possibly nonzero
interface values only o n, & n, and Zy, respectively. The support of each
function on the right hand side of (17) is the union of a fé&vand its interior
is denoted byf2x, 25, or {25, respectively. We can assume that the regions
7, 24, and (25 are convex. If not, we can extend them to convex regions
and use a trick developed in Lemma 3.6. of Zhang [34].

We now decompose:y), wl), andwf). in the same way as the®). Let us

first consideru) . We obtain

0 -0 M 0] 0] 0]
(18) w?ﬂ - wO,.?ﬁ + wl,.?ﬁ + ...+ wk,."?ﬁ + ... +wlfl,.?ﬁ +w,’ ~.
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Here
w07—/<"”w7“,, wk/”—(/)(' ”—.v'/'i';ﬂ )w k=10

J/)k(l)/”, L V{(27) — VE(R25), is the H-projection. As before, we extend

AU by zero outside? .

fij
We decomposeug and w(}; in the same way, and obtain

(19) wflfl) = wg)/| + wg.l,)ﬁﬁ +.o wlg,)éﬁ +.oo+ wgll,éq + 00

where

B = p0), () (l) pli) (l)
Wo s = o5 Wi kfﬂ = (Hm — Herg)wiy, k=100,

and
(20) wd = wl, w4l )l
Here,

W02 = Ao 250 Wz = (AR gy — Az ) whh k=1l

We can now define a global decomposition of the functioas

(21) w=wotwy - twg - Fwe—1+we,
where
W=D (D0 wlgt D widat > wlz)
i -ﬁcaﬂi A CO0 TinCOS)

We check straightforwardly that (21) is valitk € 2. Using (21) and (16), we
define a decomposition far € V' as

(22) USU_g+Up+---+U+---+U_1+Uy,
where
Uk = vg + wy, kZO,-“,f.

We obtain the desired decomposition in Assumption i) by decompasing
as in (13). We will now prove that

4
(23) > bi(u, u) =< (1 +logH /h))*a(u, u).

k=—1

Therefore, in view of (13), we obtai@? = C (1+¢)? in Assumption i) of Theorem
1.
We start with the decomposition of

Lemma 1. For the decomposition af given by (16), we have

4
(24) > bi(vk, v) < a(u, ).

k=0
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Proof. We first show that
é . .
(25) > b, o) < 1 UfFsg-

Note that fork > 1, o) = (£ — D) v® = (1 — £V 00,
Hence,

1
bi(v, o) = he pillvd) HLZ(Q) = pi o |H1(Q)

The last inequality follows from the well known error estimateHor—projections
on convex domains; see Ciarlet [9]. Hoe= 0,

1
bO(Uo vvo)) = th' ||U )HLZ(Q) 2 pi |Uo ‘Hl(_Q.)7

using Friedrichs’ inequality.
Adding the above inequalities, we obtain

Zbk(vl(('),uk

4
= p{(V A0, Vo) + 3 (VAY = AD) 00, VoO)ig) )
k=1

= pi ||Vv(i)||fz(9i) =pi \|V'“/)(i)u\|52(ni) < HVUHE?(Q)'
Thus

N ¢
ZZbk(vl(('),vk))<a(u u). O

i=1 k=0
Lemma 2. For the decomposition Qf)(' , given by (18), we have
(26) Zbk(wk 7w (I) 7) = (L +0)%p, |U\H1((z)
Proof. Note that
bk(’wk T ’wk ,,J) = hz(p' +P1)H k ,,J L2 A7)

Here, 27 = ( U () U.7 . Note thatw(' =0in !2\(27 Using the same
arguments as in the proof of Lemma 1, we obtain

£
(27) > b wid7) = (o + )[R e

Note that
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2
(p| +pj)|w7|H1(Q ) = (pl +pJ)||w7”'H l/z(.iﬁ)
= (i + ol OnGof’ 50 = TN 12

asn
=y 10 Ay

The first inequality above follows from an extension theorem for finite element
functions given in [10]. A simple proof for this extension theorem is given in
Lemma 14. Here,) 5 , is the piecewise linear function o N.7" such
that ().~ , = v at the nodal points7j , and )7 = 0 on 0.7 p. For the last
inequality, we have also used the fact that 1/2. Forg = co, we use a limiting
process.

Let 6~ be the discrete harmonic function, defined i, which equals 1
on.Z n and zero or{ n\.7 n. Using Lemma 3 of Dryja and Widlund [17],

which is an inequality foH 1/2(/,] ), and Poinca¥’s inequality, we obtain

(%)

' —_ - 112
(ZI) j Pi H(u ul )y’ljyh”Holo/z(%)

pill(u—u; )-/T,,nH|2_|1/2(/) = pi ||(|h(9/.J (u- _h)))||H1/2(6Qi)

=0 007 (U = Tl

and using Lemma 4.5 of Dryja et al. [12] and a Poigckriedrichs’ inequality,
we obtain

= pi(1+logH /h)?[lu — lﬂ“llﬁl(g,) =pi(l +£)2|U|a1(9i)-
Combining this inequality with (27), we obtain (26)0

The next two lemmas are proved in the same way as Lemma 2; see a similar
argument in the proof of Theorem 4

Lemma 3. For the decomposition Qb%), given in (19), we have
(28) Zbk(wk/vwk/)<(1+€)/f| |U|H1(Q)
Lemma 4. For the decomposition Qf}(}r)n given in (20), we have

(29) Z bk(wk T w|(<|)7m) = pi |U‘H1(Q)

Corollary 1. For the decomposition af, given in (21), we have

¢
(30) > bi(wy, wi) = (1+0)%a(u, u).

k=0

The proof of Corollary 1 follows from Lemmas 2, 3, and 4.
We now estimate(u_;,u_1).
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Lemma 5. For u_y = > u®), u® =aM s 5,
(31) a(u-1,u—1) = (1 +logH /h)a(u,u) < (1 +Ha(u, u)

The proof of this result, fog = 1/2, can be found in Dryja and Widlund [17].
For different values of3, we use an argument similar to that of the proof of
Lemma 2; cf. also Sarkis [22].

Returning to the proof of Theorem 2, we find that (23) follows from Corollary
1, and Lemmas 1 and 5. The bound f&y has then been established.

Assumption ii) Trivially, we havew = 1.

Assumption iii)We need to show thai(¢) < const. This has been established
in Remark 33 in Zhang [34]. O

Remark 1.The analysis and results in this paper can also be extended to the
cases in which we replace the bilinear formi¥)(-,-) by the inexact solvers
introduced in Dryja and Widlund [17].

4.2. A face based coarse space

The next exotic coarse space is denotedy C V', and is based on values
on the wire baske?, and averages over the facg§. This coarse space can
conveniently be defined as the range of an interpolation opegatoy! — VF,,
defined by

IFu()5 = Y e+ Y 005 ().

pPEX h T COL

Here, ¢p(X) is the discrete harmonic extension, inf, of the standard nodal
basis function associated with a noﬂel]}”_ is the discrete average value of
over.Zj .

We define the bilinear form, in the standard way, from the norm given by

b, (u,u) = Zpi{ Z h (u(xp) — G")?

I PEX h

+ H@L+0 Y @ -,
.71]C8.Qi

whereu[ is the discrete average value wfover 92 .
Theorem 3. Let TF be defined by (6). Then for anyeuVOh(Q), we have

(1+0)~2a(u,u) < a(T"u,u) < a(u, u).
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Proof. Assumption i).The decomposition here is the same as before, except
that we now choosev® = Ih(pil/zui*l/z(u — Ifu)) on I U 912, and extend
these boundary values as a discrete harmonic function elsewhere. We note that
this decomposition is simpler sinee) vanishes on the wire basket. Therefore,
w$) =0 andw(): = 0. A counterpart of Lemma 2 holds since

i 1/2
(o +pj)\w_(f7,),|ﬁ1(g_,.ij) =< (o + )R 2y U — |hFU)))‘z,h||ﬁ30/z(7ﬂ)

=i [l(u- %).ﬁ,h“auz(ﬂ < pi (L+logH /h)?|ju — %Ilﬁm)
o0

< pi (L+logH /h)?|ulf gy = pi (L + 02Ul

Here we have used the same arguments as in the proof of Lemma 2. Finally,
Lemma 5 is replaced by

Lemma 6. For u € V()
bF,(1fu, 17u) < (1 +logH /h)a(u, u) =< (1 +£)a(u, u).

The proof of this result can be found in the proof of Theorem 6.7 of Dryja et al.
[12].

Assumption ii)We havew < 1; see Dryja et al. [12].

Assumption iii).As in Subsect.4.1. 0

Remark 2.Another possible decomposition far is given by

Ficl

Here,w 7 is the discrete harmonic function gawith possibly nonzero interface
values only onZj . We note that the support of 7 is {25 . We can decompose
wz as in (18), and obtain

' ' 12
by (w7 > wk,.7) = (pi + pj)lw.z |H§0/2(7ﬂ)
— Th 2 2 Th 12

= (L +logH /n)? |l = (1 +0(Uffis(0)-
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4.3. An edge based coarse space

We can decrease the dimension\wf, and define another coarse space. Rather
than using the values at all the nodes on the edges as degrees of freedom, only
one degree of freedom per edge, an average value, is used. The resulting space,
denoted by E, C Voh, is the range of the interpolation operatr: VOh — VE,

defined by

()G = > u(Zm)em(x)

Zm€OS2

WA+ Y W05,

ACTH TG COL

Here,u*;,| is the discrete average value ofover &, andfy the discrete
harmonic function which equals 1 0fi , and is zero or0(2; p \ & n. om(X) is
the discrete harmonic extension inth of the boundary values of standard nodal
basis function associated with the vertgs.

We define a bilinear form by

b, (u, u) = Zp.{h S @) - o

Zm€082

+HOY @, - UPHHE) Y W - U3

EmC O 711- C o8
Theorem 4. Let TE be defined by (6). Then, for anyaiV{'(£2), we have
(1+0)~?a(u,u) = a(TFu,u) =< a(u,u).

Proof. Assumption i)Here, we choose/") = Iy (o %y 12U —1Fu) on 'U AN
and extend these boundary values as a discrete harmonic function elsewhere.
Note also that, we have;(' = 0. The proof of a counterpart of Lemma 2 is
similar to that given in the proof of Theorem 3. '

The proof of a variant of Lemma 3 for this case proceeds as fOIIOWSw%ét

be the edge component of®), given similarly as in (17), and leb{, be the

decomposition ofv!) given as in (19). Using similar arguments as in Lemma 2,
we have

‘
> be(wly wh) = me|w/ |H1(Q/|)7
k=0

where the sun) . is taken over all substructures, which share the open &fige
We now use the fact thaﬁ{l/z = l/2) Lon & p, and an inverse inequality,

and obtain A
> pmlwl e, 2o Y (@ — ux)?
m pPE n

We next use a Sobolev type inequality to obtain
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(32) p > @ = up)? < pi (1 +logH /h)[ufZs ).
PEZ h

Results very similar to (32) can be found in Bramble et al. [3], Bramble and Xu
[6], Dryja [10], Dryja et al. [12], and Dryja and Widlund [17]. Therefore,

(33) > pmlw?

m

2 2
Hl(le) j Pi (1 +€)|U|Hl(9i)'

Finally, we use

Lemma 7. For u € V!
bE,(IFu, IFu) < (1 +£) a(u, u).

The proof of this result can be found in the proof of Theorem 6.10 of Dryja
et al. [12].

Assumption ii)We havew < 1; see Dryja et al. [12].

Assumption iii).As in Subsect.4.1. 0

Remark 3.We can also simplify the proof by decomposingas
w= ) wgt ) wa
FiCcr acr

Here,w 7 is chosen as in Remark 2 ang; is the piecewise discrete harmonic
function with possibly nonzero interface values only 6j». We note that the
support ofwy is in 2. We decomposevy; as in (19) and obtain

me|w?ﬁ |ﬁ1(94) = me Z h (qu - U(Xp))z
m

m pPEX n

=1+ |U|ag(94)-

4.4. A wire basket based coarse space

Finally, we consider a coarse spac¥, C V', due to Smith [24]. It is based only
on the values on the wire bask&t;. The interpolation operatdp : V' — V%,
and is defined by

VUG = D U)ep)+ D U705 (X).

pPEZ h T CO0;

Here,ugj” is the discrete average value wfon 9.7 n. Let U, be the discrete
average value ofi on 74’,. We define the bilinear form by

bYi(u,u) = (1 +0)> pi Y h(u(p) — ub,)*

i PEZ h
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Theorem 5. Let TV be defined by (6). Then, for anyeJV (£2), we have
(1+0)?a(u,u) < a(m™u,u) < a(u,u).

Proof. Assumption i)Let w() = |h(p1/2u|’1/2(u — 1Wu)). Therefore, we have

w$) = 0 andwf). = 0. The proof of the counterpart of Lemma 2 is as follows:
(oi + )| |H1(Q, < i (U = U5 5) 07)7 , I HY2(7)

= pi {(1 +logH /h)2||UHa1(Qi) + (1 +logH /h)||U||EZ(a/7,»)}

(34) = pi(1+logH /h)2||u||»%|1(9i) =pi(1 +€)2HUIIﬁ1(Qi)

Here we have used ideas of the proof of Lemma 2, and the following results:
(35) 107 141y < H (1 +logH /h),

(36) @77 = S Ul

and

(37) ||uH52(8/.,) = (1 +logH /h) ||UHH1(Q)

For the proof of (35), see Lemma 4.4 of [12]. The proof of (36) is a direct
consequence of Schwarz inequality. The proof of (37) is related to the proof of
(32).

To get the seminorm bound in (34), we use the same arguments as for (33).
Finally, we also use

Lemma 8. For u € V(1)
bW, (IVu, 1Vu) < (1 + logH /h)2a(u, u) = (1 +£)%a(u, u).

The proof of this result can be found in the proof of Theorem 6.4 of Dryja et al.
[12].

Assumption ii)We havew < 1; see Dryja et al. [12].

Assumption iii).As in Subsect.4.1. O

Remark 2 also applies in this case.

5. Special coefficients and an optimal algorithm

In this section, we show that if the coefficienissatisfy certain assumptions, the
L2 projection isH,, 1_stable and we can use the space of piecewise linear functions
VH(Q) as a coarse space and obtain aptimal multilevel preconditioner. It
should be pointed out that tm—’,; projection is notHj -stable in general; see the
counterexample given in Xu [29].
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5.1. Quasi-monotone coefficients

Let Zn,m=1--- L, be the set of substructure vertices including thosé&&n
We denote by2n,, i = 1,---,s(m), the substructures that have the vertgx
in common, and lefpy, denote their coefficients. Le®y; be the interior of
the closure of the union of the substructut@s, i.e. the interior ofUX (2, .
By using the fact that all substructures are simplices, we see that{ggchas
a whole face in common witld(25;. Two-dimensional illustrations of2y; =

Ui 2m are given by Fig. 1 and Fig. 2.

Fig. 1

Fig. 2

Definition 1. For eachf25;, order its substructures such that = max.1 ... sm) pm -
We say that a distribution of the,, is quasi-monotone 25 if for every
i =1,---,s(m), there exists a sequenge j = 1,---, R, with

(38) pm=me§--'§pmj+l§pmjS-..gpnn:pm“

where the substructure(s?mj and O, have a face in common. If the vertex
Zm € 052, then we additionally assume tha€,, N 902 contains a face for which
Zx is a vertex.

A distribution p; on (2 is quasi-monotone with respect to the coarse triangu-
lation.7© if it is quasi-monotone for eaclvy;:.
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We also define quasi-monotonicity with respect to a triangulatiol, as
before, by replacing th€; and the substructure verticé&, by eIement:zrjk and
nodes in. /¥, respectively.

Remark 4.The analysis and results can easily be extended to the case in which
Pm = Pmg 0 2 pm S Ppm 2 2 Ppmy = Py

In two dimensions, quasi-monotonicity with respect#® implies, for the
same distribution of the;, quasi-monotonicity with respect 1 ¥. We can show
this as follows. The nodes of/"* divide into three sets: i) those which coincide
with vertices of the substructures (nodes of the coarse triangulation), ii) those
which belong to edges of the substructures, and iii) those which belong to the
interior of the substructures. By examing the three cases, it is now easy to see
that a distribution of the coefficients is quasi-monotone with respedt toif it
is quasi-monotone with respect .t °.

In three dimensions there are cases in which a distributiop; 0§ quasi-
monotone with respect t&7 ° but not quasi-monotone with respect.f@X. In
this case, the nodes of/ are divided in four sets: those at vertices, edges,
faces, and interiors of the substructures. There are no problems for those of
the vertices, faces and interior sets but there can be complications with the
edge set of nodes. Quasi-monotonicity of the coefficients for nodes belonging
to the edge set does not follow from the quasi-monotonicity with respect to the
coarse triangulation. To see that, &t be an edge of a substructufg, and
let Z, be a vertex off2, and an end point o#,. There are more substructures
sharingZ, than substructures sharing the whole edgeFrom this observation,
it easy to distribute coefficients in such a way that they are quasi-monotone with
respect to the coarse triangulation but not quasi-monotone with respect to a finer
triangulation.

We note that in Theorem 6 only the quasi-monotonicity of the coefficients
pi with respect to7 © is needed. We have introduced quasi-monotonicity with
respect to.7 % only to obtain a complete theory for the stability of th%-
projection on finer levels; see Lemma 9 and Corollary 2

5.2. A new interpolator

We define an interpolation operatg} : V"(£2) — VX(£2), as follows. This
operator is central in our study of the properties of the weighfedrojection.

Definition 2. Givenu € V(12), defineu, = 1Mu € VK(2) by the values ot
at two sets of nodes of/ :

i) For a nodal pointP € .4;%, let u.(P) be the average ofi over an
elementr € .77,
ii) For a nodal poinP < ./,§, letuc(P) be the average af overrt Ns2.
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Here,Tj‘; is the element, or one of the elements, with the veRexvith the

largest coefficienp;. ./, is the set of nodes of/ which belong tads2, and
Ak =\ gk,

It is easy to see that, for any constantM(u —c) = IM(u) — c, and also that
Uk vanishes orof2? whenever vanishes orof?.

We note thatrj'fﬂ 0f2 is a face oij‘; for a quasi-monotone distribution of
coefficientsp; with respect to the triangulatiozr ©, but thatrj‘f, N 92 might be
just an edge or a vertex for coefficients that are not quasi-monotone with respect
to.7 °.

Lemma 9. For a quasi-monotone distribution of coefficientswith respect to
the triangulation7 ¥, we havevu € V"(12)

(39) (O |kM)U|||_§,(TjK) = hy ‘U|H;(TT’M) VTjk e 7k,

and

(40) ||kMu‘H/}(7—jk) = |U|H/}(T—jk,M) VTjk e 7

Here,FJ-k"vI C T_jk’e’“ is a connected Lipschitz region given explicitly in the proof

of this Iemma.r_jk’eXt is the union of the* which have a vertex, edge, or face in

common withrj".
Furthermore,
IMu e V&) if ue V().

Proof. We have

2 k
L2(rf)

2

- k
Ju = 18I, iy = ) lu = 120

= p(Tjk) (HlkMu - C”EZ(Tjk) +lu— C”EZ(Tjk))-

Here (7)) is the value ofp in the element¥.
Using the definition and properties §f', we obtain

U = CliEzgry = 16" = Q)lIEzry = D hE 10" (u = (P2

PETJ-k

Here, eaclP is a vertex of the elemen}k.

For a case in whictP € .J3%, IMu(P), the average value ai over an
elementTj';, can be bounded from above in terms of ttfenorm ofu in Tj‘;, i.e.

10" = e[ = flu = ¢

Here,Tj‘; is the element given in Definition 2.

For a case in whiclP € /Valr(z IMu(P), the average value af over a triangle
Fj’; N df2, can be bounded from above in terms of the energy norm (4) iof
7. Indeed,
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M 10" (U = NP = i lu = ez oy = N1 =l )

From the definition of quasi-monotonicity with respect to the triangulation
7, there exists for eacR a sequence of element§, i =1,---,n, with

(41) p(r¥) = p(rf) < -+ < p(rh) < p(rf) = p(7F).
M _ +*,M _ —&,M
Let 7" = UL, 7 and 7" = Upes7y - Then,

2

M (12 Ky w2
u—Tg U|||_§(Tjk) = () heu— CHHI(.,_-jkvM)‘

Note thatT]-*’M is a connected Lipschtz region with a diameter of ottgerThus,

we can use Poincais inequality to obtain
H ky |2 2 ky |2 2
";lfp(T] )hk ||U - CHHl(ﬁﬂM) = p(T] )hk |u|H1(;j’<’M)7
and use (41) to obtain
ky |2 2 2 2
A < .
,0(7'] )hk |u|H1(ﬁ(‘M) = hk |U|H;(7ﬁj<~M)

To obtain (40), we use
4
M = D () R | (U = )P
i=1

Here, theP; are the vertices of the elemefjh. For the rest of the proof, we use
the same arguments as beforel

Corollary 2. For a quasi-monotone distribution of coefficieptswith respect to
7k, we have

(42) Ia - QE)UHL%((Z) = hi|ulye) Yu e Ve'(£2),
and
(43) |Q|p(U|Hg(Q) = Ulhaey VU € V().

Here, X is the weighted %-projection from \}'(£2) to V{(£2).

Proof. We obtain (42) from (39), sinc@}j gives the best approximation with
respect td.%(!?). Finally, we note that (43) follows from (42); see Theorem 3.4
in Bramble and Xu [6]. O

Remark 5.Lemma 9 and Corollary 2 can easily be extended to functions which
do not vanish on the whole boundapy?. Using Lemma 9, we can also establish
optimal multilevel algorithms for problems with Neumann or mixed boundary
conditions, and quasi-monotone coefficients with respecftt
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5.3. An optimal algorithm

We prove that the MDS algorithm, using the space of piecewise linear functions,
V¢, as a coarse space, is optimal if the coefficient is quasi-monotone with respect
to the coarse mesi °. It is important to note that to prove our next theorem,
we do not need to have quasi-monotonicity with respect to the fine megtes

Theorem 6. Let T° be defined by (6) with M = V{ = VI, b_1(-,-) = a(, ).
For a quasi-monotone distribution of the coefficieptswith respect to7 °, we
have

a(T, u) =< a(u,u) Yu e V().

Proof. We only need to consideAssumption i) Assumptions iijandiii) have
been checked in the proofs of the previous theorems.

Let the {0m} be a partition of unity over? with 6, € C$°(f25,). Because
of the size of the overlap of the subregiof?s,;, these functions can be chosen
such that| V6| is bounded byC /H. We decomposer = u — 1Mu as

L
(44) w=Y wm, where wy = ly(Omw).

m=1

Here, |y, is the standard linear interpolant with respect to the triangula@oh
We note thatvy, = 0, on and outside a(25;, m=1,---, L. Using standard
arguments, cf. Dryja and Widlund [13], we can show that

1
2 2 2
[wmlizs,) = Wl + g2 101G,
and by using Lemma 9, we obtain
2 2
[wmlbiae,) = Ulsasn)-

Here,(z%t is the closure of the union af?z; and thef2 which have a vertex,
edge, or face in common with{25;.

By assumption, we have quasi-monotone coefficients with respect to
We now remove the substructufgy,, from (2. obtaining (25, = 25\ 2,.

We decomposev, as

wm = T M wm + (wm — T ™wp).

Here,. 72 Muwy, is the piecewise discrete harmonic function@p, and (25, that
equalswny on d2m, U0S25.. We stress that we use the weight 1 in obtaining
this piecewise discrete harmonic function.

We decomposeZ™Mw,, as in (20), and obtain

(45) T wm = (T ™wm)e + -+ - + (T D wm)1 + (™ wm)o.

Therefore, by using thaty,, is maximal and the arguments in the proof of Lemma
2, we obtain
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4
> (T wmlk, (TP wmde) < pmy [T P wmlFso,
k=0

(46) = o (17w = pm | T P,

(02m, MO,
< p |wml} < Jwml}
= Py [WmlH () = 1WMIHL(025)
Let @m = wm — .72 ™wy. Using the triangular inequality, we obtain
[Tmln 105 = [wmlnioy)-

Note thatwm vanishes ord(2y, U 025;. Therefore, we can decomposg, ~
in 2y and (27, , independently. For the decomposition &,, we have no
difficulties, since we have constant coefficients. For the decompositigef,jn
we can try to remove the substructure with largest coeffigigptin (25, , and
repeat the analysis just described. It is easy to show that we can remove all
substructures, recursively, if we have a quasi-monotone distribution with respect
to .7 °. We note that the argument in (46) is invalid if we do not have quasi-
monotone coefficients. O

Remark 6.In the proof of Theorem 6, we just need to carry out the analysis
locally for each(2;. In a case of quasi-monotone coefficients with respect to
7% and with the coarse spacedl, VF, or VE , we can derive a bound on the
condition number of the multilevel additive Schwarz algorithm that is linear with
respect to the number of levels The analysis also works if we use different
coarse spaces in different parts of the dom@irwe can also use the coarse space
V@ and an exotic spacé*; simultaneously. The resulting multilevel algorithm
is optimal if the coefficient is quasi-monotone, and is almost optimal with a
condition number bounded in terms of (¥)? otherwise. The same arguments
can also be used to prove that we also have an optimal multilevel algorithm with
Neumann or mixed boundary condition and quasi-monotone coefficients.

6. Multiplicative versions

In this section, we discuss some multiplicative versions of the multilevel ad-
ditive Schwarz methods; they correspond to certain multigrid methods. Let
X =NN,F, E, or W. Following Zhang [34], we consider two algorithms defined
by their error propagation operators

0
(47) Es=(] [ (" =P —nT*,
k=0je. ,,b-k
and

4 14
(48) Es= L0 -T9=J0 —n > PN —0TX,
k=0

k=—1 je. ;o'k



336 M. Dryja et al.

wheren is a damping factor chosen such that||y: < w < 2.

The products in the above expressions can be arranged in any order; different
orders result in different schemes; see Zhang [34]. When the product is arranged
in an appropriate order, the operatéis and E; correspond to the error propa-
gation operators of V-cycle multigrid methods using Gauss-Seidel and damped
Jacobi method as smoothers for the refined spaces, respectively.

By applying techniques developed in Zhang [34], and Dryja and Widlund
[17], we can show that the norm of the error propagation oper#ﬁgﬂ% and
[Esllz can be estimated from above by-1C (1 +/)~2. In a case in which we

have quasi-monotone coefficients and use the standard coarseVdpase can
establish that the V-cycle multigrid methods, given by (47) and (48)pptienal

7. Approximate discrete harmonic extensions

A disadvantage of using the coarse spa¢és with X = F, E,NN, and W, is that

we have to solve a local Dirichlet problem exactly for each substructure to obtain
the discrete harmonic extensions. However, we can define new exotic coarse
spaces, denoted ByX,, with X = F, E,NN, andW by introducingapproximate
discrete harmonic extensiariBhey are given by simple explicit formulas [12, 22]
and have the samid pl—stability estimates as the discrete harmonic extensions.

Here we use strongly the fact that our exotic spa¢&s have constant values at
the nodal points of the faces of the substructures. We prove that the MDS, with
these new coarse spaces, have condition number estimate proportional}tt (1+
Let Cx, k =1 ---,4, be the barycenters of the facegk of 012, and letVy
be the vertex off; that is opposite t&. Let C be the centroid of?2, i.e. the
intersection of the line segments connectingWheo theCy. LetEy, | = 1,2, 3,
be the open edges ot7; see Fig. 3.
To approximate the discrete harmonic functidy in (2, we use the finite
element function) 7 introduced in the proof of Lemma 4.4 of Dryja et al. [12]
(see also Extension 3 in Sarkis [22]), given by (see Fig. 3).

Definition 3. The finite element function 7 € V() is given by the follow-
ing steps:
i) Let
1
Llij (C) = 4
i) For a pointQ that belongs to a line segment connect®go Cy, k =

1,---,4, definey; (Q) by linear interpolation between the valuggC) =
1/4 andu; (Cy) = 6, i.e. by

0 (Q) = X(Q)  + (1 \Q.

Here A\(Q) =distanceQ, Cy)/distanceC,Cy) and é = 1 if j = k and
o = 0, otherwise.
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iii) For a pointS that belongs to a triangle defined by the previGQuas
a vertex, and the eddggq as a side opposite tQ, | =1,---, 3, let

u; (S) = U (Q).

iv) Let J 7 = I%u;, wherel? is the interpolation operator into the space
VN(£2) that preserves the values of a functign at the nodal points of
2 W\ » and set them to zero o# .

V) In (2, which has a common facgj with (2, V7 is defined as inf2;.
Finally, ¥ 7is extended by zero outside .

Note that ~ € V¢, and that

Z 1975 =1 on fz’h\d7/|th
717 C O
We remark that other extensions are also possible; see, e.g. Extension 2 of [22].
Using ideas in the proof of Lemma 4.4 in [12], we obtain
Lemma 10.

0.5 [0 < 197 [xay < H (L +logH /h).

For the wire basket contributions, we replace the piecewise discrete harmonic
function 3= ,c 7, UG%)2ps bY pc 7, u(xp)¢p, Wheregj, is the standard nodal
basis function associated with a nqoleUsing the definition ofﬁf, and a Sobolev
type inequality (see Lemma 4.3 of [12]), we obtain
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Lemma 11.
| Z (u(x) — Uih)¢f;|a1(9.) = lu— JPHEZ(%;’)
PEXin
< (140 ul3s0)-
New exotic coarse spacag®;, with X = F, £ NN, and W are intro-

duced by combining the approximate discrete harmonic functiéps and
Y pe u(xp)qsf,. We defineV*, as the range of the following interpolators
11XV — VX

— Modified Neumann-Neumann coarse spaces
NN = — S h Bt
I u _ufl_zufl_zui Pi i g
i i

Here, /i , = 11 5 on I'ty U 02 and is extended elsewhere §has an approx-
imate discrete harmonic function given by:

i 500 = > 00800+ D ps(F) 05 (X) VX
pPEX h TG CO8
— A modified face based coarse space
Ui = D> up)ep)+ Y U505 (x).
pPEX h T COL
— A modified edge based coarse space

Fu) 5 = Y u(Zn)dl, ()

T €082
+ D0 D 00+ Y Unida .
ACH PEZ n T COL
— A modified wire basket based coarse space
Iu)g = Y ufp)epX) + D Uag g (X).
pPEXi ' h T COL

It is important to note that our approximate discrete harmonic extensions
recover constant functions, because

DT ph)+ Y 9 =1 ¥x e .

PEZA h T CO%
We define the bilinear forms exactly as before, i.e.

bﬁl = bil’
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and operator X, : Vh — VX by
b%l(Ti(luv'U) =a(u,v) Vwve Vf(l.

Let

J4
T*=T%+3" 3 PR

k=0 je. 16*
Theorem 7. For any ue V/'(£2), we have
(1+0)%a(u,u) < a(T*u,u) < a(u, u).

Proof. Let us first consider a case Wilslﬁf1 as the coarse space.
Assumption ii)Using the triangle inequality, the explicit formulas for the
approximate discrete harmonic functions, and Lemma 10, we obtain

|U|E|g(9i) = ZPi{ Z h (u(%))?

i PE X n

FHA+) > @3 vue VA,
‘?ﬁcaﬂi

We now use that the approximate discrete harmonic extension recovers con-
stant functions to obtain y
(49) a(u,u) < bf,(u,u).

Assumption i\Note that the bilinear fOmeEl(U, u) depends only on the values

of u on I}, and letu” ; = Ifu andu_; = IhFu. We can therefore use Lemma 6 to
obtain

(50) bF (0 1,0 1) = bF,(Uu_1,u_1) < (L+0)a(u,u) Yue V.

We now modify the decomposition in the proof of Theorem 3
usua e Y Y u
ko]
and construct a decomposition for the current theorem by

U=Gg+(Uu -G+ Y uf
ko
SCEED DD IR 9) BT ELEES 3) SIS
k k ko]

Here we use thau( ; — {_,) vanishes o, Udf2,, and then decomposea_(; —
{_1) as in Lemma 1 to obtain

> ) a@, ) 2a(ug—Gg,u g —01) 2 a(ig, 1),
ko
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We now use (49) and (50) and obtain
a(li_1, U_1) = bF (01, 0_1) < (1 +Ha(u, u).

Finally, we use the proof of Theorem 3 to obtain

Z Z a(uf, uf) = (1 +0)%a(u, u).
ko]

The proof of this theorem fo‘v’_ﬁ1 or Vf"l as the coarse space is quite similar.

Let us finally consider the case with") as the coarse space. For Assumption
ii), we trivially havew = 1. Assumption i) is handled exactly as before. The only
nontrivial part is to show that

(51) a(Mu, INVU) < (1 +0a(u,u) Yu e V().

The idea of the proof of (51) is the same as in Dryja and Widlund [17]. We
reduce the estimates to bounds related to the vertices, edges, and faces and use
Lemma 4.4 in [12], and Lemmas 10 and 110

8. Nonuniform refinements

We now consider finite element approximation with locally nested refinement.
Such refinements can be used to improve the accuracy of the solutions of prob-
lems with singular behavior which arise in elliptic problems with discontinuous
coefficients, nonconvex domains, or singular data. We note, in particular, that so-
lutions of elliptic problems with highly discontinuous coefficients are very likely

to become increasingly singular when we approach the wire basket.

Nested local refinements have previously been analyzed by Bornemann and
Yserentant [1], Bramble and Pasciak [2], Cheng [7, 8], Oswald [20, 21], and
Yserentant [31, 32]. By nested local refinement we mean that an element, which is
not refined at leve], cannot be a candidate for further refinement. Under certain
assumptions on the local refinement, optimal multilevel preconditioners have
previously been obtained for problems with nearly constant coefficients in two
and three dimensions. For problems in two dimensions with highly discontinuous
coefficients, the standard piecewise linear function can be used as a coarse space
to design multilevel preconditioners. A bound on the condition number can be
derived, which is independent of the coefficients, and which grows at most as
the square of the number of levels; see, e.g. Yserentant [32]. Here, we extend the
analysis to the case where the coefficients are quasi-monotone with respect to the
coarse triangulation or are highly discontinuous in two or in three dimensions.

Let us begin with a shape regular but possibly nonuniform coarse triangulation
7% =79 which defines substructureg with diametersH;. It follows from
shape regularity that neighboring substructures are of comparable size.

We introduce the following refinement procedure: koe 1,---, ¢, subdi-
vide all the tetrahedr@k*l € .7 ¥ 1into eight tetrahedra (see, e.g., Ong [19]);
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these are elements of levieland belong, by definition, to” . A shape regular
refinement is obtained by connecting properly the midpoints of the eqi@és
We note that this refinement, restricted to e&ghis quasi-uniform.

Let VOk be the space of piecewise linear functions associated.with which
vanish ondf?2, and Iet./%"k be the set of nodal points associated with the space
V. Let ¢, j € .45, be a standard nodal basis function\gf, and letV* =
spar{¢f'}.

We define a locally nested refinement in terms of a sequence of open subre-
gions @ C {2 such that

CrCp_1C---COCC---COLC =12,

and assume that th#&r%, the boundary of?, align with element boundaries of
Tk1 fork > 1.
We define a nested, nonconforming triangulatiods”, k = 0,---,¢, as
follows: B
TK =75 on a4,
and _
T =71 on G\Ga Y <k

Assumption 1. The levels of two elements of a triangulatioi* ", which have
at least one common point, differ by at most one.

We note that Assumption 1 guarantees that all elementg i (£2,) with a
common vertex are of comparable size. This type of refinement is exactly the
same as that analyzed by Bornemann and Yserentant [1].

Let VO"* be the space of piecewise linear functions associated with the trian-
gulation.7 %", which are continuous of? and vanish ordf2. By construction,

VI C VY VEL The vertices of the elements of €™ are called nodes.
From the requirement of continuity, it follows that we can distinguish between
the set of free nodes/,*" and the remaining set of slave nodes. A function
u c V¢ is determined uniquely by its values at the free nadg&”"; the values

of u at the slave nodes are determined, by interpolation, from the valué§'€t
Therefore, we have the following representation:

(52) u= > ukg)el Yuevy

jedg

Here,¢!” € V{" is a nodal basis function, with respect.%5*", which equals 1

at one free node and vanishes at all other free nodeddf .
The discrete problem is given by:
Findu € V{~, such that

(53) au,v)=f() Yove V.

In order to obtain a preconditioner, we consider the following splitting:
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l
(54) Vo =Vot Y Y vk

k=0 jezk*

Here,Z¥" is the set of nodes of/;* which belong to the interior of%.

We consider in detail only the exotic coarse spatg™ = V_Fi, i.e. the
counterpart of the modified face based coarse space introduced in Sect.7. We
note that the same ideas can be extended straightforwardly to define and analyze
algorithms using the other exotic coarse spaces introduced in Sects. 4 and 7.

The coarse spacé™; can be defined as the range of an interpolation operator

171 v¢" — VF;, defined by

IFus = Y u)el 0+ Y TR (),

PE(ZANAGET) Ty CO8

where

1k

-  Ypen iyt U0 Jsuppag-ay % 9S
7” .

Ypen 15y Jsuppey iy b 9S
19*7] is defined in a way similar t@ z except that in Step iv), of Definition 3,
we interpolate at the free nodeég,"f* which belong toﬁi\ 7/ and se'm%*,/?i to

zero onZ4.
We consider the following bilinear form:

b, (u, u)—zp.{nu 0|22 + H(w) > (U -3,

7 COL

where,
[*
2pe@ain 15t U00) Jsupp s @ay P S
Zpe(arzi nAG") fsupp(¢é*(8!2i ) (% ds

T —
1

)

and introduce an operatd¥; : V{  — V], by
F(TRu,v)=a(u,v) Yove V.

Let

(55) F=TR +Z > P

k=0 jezk*
Theorem 8. For any uc V", we have

(1+0)~2a(u,u) < a(T™ u,u) < a(u, u).
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Proof. Assumptions i) and ii)Ve first introduce pseudo invers;:e’rsj*1 2 and apply
Sobolev type inequalities and extension theorems to obtain the required results
on the coarse space approximation (see Lemma 16) and to reduce our problem to
local problems with constant coefficients. For the local problems with constant
coefficients, we use the decomposition given in Bornemann and Yserentant [1].
Note that our refinement is a particular case of the local refinement NLR2 con-
sidered by Oswald [21]; we can then apply Theorem 6 of Oswald [21] to obtain
a good decomposition.

The Sobolev type inequalities and extension theorems required for our par-
ticular nonuniform refinement are given below in several lemmas.

Assumption iii) Note that, on eaclf?;, the strengthened Cauchy-Schwarz
tensor < * associated with the splitting (54) can be obtained by symmetrically
deleting columns and rows from the tensbrassociated with the case of quasi-
uniform refinement. Therefore, we obtai#™*) < C by a standard Rayleigh
guotient argument. O

We now slightly modify some lemmas that are well known for quasi-uniform
refinement to show that they hold in our nonuniform refinement case.

Lemma 12. For u € V' (£2),

Ty 012 =12
| Z (U(p) = U") p [haqa = 11U = U lIE2
pE(ZAN.AEY)

=< (140 Uiz

Proof. For the proof of the first inequality, we use Assumption 1 and the inverse
inequality. For the second inequality, we use th&f (2) c V4(£2) and then
apply a standard Sobolev type inequality (see Lemma 4.3 of [12]). To obtain the
estimate with the seminorm, we use the fact that for any constant = c, if
usconZn. 4. 0O

Lemma 13.
|9.%|a1(9i) < |19.%|E|1(ni) = Hi (1+0),

whereeb’f,f‘J e V(12 is the discrete harmonic function, in the sense 6f(#2),
which equals 1 o7 N ¢ and is0 on (942, \Z).

Proof. The first inequality is trivial since the discrete harmonic function has
minimal energy. For the second inequality, we use the same ideas as in Lemma
4.4 of Dryja et al. [12]. Assumption 1 is crucial in this proof.0

We denote byV‘*(912) the restriction ofV¢ () to ds2. Let F£O" :
VE(062) — VE(£2), be the discrete harmonic extension operator in the sense
of VX" (12).
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Lemma 14. Letu e V' (942). Then
(56) 170" Ul = 1Ulk1200,)-
Proof. Let (i € H1(£2) be the harmonic extension afdefined by
(V0, Vo)i2) = 0 Vo € HJ (1),
=uonadf.
Therefore, by the definition of thid /2—seminorm,
(57) (Gl = [Ulhiz@a)-

We now slightly modify the interpolatoi introduced in Definition 2 and
define another interpolation operatgf“ : H(2)) — V**(£2), as follows

Definition 4. Given 0 € H(£2), such thatulsn, € V¢ (042), defineu* =
IMG € VI (£2,) by the values ofi* at two sets of free nodal pointg” ™" (2):

i) For a free nodal poinP € .4 ¢ (2)\. A4 ¢ (912), let u*(P) be the
average ol"over an element! € T ).
ii) For a free nodal poinP € ./"¢*(82), let u*(P) = G(P).

Here,Tj‘; is any elementZ ¢"(2;) with vertexP.
Using the same arguments as in Lemma 9, we obtain
(58) U™ [H1oy = [UlHie)-

Finally, we use (57), (58), and the fact tha®)"u has minimal energy, to
obtain (56). O

Let 1 " be the interpolation operator into the spa¢é” that preserves the
values of a function at the free nodal points™". Using the same ideas as in
Lemma 4.4 of Dryja et al. [12], we obtain

Lemma 15. Let ue V¢ (£2). Then
* * 2
IS (% WAy = @ +0?Ullf g

Using Lemmas 12, we obtain the necessary results on the coarse space ap-
proximation;

Lemma 16. Letue V{". Then
bE, (1 u, 1 F u) < (L+0)au, u).

We now consider the case of quasi-monotone coefficients with respect to the
coarse triangulatior7 ", Let

£
T =P+ M P
k=0 je7*~

Here,P%" : V™ — V", is theH }(£2)-projection.
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Theorem 9. For a quasi-monotone distribution of the coefficientsvith respect
to.7 %", we have
a(7 % u,u) = a(u,u) YueVy .

Proof. The proof is very similar to that of Theorem 6 using now Lemmas 12-16.
We note that Lemma 9, fde = 0, holds for a locally quasi-uniform triangulation
7% . We now replace the decomposition (45) by a decomposition analyzed by
Bornemann and Yserentant [1], or Oswald [21].

We note that Assumption 1 is needed to prove the first inequality in (46).
O

9. Multilevel methods on the interface

In this section, we extend our results to multilevel iterative substructuring al-
gorithms for problems with discontinuous coefficients. We recall that iterative
substructuring methods provide preconditioners for the reduced system of equa-
tions that remains after that all the interior variables of the substructures have
been eliminated. We focus only on variants of the algorithms developed in Sect. 4.
Other algorithms, based on other coarse spaces, defined in Sections 4 and 8, can
be designed and analyzed in the same way.

Let VI(I') be the restriction oV(£2) to I'. The iterative substructuring
method associated with (2) is of the form: Finds V/'(I") such that

(59) s(u,v) =f(v) Yo e VD),
where

s(u,v) = a(Fu,. )= > p v.7Ou - v.970y dx,
i £

and
f)=>[ t.72%.
i L

Let V&(I"), k =0,---, ¢, be the restriction o¥/X(£2) to I" and let. /5 *(I") be
the set of nodal points associated with the spaker). Let V.*(I'),j € . 15*(I"),
be the restriction o¥/*(£2) to I".

We introduce the bilinear formbl(u,v): V¥(I') x V¥(I') — R, for k =
0,---,¢, andj € .J5*(I') by

(60) bl(u, v) = u(4)v(x) a(@k, oF).

Here,¢>}‘ is the nodal basis function that spaqé(ﬂ). We can easily extend the
analysis to the case in which we use a good approximaticn(@f, quk).

Let VX (I"), with X = F, E,NN, and W, be the restriction of *,({2), to I',
and let the associated bilinear form be givent3y (-, -). Note thatb*; is well
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defined foru € Voh(F), since the computation df*;(u, u) depends only on the
values ofu on I},.
We introduce the operatof§ : V(') — Vi*(I'), k = 0,---,/, andj €
Ao®(ID), by
bi (T u,0) = s(u,v) ¥ v e VK(I),

and the operatof ;" : V{'(I") — VX/(I), by
b* (T u,v) =s(u,v) Vv e VX (D).

Let

¢
X = Ti(ir +Z Z Tjk

k=0 j €. 1,%()
Theorem 10. For u € V{'(I)
(1+0)%s(u,u) = s(T*"'u,u) < s(u, u).

Proof. The proof forX = W, with a condition number estimate Gf(1 + ¢)3 is

given in Dryja and Widlund [16] (Theorem 6.2). To obtain an improved, quadratic
estimate, we can use a result of Zhang (see Rem&kn3[34]). Using similar
arguments as in [16] and in previous sections, we can prove our current theorem
for the other exotic coarse spaces as well.

Another technique for estimating condition numbers for preconditioned Schur
complement systems was introduced by Smith and Widlund [25]. They showed
that the condition number of the preconditioned Schur complement is bounded
from above by the condition number of the full linear system preconditioned by a
related preconditioner. Using the same technique, Tong et al. [26] gave an upper
bound for the condition number for a Schur complement system preconditioned
by a BPX preconditioner. They only considered elliptic problems with nearly
constant coefficients. Here, we can also use the same technique to prove our
theorem. O
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