
Numer. Math. 72: 313–348 (1996) Numerische
Mathematik
c© Springer-Verlag 1996

Multilevel Schwarz methods
for elliptic problems
with discontinuous coefficients in three dimensions

Maksymilian Dryja 1,?, Marcus V. Sarkis2,??, Olof B. Widlund 3,???

1 Department of Mathematics, Warsaw University, Banacha 2, 02-097 Warsaw, Poland
e-mail: dryja@mimuw.edu.pl
2 Department of Computer Science, University of Colorado, Boulder, CO 80309–0430, USA
e-mail: msarkis@tigger.cs.colorado.edu
3 Courant Institute of Mathematical Sciences, 251 Mercer St, New York, NY 10012, USA
e-mail: widlund@cs.nyu.edu

Received April 6, 1994 / Revised version received December 7, 1994

Summary. Multilevel Schwarz methods are developed for a conforming finite
element approximation of second order elliptic problems. We focus on problems
in three dimensions with possibly large jumps in the coefficients across the inter-
face separating the subregions. We establish a condition number estimate for the
iterative operator, which is independent of the coefficients, and grows at most as
the square of the number of levels. We also characterize a class of distributions
of the coefficients, called quasi-monotone, for which the weightedL2-projection
is stable and for which we can use the standard piecewise linear functions as
a coarse space. In this case, we obtain optimal methods, i.e. bounds which are
independent of the number of levels and subregions. We also design and analyze
multilevel methods with new coarse spaces given by simple explicit formulas. We
consider nonuniform meshes and conclude by an analysis of multilevel iterative
substructuring methods.

Mathematics Subject Classification (1991):65F10, 65N30, 65N55

? This work has been supported in part by the National Science Foundation under Grant NSF-CCR-
9204255, in part by Polish Scientific Grant 211669101, and in part by the Center for Computational
Sciences of the University of Kentucky at Lexington
?? This work has been supported in part by a Brazilian graduate student fellowship from Conselho

Nacional de Desenvolvimento Cientifico e Tecnologico – CNPq, in part by a Dean’s Dissertation
New York University Fellowship, and in part by the National Science Foundation under Grant NSF-
CCR-9204255 and the U.S. Department of Energy under contract DE-FG02-92ER25127
??? This work has been supported in part by the National Science Foundation under Grant NSF-
CCR-9204255 and, in part, by the U.S. Department of Energy under contracts DE-FG02-92ER25127
and DE-FG02-88ER25053



314 M. Dryja et al.

1. Introduction

The purpose of this paper is to develop multilevel Schwarz methods for a con-
forming finite element approximation of second order elliptic partial differential
equations. A special emphasis is placed on problems in three dimensions with
possibly large jumps in the coefficients across the interface separating the sub-
regions. To simplify the presentation only piecewise linear finite elements are
considered. Our goal is to design and analyze methods with a rate of conver-
gence which is independent of the jumps of the coefficients, the number of
substructures, and the number of levels.

We consider two classes of the methods, additive and multiplicative. The
multiplicative methods are variants of the multigrid V-cycle method. In our de-
sign and analysis, we use a general Schwarz method framework developed in
Dryja and Widlund [13, 14, 17], and Dryja et al. [12] for the additive variant,
and in Bramble et al. [4] for the multiplicative one. Among the particular cases,
discussed here, are the BPX algorithm, cf. Bramble et al. [5], and Xu [30], and
the multilevel Schwarz method with one-dimensional subspaces considered by
Zhang [33, 34]; see also Dryja and Widlund [15, 16]. It is well known that these
methods are optimal when the coefficients are regular.

The problems become quite challenging for problems with highly discontin-
uous coefficients. An earlier study was carried out in Dryja and Widlund [16],
where the BPX method was modified and applied to a Schur complement system
obtained after that the unknowns of the interior nodal points of the substructures
had been eliminated. In that case, the condition number of the preconditioned
system was shown to be bounded from above byC (1+`)2, where` is the number
of level of the refinement; see further Sect. 9.

The main question for problems with discontinuous coefficients is the choice
of a coarse space. We introduce a coarse triangulation given by the substructures
and assume that the coefficients can have large variations only across the inter-
faces of these substructures. We then design methods with several coarse spaces,
sometimes known asexotic coarse spaces; cf. Widlund [28]. Some are new and
others have previously been discussed; see Dryja et al. [12], Dryja and Widlund
[17], and Sarkis [22]. One of our main results is that the condition number of
the resulting systems can be estimated from above byC (1 + `)2 with C inde-
pendent of the jumps of coefficients, of the number of substructures, and also
of `; see Sect. 4. For multiplicative variants such as the V-cycle multigrid, the
convergence rate is bounded from above by 1−C (1 + `)−2,C > 0; see Sect. 6.

In Sect. 5, we study in detail the weightedL2 projection with weights given
by the discontinuous coefficients of the elliptic problem. Bramble and Xu [6],
and Xu [29] have considered this problem and established that the weightedL2

projection is not always stable in the presence of interior cross points. Here, we
introduce a new concept calledquasi-monotonedistribution of the coefficients
which characterizes the cases for which certain optimal estimates for the weighted
L2 projection are possible. For problems with quasi-monotone coefficients, the
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standard piecewise linear functions can be used as the coarse space and optimal
multilevel algorithms are obtained.

In Sect. 7, we introduceapproximate discrete harmonic extensionsand de-
fine new coarse spaces by modifying previously known exotic coarse spaces;
see Sarkis [22] for a case of nonconforming elements. Using these extensions,
we can avoid solving a local Dirichlet problem for each substructure when using
exotic coarse spaces [28]. We show that the convergence rate estimate of our new
iterative methods, with approximate discrete harmonic extensions, are compara-
ble to those using exact discrete harmonic extensions. The use of approximate
discrete harmonic extensions results in algorithms where the work per iteration
is linear in the number of degrees of freedom with the possible exception of the
cost of solving the coarse problem.

Elliptic problems with discontinuous coefficients have solutions with singular
behavior. Therefore, in Sect. 8, we consider nonuniform refinements. We begin
with a coarse triangulation that is shape regular and possibly nonuniform and then
refine it using a local refinement scheme analyzed by Bornemann and Yserentant
[1]. We establish a condition number estimate for the iteration operator which is
bounded from above byC (1 + `)2. For quasi-monotone coefficients, we obtain
an optimal multilevel preconditioner.

2. Differential and finite element model problems

We consider the following selfadjoint second order problem:
Find u ∈ H 1

0 (Ω), such that

a(u, v) = f (v) ∀ v ∈ H 1
0 (Ω),(1)

where

a(u, v) =
∫
Ω

ρ(x)∇u · ∇v dx and f (v) =
∫
Ω

f v dx for f ∈ L2(Ω).

For simplicity, letΩ be a bounded polyhedral region inR3 with a diameter of
order 1. A triangulation ofΩ is introduced by dividing the region into nonover-
lapping shape regular simplices{Ωi }N

i =1, with diameters of orderH , which are
called substructures or subdomains. This partitioning induces a coarse triangu-
lation associated with the parameterH . In Sect. 8, we consider a case in which
the coarse triangulation is shape regular but possibly nonuniform.

We assume thatρ(x) > 0 is constant, in each substructure, with possibly
large jumps occurring only across substructure boundaries. Therefore,ρ(x) =
ρi = const in each substructureΩi . The analysis of our methods can easily be
extended to the case whenρ(x) varies moderately in each subregion.

We define a sequence of quasi-uniform nested triangulations{T k}`k=0 as
follows. We start with a coarse triangulationT 0 = {Ωi }N

i =1 and seth0 = H .
A triangulationT k = {τ k

j }N k

j =1 on level k is obtained by subdividing each in-

dividual elementτ k−1
j in the setT k−1 into several elements denoted byτ k

j .
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We assume that all the triangulations are shape regular and quasi-uniform. Let
hk

j = diameter(τ k
j ), hk = maxj hk

j , andh = h`, where` is the number of refine-
ment levels. We also assume that there exist constantsγ < 1, c > 0, andC ,
such that if an elementτn+k

j of level n + k is contained in an elementτ k
j of level

k, then

cγn ≤ diam(τn+k
j )

diam(τ k
j )

≤ Cγn.

In Sect. 8, we consider a case in which the refinement isnonuniform.
For each level of triangulation, we define a finite element spaceV k(Ω) which

is the space of continuous piecewise linear functions associated with the trian-
gulation T k . Let V k

0 (Ω) be the subspace ofV k(Ω) of functions which vanish
on ∂Ω, the boundary ofΩ. We also use the notationV h

0 (Ω) = V `
0 (Ω).

The discrete problem associated with (1) is given by:
Find u ∈ V h

0 (Ω), such that

a(u, v) = f (v) ∀ v ∈ V h
0 (Ω).(2)

The bilinear forma(u, v) is directly related to a weighted Sobolev space
H 1
ρ (Ω) defined by the seminorm

|u|2H 1
ρ(Ω) = a(u, u).

We also define a weightedL2 norm by:

‖u‖2
L2
ρ(Ω) =

∫
Ω

ρ(x) |u(x)|2 dx for u ∈ L2(Ω).(3)

Let Σ be a region contained inΩ such that∂Σ does not cut through any
elementτ k

j ∈ T k . We denote byV k(Σ) the restriction ofV k(Ω) to Σ̄, and by
V k

0 (Σ) the subspace ofV k(Σ) of functions which vanish on∂Σ. We also define
H 1
ρ (Σ) andL2

ρ(Σ) by restricting the domain of integration of the weighted norms
to Σ. To avoid unnecessary notations, we drop the parameterρ whenρ = 1, and
Σ when the domain of integration isΩ.

In the case of a regionΣ of diameter of orderhk , such as an elementτ k
j or

the union of few elements, we use a weighted norm,

‖u‖2
H 1
ρ(Σ) = |u|2H 1

ρ(Σ) +
1
h2

k

‖u‖2
L2
ρ(Σ).(4)

We introduce the following notations:u � v , w � x, and y � z meaning
that there are positive constantsC andc such that

u ≤ C v, w ≥ c x and c z ≤ y ≤ C z, respectively.

HereC andc are independent of the variables appearing in the inequalities and
the parameters related to meshes, spaces and, especially, the weightρ. Sometimes,
we will use≤ to stress thatC = 1.
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3. Multilevel additive Schwarz method

Any Schwarz method can be defined by a splitting of the spaceV h
0 into a sum

of subspaces, and by bilinear forms associated with each of these subspaces. We
first consider certain multilevel methods based on the MDS-multilevel diagonal
scaling introduced by Zhang [34], enriched with a coarse space as in Dryja [11],
Dryja and Widlund [17], Dryja et al. [12], or Sarkis [22, 23].

Let N k and N k
0 be the set of nodes associated with the spaceV k and

V k
0 , respectively. Letφk

j be a standard nodal basis function ofV k
0 , and letV k

j =
span{φk

j }. We decomposeV h
0 as

V h
0 = V X

−1 +
∑̀
k=0

V k
0 = V X

−1 +
∑̀
k=0

∑
j∈N k

0

V k
j .

We note that this decomposition is not a direct sum and that dim(V k
j ) = 1. Four

different types of coarse spacesV X
−1, and associated bilinear formsbX

−1(u, u) :
V X
−1×V X

−1 → R, with X = F, E,NN, and W, will be considered; see Sect. 4. We
also consider variants of these four coarse spaces using spaces of approximate
discrete harmonic extensions given by simple explicit formulas; see Sect. 7. The
case when the coarse space isV 0

0 = V H
0 is considered in Sect. 5.

We introduce operatorsPk
j : V h

0 → V k
j , by

a(Pk
j u, v) = a(u, v) ∀ v ∈ V k

j ,

and an operatorTX
−1 : V h

0 → V X
−1, by an inner productbX

−1(·, ·) and the formula

bX
−1(TX

−1u, v) = a(u, v) ∀ v ∈ V X
−1.(5)

The analysis can easily be extended to the case when we use approximate solvers
for the other one-dimensional subspacesV k

j . Thus, we do not necessarily need
to save, in memory, or recompute, all the values ofa(φk

j , φ
k
j ), for k = 1, · · · , `,

and∀j ∈ N k
0 .

Let

TX = TX
−1 +

∑̀
k=0

∑
j∈N k

0

Pk
j .(6)

We now replace (2) by

TXu = g, g = TX
−1u +

∑̀
k=0

∑
j∈N k

0

Pk
j u.(7)

By construction, (2) and (7) have the same solution. We notice thatTX
−1u (and

similarly the Pk
j u) can be computed, without the knowledge ofu, the solution

of (2), since we can findTX
−1u by solving

bX
−1(TX

−1u, v) = a(u, v) = f (v) ∀v ∈ V X
−1.(8)
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Equation (7) is typically solved by a conjugate gradient method. In order to
estimate its rate of convergence, we need to obtain upper and lower bounds for
the spectrum ofTX. The bounds are obtained by using the following theorem;
cf. Dryja and Widlund [17], Zhang [33, 34].

Theorem 1. Suppose the following three assumptions hold:

i) There exists a constant C0 such that for all u∈ V h
0 there exists a decom-

position u = u−1 +
∑`

k=0

∑
j∈N k

0
uk

j , with u−1 ∈ V X
−1, uk

j ∈ V k
j , such

that

bX
−1(uX

−1, u
X
−1) +

∑̀
k=0

∑
j∈N k

0

a(uk
j , u

k
j ) ≤ C2

0 a(u, u).

ii) There exists a constantω such that

a(u, u) ≤ ω bX
−1(u, u) ∀u ∈ V X

−1.

iii) There exist constantsεmn
ij , m, n = 0, · · · , ` and

∀i ∈ N m
0 , ∀j ∈ N n

0 such that

a(um
i , u

n
j ) ≤ εmn

ij a(um
i , u

m
i )1/2a(un

j , u
n
j )1/2

∀um
i ∈ V m

i ∀un
j ∈ V n

j .

Then, TX is invertible, a(TXu, v) = a(u,TXv), and

C−2
0 a(u, u) ≤ a(TXu, u) ≤ (ρ(E ) + ω)a(u, u) ∀u ∈ V h

0 .(9)

Hereρ(E ) is the spectral radius of the tensorE = {εmn
ij }`i ,j ,m,n=0.

4. Exotic coarse spaces and condition numbers

We now introduce certain geometrical objects in preparation for the description
of our exotic coarse spacesV X

−1. Let Fij represent the openfacewhich is shared
by two substructuresΩi andΩj . Let El represent an openedge, andVm a vertex
of the substructureΩi . Let Wi denote thewire basketof the subdomainΩi , i.e.
the union of the closures of the edges of∂Ωi . We denote theinterfacebetween
the subdomains byΓ = ∪∂Ωi \∂Ω, and thewire basketby W = ∪Wi \∂Ω. The
sets of nodes belonging to∂Ω, Ω̄i , ∂Ωi , Fij , El , Wi , andΓ are denoted by
∂Ωh, ∂Ωi ,h, Ω̄i ,h, Fij ,h, El ,h, Wi ,h, andΓh, respectively.

We now proceed to discuss several alternative coarse spaces and to estab-
lish bounds for the condition numbers of the corresponding additive multilevel
methods.
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4.1. Neumann-Neumann coarse spaces

We first consider the Neumann-Neumann coarse spaces which have been ana-
lyzed in Dryja and Widlund [17], Mandel and Brezina [18], and Sarkis [22]. An
interesting feature of these coarse spaces is that they are of minimal dimension
with only one degree of freedom per substructure, even in the case when the
substructures are not simplices. For anyβ ≥ 1/2, we introduce the weighted
counting functionsµi ,β , for all i = 1, · · · ,N , defined by

µi ,β(x) =
∑

j

ρβj , x ∈ ∂Ωi ,h\∂Ωh, µi ,β(x) = 0, x ∈ (Γh\∂Ωi ,h) ∪ ∂Ωh.

For eachx ∈ ∂Ωi ,h\∂Ωh, the sum is taken over the values ofj for which
x ∈ ∂Ωj ,h.

The pseudo inverseµ+
i ,β of µi ,β is defined by

µ+
i ,β(x) = (µi ,β(x))−1, x ∈ ∂Ωi ,h\∂Ωh,

and
µ+

i ,β(x) = 0, x ∈ (Γh\∂Ωi ,h) ∪ ∂Ωh.

We extendµ+
i ,β elsewhere inΩ as a minimal energy,discrete harmonicfunction

using the values onΓh∪∂Ωh as boundary values. The resulting functions belong
to V h

0 (Ω) and are also denoted byµ+
i ,β .

We can now define the coarse spaceV NN
−1 ⊂ V h

0 by

V NN
−1 = span{ρβi µ+

i ,β},(10)

i.e. we use one basis functions for each substructureΩi . We remark that we can
even define a Neumann-Neumann coarse space forβ = ∞ by considering, the
limit of the spaceV NN

−1 whenβ approaches∞, i.e.

ρ∞i µ+
i ,∞ = lim

β→∞
ρβi µ

+
i ,β .

For instance, forx ∈ Fij ,h, we obtain

ρ∞i µ+
i ,∞(x) = 1, if ρi > ρj ,

ρ∞i µ+
i ,∞(x) = 0, if ρi < ρj ,

and
ρ∞i µ+

i ,∞(x) = 1/2, if ρi = ρj .

We note thatV NN
−1 is also the range of aninterpolator INN

h : V h
0 → V NN

−1 ,
given by

u−1 = I NN
h u(x) =

∑
i

u(i )
−1 =

∑
i

ūh
i ρ

β
i µ

+
i ,β .(11)

Here,ūh
i is the discrete average value ofu over ∂Ωi ,h.
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We note the coarse spaces defined withβ = 1/2, β = 1, andβ ≥ 1/2 have
been used by Dryja and Widlund [17], Mandel and Brezina [18], and Sarkis
[22], respectively. Recently, Wang and Xie [27] introduced another coarse space
which is similar to ours withβ = ∞. However, their basis functions only take
the value 0 or 1 onΓh.

We introduce the bilinear formbNN
−1 (u, v) : V NN

−1 × V NN
−1 → R, defined by

bNN
−1 (u, v) = a(u, v).(12)

Theorem 2. Let TNN be defined by (6), and let1/2 ≤ β ≤ ∞. Then for any
u ∈ V h

0 (Ω), we have

(1 + `)−2a(u, u) � a(TNNu, u) � a(u, u).

The bounds are also independent ofβ.

Proof. We use Theorem 1:

Assumption i).For notational convenience, we introduce, fork = 0, · · · , `, the
bilinear formsbk(uk , uk): V k

0 × V k
0 → R, defined by

bk(uk , uk) =
∑

j∈N k
0

u2
k (xj )a(φk

j , φ
k
j ) =

∑
j∈N k

0

a(uk
j , u

k
j ).(13)

We use a levelk decomposition given byuk =
∑

j uk
j , with uk

j = uk(xj )φk
j . Here,

xj is the position of the nodej ∈ N k
0 .

We decomposeu ∈ V h
0 (Ω) as

u = H u + P u in Ω,

where
u = H (i )u + P (i )u in Ωi .(14)

Here,H (i )u is the discrete harmonic part ofu, i.e.

(∇H (i )u,∇v)L2(Ωi ) = 0 ∀v ∈ V h
0 (Ωi ),

H (i )u = u on ∂Ωi ,

and P (i )u ∈ V h
0 (Ωi ) is the H 1−projection associated with the spaceV h

0 (Ωi ),
i.e.

(∇(P (i )u),∇φ)L2(Ωi ) = (∇u,∇φ)L2(Ωi ) ∀φ ∈ V h
0 (Ωi ).

We decomposeP (i )u andH (i )u separately. We start by decomposingv(i ) =
P (i )u in Ωi as

v(i ) = P (i )
0 v(i ) + (P (i )

1 −P (i )
0 ) v(i ) + · · · + (P (i )

` −P (i )
`−1) v(i ),

whereP (i )
k : V h

0 (Ωi ) → V k
0 (Ωi ), is theH 1−projection defined by

(∇(P (i )
k v(i )),∇φ)L2(Ωi )

= (∇v(i ),∇φ)L2(Ωi ) ∀φ ∈ V k
0 (Ωi ).
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We extendP (i )
k v(i ) by zero toΩ\Ω̄i , and also denote this extension by

P (i )
k v(i ). Thus,P (i )

k v(i ) ∈ V k
0 (Ω). Let

v(i )
0 = P (i )

0 v(i ), v(i )
k = (P (i )

k −P (i )
k−1) v(i ), k = 1, · · · , `.

Hence
v(i ) = v(i )

0 + v(i )
1 + · · · + v(i )

k + · · · + v(i )
`−1 + v(i )

` .(15)

We use the decomposition (15) for alli = 1, · · · ,N . The global decomposition
of v is equal tov(i ) in Ωi , and is defined by

v =
∑̀
k=0

vk , vk =
N∑

i =1

v(i )
k .(16)

We now decomposeH u. Let

w = H u − u−1,

whereu−1 is defined in (11).
We decomposew as

w =
N∑

i =1

w(i ),

where

w(i ) = Ih(u ρβi µ
+
i ,β)− ūh

i ρ
β
i µ

+
i ,β = Ih(ρβi µ

+
i ,β (u − ūh

i )) on Γ ∪ ∂Ω

and extended as a discrete harmonic function in eachΩj , j = 1, · · · ,N .
Here,Ih is the standard linear interpolant based on the h-triangulation ofΓ . It is
easy to show thatw(x) =

∑
i w

(i )(x) ∀x ∈ Ω̄. Note that the support ofw(i ) is
the union of theΩ̄j which have a vertex, edge, or face in common withΩi .

We decomposew(i ) further as

w(i ) =
∑

Fij ⊂∂Ωi

w(i )
Fij

+
∑

El⊂∂Ωi

w(i )
El

+
∑

Vm⊂∂Ωi

w(i )
Vm
,(17)

whereFij ,El , andVm are the faces, edges, and vertices of∂Ωi . Here,w(i )
Fij
, w(i )

El
,

and w(i )
Vm

are the discrete harmonic extensions intoΩ with possibly nonzero
interface values only onFij ,h, El ,h, andVm, respectively. The support of each
function on the right hand side of (17) is the union of a few̄Ωj and its interior
is denoted byΩFij

, ΩEl , or ΩVm, respectively. We can assume that the regions
ΩFij

, ΩEl , andΩVm are convex. If not, we can extend them to convex regions
and use a trick developed in Lemma 3.6. of Zhang [34].

We now decomposew(i )
Fij

, w(i )
E`

, andw(i )
Vm

in the same way as thev(i ). Let us

first considerw(i )
Fij

. We obtain

w(i )
Fij

= w(i )
0,Fij

+ w(i )
1,Fij

+ · · · + w(i )
k,Fij

+ · · · + w(i )
`−1,Fij

+ w(i )
`,Fij

.(18)
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Here

w(i )
0,Fij

= P (i )
0,Fij

w(i )
Fij
, w(i )

k,Fij
= (P (i )

k,Fij
−P (i )

k−1,Fij
)w(i )

Fij
, k = 1, · · · , `.

P (i )
k,Fij

: V h
0 (ΩFij

) → V k
0 (ΩFij

), is the H 1-projection. As before, we extend

P (i )
k,Fij

w(i )
Fij

by zero outsideΩFij
.

We decomposew(i )
El

andw(i )
Vm

in the same way, and obtain

w(i )
El

= w(i )
0,El

+ w(i )
1,El

+ · · · + w(i )
k,El

+ · · · + w(i )
`−1,El

+ w(i )
`,El

,(19)

where

w(i )
0,El

= P (i )
0,El

w(i )
El
, w(i )

k,El
= (P (i )

k,El
−P (i )

k−1,El
)w(i )

El
, k = 1, · · · , `,

and
w(i )

Vm
= w(i )

0,Vm
+ w(i )

1,Vm
+ · · · + w(i )

k,Vm
+ · · · + w(i )

`−1,Vm
+ w(i )

`,Vm
.(20)

Here,

w(i )
0,Vm

= P (i )
0,Vm

w(i )
Vm
, w(i )

k,Vm
= (P (i )

k,Vm
−P (i )

k−1,Vm
)w(i )

Vm
, k = 1, · · · , `.

We can now define a global decomposition of the functionw as

w = w0 + w1 + · · · + wk + · · · + w`−1 + w`,(21)

where
wk =

∑
i

(
∑

Fij ⊂∂Ωi

w(i )
k,Fij

+
∑

El⊂∂Ωi

w(i )
k,El

+
∑

Vm⊂∂Ωi

w(i )
k,Vm

).

We check straightforwardly that (21) is valid∀x ∈ Ω. Using (21) and (16), we
define a decomposition foru ∈ V h

0 as

u = u−1 + u0 + · · · + uk + · · · + u`−1 + u`,(22)

where
uk = vk + wk , k = 0, · · · , `.

We obtain the desired decomposition in Assumption i) by decomposinguk

as in (13). We will now prove that

∑̀
k=−1

bk(uk , uk) � (1 + log(H /h))2a(u, u).(23)

Therefore, in view of (13), we obtainC2
0 = C (1+`)2 in Assumption i) of Theorem

1.
We start with the decomposition ofv.

Lemma 1. For the decomposition ofv given by (16), we have

∑̀
k=0

bk(vk , vk) � a(u, u).(24)
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Proof. We first show that

∑̀
k=0

bk(v(i )
k , v(i )

k ) � ρi |u|2H 1(Ωi ).(25)

Note that fork ≥ 1, v(i )
k = (P (i )

k −P (i )
k−1) v(i ) = (I −P (i )

k−1) v(i )
k .

Hence,

bk(v(i )
k , v(i )

k ) � 1
h2

k

ρi ‖v(i )
k ‖2

L2(Ωi ) � ρi |v(i )
k |2H 1(Ωi ).

The last inequality follows from the well known error estimate forH 1−projections
on convex domains; see Ciarlet [9]. Fork = 0,

b0(v(i )
0 , v(i )

0 ) � 1
h2

0

ρi ‖v(i )
0 ‖2

L2(Ωi ) � ρi |v(i )
0 |2H 1(Ωi ),

using Friedrichs’ inequality.
Adding the above inequalities, we obtain

∑̀
k=0

bk(v(i )
k , v(i )

k )

� ρi {(∇P (i )
0 v(i ),∇v(i ))L2(Ωi ) +

∑̀
k=1

(∇(P (i )
k −P (i )

k−1) v(i ),∇v(i ))L2(Ωi )}

= ρi ‖∇v(i )‖2
L2(Ωi ) = ρi ‖∇P (i )u‖2

L2(Ωi ) ≤ ρi ‖∇u‖2
L2(Ωi ).

Thus
N∑

i =1

∑̀
k=0

bk(v(i )
k , v(i )

k ) � a(u, u). ut

Lemma 2. For the decomposition ofw(i )
Fij

, given by (18), we have

∑̀
k=0

bk(w(i )
k,Fij

, w(i )
k,Fij

) � (1 + `)2ρi |u|2H 1(Ωi ).(26)

Proof. Note that

bk(w(i )
k,Fij

, w(i )
k,Fij

) � 1
h2

k

(ρi + ρj ) ‖w(i )
k,Fij

‖L2(ΩFij
).

Here,ΩFij
= Ωi ∪ Ωj ∪ Fij . Note thatw(i )

k,Fij
= 0 in Ω\ΩFij

. Using the same
arguments as in the proof of Lemma 1, we obtain

∑̀
k=0

bk(w(i )
k,Fij

, w(i )
k,Fij

) � (ρi + ρj )|w(i )
Fij
|2H 1(ΩFij

).(27)

Note that
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(ρi + ρj )|w(i )
Fij
|2H 1(ΩFij

) � (ρi + ρj )‖w(i )
Fij
‖2

H 1/2
00 (Fij )

= (ρi + ρj )‖(Ih(ρβi µ
+
i ,β(u − ūh

i )))Fij ,h
‖2

H 1/2
00 (Fij )

= ρi

(1 + ρj

ρi
)

(1 + (ρj

ρi
)β)2

‖(u − ūh
i )Fij ,h

‖2
H 1/2

00 (Fij )
� ρi ‖(u − ūh

i )Fij ,h
‖2

H 1/2
00 (Fij )

.

The first inequality above follows from an extension theorem for finite element
functions given in [10]. A simple proof for this extension theorem is given in
Lemma 14. Here, (v)Fij ,h

is the piecewise linear function onFij ∩ T h such
that (v)Fij ,h

= v at the nodal pointsFij ,h and (v)Fij
= 0 on ∂Fij ,h. For the last

inequality, we have also used the fact thatβ ≥ 1/2. Forβ = ∞, we use a limiting
process.

Let θFij
be the discrete harmonic function, defined inΩi , which equals 1

on Fij ,h and zero on∂Ωi ,h\Fij ,h. Using Lemma 3 of Dryja and Widlund [17],

which is an inequality forH 1/2
00 (Fij ), and Poincaŕe’s inequality, we obtain

ρi ‖(u − ūh
i )Fij ,h

‖2
H 1/2

00 (Fij )
� ρi ‖(Ih(θFij

(u − ūh
i )))‖H 1/2(∂Ωi )

� ρi ‖(Ih(θFij
(u − ūh

i )))‖H 1(Ωi )

and using Lemma 4.5 of Dryja et al. [12] and a Poincaré Friedrichs’ inequality,
we obtain

� ρi (1 + logH /h)2‖u − ūh
i ‖2

H 1(Ωi ) � ρi (1 + `)2|u|2H 1(Ωi ).

Combining this inequality with (27), we obtain (26).ut
The next two lemmas are proved in the same way as Lemma 2; see a similar

argument in the proof of Theorem 4

Lemma 3. For the decomposition ofw(i )
El
, given in (19), we have

∑̀
k=0

bk(w(i )
k,El

, w(i )
k,El

) � (1 + `) ρi |u|2H 1(Ωi ).(28)

Lemma 4. For the decomposition ofw(i )
Vm

, given in (20), we have

∑̀
k=0

bk(w(i )
k,Vm

, w(i )
k,Vm

) � ρi |u|2H 1(Ωi ).(29)

Corollary 1. For the decomposition ofw, given in (21), we have

∑̀
k=0

bk(wk , wk) � (1 + `)2a(u, u).(30)

The proof of Corollary 1 follows from Lemmas 2, 3, and 4.
We now estimatea(u−1, u−1).
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Lemma 5. For u−1 =
∑

i u(i )
−1, u(i )

−1 = ūh
i ρ

β
i µ

+
i ,β ,

a(u−1, u−1) � (1 + logH /h)a(u, u) � (1 + `)a(u, u)(31)

The proof of this result, forβ = 1/2, can be found in Dryja and Widlund [17].
For different values ofβ, we use an argument similar to that of the proof of
Lemma 2; cf. also Sarkis [22].

Returning to the proof of Theorem 2, we find that (23) follows from Corollary
1, and Lemmas 1 and 5. The bound forC0 has then been established.

Assumption ii). Trivially, we haveω = 1.

Assumption iii)We need to show thatρ(E ) ≤ const. This has been established
in Remark 3.3 in Zhang [34]. ut

Remark 1.The analysis and results in this paper can also be extended to the
cases in which we replace the bilinear formsbNN

−1 (·, ·) by the inexact solvers
introduced in Dryja and Widlund [17].

4.2. A face based coarse space

The next exotic coarse space is denoted byV F
−1 ⊂ V h

0 , and is based on values
on the wire basketWh and averages over the facesFij . This coarse space can
conveniently be defined as the range of an interpolation operatorI F

h : V h
0 → V F

−1,
defined by

I F
h u(x)|Ω̄i

=
∑

p∈Wi ,h

u(xp)ϕp(x) +
∑

Fij ⊂∂Ωi

ūh
Fij
θFij

(x).

Here,ϕp(x) is the discrete harmonic extension, intoΩi , of the standard nodal
basis function associated with a nodep. ūh

Fij
is the discrete average value ofu

over Fij ,h.
We define the bilinear form, in the standard way, from the norm given by

bF
−1(u, u) =

∑
i

ρi {
∑

p∈Wi ,h

h (u(xp)− ūh
i )2

+ H (1 + `)
∑

Fij ⊂∂Ωi

(ūh
Fij
− ūh

i )2},

whereūh
i is the discrete average value ofu over ∂Ωi ,h.

Theorem 3. Let TF be defined by (6). Then for any u∈ V h
0 (Ω), we have

(1 + `)−2a(u, u) � a(TFu, u) � a(u, u).
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Proof. Assumption i).The decomposition here is the same as before, except
that we now choosew(i ) = Ih(ρ1/2

i µ+
i ,1/2(u − I F

h u)) on Γ ∪ ∂Ω, and extend
these boundary values as a discrete harmonic function elsewhere. We note that
this decomposition is simpler sincew(i ) vanishes on the wire basket. Therefore,
w(i )

El
= 0 andw(i )

Vm
= 0. A counterpart of Lemma 2 holds since

(ρi + ρj )|w(i )
Fij
|2H 1(ΩFij

) � (ρi + ρj )‖(Ih(ρ1/2
i µ+

i ,1/2(u − I F
h u)))Fij ,h

‖2
H 1/2

00 (Fij )

� ρi ‖(u − ūh
Fij

)Fij ,h
‖2

H 1/2
00 (Fij )

� ρi (1 + logH /h)2‖u − ūh
Fij
‖2

H 1(Ωi )

� ρi (1 + logH /h)2|u|2H 1(Ωi ) � ρi (1 + `)2|u|2H 1(Ωi ).

Here we have used the same arguments as in the proof of Lemma 2. Finally,
Lemma 5 is replaced by

Lemma 6. For u ∈ V h
0 (Ω)

bF
−1(I F

h u, I F
h u) � (1 + logH /h)a(u, u) � (1 + `)a(u, u).

The proof of this result can be found in the proof of Theorem 6.7 of Dryja et al.
[12].

Assumption ii).We haveω � 1; see Dryja et al. [12].

Assumption iii).As in Subsect. 4.1. ut

Remark 2.Another possible decomposition forw is given by

w =
∑

Fij ⊂Γ
wFij

.

Here,wFij
is the discrete harmonic function onΩ with possibly nonzero interface

values only onFij ,h. We note that the support ofwFij
is Ω̄Fij

. We can decompose
wFij

as in (18), and obtain

bk(wk,Fij
, wk,Fij

) � (ρi + ρj )|wFij
|2
H 1/2

00 (Fij )

= (ρi + ρj ) ‖(u − ūh
Fij

)Fij ,h
‖2

H 1/2
00 (Fij )

� (1 + logH /h)2‖u − ūh
Fij
‖2

H 1
ρ(ΩFij

)

� (1 + logH /h)2|u|2H 1
ρ(Ω) � (1 + `)2|u|2H 1

ρ(Ω).
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4.3. An edge based coarse space

We can decrease the dimension ofV F
−1 and define another coarse space. Rather

than using the values at all the nodes on the edges as degrees of freedom, only
one degree of freedom per edge, an average value, is used. The resulting space,
denoted byV E

−1 ⊂ V h
0 , is the range of the interpolation operatorI E

h : V h
0 → V E

−1,
defined by

I E
h u(x)|Ω̄i

=
∑

Vm∈∂Ωi

u(Vm)ϕm(x)

+
∑

El⊂Wi

ūh
El
θEl (x) +

∑
Fij ⊂∂Ωi

ūh
Fij
θFij

(x).

Here, ūh
El

is the discrete average value ofu over El ,h, andθEl the discrete
harmonic function which equals 1 onEl ,h and is zero on∂Ωi ,h \ El ,h. ϕm(x) is
the discrete harmonic extension intoΩi of the boundary values of standard nodal
basis function associated with the vertexVm.

We define a bilinear form by

bE
−1(u, u) =

∑
i

ρi {h
∑

Vm∈∂Ωi

(u(Vm)− ūh
i )2

+H
∑

Em⊂∂Ωi

(ūh
Em
− ūh

i )2 + H (1 + `)
∑

Fij ⊂∂Ωi

(ūh
Fij
− ūh

i )2}.

Theorem 4. Let TE be defined by (6). Then, for any u∈ V h
0 (Ω), we have

(1 + `)−2a(u, u) � a(TEu, u) � a(u, u).

Proof. Assumption i).Here, we choosew(i ) = Ih(ρ1/2
i µ+

i ,1/2(u− I E
h u)) on Γ ∪∂Ω

and extend these boundary values as a discrete harmonic function elsewhere.
Note also that, we havew(i )

Vm
= 0. The proof of a counterpart of Lemma 2 is

similar to that given in the proof of Theorem 3.
The proof of a variant of Lemma 3 for this case proceeds as follows. Letw(i )

El

be the edge component ofw(i ), given similarly as in (17), and letw(i )
k,El

be the

decomposition ofw(i )
El

given as in (19). Using similar arguments as in Lemma 2,
we have ∑̀

k=0

bk(w(i )
k,El

, w(i )
k,El

) �
∑

m

ρm|w(i )
El
|2H 1(ΩEl

),

where the sum
∑

m is taken over all substructures, which share the open edgeEl .

We now use the fact thatµ+
i ,1/2 = (

∑
m ρ

1/2
m )−1 on El ,h, and an inverse inequality,

and obtain ∑
m

ρm|w(i )
El
|2H 1(ΩEl

) � ρi

∑
p∈El ,h

h (ūh
El
− u(xp))2.

We next use a Sobolev type inequality to obtain
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ρi

∑
p∈El ,h

h (ūh
El
− u(xp))2 � ρi (1 + logH /h)|u|2H 1(Ωi ).(32)

Results very similar to (32) can be found in Bramble et al. [3], Bramble and Xu
[6], Dryja [10], Dryja et al. [12], and Dryja and Widlund [17]. Therefore,∑

m

ρm|w(i )
El
|2H 1(ΩEl

) � ρi (1 + `)|u|2H 1(Ωi ).(33)

Finally, we use

Lemma 7. For u ∈ V h
0

bE
−1(I E

h u, I E
h u) � (1 + `) a(u, u).

The proof of this result can be found in the proof of Theorem 6.10 of Dryja
et al. [12].

Assumption ii).We haveω � 1; see Dryja et al. [12].

Assumption iii).As in Subsect. 4.1. ut
Remark 3.We can also simplify the proof by decomposingw as

w =
∑

Fij ⊂Γ
wFij

+
∑

El⊂Γ
wEl .

Here,wFij
is chosen as in Remark 2 andwEl is the piecewise discrete harmonic

function with possibly nonzero interface values only onEl ,h. We note that the
support ofwEl is in Ω̄El . We decomposewEl as in (19) and obtain∑

m

ρm|wEl |2H 1(ΩEl
) �
∑

m

ρm

∑
p∈El ,h

h (ūh
El
− u(xp))2

� (1 + `) |u|2H 1
ρ(ΩEl

).

4.4. A wire basket based coarse space

Finally, we consider a coarse spaceV W
−1 ⊂ V h

0 , due to Smith [24]. It is based only
on the values on the wire basketWh. The interpolation operatorI W

h : V h
0 → V W

−1,
and is defined by

I W
h u(x)|Ω̄i

=
∑

p∈Wi ,h

u(xp)ϕp(x) +
∑

Fij ⊂∂Ωi

ūh
∂Fij

θFij
(x).

Here,ūh
∂Fij

is the discrete average value ofu on ∂Fij ,h. Let ūh
Wi

be the discrete
average value ofu on Wi ,h. We define the bilinear form by

bW
−1(u, u) = (1 + `)

∑
i

ρi

∑
p∈Wi ,h

h(u(p)− ūh
Wi

)2.
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Theorem 5. Let TW be defined by (6). Then, for any u∈ V h
0 (Ω), we have

(1 + `)−2a(u, u) � a(TWu, u) � a(u, u).

Proof. Assumption i).Let w(i ) = Ih(ρ1/2
i µ+

i ,1/2(u − I W
h u)). Therefore, we have

w(i )
El

= 0 andw(i )
Vm

= 0. The proof of the counterpart of Lemma 2 is as follows:

(ρi + ρj )|w(i )
Fij
|2H 1(ΩFij

) � ρi ‖((u − ūh
∂Fij

) θFij
)Fij ,h

‖2
H 1/2

00 (Fij )

� ρi {‖(u θFij
)Fij ,h

‖2
H 1/2

00 (Fij )
+ (ūh

∂Fij
)2‖(θFij

)Fij ,h
‖2

H 1/2
00 (Fij )

}

� ρi {(1 + logH /h)2‖u‖2
H 1(Ωi ) + (1 + logH /h)‖u‖2

L2(∂Fij )}
� ρi (1 + logH /h)2‖u‖2

H 1(Ωi ) � ρi (1 + `)2‖u‖2
H 1(Ωi )(34)

Here we have used ideas of the proof of Lemma 2, and the following results:

|θFij
|2H 1(Ωi ) � H (1 + logH /h),(35)

(ūh
∂Fij

)2 � 1
H
‖u‖2

L2(∂Fij ),(36)

and
‖u‖2

L2(∂Fij ) � (1 + logH /h) ‖u‖2
H 1(Ωi ).(37)

For the proof of (35), see Lemma 4.4 of [12]. The proof of (36) is a direct
consequence of Schwarz inequality. The proof of (37) is related to the proof of
(32).

To get the seminorm bound in (34), we use the same arguments as for (33).
Finally, we also use

Lemma 8. For u ∈ V h
0 (Ω)

bW
−1(I W

h u, I W
h u) � (1 + logH /h)2a(u, u) � (1 + `)2a(u, u).

The proof of this result can be found in the proof of Theorem 6.4 of Dryja et al.
[12].

Assumption ii).We haveω � 1; see Dryja et al. [12].

Assumption iii).As in Subsect. 4.1. ut
Remark 2 also applies in this case.

5. Special coefficients and an optimal algorithm

In this section, we show that if the coefficientsρi satisfy certain assumptions, the
L2
ρ−projection isH 1

ρ -stable and we can use the space of piecewise linear functions
V H (Ω) as a coarse space and obtain anoptimal multilevel preconditioner. It
should be pointed out that theL2

ρ−projection is notH 1
ρ -stable in general; see the

counterexample given in Xu [29].
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5.1. Quasi-monotone coefficients

Let Vm,m = 1, · · · , L, be the set of substructure vertices including those on∂Ω.
We denote byΩmi , i = 1, · · · , s(m), the substructures that have the vertexVm

in common, and letρmi denote their coefficients. LetΩVm be the interior of
the closure of the union of the substructuresΩmi , i.e. the interior of∪s(m)

i =1 Ω̄mi .
By using the fact that all substructures are simplices, we see that eachΩmi has
a whole face in common with∂ΩVm. Two-dimensional illustrations of̄ΩVm =
∪i Ω̄mi are given by Fig. 1 and Fig. 2.
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Definition 1. For eachΩVm, order its substructures such thatρm1 = maxi :1,···,s(m) ρmi .
We say that a distribution of theρmi is quasi-monotone inΩVm if for every
i = 1, · · · , s(m), there exists a sequencei j , j = 1, · · · ,R, with

ρmi = ρmiR
≤ · · · ≤ ρmij +1

≤ ρmij
≤ · · · ≤ ρmi1

= ρm1,(38)

where the substructuresΩmij
andΩmij +1

have a face in common. If the vertex
Vm ∈ ∂Ω, then we additionally assume that∂Ωm1∩∂Ω contains a face for which
Vm is a vertex.

A distributionρi on Ω is quasi-monotone with respect to the coarse triangu-
lation T 0 if it is quasi-monotone for eachΩVm.
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We also define quasi-monotonicity with respect to a triangulationT k , as
before, by replacing theΩi and the substructure verticesVm by elementsτ k

j and
nodes inN k , respectively.

Remark 4.The analysis and results can easily be extended to the case in which

ρmi = ρmiR
� · · · � ρmij +1

� ρmij
� · · · � ρmi1

= ρm1.

In two dimensions, quasi-monotonicity with respect toT 0 implies, for the
same distribution of theρi , quasi-monotonicity with respect toT k . We can show
this as follows. The nodes ofN k divide into three sets: i) those which coincide
with vertices of the substructures (nodes of the coarse triangulation), ii) those
which belong to edges of the substructures, and iii) those which belong to the
interior of the substructures. By examing the three cases, it is now easy to see
that a distribution of the coefficients is quasi-monotone with respect toT k if it
is quasi-monotone with respect toT 0.

In three dimensions there are cases in which a distribution ofρi is quasi-
monotone with respect toT 0 but not quasi-monotone with respect toT k . In
this case, the nodes ofN k are divided in four sets: those at vertices, edges,
faces, and interiors of the substructures. There are no problems for those of
the vertices, faces and interior sets but there can be complications with the
edge set of nodes. Quasi-monotonicity of the coefficients for nodes belonging
to the edge set does not follow from the quasi-monotonicity with respect to the
coarse triangulation. To see that, letEl be an edge of a substructureΩi , and
let Vm be a vertex ofΩi and an end point ofEl . There are more substructures
sharingVm than substructures sharing the whole edgeEl . From this observation,
it easy to distribute coefficients in such a way that they are quasi-monotone with
respect to the coarse triangulation but not quasi-monotone with respect to a finer
triangulation.

We note that in Theorem 6 only the quasi-monotonicity of the coefficients
ρi with respect toT 0 is needed. We have introduced quasi-monotonicity with
respect toT k only to obtain a complete theory for the stability of theL2

ρ-
projection on finer levels; see Lemma 9 and Corollary 2

5.2. A new interpolator

We define an interpolation operatorI M
k : V h(Ω) → V k(Ω), as follows. This

operator is central in our study of the properties of the weightedL2-projection.

Definition 2. Given u ∈ V h(Ω), defineuk = I M
k u ∈ V k(Ω) by the values ofuk

at two sets of nodes ofN k :

i) For a nodal pointP ∈ N k
0 , let uk(P) be the average ofu over an

elementτ k
jP ∈ T k .

ii) For a nodal pointP ∈ N k
∂Ω , let uk(P) be the average ofu over τ̄ k

jP∩∂Ω.
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Here, τ k
jP is the element, or one of the elements, with the vertexP with the

largest coefficientρi . N k
∂Ω is the set of nodes ofN k which belong to∂Ω, and

N k
0 = N k\N k

∂Ω .

It is easy to see that, for any constantc, I M
k (u−c) = I M

k (u)−c, and also that
uk vanishes on∂Ω wheneveru vanishes on∂Ω.

We note that ¯τ k
jP ∩ ∂Ω is a face ofτ k

jP for a quasi-monotone distribution of
coefficientsρi with respect to the triangulationT 0, but that ¯τ k

jP ∩ ∂Ω might be
just an edge or a vertex for coefficients that are not quasi-monotone with respect
to T 0.

Lemma 9. For a quasi-monotone distribution of coefficientsρi with respect to
the triangulationT k, we have∀u ∈ V h(Ω)

‖(I − I M
k )u‖L2

ρ(τ k
j ) � hk |u|H 1

ρ(τ̄ k,M
j ) ∀τ k

j ∈ T k ,(39)

and
|I M

k u|H 1
ρ(τ k

j ) � |u|H 1
ρ(τ̄ k,M

j ) ∀τ k
j ∈ T k .(40)

Here, τ̄ k,M
j ⊂ τ̄ k,ext

j is a connected Lipschitz region given explicitly in the proof

of this lemma.̄τ k,ext
j is the union of thēτ k

i which have a vertex, edge, or face in
common withτ k

j .
Furthermore,

I M
k u ∈ V k

0 (Ω) if u ∈ V h
0 (Ω).

Proof. We have

‖u − I M
k u‖2

L2
ρ(τ k

j ) = ρ(τ k
j ) ‖u − I M

k u‖2
L2(τ k

j )

� ρ(τ k
j ) (‖I M

k u − c‖2
L2(τ k

j ) + ‖u − c‖2
L2(τ k

j )).

Hereρ(τ k
j ) is the value ofρ in the elementτ k

j .
Using the definition and properties ofI M

k , we obtain

‖I M
k u − c‖2

L2(τ k
j ) = ‖I M

k (u − c)‖2
L2(τ k

j ) �
∑

P∈τ k
j

h3
k |(I M

k (u − c))(P)|2.

Here, eachP is a vertex of the elementτ k
j .

For a case in whichP ∈ N k
0 , I M

k u(P), the average value ofu over an
elementτ k

jP , can be bounded from above in terms of theL2 norm of u in τ k
jP , i.e.

h3
k |(I M

k (u − c))(P)|2 � ‖u − c‖2
L2(τ k

jP
).

Here,τ k
jP is the element given in Definition 2.

For a case in whichP ∈ N k
∂Ω , I M

k u(P), the average value ofu over a triangle
τ̄ k

jP ∩ ∂Ω, can be bounded from above in terms of the energy norm (4) ofu in
τ k

jP . Indeed,
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h3
k |(I M

k (u − c))(P)|2 � hk ‖u − c‖2
L2(τ̄ k

jP
∩∂Ω) � h2

k ‖u − c‖2
H 1(τ k

jP
).

From the definition of quasi-monotonicity with respect to the triangulation
T k , there exists for eachP a sequence of elementsτ k

ji , i = 1, · · · , n, with

ρ(τ k
j ) = ρ(τ k

jn ) ≤ · · · ≤ ρ(τ k
j2) ≤ ρ(τ k

j1) = ρ(τ k
jP ).(41)

Let τ̄ k,M
jP = ∪n

i =1τ̄
k
jn and τ̄ k,M

j = ∪P∈τ k
j
τ̄ k,M

jP . Then,

‖u − I M
k u‖2

L2
ρ(τ k

j ) � ρ(τ k
j ) h2

k ‖u − c‖2
H 1(τ̄ k,M

j )
.

Note that ¯τ k,M
j is a connected Lipschtz region with a diameter of orderhk . Thus,

we can use Poincaré’s inequality to obtain

inf
c
ρ(τ k

j ) h2
k ‖u − c‖2

H 1(τ̄ k,M
j )

� ρ(τ k
j ) h2

k |u|2H 1(τ̄ k,M
j )

,

and use (41) to obtain

ρ(τ k
j ) h2

k |u|2H 1(τ̄ k,M
j )

≤ h2
k |u|2H 1

ρ(τ̄ k,M
j )

.

To obtain (40), we use

|I M
k u|2H 1

ρ(τ k
j ) �

4∑
i =1

ρ(τ k
j ) hk |(I M

k (u − c))(Pi )|2.

Here, thePi are the vertices of the elementτ k
j . For the rest of the proof, we use

the same arguments as before.ut
Corollary 2. For a quasi-monotone distribution of coefficientsρi with respect to
T k, we have

‖(I −Qk
ρ )u‖L2

ρ(Ω) � hk |u|H 1
ρ(Ω) ∀u ∈ V h

0 (Ω),(42)

and

|Qk
ρu|H 1

ρ(Ω) � |u|H 1
ρ(Ω) ∀u ∈ V h

0 (Ω).(43)

Here, Qk
ρ is the weighted L2-projection from Vh

0 (Ω) to Vk
0 (Ω).

Proof. We obtain (42) from (39), sinceQk
ρ gives the best approximation with

respect toL2
ρ(Ω). Finally, we note that (43) follows from (42); see Theorem 3.4

in Bramble and Xu [6]. ut
Remark 5.Lemma 9 and Corollary 2 can easily be extended to functions which
do not vanish on the whole boundary∂Ω. Using Lemma 9, we can also establish
optimal multilevel algorithms for problems with Neumann or mixed boundary
conditions, and quasi-monotone coefficients with respect toT 0.
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5.3. An optimal algorithm

We prove that the MDS algorithm, using the space of piecewise linear functions,
V 0

0 , as a coarse space, is optimal if the coefficient is quasi-monotone with respect
to the coarse meshT 0. It is important to note that to prove our next theorem,
we do not need to have quasi-monotonicity with respect to the fine meshesT k .

Theorem 6. Let T0 be defined by (6) with V−1 = V 0
0 = V H

0 , b−1(·, ·) = a(·, ·).
For a quasi-monotone distribution of the coefficientsρi with respect toT 0, we
have

a(T0u, u) � a(u, u) ∀u ∈ V h
0 (Ω).

Proof. We only need to considerAssumption i); Assumptions ii)and iii) have
been checked in the proofs of the previous theorems.

Let the{θm} be a partition of unity overΩ with θm ∈ C∞
0 (ΩVm). Because

of the size of the overlap of the subregionsΩVm, these functions can be chosen
such that|∇θm| is bounded byC/H . We decomposew = u − I M

0 u as

w =
L∑

m=1

wm, where wm = Ih(θmw).(44)

Here,Ih is the standard linear interpolant with respect to the triangulationT `.
We note thatwm = 0, on and outside of∂ΩVm, m = 1, · · · , L. Using standard

arguments, cf. Dryja and Widlund [13], we can show that

|wm|2H 1
ρ(ΩVm ) � |w|2H 1

ρ(ΩVm ) +
1

H 2
‖w‖2

L2
ρ(ΩVm ),

and by using Lemma 9, we obtain

|wm|2H 1
ρ(ΩVm ) � |u|2H 1

ρ(Ω̄ext
Vm

).

Here,Ω̄ext
Vm

is the closure of the union ofΩVm and theΩi which have a vertex,
edge, or face in common with∂ΩVm.

By assumption, we have quasi-monotone coefficients with respect toT 0.
We now remove the substructureΩm1 from ΩVm obtainingΩc

m1
= ΩVm\Ω̄m1.

We decomposewm as

wm = H (m)wm + (wm −H (m)wm).

Here,H (m)wm is the piecewise discrete harmonic function onΩm1 andΩc
m1

that
equalswm on ∂Ωm1 ∪∂ΩVm. We stress that we use the weightρ = 1 in obtaining
this piecewise discrete harmonic function.

We decomposeH (m)wm as in (20), and obtain

H (m)wm = (H (m)wm)` + · · · + (H (m)wm)1 + (H (m)wm)0.(45)

Therefore, by using thatρm1 is maximal and the arguments in the proof of Lemma
2, we obtain
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∑̀
k=0

bk((H (m)wm)k , (H (m)wm)k) � ρm1 |H (m)wm|2H 1(ΩVm )

� ρm1 ‖H (m)wm‖2
H 1/2

00 (∂Ωm1∩∂Ωc
m1

)
� ρm1 |H (m)wm|2H 1(Ωm1)(46)

≤ ρm1 |wm|2H 1(Ωm1) ≤ |wm|2H 1
ρ(ΩVm ).

Let w̃m = wm −H (m)wm. Using the triangular inequality, we obtain

|w̃m|H 1
ρ(ΩVm ) � |wm|H 1

ρ(ΩVm ).

Note that ˜wm vanishes on∂Ωm1 ∪ ∂ΩVm. Therefore, we can decompose ˜wm

in Ωm1 and Ωc
m1

, independently. For the decomposition inΩm1, we have no
difficulties, since we have constant coefficients. For the decomposition inΩc

m1
,

we can try to remove the substructure with largest coefficientρmi in Ωc
m1

, and
repeat the analysis just described. It is easy to show that we can remove all
substructures, recursively, if we have a quasi-monotone distribution with respect
to T 0. We note that the argument in (46) is invalid if we do not have quasi-
monotone coefficients. ut
Remark 6.In the proof of Theorem 6, we just need to carry out the analysis
locally for eachΩVm. In a case of quasi-monotone coefficients with respect to
T 0 and with the coarse spacesV NN

−1 , V F
−1 or V E

−1, we can derive a bound on the
condition number of the multilevel additive Schwarz algorithm that is linear with
respect to the number of levels̀. The analysis also works if we use different
coarse spaces in different parts of the domainΩ. We can also use the coarse space
V 0

0 and an exotic spaceV X
−1 simultaneously. The resulting multilevel algorithm

is optimal if the coefficient is quasi-monotone, and is almost optimal with a
condition number bounded in terms of (1 +`)2 otherwise. The same arguments
can also be used to prove that we also have an optimal multilevel algorithm with
Neumann or mixed boundary condition and quasi-monotone coefficients.

6. Multiplicative versions

In this section, we discuss some multiplicative versions of the multilevel ad-
ditive Schwarz methods; they correspond to certain multigrid methods. Let
X = NN,F,E, or W. Following Zhang [34], we consider two algorithms defined
by their error propagation operators

EG = (
∏̀
k=0

∏
j∈N k

0

(I − Pk
j ))(I − ηTX

−1),(47)

and

EJ =
∏̀

k=−1

(I − T̃k) = (
∏̀
k=0

(I − η
∑

j∈N k
0

Pk
j ))(I − ηTX

−1),(48)
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whereη is a damping factor chosen such that‖T̃k‖H 1
ρ
≤ w < 2.

The products in the above expressions can be arranged in any order; different
orders result in different schemes; see Zhang [34]. When the product is arranged
in an appropriate order, the operatorsEG and EJ correspond to the error propa-
gation operators of V-cycle multigrid methods using Gauss-Seidel and damped
Jacobi method as smoothers for the refined spaces, respectively.

By applying techniques developed in Zhang [34], and Dryja and Widlund
[17], we can show that the norm of the error propagation operators‖EG‖H 1

ρ
and

‖EJ‖H 1
ρ

can be estimated from above by 1− C (1 + `)−2. In a case in which we

have quasi-monotone coefficients and use the standard coarse spaceV H , we can
establish that the V-cycle multigrid methods, given by (47) and (48), areoptimal.

7. Approximate discrete harmonic extensions

A disadvantage of using the coarse spacesV X
−1, with X = F, E,NN, and W, is that

we have to solve a local Dirichlet problem exactly for each substructure to obtain
the discrete harmonic extensions. However, we can define new exotic coarse
spaces, denoted byV X̃

−1, with X̃ = F̃, Ẽ, ÑN, andW̃ by introducingapproximate
discrete harmonic extensions. They are given by simple explicit formulas [12, 22]
and have the sameH 1

ρ−stability estimates as the discrete harmonic extensions.

Here we use strongly the fact that our exotic spacesV X̃
−1 have constant values at

the nodal points of the faces of the substructures. We prove that the MDS, with
these new coarse spaces, have condition number estimate proportional to (1+`)2.

Let Ck , k = 1, · · · , 4, be the barycenters of the facesFik of ∂Ωi , and letVk

be the vertex ofΩi that is opposite toCk . Let C be the centroid ofΩi , i.e. the
intersection of the line segments connecting theVk to theCk . Let Ekl , l = 1, 2, 3,
be the open edges of∂Fik ; see Fig. 3.

To approximate the discrete harmonic functionθFij
in Ωi , we use the finite

element functionϑFij
introduced in the proof of Lemma 4.4 of Dryja et al. [12]

(see also Extension 3 in Sarkis [22]), given by (see Fig. 3).

Definition 3. The finite element functionϑFij
∈ V h(Ωi ) is given by the follow-

ing steps:

i) Let

uij (C) =
1
4
.

ii) For a point Q that belongs to a line segment connectingC to Ck , k =
1, · · · , 4, defineuij (Q) by linear interpolation between the valuesuij (C) =
1/4 anduij (Ck) = δjk , i.e. by

uij (Q) = λ(Q)
1
4

+ (1− λ(Q))δjk .

Here λ(Q) =distance(Q,Ck)/distance(C ,Ck) and δjk = 1 if j = k and
δjk = 0, otherwise.
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Ek1

Ek2

Ek3

iii) For a point S that belongs to a triangle defined by the previousQ as
a vertex, and the edgeEkl as a side opposite toQ, l = 1, · · · , 3, let

uij (S) = uij (Q).

iv) Let ϑFij
= I 0

h uij , whereI 0
h is the interpolation operator into the space

V h(Ωi ) that preserves the values of a functionuij at the nodal points of
Ω̄i ,h\Wi ,h and set them to zero onWi ,h.

v) In Ωj , which has a common faceFij with Ωi , ϑFij
is defined as inΩi .

Finally, ϑFij
is extended by zero outsideΩFij

.

Note thatϑFij
∈ V h

0 , and that∑
Fij ⊂∂Ωi

ϑFij
= 1 on Ω̄i ,h\Wi ,h.

We remark that other extensions are also possible; see, e.g. Extension 2 of [22].
Using ideas in the proof of Lemma 4.4 in [12], we obtain

Lemma 10.

|θFij
|2H 1(Ωi ) ≤ |ϑFij

|2H 1(Ωi ) � H (1 + logH /h).

For the wire basket contributions, we replace the piecewise discrete harmonic
function

∑
p∈Wi ,h

u(xp)ϕp, by
∑

p∈Wi ,h
u(xp)φ`p, whereφ`p is the standard nodal

basis function associated with a nodep. Using the definition ofφ`p and a Sobolev
type inequality (see Lemma 4.3 of [12]), we obtain
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Lemma 11.

|
∑

p∈Wi ,h

(u(xp)− ūh
i )φ`p|2H 1(Ωi ) � ‖u − ūh

i ‖2
L2(Wi )

� (1 + `) |u|2H 1(Ωi ).

New exotic coarse spacesV X̃
−1, with X̃ = F̃, Ẽ, ÑN, and W̃ are intro-

duced by combining the approximate discrete harmonic functionsϑFij
and∑

p∈Wi ,h
u(xp)φ`p. We defineV X̃

−1 as the range of the following interpolators

I X̃
h : V h

0 → V X̃
−1:

– Modified Neumann-Neumann coarse spaces

I ÑN
h u = ũ−1 =

∑
i

ũi
−1 =

∑
i

ūh
i ρ

β
i µ̃

+
i ,β .

Here,µ̃+
i ,µ = µ+

i ,β on Γh ∪ ∂Ω and is extended elsewhere inΩ as an approx-
imate discrete harmonic function given by:

µ̃+
i ,β(x) =

∑
p∈Wi ,h

µ+
i ,β(xp)φ`p(x) +

∑
Fij ⊂∂Ωi

µ+
i ,β(Fij )ϑFij

(x) ∀x.

– A modified face based coarse space

I F̃
h u(x)|Ω̄i

=
∑

p∈Wi ,h

u(xp)φ`p(x) +
∑

Fij ⊂∂Ωi

ūh
Fij
ϑFij

(x).

– A modified edge based coarse space

I Ẽ
h u(x)|Ω̄i

=
∑

Vm∈∂Ωi

u(Vm)φ`Vm
(x)

+
∑

El⊂Wi

ūEl

∑
p∈El ,h

φ`p(x) +
∑

Fij ⊂∂Ωi

ūFij
ϑFij

(x).

– A modified wire basket based coarse space

I W̃
h u(x)|Ω̄i

=
∑

p∈Wi ,h

u(xp)φ`p(x) +
∑

Fij ⊂∂Ωi

ū∂Fij
ϑFij

(x).

It is important to note that our approximate discrete harmonic extensions
recover constant functions, because∑

p∈Wi ,h

φ`p(x) +
∑

Fij ⊂∂Ωi

ϑFij
(x) = 1 ∀x ∈ Ω̄i .

We define the bilinear forms exactly as before, i.e.

bX̃
−1 = bX

−1,
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and operatorsT X̃
−1 : V h → V X̃

−1, by

bX̃
−1(T X̃

−1u, v) = a(u, v) ∀ v ∈ V X̃
−1.

Let

T X̃ = T X̃
−1 +

∑̀
k=0

∑
j∈N k

0

Pk
j .

Theorem 7. For any u∈ V h
0 (Ω), we have

(1 + `)−2a(u, u) � a(T X̃u, u) � a(u, u).

Proof. Let us first consider a case withV F̃
−1 as the coarse space.

Assumption ii)Using the triangle inequality, the explicit formulas for the
approximate discrete harmonic functions, and Lemma 10, we obtain

|u|2H 1
ρ(Ωi ) �

∑
i

ρi {
∑

p∈Wi ,h

h (u(xp))2

+ H (1 + `)
∑

Fij ⊂∂Ωi

(ūh
Fij

)2} ∀u ∈ V F̃
−1.

We now use that the approximate discrete harmonic extension recovers con-
stant functions to obtain

a(u, u) � bF̃
−1(u, u).(49)

Assumption i)Note that the bilinear formbF̃
−1(u, u) depends only on the values

of u on Γh, and letũ−1 = I F̃
h u andu−1 = I F

h u. We can therefore use Lemma 6 to
obtain

bF̃
−1(ũ−1, ũ−1) = bF

−1(u−1, u−1) � (1 + `) a(u, u) ∀u ∈ V h
0 .(50)

We now modify the decomposition in the proof of Theorem 3

u = u−1 +
∑

k

∑
j

uk
j

and construct a decomposition for the current theorem by

u = ũ−1 + (u−1 − ũ−1) +
∑

k

∑
j

uk
j

= ũ−1 +
∑

k

∑
j

ũk
j +
∑

k

∑
j

uk
j = ũ−1 +

∑
k

∑
j

vk
j .

Here we use that (u−1− ũ−1) vanishes onΓh∪∂Ωh, and then decompose (u−1−
ũ−1) as in Lemma 1 to obtain∑

k

∑
j

a(ũk
j , ũ

k
j ) � a(u−1 − ũ−1, u−1 − ũ−1) � a(ũ−1, ũ−1).
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We now use (49) and (50) and obtain

a(ũ−1, ũ−1) � bF̃
−1(ũ−1, ũ−1) � (1 + `)a(u, u).

Finally, we use the proof of Theorem 3 to obtain∑
k

∑
j

a(uk
j , u

k
j ) � (1 + `)2 a(u, u).

The proof of this theorem forV Ẽ
−1 or V W̃

−1 as the coarse space is quite similar.

Let us finally consider the case withV ÑN
−1 as the coarse space. For Assumption

ii), we trivially haveω = 1. Assumption i) is handled exactly as before. The only
nontrivial part is to show that

a(I ÑN
h u, I ÑN

h u) � (1 + `)a(u, u) ∀u ∈ V h
0 (Ω).(51)

The idea of the proof of (51) is the same as in Dryja and Widlund [17]. We
reduce the estimates to bounds related to the vertices, edges, and faces and use
Lemma 4.4 in [12], and Lemmas 10 and 11.ut

8. Nonuniform refinements

We now consider finite element approximation with locally nested refinement.
Such refinements can be used to improve the accuracy of the solutions of prob-
lems with singular behavior which arise in elliptic problems with discontinuous
coefficients, nonconvex domains, or singular data. We note, in particular, that so-
lutions of elliptic problems with highly discontinuous coefficients are very likely
to become increasingly singular when we approach the wire basket.

Nested local refinements have previously been analyzed by Bornemann and
Yserentant [1], Bramble and Pasciak [2], Cheng [7, 8], Oswald [20, 21], and
Yserentant [31, 32]. By nested local refinement we mean that an element, which is
not refined at levelj , cannot be a candidate for further refinement. Under certain
assumptions on the local refinement, optimal multilevel preconditioners have
previously been obtained for problems with nearly constant coefficients in two
and three dimensions. For problems in two dimensions with highly discontinuous
coefficients, the standard piecewise linear function can be used as a coarse space
to design multilevel preconditioners. A bound on the condition number can be
derived, which is independent of the coefficients, and which grows at most as
the square of the number of levels; see, e.g. Yserentant [32]. Here, we extend the
analysis to the case where the coefficients are quasi-monotone with respect to the
coarse triangulation or are highly discontinuous in two or in three dimensions.

Let us begin with a shape regular but possibly nonuniform coarse triangulation
T 0 = T 0∗, which defines substructuresΩi with diametersHi . It follows from
shape regularity that neighboring substructures are of comparable size.

We introduce the following refinement procedure: Fork = 1, · · · , `, subdi-
vide all the tetrahedraτ k−1

j ∈ T k−1 into eight tetrahedra (see, e.g., Ong [19]);
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these are elements of levelk and belong, by definition, toT k . A shape regular
refinement is obtained by connecting properly the midpoints of the edgesτ k−1

j .
We note that this refinement, restricted to eachΩ̄i , is quasi-uniform.

Let V k
0 be the space of piecewise linear functions associated withT k , which

vanish on∂Ω, and letN k
0 be the set of nodal points associated with the space

V k
0 . Let φk

j , j ∈ N k
0 , be a standard nodal basis function ofV k

0 , and letV k
j =

span{φk
j }.

We define a locally nested refinement in terms of a sequence of open subre-
gionsOk ⊂ Ω such that

O` ⊂ O`−1 ⊂ · · · ⊂ Ok ⊂ · · · ⊂ O1 ⊂ O0 = Ω,

and assume that the∂Ok , the boundary ofOk , align with element boundaries of
T k−1, for k ≥ 1.

We define a nested, nonconforming triangulationsT k∗, k = 0, · · · , `, as
follows:

T k∗ = T k on Ōk ,

and
T k∗ = T j on Ōj \Oj +1 ∀j < k.

Assumption 1. The levels of two elements of a triangulationT k∗, which have
at least one common point, differ by at most one.

We note that Assumption 1 guarantees that all elements inT `∗(Ωi ) with a
common vertex are of comparable size. This type of refinement is exactly the
same as that analyzed by Bornemann and Yserentant [1].

Let V k
0
∗

be the space of piecewise linear functions associated with the trian-
gulationT k∗, which are continuous onΩ and vanish on∂Ω. By construction,
V k

0
∗ ⊂ V k+1

0
∗ ⊂ V k+1

0 . The vertices of the elements ofT k∗ are called nodes.
From the requirement of continuity, it follows that we can distinguish between
the set of free nodesN k

0
∗

and the remaining set of slave nodes. A function
u ∈ V `

0
∗

is determined uniquely by its values at the free nodesN k
0
∗
; the values

of u at the slave nodes are determined, by interpolation, from the values atN k
0
∗
.

Therefore, we have the following representation:

u =
∑

j∈N `
0

∗
u(xj )φ

`
j
∗ ∀u ∈ V `

0
∗

(52)

Here,φ`j
∗ ∈ V `

0
∗

is a nodal basis function, with respect toT `∗, which equals 1

at one free node and vanishes at all other free nodes ofN `
0
∗
.

The discrete problem is given by:
Find u ∈ V `

0
∗
, such that

a(u, v) = f (v) ∀ v ∈ V `
0
∗
.(53)

In order to obtain a preconditioner, we consider the following splitting:
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V `
0
∗

= V−1
∗ +
∑̀
k=0

∑
j∈V k∗

V k
j .(54)

Here,V k∗ is the set of nodes ofN k
0 which belong to the interior ofOk .

We consider in detail only the exotic coarse spaceV−1
∗ = V F̃∗

−1, i.e. the
counterpart of the modified face based coarse space introduced in Sect. 7. We
note that the same ideas can be extended straightforwardly to define and analyze
algorithms using the other exotic coarse spaces introduced in Sects. 4 and 7.

The coarse spaceV F̃∗
−1 can be defined as the range of an interpolation operator

I F̃∗
` : V `

0
∗ → V F̃∗

−1, defined by

I F̃∗
` u(x)|Ω̄i

=
∑

p∈(Wi∩N `
0

∗)

u(xp)φ`j
∗
(x) +

∑
Fij ⊂∂Ωi

ū∗Fij
ϑ∗Fij

(x),

where

ū∗Fij
=

∑
p∈(Fij ∩N `

0
∗) u(xp)

∫
supp(φ`p

∗(Fij )) φ
`
p
∗

dS∑
p∈(Fij ∩N `

0
∗)

∫
supp(φ`p

∗(Fij )) φ
`
p
∗ dS

.

ϑ∗Fij
is defined in a way similar toϑFij

except that in Step iv), of Definition 3,

we interpolate at the free nodesN `
0
∗

which belong toΩ̄i \Wi and setϑ∗Fij
to

zero onWi .
We consider the following bilinear form:

bF̃
−1

∗
(u, u) =

∑
i

ρi {‖u − ū∗i ‖2
L2(Wi ) + Hi (1 + `)

∑
Fij ⊂∂Ωi

(ū∗Fij
− ū∗i )2},

where,

ū∗i =

∑
p∈(∂Ωi∩N `

0
∗) u(xp)

∫
supp(φ`p

∗(∂Ωi ))
φ`p
∗

dS∑
p∈(∂Ωi∩N `

0
∗)

∫
supp(φ`p

∗(∂Ωi ))
φ`p
∗ dS

,

and introduce an operatorT F̃∗
−1 : V `

0
∗ → V F̃∗

−1, by

bF̃
−1

∗
(T F̃∗
−1u, v) = a(u, v) ∀ v ∈ V F̃∗

−1.

Let

T F̃∗ = T F̃∗
−1 +

∑̀
k=0

∑
j∈V k∗

Pk
j .(55)

Theorem 8. For any u∈ V `
0
∗
, we have

(1 + `)−2a(u, u) � a(T F̃∗u, u) � a(u, u).
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Proof. Assumptions i) and ii). We first introduce pseudo inversesµ+∗
i ,1/2 and apply

Sobolev type inequalities and extension theorems to obtain the required results
on the coarse space approximation (see Lemma 16) and to reduce our problem to
local problems with constant coefficients. For the local problems with constant
coefficients, we use the decomposition given in Bornemann and Yserentant [1].
Note that our refinement is a particular case of the local refinement NLR2 con-
sidered by Oswald [21]; we can then apply Theorem 6 of Oswald [21] to obtain
a good decomposition.

The Sobolev type inequalities and extension theorems required for our par-
ticular nonuniform refinement are given below in several lemmas.

Assumption iii). Note that, on eachΩ̄i , the strengthened Cauchy-Schwarz
tensorE ∗ associated with the splitting (54) can be obtained by symmetrically
deleting columns and rows from the tensorE associated with the case of quasi-
uniform refinement. Therefore, we obtainρ(E ∗) ≤ C by a standard Rayleigh
quotient argument. ut

We now slightly modify some lemmas that are well known for quasi-uniform
refinement to show that they hold in our nonuniform refinement case.

Lemma 12. For u ∈ V `∗(Ωi ),

|
∑

p∈(Wi∩N `∗)

(u(xp)− ū∗i )φ`p
∗|2H 1(Ωi ) � ‖u − ū∗i ‖2

L2(Wi )

� (1 + `) |u|2H 1(Ωi ).

Proof. For the proof of the first inequality, we use Assumption 1 and the inverse
inequality. For the second inequality, we use thatV `∗(Ωi ) ⊂ V `(Ωi ) and then
apply a standard Sobolev type inequality (see Lemma 4.3 of [12]). To obtain the
estimate with the seminorm, we use the fact that for any constantc, ū∗i = c, if
u = c on Wi ∩N `∗. ut
Lemma 13.

|θ∗Fij
|2H 1(Ωi ) ≤ |ϑ∗Fij

|2H 1(Ωi ) � Hi (1 + `),

whereθ∗Fij
∈ V `∗(Ωi ) is the discrete harmonic function, in the sense of V`∗(Ωi ),

which equals 1 on(Fij ∩N `∗) and is0 on (∂Ωi \Fij ).

Proof. The first inequality is trivial since the discrete harmonic function has
minimal energy. For the second inequality, we use the same ideas as in Lemma
4.4 of Dryja et al. [12]. Assumption 1 is crucial in this proof.ut

We denote byV `∗(∂Ωi ) the restriction ofV `∗(Ωi ) to ∂Ωi . Let H (i )∗ :
V `∗(∂Ωi ) → V `∗(Ωi ), be the discrete harmonic extension operator in the sense
of V `∗(Ωi ).
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Lemma 14. Let u∈ V `∗(∂Ωi ). Then

|H (i )∗u|H 1(Ωi ) � |u|H 1/2(∂Ωi ).(56)

Proof. Let ũ ∈ H 1(Ωi ) be the harmonic extension ofu defined by

(∇ũ,∇v)L2(Ωi ) = 0 ∀v ∈ H 1
0 (Ωi ),

ũ = u on ∂Ωi .

Therefore, by the definition of theH 1/2−seminorm,

|ũ|H 1(Ωi ) = |u|H 1/2(∂Ωi ).(57)

We now slightly modify the interpolatorI M
k introduced in Definition 2 and

define another interpolation operatorI M
`
∗

: H 1(Ωi ) → V `∗(Ωi ), as follows

Definition 4. Given ũ ∈ H 1(Ωi ), such that ˜u|∂Ωi ∈ V `∗(∂Ωi ), define u∗ =
I M
k ũ ∈ V `∗(Ωi ) by the values ofu∗ at two sets of free nodal pointsN `∗(Ω̄i ):

i) For a free nodal pointP ∈ N `∗(Ω̄i )\N `∗(∂Ωi ), let u∗(P) be the
average of ˜u over an elementτ `jP ∈ T `∗(Ωi ).

ii) For a free nodal pointP ∈ N `∗(∂Ωi ), let u∗(P) = ũ(P).

Here,τ k
jP is any elementT `∗(Ωi ) with vertexP.

Using the same arguments as in Lemma 9, we obtain

|u∗|H 1(Ωi ) � |ũ|H 1(Ωi ).(58)

Finally, we use (57), (58), and the fact thatH (i )∗u has minimal energy, to
obtain (56). ut

Let I `
∗

be the interpolation operator into the spaceV `∗ that preserves the
values of a function at the free nodal pointsN `∗. Using the same ideas as in
Lemma 4.4 of Dryja et al. [12], we obtain

Lemma 15. Let u∈ V `∗(Ωi ). Then

|I `∗(ϑ∗Fij
u)|2H 1(Ωi ) � (1 + `)2‖u‖2

H 1(Ωi )
.

Using Lemmas 12, we obtain the necessary results on the coarse space ap-
proximation:

Lemma 16. Let u∈ V `
0
∗
. Then

bF̃
−1

∗
(I F̃∗
` u, I F̃∗

` u) � (1 + `) a(u, u).

We now consider the case of quasi-monotone coefficients with respect to the
coarse triangulationT 0∗. Let

T0∗ = P0∗ +
∑̀
k=0

∑
j∈V k∗

Pk
j .

Here,P0∗ : V `
0
∗ → V 0

0
∗
, is theH 1

ρ (Ω)-projection.
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Theorem 9. For a quasi-monotone distribution of the coefficientsρi with respect
to T 0∗, we have

a(T 0∗u, u) � a(u, u) ∀u ∈ V `
0
∗
.

Proof. The proof is very similar to that of Theorem 6 using now Lemmas 12-16.
We note that Lemma 9, fork = 0, holds for a locally quasi-uniform triangulation
T 0∗. We now replace the decomposition (45) by a decomposition analyzed by
Bornemann and Yserentant [1], or Oswald [21].

We note that Assumption 1 is needed to prove the first inequality in (46).
ut

9. Multilevel methods on the interface

In this section, we extend our results to multilevel iterative substructuring al-
gorithms for problems with discontinuous coefficients. We recall that iterative
substructuring methods provide preconditioners for the reduced system of equa-
tions that remains after that all the interior variables of the substructures have
been eliminated. We focus only on variants of the algorithms developed in Sect. 4.
Other algorithms, based on other coarse spaces, defined in Sections 4 and 8, can
be designed and analyzed in the same way.

Let V h
0 (Γ ) be the restriction ofV h

0 (Ω) to Γ . The iterative substructuring
method associated with (2) is of the form: Findu ∈ V h

0 (Γ ) such that

s(u, v) = f̃ (v) ∀v ∈ V h
0 (Γ ),(59)

where

s(u, v) = a(H u,H v) =
∑

i

ρi

∫
Ωi

∇H (i )u · ∇H (i )v dx,

and

f̃ (v) =
∑

i

∫
Ωi

f H (i )v.

Let V k
0 (Γ ), k = 0, · · · , `, be the restriction ofV k

0 (Ω) to Γ and letN k
0 (Γ ) be

the set of nodal points associated with the spaceV k
0 (Γ ). Let V k

j (Γ ), j ∈ N k
0 (Γ ),

be the restriction ofV k
j (Ω) to Γ .

We introduce the bilinear formsbj
k(u, v): V k

j (Γ ) × V k
j (Γ ) → R, for k =

0, · · · , `, and j ∈ N k
0 (Γ ) by

bj
k(u, v) = u(xj )v(xj ) a(φk

j , φ
k
j ).(60)

Here,φk
j is the nodal basis function that spansV k

j (Ω). We can easily extend the
analysis to the case in which we use a good approximation ofa(φk

j , φ
k
j ).

Let V X
−1(Γ ), with X = F, E,NN, and W, be the restriction ofV X

−1(Ω), to Γ ,
and let the associated bilinear form be given bybX

−1(·, ·). Note thatbX
−1 is well
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defined foru ∈ V h
0 (Γ ), since the computation ofbX

−1(u, u) depends only on the
values ofu on Γh.

We introduce the operatorsTk
j : V h

0 (Γ ) → V k
j (Γ ), k = 0, · · · , `, and j ∈

N k
0 (Γ ), by

bj
k(Tk

j u, v) = s(u, v) ∀ v ∈ V k
j (Γ ),

and the operatorTX,Γ
−1 : V h

0 (Γ ) → V X
−1(Γ ), by

bX
−1(TX,Γ

−1 u, v) = s(u, v) ∀ v ∈ V X
−1(Γ ).

Let

TX,Γ = TX,Γ
−1 +

∑̀
k=0

∑
j∈N k

0 (Γ )

Tk
j

Theorem 10. For u ∈ V h
0 (Γ )

(1 + `)2s(u, u) � s(TX,Γu, u) � s(u, u).

Proof. The proof forX = W, with a condition number estimate ofC(1 + `)3 is
given in Dryja and Widlund [16] (Theorem 6.2). To obtain an improved, quadratic
estimate, we can use a result of Zhang (see Remark 3.3 in [34]). Using similar
arguments as in [16] and in previous sections, we can prove our current theorem
for the other exotic coarse spaces as well.

Another technique for estimating condition numbers for preconditioned Schur
complement systems was introduced by Smith and Widlund [25]. They showed
that the condition number of the preconditioned Schur complement is bounded
from above by the condition number of the full linear system preconditioned by a
related preconditioner. Using the same technique, Tong et al. [26] gave an upper
bound for the condition number for a Schur complement system preconditioned
by a BPX preconditioner. They only considered elliptic problems with nearly
constant coefficients. Here, we can also use the same technique to prove our
theorem. ut
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