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OVERLAPPING NONMATCHING GRID MORTAR ELEMENT
METHODS FOR ELLIPTIC PROBLEMS*

XIAO-CHUAN CAIf, MAKSYMILIAN DRYJA!, AND MARCUS SARKISS

Abstract. In the first part of the paper, we introduce an overlapping mortar finite element
method for solving two-dimensional elliptic problems discretized on overlapping nonmatching grids.
We prove an optimal error bound and estimate the condition numbers of certain overlapping Schwarz
preconditioned systems for the two-subdomain case. We show that the error bound is independent
of the size of the overlap and the ratio of the mesh parameters. In the second part, we introduce
three additive Schwarz preconditioned conjugate gradient algorithms based on the trivial and har-
monic extensions. We provide estimates for the spectral bounds on the condition numbers of the
preconditioned operators. We show that although the error bound is independent of the size of the
overlap, the condition number does depend on it. Numerical examples are presented to support our
theory.
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1. Introduction. The mortar element method was first developed for the pur-
pose of coupling different discretizations in different nonoverlapping subdomains. Sev-
eral studies have been carried out; see, e.g., [1, 2, 3, 4, 5, 6, 7, 11, 12, 15, 16, 22, 25,
29, 30]. In this paper, we consider the case of overlapping subdomains. We provide an
optimal error analysis for the two-subdomain case, and we provide spectral bound esti-
mations for the Schwarz preconditioned systems. The main advantage of nonmatching
grid methods is that highly structured local grids and corresponding fast solvers (and
software) can be used easily. To preserve the global accuracy of the discretization,
the interpolation between the neighboring subdomains has to be sufficiently accurate.
The mortar method provides one such interpolation scheme that passes the values of
a function from one grid to another without losing accuracy, as will be shown in this
paper. It is somewhat surprising that the discretization error is independent of the
overlap as long as a trivial requirement is satisfied; the overlap is not smaller than the
size of the coarser mesh. We also show that the error is independent of the ratio of the
mesh sizes. Another interesting finding is that larger overlap can make the resulting
linear system easier to precondition. We note that, independent of the development
of mortar based methods, overlapping nonmatching grid techniques have been used
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for more than 10 years by computational engineers in many large-scale simulations as
a way to reduce the cost of grid generation. The methods are often referred to as the
chimera methods or overset grid methods [13, 20, 26].

We are interested in solving the following elliptic variational problem. Find u* €
H}(Q), such that

(1) a(u*,v) = f(v), Yve Hé(Q),

where
a(uﬂ)):/Vu-Vvdm and f(v):/fvd;v.
Q Q

Here f(z) € L?(Q) is a given function and Q = Q1 U Q5 is an open polygonal domain
in 2. We assume that both €; and Q, are open polygonal domains and that the
diameters of 2, 01, and Q9 are of order 1. We shall introduce two independent
triangulations on €27 and 25, respectively, and a mortar element method defined on
the union of the two, generally nonmatching, triangulations. We assume that u*
satisfies the local regularity conditions

Q, € H1+Ti(Qi) and 0 <7; <1

u*

for i = 1,2. No global regularity of u* is assumed.

As mentioned earlier a lot of work has been done in the area of nonoverlapping
nonmatching grid methods. There are also several methods that use overlapping
nonmatching grid preconditioners for matrix problems obtained from nonoverlapping
discretization schemes; see [12, 15]. Some very interesting recent development in using
overlapping nonmatching grid methods can be found, for example, in the papers of
Kuznetsov [23], Blake [8], and Cai, Mathew, and Sarkis [10]. However, to the best of
our knowledge, this is the first paper that provides an optimal error analysis for the
overlapping mortar element method.

To avoid unnecessary complications, we restrict our discussion to Poisson’s equa-
tion with zero Dirichlet boundary condition. The extension to the smooth variable
coefficient case is straightforward. The paper is organized as follows. In section 2,
we introduce some notations. The mortar element method and some implementation
remarks are given in section 3. The analysis of the method is provided in section 4.
Several technical lemmas, used in section 4, are actually introduced and proved in
section 5. Section 6 reports several numerical experiments that are used to verify the
theory on the accuracy. Three preconditioning techniques are proposed and analyzed
in section 7. Section 8 contains some numerical examples supporting the theory of
the preconditioning methods. A short conclusion is given in section 9.

2. Model cases and function spaces. In this paper, we shall focus on two
model cases that have different technical difficulties. The main theorem on accuracy
holds for both cases; however, different proofs are needed. Most of our results can be
extended to more general cases.

Case R: The union of €7 and 2 is a rectangular domain, as shown in Figure 1.

Case L: The union of 7 and €2 is an L-shaped domain, as shown in Figure 2.

Before introducing the mortar element method in 2 with nonmatching grids in the
overlapping subdomains, we need to define some notations. First, let v; = 02;NQ,i =
1,2, be the interfaces. For Case R we define § as the distance between the two
interfaces, shown in Figure 1, and for Case L we assume 6 = O(1).
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£
Fic. 1. The subregions Q;,i = 1,2, are rectangles Q; = €%, x £y. £L £, are of O(1). & is the size
of the overlap.

e Triangulations and finite element spaces. For i = 1,2, let
Th = {Kl' j=1,..., M}

be a standard finite element triangulation in €);; see for example Figure 1. Here
K ;’ is a triangle and h; the mesh size. M; is the total number of triangles. We
assume that they are shape regular and quasi uniform; see Ciarlet [14]. The two
triangulations need not match in the overlapping region. Let V" = V" (Q;) be the
space of continuous piecewise linear functions on 7" which vanish on 9Q N dQ;. For
each node 2] in 7" we denote by ¢ () the usual basis function, i.e., ¢J" (z) € V",
and ¢;“ (z)=1ifz = mf and zero at all the other nodes. We define the support of
a basis function by

supp(qﬁg”) = supp(x;”) = {z| € Q; and (b? () # 0}.
Note that supp(a:f) is an open set. We also need the space
Xh = {(ul,u2)|ui S Vhi,i = 1,2}.

We denote by Vohi a subspace of V" containing all functions that vanish on 0€;.

e Trace spaces. We denote by V" (~;) the restriction of V" on 7;. Let us denote
by ai,aj, ..., al, the nodes of 7"();) on ¥;, and also denote by af and af, ,, the
two endpoints of ;; see Figure 2(a) and Figure 3. We assume that if aj (or aj, ) is
a node of T":(€);), then ajy = a} (or al, = al, ,,); see Figure 1 and Figure 2(a). It
is important to note that for v; to belong to V"¢, v; must vanish at a} and ay,.; see
Figure 3(a) for an example of a function in V" (;).

e Trivial extension operators. For any 7' € V"i(v;), we define a function
denoted by &7t in Vhi(Q;) satisfying £r? = r? at the nodes ab,a}, ..., a and
Er" equals zero at the remaining nodes of 7.

e Interface test function spaces. For i = 1,2, VNVh,L (7:) denote the space of
continuous piecewise linear functions on the grid af, as, ..., al, _;,al, .1, subject to
the constraints that these continuous piecewise linear functions are constants in the
intervals [a, ab] and [a}, _,al, . ]; see Figure 3(b).

e Mortars, mortar spaces, and slave nodes. The curve v; has two sides.
We refer to one of them as the mortar side and the other as the nonmortar side. In

%
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Fic. 2. Case L. The union of Q1 and Q2 is an L-shaped region.
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FIG. 3. (a) A function in the space VM (1), which is the image of m1. (b) A test function in
the space Wh, (71)-

most mortar element methods (see, e.g., [7]) the choice is rather arbitrary. In our
case, we have only one choice. For v;, we define the 7"2 side as the mortar side and
the 7" side as the nonmortar side. On the nonmortar side, a finite element space
is defined by using the mortar projection given below by (2). A similar definition is
used for vo. We define the mortar space V"2(v;) (resp., V"1(v3)), as the restriction
to the interface v, (resp., 72) of the space V"2 (resp., V). Among the points
ab,al,...,al, ab, ., as will be seen later, the values of the solution are known at
ag, ay, ay,. andl (— thrpugh the given boundary conditions. We shall refer to the
other points, a5,as,...,ay,. 1, as the slave nodes since their values are determined
by the mortar projections to be defined below.

e Mortar projections. The mortar projection 7 maps the space V"2(v)
into VM (y1). Given a ¢ € Lo(y1), we set (mp) € V™ (v;) to zero in the inter-
vals [a§,a1] and [a}, ,a;, ;1] and determine the values of (m1¢) at the slave nodes

a§7a§7 .. .7a},1171 by
(2) /Xw—m@wwzo Vb € W, (1)-
Y1

Similarly, we define the mortar projection 72 on 7o, which maps V"1 () into V"2 (~,).
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e The solution space. We define the solution space V" as follows:
Vh = {('Ll,l,UQ)‘ui € Vhi, 1=1,2, Ul|y, = 7r1(u2|71) and U |y, = 7T2(U1|,Y2)} .

Before closing this section, we need to make an important assumption under which
the mortar projections are computable.
Assumption 1. Let aj, be a slave node on +;; then

supp(aj,) Ny =0 fori # j

and 4,5 =1, 2.

REMARK 2.1. For Case R, the assumption implies that § > max{hy, ha}; oth-
erwise the subdomains are not connected on the mesh level. For Case L, it means
that the two darkened regions in Figure 2(b) do not intersect each other. Without this
condition, the two mortar projections cannot be calculated independently.

3. Overlapping mortar element methods. In this section, we introduce the
overlapping mortar element method and discuss some implementation issues, such as
the construction of basis functions in V. Our variational problem associated with
(1) is defined by the following. Find u = (u1,u2) € V", such that

(3) ah(“?”) = fh(v) Vo = (U17v2) € Vh7

where the weighted bilinear form is defined as

1
ap(u,v) = / Vu; - Vo dz + f/ Vui - Vo do
Q1\Q2 Q1N

1
+= / Vusy - Vug dx + / Vus - Vg dx
2 Q1N Q2\

and

1
)= [ ferdesg [ g
Ql\QQ 2 leQZ
1
—l—f/ foa da:—l—/ fvo dx.
2 Q1N Q1\Q2

The main motivation for defining the variational problem this way is that the
resulting stiffness matrix is symmetric. We will show later that the space V" is
nonempty under Assumption 1. We remark that for matching overlapping grids, by
identifying the nodes that are in the overlapping region, (3) reduces to the usual
finite element problem associated with (1). In fact, (1) is well defined for continuous
functions, and in this case it is equivalent to (3).

Since v; vanishes on part of 9;, i = 1,2, we can define a norm in X" by

lolli, = an(v,v).
It is easy to see that the bilinear form ap(+,-) is bounded in the sense that
(4) an(u,v) < [lullallvlln Va0 € X"
For our estimate of the discretization error, we assume that

u* e I’IH_T1 (Ql) X H1+T2(QQ),
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where 0 < 7; < 1, for 4 = 1,2. The main result of the paper is summarized in the
following theorem.

THEOREM 3.1. Assume that Assumption 1 is true. Then the exact solution u*
of (1) and the mortar element solution u of (3) satisfy

() lw* —ulln < C (R [w" |1 ) + ha? [0 L aiers @) 5

where C' > 0 is a constant independent of hy, ha, h1/ha, ha/hi, and é.

In the next few sections, we shall prove the theorem for both Case R and Case
L, with slightly different techniques. We note that V" ¢ X". The selection of basis
functions in V" is not as trivial as in the usual finite element case because the matching
conditions have to be satisfied. As a result of the mortar mapping, some of the basis
functions, near the interfaces, are not local functions, i.e., the support of the basis
function covers all the elements that intersect the interface.

Let Z; = {xlhi,l =1,.. .,Né”} be the set of nodal points in £;, not including
boundary or interface nodes. Né“ indicates the total number of nodes in €2;. For each
xf”, recall that qb? () denotes the corresponding regular finite element basis function.
Let Z; = {#",1=1,...,N}'"} C Z; be a subset of nodes such that supp(z]") (v, # 0
(for i # j). For each xl}“ € Z;, we define

h; hy .,
O =Ei(mi(dr]y,)), J# i
Then, every function u = (uy,us) € V" has a unique representation of the forms
up = Z ul(x;h) lhl (z) + Z u2(xf2) lhl(m)
:E;Llezl I;LQEZQ
and

Uz = Z us (2)2) P2 () + Z wy (2] )by ().

CU:L2€Z2 JilhlEZl

In summary, the basis functions have the forms

a,: { (@'@,0 if 2l € 2\ Z)
T (o) (), v () et € Zy
and
a,: 1O /() if 22 € Zy\ Zs
S (W2 (2), 12 (x)  if ) € Zo.

Note that the interface slave nodes are not accounted for regarding the degree of
freedoms. The total degree of freedoms is Nj* + Ny, The functions wlhi () (i=1,2)
have to be precalculated by solving some small linear systems of equations determined
by the mortar projection. Two additional linear systems need to be solved for finding
the slave values. The numbers of unknowns of these two linear systems are equal to
the numbers of the slave nodes on the interfaces. In the two-dimensional cases that we
consider, the linear systems are always tridiagonal, symmetric, and well conditioned
due to the nature of the mortar projection.

We note that two equivalent formulations for overlapping nonmatching grids are
given by Kuznetsov in [23]. One approach is based on a minimization principle and
the other uses Lagrange multipliers.
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4. Analysis of the discretization error. To analyze the discretization er-
ror, we use the well-known second Strang’s lemma, in Strang and Fix [27], for the
nonconforming situation. Let u* and u be the solutions of (1) and (3), respectively.
We have

[u* = ullp < inf ([[u* =vln+ lu—v[s).
veEVH

Here and below we use u* to represent (u*|q,,u*|q,). Using the fact that
lu =7 = an(u—v,u —v) = ap(u* —v,u —v) + {fu(u—v) —ap(u*,u—2v)}
and (4), we obtain

[fn(u =) = an(u”,u —v)|
lu = vl[n

[l = vfln < Ju" = vlln +

_ *
<t ol sp ) anle )
0AweVh [[wlln

Therefore,

. « w) — ap(u*,w
(6) |u* —ullp < inf 2|ju* —o|p+ sup [fn(w) — an(u”, w)
vEVh 0#£weVh [wlln

In the rest of this paper, we shall refer to the first and second terms of the right-hand
side of (6) as the best approximation error and the consistency error, respectively.

4.1. The best approximation error. Let us denote the subregion Q}lg as the
union of all closed simplices K;”, where K;“ € Th and K;"l belongs to 21 NQy. Let

us assume that Assumption 1 holds; therefore, Qi’é is a nonempty connected open
subregion. Let Vhl(Qllg) denote the space of continuous piecewise linear functions
on Q% that vanish on dQ"\y;. Let H"} denote the discrete harmonic extension
operator on V"1 (Q") with boundary data on ; and zero data on dQ"3\~;.
Similarly, let us denote the subregion Q}fg as the union of all closed simplices K ;’2,

where K;” € T2 and K]hz belongs to 25 N Q7. Let us assume that Assumption 1

holds; therefore, Q% is a nonempty connected open subregion. Let VhQ(Q%) denote
the space of continuous piecewise linear functions in Q73 which vanish on 9973\ 7.
Let H2 denote the discrete harmonic extension operator in V"2 (Q3) with boundary
data on 7, and zero data on 902\ ~s.

In the next lemma, we prove that the best approximation error is optimal. In the
proof, we use several technical lemmas that will be discussed in section 5.

LEMMA 4.1. Assume Assumption 1 holds. Then, for any u* € H*7i(Q;), i =
1,2, and 0 < 71,75 < 1, there exists v = (v1,v2) € V? such that

(7) [u* = v1|m1a,) < C (WD [u | gree ) + P52 | ez ,))
and
(8) [u* = va| g1 (ay) < O (W [u* | grem @y + B3 0" | e qy)) -

Here the constant C > 0 is independent of hy, ha, h1/ha, ha/hy, and 6.
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Proof. We first construct w = (wy,ws) € X". Let w; be a continuous piecewise
linear function defined in §2; by using the pointwise interpolation of u* at the nodal
points of 7"i. The standard interpolation theory [14] gives

(9) H’LL* — leLz(Qz) —+ h1|u* — w1|H1(QZ) S Ch;-‘rﬂ' ||u*||H1+7—i(Qi), 0 < T S 1.

Note, however, that w ¢ V", in general, since w;,i = 1,2 do not vanish at the nodes
{ai} and {af,,}. Also, w does not satisfy the matching conditions across the interfaces
yiyi=1,2.

Let z; € V" be a continuous piecewise linear function that equals zero at the
nodes a} and a’, and equals w; at the remaining nodes of 7":. Thus, the piecewise
linear function w; — z; is equal to u*(a}) at af and to u*(aj,,) at a},,. Then by using

i

Lemma 5.2 (to be introduced in section 5), we obtain, for 0 < 7; < 1,

(10) lwi(ah) = zi(a})| = |u*(a})| < ChT [u*|| grsm oy
and
(11) wi(ay,,) = zi(ay,,)| = [u*(a),,)] < CRT |u*|| gree o,)-

Since w; — 2; is equal to zero at all nodes of 7" except a} and a’, , we can use (10),
and (11) to obtain, for 0 < 7; <1,

(12) ||wl — ZiHLz(Qi) + hi|wi — ZilHl(Szi) S Chll_‘_ﬂ' U*HH1+T,i(Qi)7

and consequently, using a triangle inequality and (9), we obtain
(13) lu* = zill 2 () + hilu® = zilm oy < Ol 7 [u | g ()

Now z; € VM (i = 1,2), but z = (21, 22) € V" because the matching conditions
across the interfaces are not satisfied. To match the interface values, we need to
further modify z;. Let

rt = m1(z2(M)) —z1 onm

and
r? = mo(21(72)) — 22 on Yo.
We define the function v = (v, v3) as
v =z + Higrt i =1,2.

Note that Assumption 1 is used to guarantee the existence of H"r?. Note also that
Hrl (resp., H"372) vanishes on vy (resp., 71). Since v; belongs to V" (Q;), for
i = 1,2, and they satisfy the matching conditions, v belongs to V*. We next show
that v satisfies (7) and (8). By the triangle inequality

(14) " = vil o < | = zilm ) + M [ 0)-

The first term above has been estimated in (13). For the second term, we use Lemma
5.10 to obtain

hi i 7012 7]12
(15) |71127’ ‘HI(QT',) S C <|7" ||Holé2(7i) + 5”7" ||L2('y¢)> .
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We bound ||r!||12(y,), and similarly [[r?[|12(,,), as follows:

")

7 L2y = Im122 = 21ll L2 () = lIm122 = mi21 ]l 2 )

< ||7T122 — 7T1U*HL2(71) + H7T121 — 7T1U*HL2(71)-
A consequence of the L? stability of Lemma 5.4 is that
171220y < 6ll22 = u*[[L2(y) + 621 — || L2(yy)-
Using Assumption 1, we have that zo = wy on ~;. Then

22 = u*[[L2(yy) = llw2 — u™|[L2(y,)-

589

According to the standard estimate for pointwise interpolation, we get, for 0 < 7 < 1,

that
1/24
(16) lws = u | L2ey) < O/ 2 |u || 172 ).
Thus, we have obtained
(17) 7120 — m1u* || 2y < Chy! T2 |[u* || ivms gy 0 < 72 < 1.
We also have
[m121 — mu™||L2(y,) < 6l[21 — w[|L2(hy)

and therefore, by using a triangle inequality,

|21 — u”[| L2

) < flwr — w2

(71 (v1)

u*(ay,, )¢t

my

a

u*(a})dyt

L2(m)

Using the above estimate, together with (10), (11), and (12), we arrive at

+|
L2 (’Yl)
w121 — w1l 2y < Chy ™ [u | i oy, 0 <71 < 1.
This implies

2
1/2 Ti
(18) Irill 2y < €D B2
=1

u*”HHW(Qi), 7 = 1,2

1 I 2
We next bound ||r ||Héé2(71), and similarly ||~ HHS(ZQ(W)

of Lemma 5.4 to obtain

I gz ) < Imize = mellgeg,) +lImz = metligye,
< C ez =Wl gz, +6ller =l g -
Now with (13) we get

2

U*HH””(Qi)’ Z = 172

. We use the Héé ? stability

Finally (7) and (8) follow immediately from (14), (15), (18), (19), and the fact

that 6 is larger than max{hy, ho}. O
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4.2. The consistency error. The consistency error can be estimated rather
easily. For a smooth u*, by using Green’s formula and that —Au* = f in the L2
sense, we obtain

fr(w) —ap(u*,w) = / (f + Au*)wy do — 1/ ou” (wy)ds

(o} 2 1 311

1 ou* . 1 ou* 1 ou*
t5 /V2 o (wl)ds‘*‘/%(f‘i‘ﬁu Jws dx — 2L2 5, (w2)ds + 2[“ =5, (wa2)ds

1 8’[1,* 1 8u* 1 au*
Q/WW o (1l 2/% gy (w2 —wi)ds + 2[” o, (w1 = wa)ds,

where %—f denotes the normal derivative of u* with the unit vector n pointing to the
outside of 3 N Qy. Later, we use the density argument (Grisvard [19]) to estimate
fr(w) —ap(u*,w) for any u* € H*().

We summarize the result in the following lemma.

LEMMA 4.2. Let u* € HYTi(Q;), 0 < 7, < 1,i = 1,2. Then there ewists a
constant C' > 0 independent of 6, h;, and u* such that

|f’Y1U’Yz %[w]dﬂ T, * T, %
sup <C (h1 [|lu ”HHTl(Ql) + ha*[|u ||H1+72(92))-
opwevy  llwlln

Proof. We derive a bound for the consistency error on ;. The bound on v, can
be obtained in a similar way. Let w = (wy,w2) € V"; we have

ou*

Y1 on

(we —wy)ds| =

)

/71 a(,;; (we — mws)ds

and by using the definition of the mortar mapping (2), we also have Vi € Whl (71)

ou* ou*
(we — mwg)ds| = / < — 1/)) (we — mws)ds
Y1 8” Y1 an
R
< - 2 — T1W2|| f1/2
an [H1/2(A/1)]/ (n)
ou*
< ‘ on H (||w2||H1/2(’Yl) + ||w1||H1/2(’Yl)) :
" [HL/2 ()

Applying the trace theorem for w, we deduce that

/ aau (we — w1)ds 8; 1/)” }
m on n [H1/2(71))

With the help of Lemma 5.1 (or Lemma 4.1 of Bernardi, Maday, and Patera [7]), we
obtain

ou*

71 8”

<Clluofs i {H

YEWh, (1)

ou*

on

('U)Q — wl)ds < C’h;1 ||w||h < C‘h;1 Hw||h|‘u*||H1+rl(Ql). O

HY/2H71 (1)
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5. Technical lemmas. In this section we discuss several technical estimates.
We formulate and prove some of the lemmas in a way that is more general than
needed in this paper since we believe their applicabilities go beyond this paper.

The proof of the following lemma can be found in Bernardi, Maday, and Patera
[7], although their definition of the mortar mapping is slightly different from ours for
Case L because of the two extra intervals [af, a}] and [al, ,al, ,,]. Their proof also
holds here because the lengths of the intervals [ag, a5] and [a;,,, 1, a;,, 1] are O(h;);
we do not include the proof here.

LEMMA 5.1. Let 7; be the orthogonal projection from L?(vy;) onto Whi (7). Then,
for any 0 < 7; < 1, the following estimate holds for any v € H™ (~;):

lo = Foll L2y + By 2 ll0 = Fivll gy < CRT

UHH”(%‘)'

As a consequence,

inf {0 —Wlligirzeopr b < O 0]l s (-
weWhi(%){ (B2 () Hi ()

Here C' > 0 is independent of h;.

The next lemma is useful only for Case L. Let us restrict our arguments to 2y;
a similar argument applies for Q5. Recall that in the definition of the finite element
space V11 (€);), we insist that the functions vanish at two interior points a} and a}nl,
which is a bit unusual in the classical finite element theory. Due to the following
lemma, we show that the interior zero points do not affect the second-order (or 14 74-
order) accuracy of the overall discretization.

LEMMA 5.2. Let §; be a bounded open subset of R? with a piecewise C%' boundary
00. Assume that the aspect ratio and the size of Qq are both O(1). Let v C 99 be
a CYY (differentiable Lipschitz) curve with end points A and B. Also let n C v N OQ
be an open nonempty connected curve with end points A and xg. Then for any u €
H*71(Qy), 0 < 11 < 1, that vanishes on 09, we have

(20) lu(z)| < Cdit|ull gren o,y Yo €.

Here d, is the arc distance of the point x to n along the curve v. The constant C' > 0
does not depend on u, xo, and x but in general depends on the Lipschitz constant of
0.

Proof. If & € n, then u(x) = 0 and (20) holds trivially. Let us assume that
x € v\ n. Let z(x) be a point in the interior of n such that

d(z(z),z0) < d(z,x0) = dy.
We shall first assume that u is a smooth function and then pass it to any functions

in H'T71(Q;) using the classical density argument; see, e.g., Grisvard [19] or Lions
and Magenes [24]. Now let u € C°°(§2y); then

u(z) = u(z(x)) + /( )u/(s)ds.

Since u(z(x)) = 0 and v (s) = 0 on s € 1, we have
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Using the Schwarz inequality, we have
(21) )| < [ (9)lds < a2 fulm,
Zo

With the fundamental theorem of calculus, we have

u'(s) =u (2(z)) + /: )u” (t)dt,

and using that u/(s) =0on s €n, we get

u(x)z// u”(t)dtds.
zo J z(x)

By using the fact that u” (y) =0, y € n, the Schwarz inequality, and that d(xg, z(x)) <
d(x,z0), we obtain

(22) u(z)| < Cd(x, 20)* *|ulf2 ().

We obtain the estimate in H**™ (v) by interpolating the H*(v) estimate (21) and
the H?(v) estimate (22) (Lions and Magenes [24]). Thus, for 0 <7 <1,

(23) lu(z)| < Cdl/* ™ [[w]] griees (1)

With the usual density argument, the above estimate holds for any u € H*™ (v).
Finally, to obtain (20) from (23), we consider two cases, 1/2 < 73 < 1 and
0 <7 <1/2, separately.
For 1/2 < 7 < 1, we use the trace theorem for C%! (differentiable Lipschitz)
curve (see Theorem 1.5.2.1 of Grisvard [19]), which gives

u(@)] < CdZH[ull grreen ) < Cd [|ull grem ay)-

For 0 < 71 < 1/2, it is known that the continuous function space is embedded
into H'/2¥71(Q;). Using that u vanishes on 7, we can use the Bramble-Hilbert lemma
and scaling arguments to obtain, for 0 < 7, < 1/2,

u(2)] < Cd3 [ull prsmi (o, Vu € HF ().

The last arguments can be found in detail in the proof of Theorem 3.3 in [31]. a

REMARK 5.3. We remark that we use the above lemma by taking xo = a} (or
xo = a,, 1) and v as an edge of an element KJ}-L1 of Th1(Qy) that contains a} and
at. The lemma is useful only when a} # a}, and therefore (using the definition of a}
and al) a} belongs to the interior of v.

We next show the boundness of the mortar projection in two different norms.
Since the mortar projection is, in some sense, close to the regular L? projection, the
L? bound is rather easy to obtain. It is a bit involved to obtain its Hééz bound.

LEMMA 5.4. The mortar mapping ; is bounded in L*(v;), i.e.,

(24) Imiwlz2(ry < VOllwllp2ty) Y € L2 (),
and 7; 1s also bounded in Hééz(%), i.e.,

1/2
(25) Imiwll sz, < Cllwllgars,y Y € Hob® (),
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where the constant C' > 0 is independent of hy, ha, hi/ha, ha/hi, and §.

Proof. Let us consider the proof for 1. The proof for 7 is similar. Using (2) and
taking 1, here denoted by v, which equals to 7w at the nodal points al, al, ..., a}nlfl,
we obtain

[mwlZe(y,y < (T1w,0) 120,y = (W,0) 12(4y)-
Using simple calculations, we have
[0l Z2 ) < 6llm1wllags, )

and (24) follows easily. We next estimate the HééZ bound. Let w € H}(y1). By the
triangle inequality and then the inverse inequality, we have

1
2 2
@) Imulyp,, < C (e - el + 10nulye, )

Here Qp, : V"2(y;) — V™ (v) is the usual orthogonal L? projection. Note that
71 Qp,w = Qp, w. Therefore, using (24) we have

27)  [mw - Qh1w||2L2(71) = ||mw — 7T1Qh1w||%2(71) < Cllw = Qpywllp2(y,)-

The next step is to bound ||w — Qp, w||12(4,). Now we follow the proofs of Theo-
rems 3.2 and 3.4 of Bramble and Xu [9]. Let us denote by Z" the usual nodal value
1 1

interpolant on the grid af,al,al, ... 7(17,117(1}”1“. The interpolator is well defined in

H'(y1). Let us denote by ¢,: the standard basis functions associated to the continu-

ous piecewise linear functions on the grid aj, a1, a3, ..., ap,, ,ap, 1. It is easy to see
that

@ =T"w —w(a})du — w(ah,)day,

belongs to V"1 (). Therefore,

[w — Qnywl[L2(v,) < [Jw — Dl p2(y)

< lw = IMwl| 2,y + [w(ai)dat l2n) + lwlan,)dar, z2en)-

Since Z"w is well defined for w € H'(7;), by using a well-known result of Ciarlet
[14] we obtain

lw — I w| 12(yy) < Chlw] g4y
Using that w vanishes at af and a}nl 11, we have
[w(a)] < Chy* ] ) and |w(ag,, )| < Chy*[w]m sy
and then obtain
(28) [w = Qnwl[r2(7,) < Chalw|p(yy).-

Using that Qp, is a L? projection, we have ||w— Qp, w|12(5,) < 2||w||12(5,). Then
by the interpolation procedure we obtain

1/2
(29) ||’LU - thwHLz(’h) < Chl/ HwHHéo/z(’)’l)'
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The next step is to show that

(30) | wla () < Clwlm -
Let wg = w on [a},al] and [a%ll,a},l1+1], and wy = w(a%)cba%(:c) on [a},ad] and

wy = w(a}nl)d)a}nl (z) on [al, _y,a;, ], and zero at the remaining points of v;. Hence,

|QnywlE () < 2 (|Qh1(w = wo)lF1(y,) + ‘Qh1w0|§11('y1)) :

By using an inverse inequality, the L? stability result (24), and the definition of
wg, we have

C C C
10,0l ) < 3l @tttz < gallvoliagy < gz (R

JF”w(a%)(ﬁa}”iqai,a;) + Hw(ainl)@z}nl ”12(“%1_11“%1) + ||w||i2(a}nl,a}nl+l)>

< Clwli (-

In the last inequality, we use (21), which holds for functions w that vanish at a} and
1

Uy 41
Note that Qp, (w—wg) = Qp, (w—wp), where Q, is the standard L? projection in
the space of piecewise linear functions defined on the grids ai,ad, ... al, , and vanish

at the end points al and a}nl. Hence by using standard results of the L? projection
and some previous arguments we obtain (30) by

|Qn, (w = wo) 15,y < Clw = wolfa ) < Clwlfygy,

1
+055 (lo@)ou oy +o@h) e, o, ) S Cloling,:

1—1""mq
We then use (30), the L? stability of Qy,, and an interpolation procedure to obtain

(31) 1@l < Cluwl e

(m

The inequality (25) follows from (31), (29), (27), and (26). 0

To simplify the discussion of the next lemma we assume that 4 = (0,1) x (0,1)
is a unit square with sides parallel to the coordinate axes. The result of the following
lemma can be extended to any Lipschitz regions by using the techniques developed in,
e.g., Necas [21]. Let the z-coordinate of 71 equal 1. Let I's C 4 be the set of points
that is within a distance 6 of 1 and define ¢ = 9I's N Q4. Thus the z-coordinate of ¢
equals (1 — ).

LEMMA 5.5. There exists a constant C > 0 independent of 6, such that

(32) w72y < C ([wlF2yy + Slwlinr,))

and

1
(33) il < € (Alufiniey + 5ol )
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hold for any w € H* ().
Proof. By using the fundamental theorem of calculus we have

L dw
w(l—6,y) =w(l,y) — —(s,1y)ds.
( y) =w(l,y) - 5 (5:Y)

Squaring both sides and taking the integral in y from 0 to 1, we obtain

2

/01<w(1—5,y>)2dy§2/01(w(1,y))2dy+2/01( 1 W(W)ds) dy.

16 O

Now using the Schwarz inequality on the last term,

[ wt - swpta < [Cwiprase s ( [ (26w) ds> i

and (32) follows. To prove (33), we note that for z € (1 — 6, 1),

* ow
w(l—6,y) =w(x,y) — —(s,y)ds,
( y) =w(z,y) L 5 (5 Y)

which implies, by squaring both sides and using the Schwarz inequality, that

1 2
(w(l —86,y))? <2 <w(9r:,y)2 +6 (g:(s,yo ds) :

1-6

The proof of (33) is now had by integrating this inequality over (1—46,1) x (0,1). 0O
REMARK 5.6. A similar estimate plays a very important role in the study of the
optimal convergence of the overlapping Schwarz methods with small overlap; see Dryja
and Widlund [17].
The next two lemmas are devoted to Case R. For a given overlap §, we introduce
a finite element triangulation of size O(8) on Q1. More precisely, we let 7°(Q;) be a
triangulation of Q;, which may or may not be nested with 7"1(Q;). We assume the
triangulation is quasi uniform with size O(8) and V?®(€2;) is the space of continuous
piecewise linear functions on the triangulation 7°(Q;). We denote by 79 the set of
nodal points of 7°(Q;) belonging to ;. Following Dryja, Sarkis, and Widlund [18],
we define an interpolation operator IM : V1 (Q;) — V9(Qy) as follows.
DEFINITION 5.7. Given w € V"1 (Qy), define ws = IMw € VO(Q4) by the values
of ws at two types of nodes of T°(Qy):
(i) For an interior nodal point P € T°(Q1)\3, let 7p € T(Q) be a
triangle with P as one of its vertices. We define ws(P) as the average
of w over Tp, i.e., fTP wdx/ fTP ldz.
(ii) For a boundary nodal point P € +2, let 7p € T°(Q4) be a triangle
with P as one of its vertices and having an edge on ~v;. We de-
fine ws(P) as the average of w over Tp Ny, i.e., the line integral
ffprm wds/ ffpml 1ds.
LEMMA 5.8. There exists a constant C > 0, independent of 6 and hy, such that

(34) (I = I w| 20,y < C §|wlaia,),

(35) I w10y < C w|aiay),
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and
(36) 113" wll L2 (yy) < C llwll L2y

hold for any w € V" ().

REMARK 5.9. A proof can be found in the paper of Dryja, Sarkis, and Widlund
[18]. The interpolation operator IM is used only as part of the proof of the next
lemma, not in the implementation of any of the algorithms proposed in this paper.

For the next lemma, let us assume that ¢ is aligned with the hi-grid, and let H$
be the hi-discrete harmonic extension operator in V1 (T's) with boundary data on 7,
and zero data on 9T's\y1. Also, let Hy be the h;-discrete harmonic extension operator
in V"1(Q;) with boundary data on v; and zero data on 9§ \7;.

LEMMA 5.10. There exists a constant C > 0 independent of 6 and h1, such that

1
6,12 2 2
(37) i < € (Mol + 51l

for any w € V().
Proof. Using a triangle inequality, we have

|H‘1$w|§{1(1~6) < 2[HY(w — Iw) [Fr ) + 2|H(1$Iéww|%(1(r5) =2I + 215.

Let 05 be a smooth function with values equal to one on 7 and to zero on 24\I's. Let
Iy, be the usual pointwise piecewise linear continuous interpolation operator. Using
the fact that the discrete harmonic extension has minimal energy,

I < I, (0s(Hyw — I} Haw)) 31 )

1
<C <|H1w — I§4H1w|?{1(91) + ﬁHle — 15MH1’LU||2L2(QI)) .

In the last inequality, we used the standard estimate as in the additive Schwarz theory
(see, e.g., [17]). Finally we use (34) and (35) to obtain
2 2
L < C|H1w|H1(Ql) < O”wHH;f(wl)'
Using again that the discrete harmonic extension has minimal energy, and estimating
(36), we obtain

C
L<C Y (M) < Slolg,).

T E’Yf

The proof of the lemma follows immediately. a
REMARK 5.11. This lemma is used only for Case R.

6. Numerical experiments: Accuracy. To support the accuracy theory de-
veloped in the last few sections, we conduct some numerical experiments. We consider
only Case R, and the problem domain is shown in Figure 1. In all tests, we assume
that the exact solution u has the form

u(z,y) = (sin(mc) + sin (gx)) sin(7y)
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TABLE 1
The initial grid on Q1 is 6 X5 and on Q2 is 5x4. The element sizes are h1 = 0.2 and ho = 0.25.
6 = 0.45. In row I, the number in parentheses is the ratio with the number in row ! — 1. The ratio
indicates the order of the accuracy of the discretization.

L? L H1 L>°(Ve)
1=0 | 8.629D-02 0.1375 1.363 1.717
=1 | 2.274D-02(3.79)  3.754D-02(3.66)  0.7108(1.92) 0.8686(1.98)
1=2 | 5.905D-03(3.85)  9.469D-03(3.96)  0.3569(1.99) 0.4346(2.00)
1=3 | 1.480D-03(3.99)  2.375D-03(3.99)  0.1785(2.00) 0.2172(2.00)
1=4 | 3.704D-04(4.00)  5.945D-04(3.99)  8.927D-02(2.00)  0.1086(2.00)
I=5 | 9.264D-05(4.00) 1.486D-04(4.00) 4.463D-02(2.00)  5.429D-02(2.00)

TABLE 2
We fiz the refinement to | = 5, i.e., h1 = 0.2/32 and ha = 0.25/32. The grids are (160 +
ovlp) X 160 and (128 + ovlp) x 128.

L? L H! L>°(Ve)

ovlp=1 | 9.159D-05 1.415D-04 4.462D-02  5.429D-02
ovlp=2 | 9.158D-05 1.415D-04 4.463D-02 5.429D-02
ovlp=4 | 9.170D-05 1.417D-04 4.462D-02 5.429D-02
ovlp =8 | 9.190D-05 1.421D-04 4.462D-02 5.429D-02
ovlp =16 | 9.220D-05 1.435D-04 4.463D-02  5.429D-02
ovlp =32 | 9.264D-05 1.486D-04 4.463D-02  5.429D-02

and Q = (0,2) x (0,1). We denote Qf = (0,1) x (0,1), 29 = (1,2) x (0,1), and
the computed solution u = (uy,u2) € V. Let I;, be the pointwise piecewise linear
interpolation operator in 7"¢. The error that we report in this section is defined by

e=(e1,e2) = (Ip,u™ —uq, In,u* —uz).

Our theory applies only to the H! norm, but three discrete norms L2, L>°, and H'
are used to measure the numerical error. More precisely, we use

lellzzey = \/llerZaqe) + lle2lZqg)-
Similarly, we can define |le]|g1(q). [le]|z~(q) is given as

llell Lo (@) = max{|le|| Lo (a,); lell Lo () }-

The refinement is done by simply cutting each triangle into four equal triangles. We
use [ to denote the level of refinement.

In the first test case, we take hy and hs close to each other. We choose 2 =
(0,1.2) x (0,1) and 5 = (0.75,2) x (0,1). The overlapping size is fixed to § = 0.45.
The initial mesh (i.e., | = 0) sizes are hy = 0.2 and hy = 0.25, which translate to two
nonmatching grids of 6 x 5 and 5 x 4. The results are summarized in Table 1. Five
levels of uniform refinements are performed. One can see clearly that the method is
of first order in H'(2) and of second order in L?().

We next examine the dependence on the overlap. We fix the mesh sizes at hy =
0.2/32 and he = 0.25/32, i.e., the refinement level [ = 5. Let ovlp be an integer
denoting the number of elements in the z direction in the overlapping region; we let
ovlp go from 1 to 32. The results can be found in Table 2. As predicted in Theorem
3.1, the accuracy is independent of the overlap.
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TABLE 3
We fix the overlap 6 = 0.275. The initial grid is 6 X 5 and 5 x 4. Shown is the error on 1 and
Qo when we refine both grids uniformly with different level of refinement denoted by lg, and lg,,
respectively.

L? L H! L*°(Ve)

error in 21

lo, =3, lg, = 3.059D-02 7.890D-02 1.538 0.6549

lo, =4, 1o, =1 | 8.126D-03(3.76)  2.238D-02(3.52) _ 0.6592(2.33) 0.3942(1.66)

lo, =5, lo, =2 | 2.119D-03(3.83)  6.177D-03(3.62)  0.3070(2.14) 0.1417(2.78)
error in o

lo, =3, lg, =0 | 4.732D-02 9.488D-02 0.3460 1.2002

lg, =4,1lg, =1 | 1.294D-02(3.66) 2.596D-02(3.65)  0.1754(1.97) 0.6110(1.96)

lg, =5,1lg, =2 | 3.310D-03(3.91) 6.709D-03(3.87)  8.646D-02(2.03)  0.3095(1.97)

Instead of using the same level of refinement in both subdomains, we experiment
with a different level of refinement denoted by lg, and lo,. We also measure the error
separately in 7 and Q. We start with the same initial mesh (6 X 5 and 5 x 4) and
refine three times in each subdomain with levels equal to lg, = 3,4, 5, and lo, = 0,1, 2.
The results are provided in Table 3.

7. Additive Schwarz preconditioners. The linear system of equations cor-
responding to (3) is usually large, sparse, symmetric positive definite, and ill con-
ditioned. Preconditioning is necessary if iterative methods are used to solve it. In
this section, we introduce several additive Schwarz preconditioners. A good introduc-
tion on the abstract additive Schwarz method (ASM) and its theory can be found
in the book by Smith, Bjgrstad, and Gropp [28]. The key element of the abstract
ASM theory is the introduction of a bounded decomposition of the finite element
solution space V". Three such decompositions will be discussed in this section. Some
numerical results are given at the end to support our theory.

7.1. An additive Schwarz method based on the harmonic extension
(ASHE). We first introduce a method that uses discrete harmonic extensions in the
overlapping region. The subspace decomposition is given by

VE=TVi+ ToVa, Vi=VM(Q), Va=V2(Q),

where the interpolation operator Z; : Vi (€;) — V(Q) is given as follows. For
vy € V" (Q1), we define Z,v; € V*(Q) by

1 in  Qq(interior, zero on 1),
Tyvy = { mav1 on s,
h .
H1227T2’U1 m QQ,

and the interpolation operator Zp : Vi2(Qy) — V"(Q) is given as follows. For vy €
Vi2(Qy), we define Zovy € V(Q) by

Vo in Qo (interior, zero on 7s),
Tovy = Tiv2 on Vi,
h .
H121 T1V2 1IN Ql.

Let the bilinear forms b;(u;, v;) : Vi () x VI'(Q;) — R, i = 1,2, be defined by

(38) bi(ui, Ui) = ai(ui,vi) = / Vul . V’Ui dx.
Q;
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The subspace projection operator T} : V(Q) — VO}” (€),i = 1,2, satisfies
bi(Tiu,v) = an(u, Tw) Yo € VI ().
Now we define the operator T; = Z;T; : V(Q) — V"(Q) and let
T =T +Tp.

To analyze the spectral condition of the operator T', we use the abstract ASM
theory. The following lemma is a slightly modified version of the abstract ASM
lemma in Smith, Bjgrstad, and Gropp [28] for two overlapping subregions with no
coarse space.

LEMMA 7.1. Suppose the following three assumptions hold:

(i) There exists a constant Co such that Yu € V"(Q) there exists a de-

composition u = Z?Zl Tiui, u; € Vohi(Qi), with

2
Z bi(ui,u;) < Chap(u,u).
i=1

(ii) There exist constants €;5,1,7 = 1,2, such that

an(Zivi, Ziuj) < €; ah(Iiui,L‘Uz‘)l/gah(IjujvIjuj)l/2

Yu; € V() Yu; € Vi ().
(iii) There exists a constant w such that
an(Tiug, Tiug) < whi(ug,u;) Yu; € Voh"’(Qi),i =1,2.
Then, T is invertible, a,(Tu,v) = ap(u, Tv) Yu,v € VH(Q), and
(39) Ci2an(u,u) < ap(Tu,u) < (p(E)w)an(u,u) Yu € VH(Q).

Here p(£) is the spectral radius of €, which is a 2 X 2 matriz made of {e;;}.

We estimate the condition number of T' in the next theorem. Both Case R and
Case L are considered. For Case R, we define the overlapping size ¢ as usual, and for
Case L, we assume that § = O(1).

THEOREM 7.2. Assume that Assumption 1 holds. Then

cdap(u,u) < ap(Tu,u) < Cap(u,u) Yu € V(Q),
where ¢ > 0 and C' > 0 are constants independent of h; and 6. Therefore if the overlap
is sufficiently large, i.e., 6 = O(1), the preconditioner is optimal.
Proof. We follow the abstract theory stated in Lemma 7.1. We need only to verify

the three assumptions.
Assumption (i). Given v = (v1,v2) € V*(Q), we define u; € Vi (Q;) as follows:

h h .
Uy = v — Hlévl = V1 — Hlé (7T11)2) m Ql
and

h h .
up = vo — H3vs = vg — H{3(mov1) in Qo.
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It is easy to check that u; € VO}“ (€;) and that v = Zyuy + Zous, since

h h .
v — Higvr + Higmivs = v in{y

Tyuy + Toug =
h h :
’H1§7r21)1 + v — H1§U2 = wy in Q.

For i = 1,2 we have

(40) a;(ug,uq) <2 (ai(vi,vi) + ai(Hgvi,H}fﬁviD < %ai(vi,vi).

To obtain the last inequality, we use Lemma 5.10 and the standard trace theorem

1 C
hi, |2 112 ey 112 a1 -
|H12’Ul HI(QE) < ¢ (H’UZ”HéO/?(,W) + 5”1}1[,2(%)) < 5 az(vuvz)'

Note that the above inequality holds for Case L with § = O(1). From (40), we obtain
C2 = C/4, since

C
by (u1,u1) + ba(uz,us) < gah(uy u).

Assumption (ii). It is easy to see that p(&) < 2.
Assumption (iii). We prove for i = 1. Let u; € Vo' (Q;). Then

ah(IluhIlul) S 2(11(’LL1,U1) + 2@2 <H§L§ (Wgul),HiLS (772’11,1)) .

To bound the second term, we again use Lemma 5.10, which implies that

1
h
|H1§ (7T2u1)‘?{1(9¥22) < C (||7T2U1||2Hé(42(’72) + 6”77211’1'%2(’72)) :

we apply the Héf stability result of Lemma 5.4

To bound H7r2u1||H362(W2),

2 2
Iman o) < Cllusl o, < Conun, ),
To bound [|mu1[12(+,), We use the L? stability result of Lemma 5.4,
2 2

[moun||72(y,) < Cllurllzz(y,),

and we use the fact that u; vanishes on v, and by Lemma 5.5 we have
2

[willz2(y,) < C6 bi(ur,wr).

Therefore w = C, which appears in the above inequality. ]
REMARK 7.3. We remark that if the overlap is sufficiently large, i.e., 6 = O(1),

then the algorithm is optimal in the sense that the convergence rate is independent of

the mesh parameters hi and hs. The large overlap condition is satisfied automatically
for Case L.
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7.2. An additive Schwarz method based on the trivial extension (ASTE).
We propose another additive Schwarz method in which the harmonic extension op-
erator used in the previous subsection is replaced by a trivial zero extension. This
method is computationally cheaper and easier to implement. Let us recall the defini-
tion of the trivial extension operators. For i = 1,2 let &r? : Vi(v;) — V" (Q;) be
the zero extension of r¢ to Q;; i.e., &' = r® at the nodes ab,d}, ..., al, _; and &'
equals zero at the remaining nodes of 7",

The subspace decomposition is given by

2
mg

V=T, Vi + Vo, Vi = Vohl(Ql)v V= %h2(92)’

where the interpolation operator ; : Vohl(Ql) — V™Q) is given as follows. For
vy € VI (Qy), we define Zyv, € V() by

(%1 in Ql,
111}1 = U1 on 7o,
5271'21)1 in QQ,

and the interpolation operator Zp : VJ'?(€22) — V*(Q) is given as follows. For vy €
V2(Qy), we define Zov, € V(Q) by

V2 in QQ,
IQUQ = T1V2 on i,
5171’1’02 in Ql.

The bilinear forms b; (ug,v;) : Vg () x Vg () — R, i = 1,2, are defined the same
as in (38). We define the projection operator Ty : Vi) — Voh'i (€),i=1,2, by

bi(Tyu,v) = ap(u, Liv) Yo € V().

Now we define the operator T; = 7.7} - VHQ) — VH(Q) and let T = Ty + Tp. The
spectral bounds of T" are estimated in the following theorem. Again, for Case L, we
assume 6 = O(1).

THEOREM 7.4. Assume that Assumption 1 holds and let h = min{hq,ha}. Then

chap(u,u) < ap(Tu,u) < C %ah(u,u) Yu € V(Q),

where ¢ > 0 and C > 0 are constants independent of h; and §.
Proof. We only need to verify the assumptions in Lemma 7.1.
Assumption (i). Given v = (vy,v2) € V() we define u; € Vbhi(Qi) as follows:

up = v — &y = vy — E(mvz) in O
and
U9 = Vg — 52’02 = V2 — 52(7721}1) in QQ.

It is easy to check that u; € VO’” (€;) and that u = Tiuy + Tous. Tt is straightforward
to show that

C C
bi(us, u;) < Eai(viavi) < Eah(vvv)
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and therefore C3 = C/h.
Assumption (ii). It is easy to see that p(&) < 2.
Assumption (iii). We discuss only the case i = 1. Let u; € Vg (Q;). Then

an(Trur, Tyur) < 2 (a1 (u1,u1) + ag(Ex(maur), Ea(mour))) -

Using an inverse inequality and the L? stability result of Lemma 5.4, we obtain

c C
a2 (E2(maun), E3(mawn)) < = 12| 22(sy) < T lusllZ2 -
Recall the fact that u; = 0 on 71, and using Lemma 5.5 we have

HU1H%2(72) < 05\’“1@11(91092)-

Note that for Case L, § can be replaced by 1. Therefore,
A . 6
ap(Zyur, Tyuy) < C Eb1(u1,u1)~
Similarly, we can get

ah(IQUQ,IQUQ) S C h%bQ(UQ,UQ).

Thus, we can take w = C §/h. 0

REMARK 7.5. The algorithm is not optimal, and both lower and upper bounds
are dependent on h and the overlapping size 6. Howewver, the algorithm is easy to
implement. A slightly improved version of the algorithm is given in the next subsection.
A comparison with ASHE is given in section 8.

REMARK 7.6. The upper bound depends on 6 in a rather bad way, i.e., it increases
when the overlap increases. This also shows up in the numerical examples.

REMARK 7.7. We note, however, that the lower bound for Case R can be improved
from Ch to Ch/(1 —6) for large overlap. For the proof we use (32) to obtain

1 1
2 2 2
[E101[ 310y < ChTHUl”Lz(M) < Chj”vQ”L?('yl) <C I vl z (2\01)-

7.3. A method based on a modified trivial extension (ASTE1). Both
the upper and the lower bounds of ASTE depend on the mesh parameters. Here we
propose a modification of the bilinear form b;(+,-) and as a result the upper bound
becomes independent of the mesh parameters. We assume the subspace decomposition

is the same as in the previous subsection. Here we modify the bilinear forms; i.e.,
bi(ui, v;) = Vi (%) x VI (Q;) — R, i = 1,2, are now defined by

h h
by(ug,up) = <1—|—h;) al(ul,u1)+é Z u(z)

and
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Here Djh (i # j) denotes the set of mesh points z in the triangulation 7", such that
supp(z) Ny # 0.
We define the projection operator Tj : V*(Q) — Vg (Q;),i = 1,2, by
bi(Tiu,v) = ap(u, Liv) Yo € V().
Now we define the operator T; = 7.7T; : VPQ) — VH(Q) and let T = Ty + Ts.
THEOREM 7.8. Assume that Assumption 1 holds. Then

11\ !

c <h + h) an(u,u) < ap(Tu,u) < Cap(u,u) Yu € V(Q),
1 2

where ¢ > 0 and C > 0 are constants independent of h; and §.

Proof. We exam the assumptions in Lemma 7.1.
Assumption (i). Given v = (v1,v2) € V*(Q) we define u; € V" (Q;) as follows:

Uy = V1 — 511}1 = V1 — 51(71’1’02) in Ql
and
U = Vg — 521}2 = Vg — (‘:2(71'2’01) mn Qg.

We have

h
bi(ui,u1) <2 (1 + hl) (a1(vi,v1) + a1 (101, E1v1)) + va(l’)
2

1 2
<’ (1 + hz) (al(vl,vl) + hl|U1||L2(,Y1)>

¢ 2 2
i (ol ey + ol )
where 75~ and 7, are the lines parallel to 75 and contain the nodal points of Dé”.

Using the standard trace theorem, we have

1

1
bi(u,u) < C <h1 + hz) a1 (vi,v1).

And similarly

1 1
ba(ug,u2) < C <h1 + h2> as(v2, v2).

Adding these estimates, we get

1 1
by (u1,u1) + bo(ug,uz) < C | — + — | ap(u,u).
h1 ho

Therefore, C2 = C(hi1 + ).
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TABLE 4
A comparison of four methods in terms of the iteration numbers and condition numbers, given
in parentheses. The initial grids are 6 X 5 and 5 X 4. The overlap is fized at 6 = 0.45. [ is the level
of refinement.

no prec ASHE ASTE ASTE1

=0 | 27(15.8) 14(3.0) 17(3 7) 19 (3.8)
= 60(73.5) 14(2.2)  22(6.5) 21(5.5)
T=2 | 121(310.95) 14(2.6) 28(14.8)  26(9.4)

I=3 | 241(1270.)  14(2.5) 37(38.2)  31(17.3)

I=4 | 472(5132)  13(2.5) 54(118.4) 39(33.1)

=5 | 916(20621) 13(2.5) 85(404.4) 52(64.6)

Assumption (ii). p(€) < 2.
Assumption (iil). For u; € V)" (€), and using the L? stability of Lemma 5.4,

(Ilu1,Ilu1) < 2aq(u1,u1) + C Hu1||L2 (72)"

Now we use inequality (33) for a strip Dgl of width 2hq, i.e.,

1
2 2 2
Hu1HL2(72) <C <h1|u1|H1(D;1) + h1|u1|L2(D;1)> )

to obtain
N N hy
ah(Ilul,Ilul) SC (1+ A >a1(u1,u1)+12u%(x) :Cbl(ul,ul).
2

Similarly, we have
an(Zour, Touz) < Cbo(ua, us).

Thus, we obtain w = C. ]

REMARK 7.9. Note that the bounds that appear in the lemma are independent of
the overlapping parameter 6, even for Case R. Numerical exzamples given in the next
section indeed show that increasing overlap does not decrease the number of iterations.

8. Numerical results: Preconditioning. In this section, we present some
numerical results concerning the convergence rate of the preconditioned conjugate
gradient (PCG) methods. We are particularly interested in the dependence of the
algorithms on the mesh parameters hy and hy and the overlapping size 6. All tests
are for Case R.

In Table 4, we present the number of PCG iterations and the condition number
of the preconditioned system for each of the three algorithms, plus the case when no
preconditioner is used. We stop the iteration when the initial preconditioned residual
is reduced by a factor of 10712, The initial grids are 6 x 5 and 5 x 4, and the grids
are refined simultaneously for up to [ = 5 times. The overlapping size is fixed at
6 = 0.45. It can be seen clearly that the number of iterations for ASHE stays as a
constant; however, all other methods have some dependence on the refinement level.
The modified method ASTEL1 is considerably better than ASTE.
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TABLE 5
Verifying the overlapping size. The mesh sizes are h1 = 0.2/25 and ha = 0.25/25. The actual
meshes are (160 + ovlp) x 160 and (128 + ovlp) x 128. Note that ovlp = 32 is the same as § = 0.45.

no prec ASHE ASTE ASTE1
ovlp=1 | 751(14418) 50(74.4) 61(116.0) 44(101.0)
ovlp =2 759(14585 32(27.3) 65(158.8 53(99.0)

19(95.5)
19(38.2)
18(77.6)
52(64.6)

ovlp =8 | 788(15702 74(318.2
ovlp = 16 | 809(17364) 15(3.3)  79(396.4
ovlp = 32 | 916(20621 85(404.4

64.6

) )
) )
ovlp=4 | 774(14937) 22(12.6)  70(230.4)
) )
) )
) )

In the second set of tests, we fix the mesh sizes and vary the overlapping parameter
6. As predicted by our theory, ASHE gets better when the overlap becomes larger.
The other two preconditioners do not share this property. The results can be found
in Table 5. We should mention that although ASTE and ASTE1 do not perform as
well as ASHE they still have practical value since they are much easier to implement.

9. Concluding remarks. In the first part of the paper, we introduced a mortar
finite element method defined on overlapping nonmatching grids. An optimal accuracy
theory is provided for the two-subdomain cases. When a geometrical condition is
satisfied we prove that the accuracy is independent of the overlap, as well as the
ratio of the subdomain mesh sizes. In the second part of the paper, we studied three
additive overlapping Schwarz preconditioning techniques. One of the preconditioners,
based on the local harmonic extension, is optimal in the sense that the convergence
rate of the corresponding PCG method is independent of the mesh parameters hq
and hy. Much more work needs to be done in the area of overlapping mortar element
methods, such as extending the methods and theory to the case when more than two
subdomains overlap and to three-dimensional problems.
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