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Sample Solutions — Assignment 3

1. We must decide, in parts (a)—(d), if L is a linear transformation.

Solution:
(a) L:R?* — R3 via

s([n])-] =

U1U2
1 1
This is not a linear transformation. Indeed, let u = [ 1 } . Then L(u)= | 1
1

let r = 2. Then

and we have

So property (a) of the definition fails to hold.
(b) Suppose L : R? — R? via
s(Ln))-as]
U2 U1 — U2
To show that L is a linear transformation, let
u= {ul} and v = [Ul]
U2 U2

Then
(1)

Lu+v)=1L RN I S _ | w At uz ot v
U2 V2 U + Vg U] — Uy + V1 — Vs



On the other hand

L<u)+L<v>:L[ul ]H{vl } _ {u1+u2 }+{Ul+v2 } ) [u1+u2+v1—|—vg}

U9 Vg Ul — Usg V1 — Vg Uy — Uy + V1 — V2

So L(u+v) = L(u) + L(v).

(2)
i = (k[ )= ([ ]) = [ e

On the other hand

kL(u)zk(L[Z; D :k{Zifﬁi ] N [Zﬁifﬁi]
So L(ku) = kL(u).

From (1) and (2), we can conclude that L is linear.

(c) We have L : R* — R? via

U1
Ug 2uy
L ug { 0 }
Uy
This is a linear transformation. For if we let
Uy (%1
u=| | andv=|"
us V3
Uy Uy
Then
(1)
! U1 up + v
Lu+v)=1L Us n Vs _7 Ug + Vg :[2(u4+v4)}
U3 U3 Uz + U3 0
Uy Uy Ug + Uy
On the other hand
U1 U1
_ U va || 2uy 205 | [ 2(ug + v4)
ML) =Lt E ], _{0}+{0}_{ 0
Uy Uy



So L(u+v) = L(u) + L(v).

(2)

U1 k:ul
. U2 o kUQ o 2]6’114
Lka)=L | k s =L ot —[ 0 }
Uy kU4
On the other hand
Uy
_ U9 _ 2ug || 2kuy
a2 2] T2 ]
Uy

So L(ku) = kL(u).
From (1) and (2), we can conclude that L is linear.

(d) We are given L: ]R2 —>R2 via
U9 U + Uo

This is not a linear transformation. For we immediately see that L(0)

5
So, by Corollary 4.1, L cannot be linear.

. For each of the following linear transformations, write down the standard matrix rep-
resenting L.

(a) L:R?2 — R3 via

(b) L:R? — R? via

(c) L:R*— R? via

Uy

U9 |:U1+7'LL3—2U4 :|
L =

Us 0

Uy



Solution:
(a) The standard matrix A representing L is the 3 x 2 matrix whose columns are L(eq),
L(ez) respectively. Thus:

1-0 1

L(el):L[é]: 0 | =1]0|=cona
5—0 5
0 0-1 —1
L(ez)—L{l}— 2 =1 2 | =coly(A)
0—-1 —1
1 -1
Hence A= | 0 2
5 —1

(b) The standard matrix A representing L is the 2 x 2 matrix whose columns are L(ey),
L(ez) respectively. Thus:

Lier) = L [ H _ [g} —— coly (A)

L(ez):L[ﬂ:[ﬂ:coz2<A)

20

(c) The standard matrix A representing L is the 2 X 2 matrix whose columns are L(eq),
L(ez) and L(es) respectively. Thus:

HenceA—{O 2]

1
0 1+0-0 1
L(el) =L 0 = |: 0 :| = |:0:| :COll(A)
._O_
0 _ S
1 0+0-0 0
L(es) =L 0 :_ 0 _:_O_:colg(A)
_O_
F 0
0 [ 0+7—0 | 7
L(es) =L L= 0 _: 0 = col3(A)
_0_
0
0 04+0-2 -2
L(es) =L 0 —{ 0 }:{ 0 }:col4(A)
1



1 0 7 =2
HenceA:[O 00 O}

. Exercise #T.5 on pages 213.

Solution: Because L : R" — R’ be defined L(u) = au + b, for each u or v in R", if L
is a linear transformation, then according to the definition:

(1) L(u+v) = L(u) + L(v);

(2) L(kv) = kL(u);

So we get

(1) L(u+v) =a(u+v)+b = aut+av+b = Lu+Lv = (au+b)+(av+b) = au + v+2b
Sob=10

(2) L(ku) = a(u) + b =aku+b=kLu = k(au+b) = aku + kb

So b= kb

Exactly when b = 0, we have b = kb for any k. So we can conclude that L is a linear
transformation only when b = 0, but for any real number a.

. Exercise #T.8 on page 214.
Proof: Let L : R® — R™ be a linear transformation and u and v are vectors in R,
then according to Theorem 4.6:

L(au+bv) = a(Lu) + b(Lv) = a0 + b0 =0

for any scalars a and b.



