CS 453X: Class 20

Jacob Whitehill



More on training
neural networks



Training neural networks

e While training neural networks by hand is (arguably) fun, it
Is completely impractical except for toy examples.

e How can we find good values for the weights and bias
terms automatically?
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Training neural networks

e While training neural networks by hand is (arguably) fun, it
Is completely impractical except for toy examples.

e How can we find good values for the weights and bias
terms automatically?

e (Gradient descent.
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Gradient descent:
XOR problem

e Here is how we can conduct gradient descent for the
XOR problem...

o | et’s first define:

j = ([ L1 D — W@, (W<1>X+b<1>) L p®
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XOR problem...
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Gradient descent:
XOR problem

e Here is how we can conduct gradient descent for the
XOR problem...

o | et’s first define:

W<1>:[w1 wQ],W(2):[w5],b(1):[b1 ],b@):[bg}

w3 W4

* Then we can define g so that:

y = ([ » ]) = W®g (W(l)x+b(1)) + b
T

- [ fe([m e [ ] [ n])

wso (wi1x1 + woxe + by) + wgo(w3ry + waxs + bo) + b3



Gradient descent:
XOR problem

* From y, we can compute the fuse cost as:

) L .
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Gradient descent:
XOR problem

* From y, we can compute the fuse cost as:
1

A

fMsE (95 wy, wo, w3, Wy, ws, we, by, ba, by) = 5(?/ —y)?

* \We then calculate the derivative of fuse w.r.t. each
parameter p using the chain rule as:

Ofmse  Ofmsk 0Y

Op 0y Op




Gradient descent:
XOR problem

* Now we just have to differentiate y = g(x) w.r.t each
parameter p:, e.qg.:
0y 0

7 = — [w50(w1:1:1 + Wo o + bl) + wga(w33&‘1 T W4T T b2) + b3]
(911)1 8”&1]1
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* Now we just have to differentiate y = g(x) w.r.t each
parameter p:, e.qg.:
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Gradient descent:
XOR problem

* Now we just have to differentiate y = g(x) w.r.t each
parameter p:, e.qg.:
0y 0
—— = —— [wso(wiz1 + wars + b1) + weo(wsry + wars + by) + ba]
(911)1 8”&1]1
p— w5



Gradient descent:
XOR problem

* Now we just have to differentiate y = g(x) w.r.t each
parameter p:, e.qg.:
o4 9,
—— — —— [w50(w1:1:1 + WoX9 —+ bl) -+ w6a(w3:131 —+ WyX9 —+ b2) —+ bg]
(911)1 8”&1]1

= w50 (wir1 + woxo + by)
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* Now we just have to differentiate y = g(x) w.r.t each
parameter p:, e.qg.:
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Gradient descent:
XOR problem

* Now we just have to differentiate y = g(x) w.r.t each
parameter p:, e.qg.:
o4 9,
—— — —— [w50(w1:1:1 + WoX9 —+ bl) -+ w6a(w3:131 —+ WyX9 —+ b2) —+ bg]
(911)1 8”&1]1

/
= w50 (w11 + wax2 + b1)xy

where:

, 0 if z2<0
— ReL
o' (2) {1 PR for ReLU



Gradient descent:
XOR problem

e Hence:

83} o 0 if W11 + Woko + bl S 0
Ow1 o wsxr, 1 wixy + woexe + b1 >0

since:

{ 0 if z2<0

for RelLU
1 if z2z>0



Exercise

e Find:

57:9 — a% [w50'(w1:[;1 —+ WoXo + bl) + ”LUGO'(”LU3I1 T W4T + b2) + bS]
2 2



Exercise

Find:
(%t) — 8% (wso (w11 + waTe + b1) + weo (w31 + waza + b2) + bs)
2 2

= w60’(w3$1 + w2 + ba)

0 it W31 T WX 1T bg S 0
weg 1t wsx1 + wexo + by >0




Gradient descent:
XOR problem

 \We also need to derive the other partial derivatives:

0y oy 0% 0y
6’w1’”'8w6’8b1’”'0w3

e Based on these, we can compute the gradient terms:

Ofmse _ Ofmse 9y Ofmse _ Ofmse 0F
8101 8:& 8w1 6[)1 8?) 8b1
Ofmse _ Ofuse 0y Ofmse _ 9fmse 9y
(911)6 (’w 8w6 (%3 8;& (%3

wa) W@Q)

e




Gradient descent:
XOR problem

e Given the gradients, we can conduct gradient descent:
e For each epoch:

e For each minibatch:

e Compute all 9 partial derivatives (summed over
all examples in the minibatch):

o Update Wi: w, « w, — ¢2use

8w1

0 fMSE
(9w6

0 fusE
0by

Update W6. we < we — ¢

Update b1: b, « b —¢

Update bs: b, < b, _eafggSE
3




Gradient descent:
(any 3-layer NN)

e |t is more compact and efficient to represent and compute
these gradients more abstractly:

Vw fMSE where - .
o f Ofmse  OfwMmse
) JMSE — Qu qu

\%Y% S VW(l)fMSE — 8fMéE 8fM§E

Vo fMSE . Ows s
etc.
Vi@ fMSE
wa) W(2)




Gradient descent
(any 3-layer NN)

e Given the gradients, we can conduct gradient descent:
e For each epoch:
e For each minibatch:

e Compute all gradient terms (summed over all
examples in the minibatch):

e Update W): W0 « W — eV fuse
Update W@): w® w® _ eVw @ fMSE
Update b(1): b(1> < b(l) — eVb<1>fMSE

Update b®©): b® « b® — ¢V, ¢ fuse



Deriving the gradient terms

e |In the XOR problem, we derived each element of each
gradient term by hand.

e For large networks with many layers, this would be
prohibitively tedious.

* Fortunately, we can largely automate the process of
computing each gradient term W), W@, ... W)
(for d layers).

* This procedure is enabled by the chain rule of
multivariate calculus...



Jacobian matrices &
the chain rule of
multivariate calculus



Jacobian matrices

 Consider a function f that takes a vector as input and
produces a vector as output, e.q.:

) [ 271 + 2o |
(ln])-| =
2 —$1/2$2

e What is the set of f’s partial dérivatives?_




Jacobian matrices

 Consider a function f that takes a vector as input and
produces a vector as output, e.q.:

- _2$1—|—332
(2])-]
= —$1/2$2

e What is the set of f’s partial dérivatives?

8f2_ afZ_
29}21_0 gﬂjlgz_ﬂ-
vJj3 — __ oJj3 __ 2
8:1:1 D 1/332 83:2 —5171/332



Jacobian matrices

 Consider a function f that takes a vector as input and
produces a vector as output, e.q.:

) [ 271 + 2o |
(ln])-| =
2 —$1/2$2

e What is the set of f’s partial dérivatives?_

2 1
0 T

I —1/x9 x1/7%




Jacobian matrices

* For any function f : R™ — R", we can define the Jacobian
matrix of all partial derivatives:

B 3f1 3f1 .
0x T OX
of ' |
X .
0 Ofn Ofn
- 0X1 O0X,n, -




Chain rule of multivariate
calculus

e Suppose f:R™ — R" and g:R* = R™

e Then 8(fog) df Og
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Chain rule of multivariate
calculus

e Suppose f:R™ — R" and g:R* = R™

e Then O(fog) df 0g

Ox  Og 0x
e Note that the order matters!, i.e.:

I(f o g) 4 0g Of
ox 0x Og




Chain rule of multivariate
calculus: example

e Suppose:

71 N 21+ 219
f o :[x1—2x2+x3/4} g({xl }): To
| 3 ’  —r1+3




Chain rule of multivariate
calculus: example

e Suppose:

71 N 21+ 219
f o :[x1—2x2+x3/4} g({xl }): To
3 °  —r1+3

e Whatis 92(/°9)? Two alternative methods:
Ox

1.Substitute g into f and differentiate.

2.Apply chain rule.



Chain rule of multivariate
calculus: example

_l'l_ T _ZE1—|—2£U2 ]
f To :[£61—2£E2—|—£E3/4} g<|:x1 :|): i)
N 2 I —261—|—3 ]

e Substitution:

reg(| 2 ]) = (o2 ]))




Chain rule of multivariate
calculus: example

2y ] 1 + 279 |
L1
f Lo :[5131—21E2—|—£U3/4} g<|:x :|): L9
_1'3_ 2 i —:El—|—3 i

e Substitution:

fog<[ 2 D = f(g([ 2 D) — 21 + 229 — 2(x2) + (—z1 + 3)/4




Chain rule of multivariate
calculus: example

_wl_ _$1+2£C2_
L1
f T = | x1 — 2z9 + 23/4 | g({x }): =
- i  —x1+ 3

e Substitution:

reof|2]) -

[ ;,;; D) = o1 + 229 — 2(22) + (=21 + 3)/4



Chain rule of multivariate
calculus: example

2y ] 1 + 279 |
L1
f Lo :[581—2{E2—|—£U3/4} g<|:x :|): L9
_373_ 2 i —xl—|—3 i

e Substitution:

fog([i; D = f(gdi; D):x1+2x2—2(x2)+(—x1+3)/4
= Z(xmtl)
_ 9feg) _ 30

ox



Chain rule of multivariate
calculus: example

Ty T _531‘|‘2$2_
f To :[331—2.%2—1—583/4} g<|:x :|): i)
N 2 I —x1—|—3 ]

e Chain rule:

af
2 - -



Chain rule of multivariate
calculus: example

_l'l_ T _ZE1—|—2£U2 ]
f To :[£61—2£E2—|—£E3/4} g<|:x1 :|): i)
N 2 I —261—|—3 ]

e Chain rule:



Chain rule of multivariate
calculus: example

Ty T _$1‘|‘25132_
f To :[£61—2£E2—|—£E3/4} g<|:x :|): i)
N 2 I —261—|—3 ]

e Chain rule:

of
a—g:[l—QH
b9 _ | o 3




Chain rule of multivariate
calculus: example

_l'l_ T _ZE1—|—2£U2 ]
f To :[£61—2£E2—|—£E3/4} g<|:x1 :|): i)
N 2 I —261—|—3 ]

e Chain rule:

of .
o= [1 =2
= = [1 -2 1]
1 2
9 _ | ¢ 1
Ox 1 0
df og




Chain rule of multivariate
calculus: example

_l'l_ T _ZE1—|—2£U2_
f ) :[5131—2%2—1—333/4} g({xl }): L2
N 2 I —261—|—3 ]

e Chain rule:

af
a—g:[l—QH
% _ |4 ;
0x 1 0
1 2]
L 9es oy 5 1o 1
ox 1 0




f: Rm — R:
Jacobian versus gradient

 Note, for a real-valued function f : R™ — R, the Jacobian
matrix is the transpose of the gradient.

Vo f () : g:[ of . 2]




Jacobian matrices

e Note that we sometimes examine the same function from
different perspectives, e.g.:

f(x;w) = f(z,y;a,b) = 2az + b/y



Jacobian matrices

e Note that we sometimes examine the same function from
different perspectives, e.g.:

f(x;w) = f(z,y;a,b) = 2az + b/y

* We can consider x, y to be the variables and a, b to be
constants.

af

T [ 20 —b/y? }



Jacobian matrices

e Note that we sometimes examine the same function from
different perspectives, e.g.:

f(x;w) = f(z,y;a,b) = 2az + b/y

* We can consider a, b to be the variables and x, y to be
constants.

9f

awz[zp 1/y |



Computing the gradients

e Jacobian matrices and the chain rule provide a recipe for
how to compute all the gradient terms efficiently.

e (Consider the 3-layer NN below:
e From x, W(), and b(1), we can compute z.




Computing the gradients

e Jacobian matrices and the chain rule provide a recipe for
how to compute all the gradient terms efficiently.

e (Consider the 3-layer NN below:
e From x, W(), and b(1), we can compute z.
* From z and g, we can compute h = 0(2).




Computing the gradients

e Jacobian matrices and the chain rule provide a recipe for
how to compute all the gradient terms efficiently.

e (Consider the 3-layer NN below:
e From x, W(), and b(1), we can compute z.
* From z and o, we can compute h = o(z).
* From h, W@, and b2, we can computey.

wQ)

e




Computing the gradients

e Jacobian matrices and the chain rule provide a recipe for
how to compute all the gradient terms efficiently.

* This process is known as forward propagation.

* |t produces all the intermediary (h, z) and final (y)
network outputs.

wQ)

e




Computing the gradients

e Jacobian matrices and the chain rule provide a recipe for
how to compute all the gradient terms efficiently.

* This process is

e |t can be app
below, it wou

w()

Known as forward propagation.
led a NN of arbitrary depth; in the NN

d produce z(1), h(1), z@), h@), and y.

% > i WE) :




Computing the gradients

e Now, let’s look at how to compute each gradient term:

of of 09
W@ 9j OW®)

o f of oy

ob® 9§ 0b®

of  Of0joh Oz
oW 97 0h 0z OW 1)
of  0f0yoh Oz
b 9j Oh 9z db(D)
W)

W(Q2)

I
—7




Computing the gradients

e Now, let’s look at how to compute each gradient term:

of of 0y
W@ 9§ OW®)

o f of oy

ob® 9§ 0b®

of  Of0joh Oz
oW 9§ 0h 9z OW (1)
of  9f0yoh Oz
b 9) Oh 9z db(D)
W)

W(Q2)

I
—7




Computing the gradients

* Here’s how we can compute all these efficiently:

of _ 9f
oW 9y
W)
® ®® wo
X2 ®—L 1
® 0
X3 b1 b®



Computing the gradients

* Here’s how we can compute all these efficiently:
of of 09

TW® 9j OW®

wa) oW (2)



Computing the gradients

* Here’s how we can compute all these efficiently:

of _of 0y
oWw® 9 OW®
of  Of 0y
ob(2 99 ob(®)
0y
w) OW (@)
‘ ‘ ‘ W2 of
f
® b() by b



Computing the gradients

* Here’s how we can compute all these efficiently:

of  _ Of 0y
OW® 97 OW(?2)
of _of 0y
ob( 9y ob2)
of _ 010y
OW@) 99 0Oh
oY
W) oh
‘ ‘ ‘ w@ of
/ — > f
‘ b(1) b@©)



Computing the gradients

* Here’s how we can compute all these efficiently:

af  of 0y
W@ 99 OW®
of of 0y
ob( 9y ob2)
of ~ 0f 0y oh
OWQ@) 99 Oh Oz
oh 9y
‘ W) 2 oh
&-H—wo
/ E— f
‘ b(1) b



Computing the gradients

* Here’s how we can compute all these efficiently:

of  9of 09
W) 97 OW @)
aof  9f 99
Ob(2) 07 Ob(2)
o f of 95 Oh Oz
OWD 9§ 0h 9z oW
0z
oW (1) Oh 9%y
w() 9z oh




Computing the gradients

* Here’s how we can compute all these efficiently:

of of 0y
W@ 9j OW®)
Of Of i
ob@ 9§ ob®
of  Of0yoh Oz
oW 9y 0h 0z OW ()
of  Of99oh 0Oz
obL) 99 Oh dz Ob()
0z
OW (1) % @
- wa) Oz Jh
we) 9f
x2 e
//N.—J
& b@



Computing the gradients

e For the simple NN below, let’'s see how we can use the
chain rule to compute each gradient term efticiently:

of  df 9y
OW2) 99 OW(2)

* How does y depend on W@)?
g = W®h
= W¥h; + W,




Computing the gradients

e For the simple NN below, let’'s see how we can use the
chain rule to compute each gradient term efticiently:

of  df 9y
OW2) 99 OW(2)

* How does y depend on W@)?

g = W&n
= Wh, + Wi,
:>8\?Vy(2> = [ h; hy |
— hn'
wQ)




