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1. Give a (4 points) Let ¥ = {a,b,c} and let L be the language definite recursively by

BASIS: A e L

RECURSIVE STEP: If w € L then wa® € L, wa?b € L, and awbwbw € L.

CLOSURE: The elements of L are obtained from the basis after a finite number of
applications of the recursive step.

Prove that every string in L has length divisible by 3.

& Proof by induction on the number of recursive steps applied. Equivalently, we prove
that every string in L, has length divisible by 3 for all n, by induction on n.

Base case: n = 0. Ly is the base case so w = A, the length(w) = 0 = 3 -0, so the result
is true in the base case.

Inductive Step: Suppose the result is true for all elements of L,. Let w’ € L, 1, so
w' € {wa®, wa*b, awbwbw} for some w € L,. By the induction hypothesis, length(w) = 3k
for some k. We easily compute length(wa?) = length(wa?b) = 3k+3 and length(awbwbw) =
3(3k) + 3, all of which are divisible by 3, so w has length divisible by 3 and the induction
step is complete.

Since the base case and the inductive steps are true, the statement is true for all n > 0
by induction. &
2. (6 points) Let X = {a, b, c} Give a regular expression for each of the following:

a) The set of set of all strings of length 7 which start with a or b and end with b or c.

& The first and last characters are represented by (a U b) and (b U c) respectively, and
the middle segment is of length 5, so by concatenation the regular expression is

(aUb)(aUbUCc)*(bUc). &

b) The set of all strings which contain either the substring abc or the substring cba.

& (OR means either or or both!)

We can just do each of these conditions separately, and use the union.

The set of all strings which contain the substring abc is represented by (aUbUc)*abc(aU
bUc)*

The set of all strings which contain the substring cba is represented by (aUbUc)*cba(aU
bUc)*

Altogether the language is ((a UbU ¢)*abc(a UbU ¢)*) U ((a UbU ¢)*cba(a UbU c)*) or
(aUbUc)*(abcU cba)(aUbU c)* &

c¢) The set of all strings which contain both the substrings abc and the substring cba.

& AND signals the intersection we so have to think carefully. Either the special sub-
strings intersect or not. If they intersect, they can have at most and a or ¢ in common, so
either abcba or cbabe. If they don’t intersect, there may be a string of any type in between,
so abe(aUbU c)*cba, or cha(a UbU c)*abe, depending on which is first. So allowing for the
beginning and end it must match

(aUbUc)*(abeba U cbabe U abe(a U b U ¢)*cba U cba(a U bU ¢)*abe)(a UbU ¢)* .



