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The Hunt for Pi
Finding an accurate estimate of Pi to x number of decimal places has been the goal of mathematicians for hundreds of years.  There are a few methods that are useful.  Taylor Series is one method; however, it needs thousands of iterations to obtain a polynomial that will give an accurate estimate within 4 decimal places.  Machin’s Formula is another method.  The following is an explanation of the formula.  That is followed by the derivation of the formula.  This method will find Pi accurate to 15 decimal places with only 13 steps.  
Machin's Formula 

In 1706, John Machin (1680-1752) found the following formula:

	
	  =  4 arctan

	[image: image1.png]



	1

	[image: image2.png]



	 – arctan

	[image: image3.png]



	1

	[image: image4.png]




	[image: image5.png]



			[image: image6.png]



				[image: image7.png]



	
	[image: image8.png]



4

			[image: image9.png]



5

				[image: image10.png]



239

	

	


The 239 number is quite large, so we never need very many terms of arctan(1/239) before we've got lots of zeros in the initial decimal places. The other term, arctan(1/5) involves easy computations if you are computing terms by hand, since it involves finding reciprocals of powers of 5. In fact, that was just what Machin did, and computed 100 places by hand! 

Here are the computations: 
  All computations to 15 decimal places:

  arctan(1/5)                               arctan(1/239):

  1/5              = 0·200000000000000      1/239          = 0·004184100418410

  1/375            =-0·002666666666666      1/40955757     =-0·000000024416591

  1/15625          = 0·000064000000000      1/3899056325995= 0·000000000000256

  1/546875         =-0·000001828571428         

  1/17578125       = 0·000000056888889                          

  1/537109375      =-0·000000001861818                          

  1/15869140625    = 0·000000000063015

  1/457763671875   =-0·000000000002184

  1/12969970703125 = 0·000000000000077

  1/362396240234375=-0·000000000000002
  SUMMING:
  arctan(1/5)      = 0·1973955598498807  and arctan(1/239) = 0·004184076002074

  Putting these in the Machin's formula gives:
          Pi/4=  4xarctan(1/5 )        -   arctan( 1/239 )

   or     Pi  = 16xarctan(1/5 )        - 4xarctan( 1/239 )

              = 16x0·1973955598498807  - 4x0·004184076002074

              = 3·1415926535897922
http://www.mcs.surrey.ac.uk/Personal/R.Knott/Fibonacci/fibpi.html#machin
Here is the derivation of Machin's formula. We start by defining [image: image11.png]
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Then we use the double-angle formula for tan to find:
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Using the tan double-angle formula again we learn:
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We note that this number, 120/119, is only 1/119 off from 1, which has an arctan of [image: image15.png]


/4. Machin decided to calculate this this difference (120/119 - 1) in terms of the angles:
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Therefore:
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Now, we can substitute [image: image18.png]


for it's arctangent value:
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Finally, by solving for [image: image20.png]


/4 we get:
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http://www.escape.com/~paulg53/math/pi/greg/
Secondary Curriculum:  It is our belief that this type of analysis would not be appropriate in the high school mathematics curriculum.  The only appropriate level this topic would benefit is AP Calculus BC students who have already taken the exam and have class time to kill while waiting for the end of the year.
