Assignment 2

exercise 1:
Let X,Y be two sets, A, Ay two subsets of X, B, By two subsets of Y, and f : X — Y a
function. Prove or disprove:
(i). f(f(B)) cB
(ii). f(f71(B))=2B
(iii). if f(A) C B, then A C f~Y(B)
(iv). fFHBUB,) = f"HB)U f~(B2)
(v). fLAUAy) = f(A) U f(A2)
(vi). f(ANAz) = f(A)N f(A2)

exercise 2:
(i). Let f:[0,1] — R, f(x) = y/z. Show that f is uniformly continuous but not Lipschitz
continuous.
(ii). Let g: (0,1) = R, g(z) = 1. Show that g is not uniformly continuous.

exercise 3:
Let (X,p) be a metric space and z, be a sequence in X. We proved in class that if
> p(zpg1, @) converges, then x,, is a Cauchy sequence. Conversely, if z,, is a Cauchy
sequence, does Y| p(Zp41,x,) converge?

exercise 4:
Let L be a linear function between the two normed spaces (V;, Ny) and (Va, N3). Show that
the following conditions are equivalent:
(). L is continuous at 0.
(ii). L is Lipschitz continuous.
(iii). 3C > 0, Vo € Vi, No(Lz) < CNy(z).

exercise 9:
Let A and B be two subsets of R?.
(i). If A is closed and B is compact, show that A+ B is closed.
(ii). If A is closed and B is closed, is A + B is closed?



