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Assignment 2

exercise 1:
Let X, Y be two sets, A,A2 two subsets of X, B,B2 two subsets of Y , and f : X → Y a
function. Prove or disprove:
(i). f(f−1(B)) ⊂ B
(ii). f(f−1(B)) = B
(iii). if f(A) ⊂ B, then A ⊂ f−1(B)
(iv). f−1(B ∪B2) = f−1(B) ∪ f−1(B2)
(v). f(A ∪ A2) = f(A) ∪ f(A2)
(vi). f(A ∩ A2) = f(A) ∩ f(A2)

exercise 2:
(i). Let f : [0, 1] → R, f(x) =

√
x. Show that f is uniformly continuous but not Lipschitz

continuous.
(ii). Let g : (0, 1) → R, g(x) = 1

x
. Show that g is not uniformly continuous.

exercise 3:
Let (X, ρ) be a metric space and xn be a sequence in X. We proved in class that if∑∞

n=1 ρ(xn+1, xn) converges, then xn is a Cauchy sequence. Conversely, if xn is a Cauchy
sequence, does

∑∞
n=1 ρ(xn+1, xn) converge?

exercise 4:
Let L be a linear function between the two normed spaces (V1, N1) and (V2, N2). Show that
the following conditions are equivalent:
(i). L is continuous at 0.
(ii). L is Lipschitz continuous.
(iii). ∃C > 0, ∀x ∈ V1, N2(Lx) ≤ CN1(x).

exercise 5:
Let A and B be two subsets of Rd.
(i). If A is closed and B is compact, show that A+B is closed.
(ii). If A is closed and B is closed, is A+B is closed?


