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Let I' be a graph whose edges are partitioned into three classes R, G, and B which we color
respectively red, green, and black. I'is called map graph or a combinatorial map if the following
conditions are satisfied:

1. Each color class is a perfect matching
2. RU G is a union of 4-cycles
3. I' is connected

The graph I' is 3-regular and edge 2-connected. I' may have parallel edges, although necessarily
not red/green. I' contains 2-regular subgraphs which use all the black edges of I', which we call
fully black 2-regular subgraphs; RU B and G U B are examples, and there always exists a fully
black Hamiltonian cycle.
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Proof of Hamiltonicity:

First note that a fully black 2-regular subgraph cannot contain any incident green and red edges,
so every red/green quadrilateral intersects a fully black 2-regular subgraph in either two red, or
two green edges.

Now consider a fully black 2-regular subgraph of I" with the fewest connected components.

If there is not a single component, then there is a green/red quadrilateral which intersects the
subgraph in, say, two red edges which belong to two different components, and swapping red
and green on that quadrilateral reduces the number of components of the subgraph, violating
minimality.
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We have to show the symmetric exchange property. Let Fr and F be sets of quadrilaterals
corresponding to fully black Hamiltonian cycles C and C". Let ¢ € Fo A F{,, so the edges of
quadrilateral ¢ are differently colored in C' and C”, say red and green. There are two cases,
either replacing in ¢ the red edges in C' with the green of C" results in two components or one.
See Figure .

If it results in just one component, then take ¢’ = ¢, and F. A {q,q'} = F. A {q} is the
set of red quadrilaterals of a fully black Hamiltonian cycle, and hence feasible, as required.
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Since R, G and B are perfect matchings, the union of any two them induces a set of disjoint
cycles. Let V' be the set of cycles of RU B, E be the set of cycles of R U G, and V* be the
set of cycles of G U B. There is a graph (V, E') where incidence is defined between a red-black
cycle and a red-green cycle if they share an edge, and, similarly, there is a graph (V*, E') where
incidence is defined between a green-black cycle and a red-green cycle if they share an edge. We
say that I" encodes the graph (V, F') and its geometric dual (V*, F).
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PROOF: Given I'(R, G, B), recall that the feasible sets of D consist of RG quadrilaterals whose
R edges are contained in a fully black Hamilton cycle of T

Any fully black Hamilton cycle C' of I' must contain the red edges corresponding to a spanning
tree of (V, E) as well as the green edges corresponding to a spanning tree of (V*, E). So the
minimal number of red edges in C' is 2(|V| — 1), while the maximal number is 2(|E| — |[V*| +1).

The edge sets of the spanning trees of (V, E) are the bases of its cycle matroid, while the
complements of edge sets of spanning trees in (V*, E) are the bases of the cocycle matroid of

(V*,E). O
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— the upper and lower matroid are identical.
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§={{1,3,4},{1,3,5},{1,3,6},{1,4,5},{1,4,6},
{2,3,4},{2,3,5},{2,3,6},{2,4,5},{2,4,6},{3,4,5},{3, 4,6},
{1,2,3,4,5},{1,2,3,4,6}}
The lower matroid is again the cycle matroid of G,

but the upper matroid is the co-cycle matroid of G*,

The upper matroid has rank 5 and contains exactly one cycle, namely {5, 6},
which is a minimal cutset of G* and also a cycle in G.
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e To recover M from D, we need to specify a rotation system for each vertex v of G.
rite Page | To determine if two edges e and f with endpoint v follow each other in the rotation about v, it

s is enough to check if e and f are both incident in G*, since the vertex co-cycles of G* correspond
e to the facial cycles of the embedded G.
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| it | Let D = (E,F) be a binary A-matroid in which the empty set is feasible. Then, for some ¢,
«| » g, k, there is a sequence of handle slides taking D to D, ;¢ it D is even, or D, oy, with k # 0,

if D is odd. Furthermore, if some sequences of handle slides take D to D; ;; and to D, ,, then
] i = p, and so D is taken to a unique form D; ; or D, by handle slides.
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Normal form

D, ;1 the A-matroid consisting of the direct sum of D, ;; with [ copies of the A-matroids
isomorphic to (e, {{e}}).

For each binary A-matroid D, there is a sequence of handle slides taking D to some D, .,
where 7 is the size of the ground set minus the size of a largest feasible set, [ is the size of a
smallest feasible set, 27 + k is the difference in the sizes of a largest and a smallest feasible set.
Furthermore, the handle slides can take D to D; ;o; it D is even and to D, if D is odd.



Fi={{1,3,4},{1,3,5},{1,3,6},{1,4,5}, {1,4,6},{2,3,4}, {2, 3,5}, {2,3,6},
{2,4,5},{2,4,6}, {3,4,5},{3,4,6}}

Dsons = ({2, {8}) @ ({5}, {0}) @ ({6}, {0}) & ({1}, {{1}}) @ ({3}, {3}}) @ ({4}, {{4}})
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Dyoas = ({6}, {0}) @ ({2}, {0, {2}}) @ ({5}, {0, {5}})
rurseen_| ({1}, {{1}}) @ ({3}, {{3}}) @ ({4}, {{4}})-
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