1. PRELIMINARIES FOR LINEAR SYSTEMS

A system of equations
1121+ ...+ Q1nTy = by

a1 + ...+ aonT, = ba

Ap1T1 + ...+ GpnTn = by,
can be represented by the matrix equation
Az =0>
where

A= {aij}?,jzl cow={ztiy, b={bi}i_;,
or

aip a2 . . Qin T b1
a21 . . . To bg
an1 . -+ Gpn T by

Your HW2 has a coding exercise that carries out this multiplication.

2. DIRECT METHOD: GAUSSIAN ELIMINATION

2.1. Simple system.
Example. Consider the 2 x 2 system:
3.’£1 + 2£82 =8

2.131 —3332 =1

2]z

(By inspection, the true solution is 1 = 2 and x5 = 1.)
(1) Naive substitution (O (n*) method, avoid at all cost). See notes. Optional
reading.
(2) Gaussian elimination via elementary row operations and back substi-
tution.

or in matrix form

Solution. First, we form the augmented matrix by appending b to the
right hand side of A.
3 2|8
[A|b]_{2 —31]

We multiply the first row by 2/3 so that the first entry of each row matches.
This modifies the above into

16

? .

')

3 2|81 . [2 3
2 =31 2 -3

1




Now, we create a new second row by subtracting the first from the second,

AL
[2 31 }%

0
This transformed matrix is now in row echelon form, meaning that the
leading entry (the first nonzero entry) is to the right of the leading entry
of the previous rows (see the boxed entries).
From the last row, we can immediately read that

w‘awm
=
w

13
T = ﬁ =1.
13/3
Then, back substitution into the first equation gives
16/3 — % 4
.Tl:i/ 3332:7:2.
2 2

Remark. The most important takeaway here is that the procedures in the first
method CANNOT be represented by elementary row operations and hence by
updating the matrix representation of the system. The second method, however,
always admits a matrix representation.

2.2. Larger System.
Example. (4 x 4 system)

Ei: x1+22 +3z4 =4,
Ey: 2x14+z0—234+24=1,
Eg: 3’1,’171‘27.703+2’134:*3,
Ey: —x1 4229+ 313 — x4 = 4.
We keep the first equation intact. Perform
(E2 — 2E1) — (Eg)
(Es —3E1) — (E3)
(Eys+ Eq) — (EB4)

to obtain

Fi: x1+x9 4+ 3x4 = 4,

E2 : —Tp — T3+ T4 = —7,
E3 : —412 — I3 — 7(E4 = —15,
Ey: 3xo + 3x3 4+ 224 = 8.

Now, we start with the second row, and try to eliminate the coeffcients of x5 in row
3 and row 4. Perform

(E3 —4E3) — (E3)
(E4 + 3E2) — (E4)



to obatin

Ei: x1+2x9 + 3x4 = 4,

EQ : —T9 — T3+ X4 = —7,
FEs: 3xs + 13z, = 13,
E4 : —13%4 = 13.

In matrix form, this looks like

1 1 0 3 7y 4
0 -1 -1 =5 z | | =7
0 0 3 13 zs | | 13
0 0 0 —13 ][ x4 ~13

where we observe the matrix is upper triangular. The unknowns now can be
solved backwards starting with z4. Indeed,

—-13
= — = 1
BT R
I 13 — 1324
3 — 3 ’
7 (= _(—
2y — (D)ea— (=3 _ o
-1
4 —3xy — O0x3 — 29
I = =—1.
1
2.3. Errors Still Occur.
Example. Consider the 3 x 3 system
FEy: —z1+4r9+235=28
5 2 2
EQZ §I1+§$2+§I3:1
Eg: 2(E1+$2+4.’E3:11
or
-1 4 1 1 8
5 2 2
3 3 3 T2 | = 1
2 1 4 T3 11
or in augmented form
-1 4 1] 8
5 2 2
3 3 3|1
2 1 4111
The true solution is
T = —1, To = 1, T3 = 3.

Let’s solve this system using 2-digit rounding arithmetic and Gaussian elimination
with backward substitution. We begin with elementary row operations on F5 and
E3 using El.

[ (E2 —+ %El) — (EQ)



=4 .
sk has exact entries,

We need to 2-digit round here into
-1.7 6.7 17|13

We also round the second row as

—-1.7 6.7 1.7 13
+)1.7 0.67 0.67 1
0 737 =74 237T—-24 14

[ (E3 + 2E1) — (Eg)
We are lucky that E3 does not require rounding initially. Nor does 2FE;
-2 8 216

After these two elementary row operations, we have

-1 4 118
0 74 24|14
0 9 6 |27

Now, we need to use Fy to modify F3 by killing the 9. We do

<E3 — 794E2> — (E3)

Note that, with rounding, 9/7.4 = 1.2, but this will NOT be applied to the first
nonzero term because 7.4 x % =9.

9 1.2 i} 2
7a2= 0 L x9 2.4><5;?{ 14X%]—[0 9 28829 16817 |

Then,

0 0 9 6 |27
By =~ Ey= )0 9 29|17
: 0 0 3110

and we arrive at row echelon form

0 74 24|14
0 0 31]10

With back substitution, we have
10
Tyg=g7= 3.2258 — 3.2.

14-24x%x32 14-768—77 6.3

1 2 1 0.85135 — 0.85.

§8—z3—4zy 8-32-4x08 8-32-34
$1: = = =

-1 -1 -1

To =

—1.2.



Compare to the true solution

2-digit rounding True

T -1.2 -1
T 0.85 1



