LECTURE I INDETERMINATE FORMS

1. INDETERMINATE FORMS

We note that

lim S 0 — ” 977
6—0 0 0
where we call 2 an indeterminate form, i.e., it cannot be assigned a value (real

0
number) or infinity.

Why can’t we determine the value of %? One may think two sequences of numbers

11l 11
218 39

Note clearly that each sequence converges to 0 eventually, so the limiting quotient
is of the indeterminate form %. However, if we look at the quotient of each term,
we have

1
Y2y
1/3
V4 o5
1/9
1
18 45
1/27

that is, the sequence in the numerator relative to that in the denominator is get-
ting bigger and bigger (eventually to oo). This implies that the sequence in the
numerator is going to zero more slowly than that in the denominator, even though
a plausible answer to the limiting value of the ratio is %.

One may flip the roles of the two sequences, and find that the limiting value of

the quotient is getting smaller and smaller (eventually to 0), i.e.,

1/3

15 = 067
1/9

L= 044
17 = 044
Y27 296.

1/8
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even though the limiting value is still plausibly %. With these two examples, we
arrive at a completely absurd conclusion

~ 0.

o0 =

oo

This is pure garbage. Therefore, we cannot assign % a concrete value or co, deeming
it indeterminate.

Before we talk about indeterminate forms, we first list a few suspects that are
actually “determined”, though they may not seem so.

Example. (Non-examples of indeterminate forms)

(1)

0
2 =0
1
Consider the example
lim .
=014+ x
(2)
1
0
Consider the example
1
lim — =400, lim — = —o0.
x—0+ T z—0— X

In general, % is either infinity depending on which direction the asymptote
is reached.

S
00
Consider the example

1
lim — =0

T—00 I

(4)

a®>, |a|#1

If |a| < 1, then consider the example

: 1\”
i (3) =o

If |a| > 1, then consider the example

lim 2%° = oo.
Tr—r o0
(5) 00+ 00 = 0.
Other indeterminate forms include 22, 0 x oo, 0o — oo, 0%, 1 and oo®. Now,
the question is, are these forms of equivalent or different “indeterminacies”? If

equivalent, can one convert between each of these and the one indeterminate form
09
5

Example. Given the knowledge that % is an indeterminate form, show that 2 is
also one.
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e Shorter argument: consider
©_10_0
o 1/0 0
e Longer but better argument:

To show that 22 is an indeterminate form, consider the two functions f
and ¢ such that lim,_,, f (z) = co = lim, 4 g (z), which then puts us in
position,

lim f(x) _ 77§7a.
v=ag(x) oo
Via a simple algebraic manipulation, we note that
1
i L) _ g M9 (@)
e g @) e 1/f (@)
Now, since lim,_,, f () = co = lim, 4 g (z), we have
1

Therefore,

3 OO, A . f(.]?) B .. 1/9(3)) 977977
~ ) T T 0

where we draw an abstract equivalence between 52 and %.

The logical progression is as follows:

At step A, we just used the definition of indeterminate forms to put us
in position of the analysis — start with the item we want to analyze. At
step B, we rewrite the original expression via an algebraic manipulation.

At step C, we find that the original expression lim, ., %, represented

? %” . Since is an

must also be an indeterminate

7 o0 N

by the indeterminate form ” 22
indeterminate form, the representative
form.

, is co-represented by ” %”

N XN
o0

Exercise. (Bonus HW1) Argue that 0 x 00,00 — 00,0%,1° and oc® are all inde-
terminate forms using a similar approach as above. One may utilize continuous
functions such as log (x) and o7, i.e.,

lim log (f (x)) = log (lim f (x)) ., lim pf®) = plime—a (@),

r—a r—a r—a
namely, the limit of a continuous function as * — a is equation to the function
value at © = a. In the second case, b # 0.
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1. L’HoPrIiTAL’S RULE: A PERSPECTIVE FROM LINEARIZATION

L’Hopital’s Rule: Statement. Given differentiable functions f and g such that
f(a) =g (a) =0, we have

avag(z)  esag ()

If f'(a) =¢ (a) =0, and f and g are twice differentiable functions, then we repeat
the application of this rule, and write

fr@) [ (@)

lim f(2) = lim @)

li .
2a g (x)  =oa g (2)

This can go on forever, as long as the derivatives have value 0 at = a.

Justification using Linearization (optional). To determine the limit lim,_,, %,
then direct evaluation yields an indeterminate form, we draw an inspiration from
linearization.

Suppose f and g are both differentiable functions at = a and the deriva-
tives f/ and ¢’ are continuous functions, with ¢’ (a) # 0. Further suppose that
f(a) = g(a) = 0, such that a direct evaluation of the limit lim,_,, % yields the

indeterminate form ” %”.

By differentiability, f and g each admit a linearization,
0
(@) = )+ £ (a) (x — a) + erry (x —a) = f'(a) (x — a) + erry (x — a) ;

0
g(x):M+g'(a)(a:fa)+errg(xfa):g’(a)(:cfa)Jrerrg(xfa).

Suppose that the error term erry and err, goes to 0 as  — a (meaning that the
approximation is exact at = a). Thus,

i T@) @@ —a ey w—a) £
e g(a) e g (o) woa) e, (b—a)  g{a)

Since f and g are differentiable at x = a, their derivatives at * = a are continuous
functions, which means

f'(a) = lim " (x),

T—ra

0# g (a) = lim ¢’ (x),
T—ra
and thus so is their quotient (this is where the condition ¢’ (a) # 0 comes in handy
or otherwise you cannot perform the division)
! !/
@) @)
g'(a)  xma g (z)
1
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We now arrive at the celebrated L'Hopital’s Rule,

!
lim 1 (@) = lim ! (a:)
T—a g (x) z—a g’ (x)
This equality is saying that the limiting value of a quotient of two functions is equal
to that of the derivatives of the two functions. If both f and g are hitting zero as
x — a, the limiting ratio of function values depends on the rate at which f (z)
and g (z) approach f (a) and g (a), respectively.
When we study Taylor series in Chapter 10, we will provide a proof of L’Hopital’s
rule, in general.

2. EXAMPLES

Now, we can soar. Always remember, you check first, after every limit evalu-
ation, whether the expression gives an indeterminate form. If it doesn’t, then you
CANNOT use L’Hopital’s Rule.

Example. (Sine identity)
. sinz 0
lim =77,
z—0 X 0

Thus, we apply L’Hopital’s Rule,

. sinz g .. cosx 1
lim = lim
z—0 X x—0 1 1

Remark. (optional) One can think of the linearization of sin x near « = 0.
sinz = sin0 + cos (0) (x — 0) + error = x + error

where the error goes to zero as x — a. Thus

. sinz . x+error
lim = lim =
z—0 X x—0 X
Example.
lim Sln 1: - 977
x—0 1‘2 0

Thus, we apply L’Hopital’s Rule,

. sinz 'y .. coszx oo x—0t
lim = lim =
=0 T =0 2x -0 x—0"
This implies that lim,_.q Sz‘f does not exist.
Example.
us
fim arctan (z) — § _,0,
rx—1 rx—1 0 '
Thus,
- 1
arctan (z) — % LH o Th? 1
z—1 r—1 z—=1 1 2
Example.
. 1l—cosz L'H? —sinz
lm — =" lim ——— =
z—0 T + 3 z—0 1+ 3x2

Note that there is no need to keep applying L’Hopital’s rule. You only apply it
when you have an indeterminate form.
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Example. (Exponential growth defeats linear growth)

X

lim i — ngn
r—00 I o0
Thus, we apply L’Hopital’s Rule,
. ey . e” .
lim — = lim — = lim e* = co.
T—00 I z—o00 1 T—00

This implies that the exponential function blows up to infinity faster than the line
Yy =x.
Example. (L’Hopital or not? That’s never a question)
27 4 622 43
im ——.
z—o0 T’ + 325 + 4x
Clearly, the top and bottom go to co individually, which puts us in an indeterminate
form of “Z=7.
. 2T +6224+3 m o 728 + 122
Iim ——m———— = im —— .
z—o00 Tx7 + 35 + 4z z—00 4926 + 152* + 4
It seems we still have “22”. Alright, more L’Hopital’s rule.
. 728 4 122 L'H .. 4225 + 12
lim —— = lim ———..
z—o00 4926 + 1524 + 4 z—00 49 - 525 4 6023
Arrrrghhh! Still “2”! More L'Hopital’s rule? I think you probably see my point.

2.1. Using Continuity. When a function g is continuous, it has the following
beautiful property such that
limg(z) =g hmx) =g(a).

Tr—a (I*}(l

This implies that we can replace x with a function that approaches the value a, i.e.,

lim £ (g (2)) = f (1im g () = f (9 (@)

r—a

where f is also a continuous function (in particular at = = g (a)).

Here is a nice result using continuity:

If lim, s In (g (z)) = L, then

lim g (z) = lim 0@ = elima—an(e(@) — oL
r—a r—ra
where a may be either finite or infinite.

This result is because the function e® is continuous (everywhere in its domain),
and therefore, the limiting value of e® as  — L is equal to the function value e”.
Example. (Powers) lim; TE.

Here, direct evaluation yields the indeterminate form oo®, which is NOT the
form to which we can apply L’Hopital’s Rule (that requires a quotient). So, we
make use the natural log. Note that

Therefore,

1
. . ln(a:?) . lnz continuity of e” yj Inz
lim z= = lim e = lim e = = eliMe—oo 755
T—+00 T—00 T—00

Sl
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We now focus on the limit

Inz »=,L'H 1/x

lim — = th:O.
=00 I r—o00 |

Therefore,
lim 27 = elime—eo 5 — o0 — 1,
xTr—r0o0

2.2. Indeterminate forms 0 x oo, oo — oo, 1°°.

Example. (Create your own quotient) In some situations, the function form in
a limit evaluation is not necessarily a quotient, but direct evaluation still yields one
of the indeterminate forms, such as 0 x co. One needs to massage the expression
into a quotient before applying L’Hopital’s rule.

lim vzlnz =70 x (—o00)”.

z—0t

So, we make a quotient out of this.

. . Inz
g, Ve = I, 7%

where f (z) =Inz and g (z) = ﬁ L’Hopital’s rule then applies to f and g.

_77@77
(6.9]

1 ’ 1
lim vzlnz = lim Iz gy YT

=1
1
x>0+ a—0+ 1/y/x 20t — o5

=— lim 2y =0

z—0t

Example. (Don’t create your own quotient)

lim Va2 —2 — 2 ="00 — o0”.

r—00

Be mindful that not all problems have to use L’Hopital’s Rule. The indeterminate
form 700 — 00” is also not in position to apply L’Hopital’s Rule.
We rationalize the expression by multiplying and dividing the conjugate
(VT —7-2) (VI —a+12) . a?-z—o?

lim = lim

T—00 Vaz—z+a T—00 (/12 — 2 4 1
T

= — lim

T—00 /12 — 2 4 1
x

- — lim —2=
r—o00 Vx2-—2 T
%tz

= — lim
T—00 xi;Z_’_l
:—lim;
e 1-Z 41
1
=3

Example. (1°°)

1 xr
lim <1 + > ="1%7,
T—00 x
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Again, we need to make a quotient. Note that

1 ® 1\@ 1 2
(1+> _ n(1+2)" _ emn(i+d) _ T
X

Thus,
1\* 1n(1+%) i 1n(1+%)
Mg — oo
lim <1+> =lime = =e s .
T—00 x T—00
1
Now we focus on lim,_, ln(ljm) , which yields ” %”. So, we apply L’Hopital’s rule,
1 1
g BOFE) g WOy ey T
T— 00 % y—0 Yy y—0 ’

Using this knowledge, we go back to the original expression and find

1\?* limg—s o0 @
lim (1+) =e B =el =e.
T

Tr—r00
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Consider the innocent area: from x = 1 to oo of the function %, represented by

the integral
1
/ —dz.
1 X

Do we get a finite area? Does % — 0 as £ — oo help us here at all? Once we obtain
an answer, can we make the same conclusion for

even though — 0 as ¢ — oo also?
We first develop some understanding of the case where the integrand is contin-
uous over the interval of interest. One point is to extend a similar formula such

) [ twie= [ 1iwies [ s

to the infinite case, [~ f (z) da?

Definition. (Improper Integrals of Type I)
(1) If f is continous on [a, c0), then

b
/ f(z)dx = blim f(z)dx

(2) If f is continous on [—oco, b), then

b b
/ f(z)dz = lim f(z)dx

a— — 00 a

(3) (Piecing part 1 and 2 together) If f is continuous on (—o0, ), then

/f dm—/ fla da:+/f

where c is any real number.

In each case, if the limit exists and is finite, we say that the improper integral
converges and that the limit is the value of the improper integral. If the limit
fails to exist, the improper integral diverges.

One way to read statements such as “if ... then ...” is to know that the condition

under “if” guarantees the conclusion after “then”. However, even if the conditions
fail to be met, the same conclusion may hold in specific situations — it’s just no
longer a guarantee.

Question: why is f being continuous important here?

HW: find an explicit example such that f is discontinuous on [a,c0) such that

) b
/ f(z)dx = bllm f(z)dx

no longer holds. You are free to choose any a, and the location of the discontinuity.
1
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Example. Investigate the convergence of the improper integral

First, note that the only bad point is x = 0 where both Inz and gﬂ% have an vertical
asymptote. But our interval is away from it. So mz(f ) is a continuous function on
the interval of interest. It is an improper integral of Type I, in particular, of item

1 in the definition.

0o b
/ ln—xdx = lim ln—mdx.
1

x? booo f; w2

It is thus enough to study

Then, we take a limit.

We say that the improper integral floo lg—fda: converges and it has a finite area of 1.

Example.
/ *©  dx
oo L+
No vertical asymptotes. Behaviour at infinity is good —
1
=0.

m ——-F
z—+oo 1 4 x2

In fact, ﬁ in continuous everywhere. Thus, we are in definition part 3.
Now, we note that 175 is an even function (i.e. f(—z) = f (z)), which implies

that an integral of it about a symmetric interval about = 0 is just two times the

integral on one side.
/°° dx /°° dx
=2
oo 1422 o 1+a2
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which we treat as an improper integral.
/ < dx . b da
= hm S
o 1422 ooy 1422

= lim tan~' (z) [}
b—o0

0
= lim [tan_l (b) —t/anj’(’()’ﬁ
b—oo

= lim tan~! ()
b—oo
T

ok

/"C dx /Oo dx
=2 =7
7001+J}2 0 1+l‘2

Thus,
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After understanding improper integrals of Type I, where the function is continu-
ous over an infinite interval, we now study integral of functions with discontinuities.
We begin with an innocent integral.

1
1
1 x
By first sight, it seems we can quickly identify the antiderivative. The rest is just
evaluating the antiderivative at the endpoints.

/11 %dw = H] 1_1 — [l - (-1)] = -2

Now, this finite area may seem plausible, and sometimes, due to its very finiteness,
we believe it is the correct answer. Let’s think about it for a little. First, note that
712 > 0 for every z € R, that is, the function always stays above the z-axis. But
we find that its area over the interval [—1,1] is negative. This doesn’t make any
sense. So, what went wrong here?

We overlooked the fact that -5 over the interval [-1, 1] contains a vertical asymp-
tote at x = 0, a (very bad) type of discontinuity. More generally put, when inte-
grating a function over an interval that contains discontinuities, one must be more
careful because the function, and thus its integral, may undergo singular behaviour.

The example above once again informs us that the continuity of the integrand is
important, and should become part of the conditions that go in a formula for such
integrals.

Definition. Integrals of functions that become infinite at a point within the interval
of intergration are improper integrals of Type II.

(1) If f (z) is continuous on (a, b] and discontinuous at a, then

b b
/f(a:) x—hm f(z)dz.

c~>a c

(2) If f(z) is continuous on [a,b) and discontinuous at b, then

/f dr = Tim af()

(3) If f (x) is continuous at ¢ where a < ¢ < b and continuous on [a, c) U (¢, ],

then
/abf(x)d:c/acf(:c)dx+/cbf(x)dx

In each case, if the limit exists and is finite, we say the improper integral
converges and that the limit is the value of the improper integral. If the
limit does not exist, the integral diverges.

1
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Example. Investigate the convergence of

1
1
/ dx.
o 1—=x

This improper integral of Type II part 2 because the integrand becomes discontin-
uous at the right end point.

1 b
1
/ dr = lim 1 dx
o 1—x b=1- Jg 1—2

= — lim [In|1 — [}

b—1—

=— lim [In|1 —b] —In1]
b—1—

=—lim In(1-0
pm n(1=0)

=00

The reason why we lose the absolute value sign at the second last equality is that
we know b is approaching 1 from the left, so b < 1 which implies 1 — b is positive;
thus [1 —b|=1-0if1—-0b>0.

The limit is infinite, so the integral diverges.

Example. Investigate the convergence of

/3 dx
0 (.13—1)2/3.

Noting that the integrand has a vertical asymptote at x = 1, which lies inside
the interval, this improper integral is of Type II part 3. We separate the integral

into two parts,
/3 dz B /1 dz n /3 dx
0o (z— 1)2/3 0 (z— 1)2/3 1 (x— 1)2/3

where each part now is of Type II part 1 and 2, respectively.

/ ! dx ~ m b dx
0o (z—1)%3 17y (2 —1)*3

= lim [3(x—1)1/3}b

b—1— 0

_amn / /
s o1
=3.

Then,

/ 3 dx ~ im 3 dx
1 (- 127 st o (@ - 1)2°

-
=3 lim, (2~ (-1

=3 x 21/3,
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Altogether,

3
/ dixz/z)):g+3x21/3
o (z-1)



LECTURE V COMPARISON TESTS FOR IMPROPER
INTEGRALS

The method of investigating the convergence of improper integrals does not limit
to just integration techniques and limits. Sometimes, antiderivatives are hard to
spot. We must then rely on properties the function in the integrand and try to
compare one integral to another. Even though we wouldn’t be able to determine
the exact value if the integral converges, at least we can show that it does converge
(resp. diverge).

DiRecT COMPARISON TEST

Let f and g be continuous functions on [a,00) with 0 < f(z) < g(x) for all
x > a. Then

(1) If [ g (x) dw converges, then [ f () da also converges. (Sane big brother
controls younger brother)

(2) If [ f (z)dx diverges, then [ g(z)dx also diverges. (Insane younger
brother makes big brother go crazy)

Example. Does the integral floo e dx converge?

We note that this improper integral is of Type I part 1. However, even if we
perform a limiting procedure, we can’t find the antiderivative of ¢~ in closed form.
Thus, computing an explicit limit is not hopeful. We resort to answer whether the
integral converges or not without determining the exact value.

Now, it is clear that

e_”“'2 <e ™ ax>1

. . . p— p— 2
because e~* is a monotone decreasing function (compare e~ and e=3"). Therefore,
by Direct Comparison Test, we have

) 0o b
/ e_$2dx < / e *dr = lim e *dxr = lim [—e_b + 6_1] = — ~0.36788.
1 1

b—oo Jq b—o0

Q|

Example. (Quick checks)

o0 sin? gz
(1) ;" #2:%dx converges because
2

sin“ 1
0s—5- =5 =21
and also
<1
1 $
converges.
2 [~ \/%dx diverges because
1 1 1
> ==
x2—1" Va2 @

and [ Ldx diverges.

[
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(3) foﬂ/g €057 dx converges because

cos T
0<

< —

1 E{O 7'(']
_\/57 w 72

D

and

7T/2 1 7T/2 1
— =1 —d
/0 NE a0+ . VT .

—2 lim_[vz]"?

a—0t

. T
72(11*1}})1* [\/;ﬁ:|
= V21 < o0.

(4) f > x%ﬂdx converges. Here, we make use of p-integral where p = 2.

2
f@)= —— <2 =g

:x3+1_x3

>~ 1 > 1
————dx < —dx < 00.
5 a3 +1 5 3

LiMiT COMPARISON TEST

and thus

Now, following the last example, suppose it is changed a tiny bit:

< 1
dx.
/2 31

Does this integral still converge? You may feel the same way about it because when
x is very large, the 1 is insignificant so the integral should look like f;o x%,dx which
converges. However, you can’t use the DCT because
1 S 1
3 —1 7 a3
which is the opposite inequality needed to prove convergence (we need smaller or
equal to). Thus, what can we do? Should we give up on the useful information
that the function is very similar to m—la altogether?
Instead, we resort to something called the Limit Comparison Test. This
procedure involves in identifying a function g (x) such that

lim /(@) =

z—o0 g ()

where the limit satisfies 0 < L < oco. Then, f:o f (z) dz converges if and only if
[ g (z) dv converges for some a > 0 (and f and g are continuous on (a, 50]).

The intuition is as follows. If the limit is satisfied, it roughly suggests that
f(z) = Lg (z) for z very large. The convergence of any integral

/:Of(w)dx

involves the behaviour of f (x) near infinity; in fact, the convergence of this integral
does NOT depend on f; f (z) dx for any b.
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Now, the rough estimate such that f (z) = Lg (x) suggests that the integral

/:Of(;v)dsz/:og(x)dx

which implies that the convergece or divergence of either integral controls the other.

Back to the example. We let f (z) = —*— and choose the function g (z) = .
Clearly,
1 3
1

TR O T = SO TV R WO S S

T—00 g(m) T—00 e T—00 I° — rz—o00 | — e
Therefore, by LCT, fzoo ﬁdm converges.

ALGORITHM

To study the convergence of

/OO f(z)dx
where f (z) > 0.

(1) Find a function g (z) > 0 such that its limiting behaviour as z — oo is
very similar to the function of interest f(z). This g should be simple
enough so that you can show its convergence/divergence, e.g., a p-integral,

© —cx
or [~ e “dx for ¢ > 0.
(2) Confirm that

z—00 g ()
where 0 < L < oo (this is verifying your intuition from part (1))
(3) Then the fate of original integral aligns with that of [~ g (z) dx

lim f(2) =

ONE MORE EXAMPLE

Example. Investigate [~ 1=¢"dz.
Now, if we were to perform a Direct Comparison, we need an educated guess
of whether this integral converges or not. At first sight, the 1/x factor seems to

imply that the integral does NOT converge. Thus, it is useful to find a function

g(x) < 1’;72 where [ g () dx diverges (acting as the insane younger brother).
This is not easy.
Back to the example, we find that 1_;71 is almost like % when z is large. Thus,
a good candidate for comparison would be g (z) = 1. Indeed,
l1—e™”
) _

lim — = lim l—e*=1
z—o0 g () zoo0 2 T—y00

which is nonzero and finite. Thus, the convergence of the integral of f depends on
that of g.



LECTURE VI SEQUENCES AND SERIES

SEQUENCES

Definition and Examples. Suppose you have P dollars and plan to deposit it in
the bank at an annual interest rate of r (compounded yearly). At the end of year
1, you will receive P dollars as your interest, totaling your assets to P + rP =
P (1+ 7). After two years, you will have

PA+r)+rP(1+r)=P(1+7)°

and similarly, after n years, you will have P (1 + )" dollars. Thus, we can form a
table

Year 1 2 .o n
Asset value P(1+7) P(1+7r)> . . P(1+r)"
We call “Year” the index of the sequence “Asset value”, where a sequence is an
ordered list of numbers.
The formula
a,=P(1+7r)"
is called the rule of the sequence. Sometimes, we also write
{an} ={P (1 +7)"},7,

where the {} brackets represent a collection /set of numbers.
Example. Typical sequences:

(1) Even numbers, a,, = 2n, for n =0,1,....
(2) Odd numbers, a, =2n+1, for n=0,1,....
(3) Alternating signs, a, = (—1)""".

Convergence and Divergence of Sequences. Consider a,, = %, ie.,

111
nf = 13777,77"'
{an} { 2371 }

whose terms approach 0 when n is large.

The sequence
117 123
bpn}=4¢1—— =40,=,=,—,...

approaches 1 as n increases.

The sequence
{ead = {v}i, = {1.V2.V3.V4,.. .}

gets larger than any number as n increases.
Lastly, the alternating sequence

(d,} = {(—1)"“}:;1 —{1,-1,1,-1,1,-1,...}

does not settle at a single value.
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OPTIONAL: RIGOROUS DEFINITION OF THE LIMIT OF A SEQUENCE

So, what is the proper definition of a convergent and divergent sequence?
If a sequence converges, let its limit be L. The sequence eventually becomes very
close to L, but only when the sequence index is large enough.

Definition. (Optional) We say a sequence {a,} converges to the limit L if for
every € > 0, there corresponds a positive integer N such that

la, — L| < €
whenever n > N.

Think of € as a tolerance level (an error level you can accept), and N as some
kind of a threshold index (that depends on your tolerance). This definition says the
following: whichever tolerance you pick, I can go deep enough in the sequence to
find a threshold such that any member of the sequence after this threshold satisfies
your tolerance.

Remark. Per the previous rephrasing, we must note that N = N (e), i.e., the
threshold depends on the tolerance.

Example. Show that lim,, .. % =0.

Proof. You pick a tolerance level e. This number is fixed. The limit L = 0. Thus,
we want to express the threshold past which the sequence element satisfies

1 1
<e — — <€ = n> -—.
n

1
|an—L|—‘—O
n €

This means, if you look at indices larger than %, the inequality % < € holds. In
other words, pick your threshold N > % (say N (e) = EJ + 1, the smallest integer
greater than %), then the inequality % < € is satisfied for all n > N. (]

Convergence means we expect the limit to be a finite value. Divergence is not
exactly the converse. It is the case when either the limit is infinite or does not exist
(such as oscillations). For example, the sequence

an =+/n

diverges, but we say more specifically that it diverges to positive infinity. On
the other hand, the alternating sequence

bn _ (_1)n+1
simply diverges (but certainly not to any kind of infinity).

Definition. (Optional) The sequence {a,} diverges to positive infinity if for
every number M, there is an integer N such that for all n > N, we have a,, > M.
We write

lim a, = +o0,0r a, — 4o00.
n—oo

Similarly, we say a sequence {a,} diverges to negative infinity if for every
number M, there is an integer IV such that for all n > N, we have a,, < M. We
write

lim a, = —o0,0r a, — —oo.
n—roo
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Remark. Note again, say, in the case of divergence to positive infinity, N is a
threshold that depends on M. Tell me a number M, and I can look deep enough
of the sequence so that I can find all numbers past the threshold N that beat M
(or lose to M in the negative infinity case).

Example. (Optional) Show that a, = 1/n diverges to positive infinity.
Proof. So, pick your number M. I am going to find out at which n so that the

resulting member of the sequence begins to beat M.

an, =v/n>M = n> M
Therefore, as long as I go past the index N > M2, a,, will beat M for any n > N
(consider N = | M| +1).

If you still don’t believe me, then specifically choose M, say M = 5. To find the
member of the sequence that begins to beat M, I sweep through the terms and find
a5 = \/25=5=M.

Now, if I look at asg, I will find
ase = V26 >5= M.

Therefore, for M = 5, I find that when N = 26, a, > M for all n > N = 26.
This is a special argument since we specified M, while the one above is for general
M. O

OPERATIONS OF SEQUENCES

Taking limits of a sequence follows exactly the same rules as that of a function.
Suppose lim,,_, o a, = A and lim,,_,, b, = B. Then
(1) (Sum/Difference) lim, o0 (ay, £ by) = limy, 00 Gy £ limy 00 by = A+ B.
(2) (constant multiple) lim,,_, ka, = kA.
(3) (product) lim, o anb, = AB.
(4) (quotient) lim, o = = % when B # 0.
Note that rule no.1 does not imply that the existence of LHS implies the individual
limit exists. A simple example would be

anp=n, b,=-n

where both diverge, but
an +b,=0
converges.
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INTRODUCTION TO INFINITE SERIES

After infinite sequence, which is an infinite ordered list of numbers, we study the
sum of such list, named infinite series.

a1+a2+a3+...+an+...
Two intrinsic questions arise:

(1) Does the knowledge of the underlying sequence contribute to that of the
series, i.e., properties of

{a1,az2,as3,...,an,...}7
(2) Does the general knowledge of sequences help us understand series, i.e.,
convergence of sequences? If so, how do we translate between sequence and
series?
The answer to 1 is yes, but it varies between cases. The answer to 2 is a resounding
yes. In particular, when studying series, the principal object is the n'* partial
sum, i.e.,
Sp,=a1+as+ -+ a,.
Clearly, studying s, as n — 00, as a sequence, is equivalent to studying the infinite
series.
Example. Consider the infinite series
1+1+1+}+i+
2 4 8 16
Let’s form the table of partial sums.

Partial sum Value Suggestive pattern
s1=1 1 2-1
so=143 % 2 — %
S3 = 1 -+ % + % 1 2 — 7
Sn=143+51+ +z1 Z= 2 —
From the pattern, we observe a rule for the n** partial sum,
1
3"22_2n71_>2’ asn — o0.
We say that the sum of the infinite series
1+ L + : + 1t ! +
2 4 2n—1

is 2.
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Definition. Given a sequence of numbers {a,,}, an expression of the form
a1+a2+a3+...+an+...

is an infinite series. The number a,, is the n'" term of the series. The sequence
{sn} defined by

§1 =ai

S2 =ai1 + az

S3 =a1 + a2 + as

Sn=a1+ag+az+--tan =y ay
k=1

is the sequence of partial sums of the series, the number s,, being the nt” partial
sum. If the sequence of partial sums converges to a limit L, we say that the series
converges and that its sum is L. In this case, we also write

L)
al+a2+a3+"'+an+"':Z@n:L-
n=1

If the sequence of partial sums of the series does not converge, we say that the
series diverges.

nt* TERM DIVERGENCE TEST
Theorem. If Y > | a, converges, then a, — 0.

The contrapositive statement of this theorem is:

If lim,_, a,, diverges or fails to exist, or converges to a number other than 0,
then > | a, diverges.

Thus, it suffices to check the divergence of the sequence to determine the diver-
gence of the series.

Remark. If the sequence converges to 0, it does NOT tell us anything about the
convergence or divergence of the series. In other words, do NOT use this divergence
test to test for convergence.

Example. All of the following series are divergent due to the divergence test:

(1) X, n?

1
oot

THE GEOMETRIC SERIES

A Motivation Example from Present Value.
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Example. At the end of next year, you expect a payment of 100 dollars. Since
this amount isn’t at your own disposal right now, you can’t invest it, i.e., deposit
in the bank at an interest rate of I. Even though this amount is indeed “yours”,
you lost the interest-earning potential, which means it is currently worth less than
100 dollars.

In fact, the present value (PV) of this amount is

~ 100
14T
where V) is to represent the present value for a payment to be received in 1 year
(assuming that depositing the money in the bank is your only investment strategy).

Now, imagine certain life insurance policy pays you 100 dollars every year until
eternity. Then, the present value of this policy is actually

Vi

- >~ 100
n=1 n:1(1+1>

that is, each year’s payment has decreasing present value. This is an example of a
geometric series. Here, we say 1_%[ is the ratio of the geometric series.

Definition.
o0
atar+ar’+- a4 = Zar”fl
n=1
in which a and r are fixed real numbers and a # 0.

With the standard form here, where we always extract the first term a and
put the ratio to n — 1 power, we can rewrite the previous example.

— 100 _°°<100) 1
nz::l(lJrI)" ; 1+1)a+n""!

and r =

100

where a = 1+7

1
I+I°

Geometric Series Formula. To study any infinite series, we focus on the n*

partial sum.
sp=a+ar+ar®+---+ar" L.
To find a rule for s,, may be completely hopeless, but here is a trick:

rs, = ar +ar®+ar® + - +ar"
= S, — TS, =a—ar"
a(l—r"
— =207y
1—r
Woohoo! A general formula for s,,. We observe that when r satisfies certain condi-
tions, the limit of s,, may be determined.

(1) If |r| < 1, then r™ — 0 (common limits for sequences), and thus

Sn —
" 1—r

which means the geometric series converges.
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(2) If |r] > 1, then ™ — oo, which indicates that the geometric series diverges.
The case where r = 1 is not deduced from the formula above, but by simply
looking at the geometric series where

atar+ar?+---=atata+t-=o0.
Example. Find the sum of the series where the underlying sequence is
(1) {ant={3%. 250} -

Solution. So,

I S
9 27 81 9 3 9
001<1)n—1
n:19 3
19
S 1-(1/3)
_ 1
G
2) {bn}=1{5,-2,%,-&,...}.
Solution. So,
5 ) 5 1 1 1
B—— — — =5(1l—-4+———
1716 6" ( 1716 6" )
o5} 1 n—1
£
n=1 4
_ 5
S 1 (-1/4)
=4

Remark. The geometric series formula only applies to geometric series,
and nothing else. You must identify the first term and the ratio. Do
NOT abuse elsewhere as you simply can’t.

TELESCOPING SERIES

> 1

= 1 1
Zn(n+1):;ﬁ_n+1

n=1

The k' partial sum is

o (- ()-

1

(11

kL k+1

=1-——.
k+1

Note that s — 1 as k — oo, the series converges, and its sum is 1.
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OPERATIONS OF SERIES

If Y a,=Aand > 07, b, = B, then
(1) (Sum/Difference) 00 | (an £b,) => o anty oo b, =A% B.
(2) (Constant multiple)

ikzan :k‘ian = kA.
n=1 n=1

From 1, if one of the two series actually diverges, then the first item always yields
a divergent series.

n=1

Example. Y 7, 32;%
We split into two series.

S S50

n=1 n=1 n=1
1 1
- 1 1
-5 1—5
5
4
=5
REINDEXING

Note that we have always used n = 1 and oo as the bounds. This may change

according to your needs.
oo o0
E Ay = E Ap41-
=1 =0

If you don’t believe this, just write both sides out. More generally, to raise the
starting value of the index by h units, we have

0 o
E ap = E Qp—hs
n=1

n=1+h

and to lower the starting value of the index by h units, we have
o0 o0
=Y
n=1 n=1—h

Example. We can write the geometric series

1 1

S T R T
a 1 + B + 1 +
as
o o oo
1 1 1
27 ’ Z on—>5" Z on+4”
n=0 n=>5 n=—4

A trick to see this is: from the original series, look at the starting index, 1, and the
starting power n — 1; note its sum is n. Thus, if you want to reduce the starting
index without affecting the series, you must compensate by adding the same amount
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to the power. In the first example (boxed), we reduced the starting index by 1,
thus we add 1 back to the power n — 1 which gives n.
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A MONOTONE THEOREM FOR SEQUENCES

Theorem. If a sequence a, is monotone and bounded (from above AND below),
then it converges.

This fundamental result about sequences has major contributions to modern
iterative numerical methods. However, its proof is also intuitive — if you can squeeze
the infinite sequence between two numbers, namely, the upper and lower bound,
while the sequence itself is either monotone increasing/decreasing, then eventually,
it has to find its limit somewhere between the bounds.

We know already that a series can be viewed as the limit of its n** partial sum,
which is a sequence. Therefore, the theorem also shines light on the convergence of
series.

Corollary. A series Y ., a, of nonnegative terms converges if and only if its
partial sums are bounded from above.

Now, a series of nonnegative terms is already bounded from below by 0. Fur-
thermore, since you are always adding nonnegative numbers, the partial sum is
non-decreasing — monotone increasing. Thus, the theorem applies if the sequence
of partial sums is also bounded from above.

THE INTEGRAL TEST

So, from the Corollary, can we find such upper bound for a series of nonnegative
terms? Anything we can borrow from all previous calculus knowledge?

Example. Consider the series > >, %

Every series has a “box” interpretation. Consider boxes of various heights, but
a fixed width of 1 unit. Then, the first term of the this series can be viewed as the
area of a box with height

1
12
and width 1. Similarly, the second term is the area of a box with height
1
22
and width 1. So on and so forth.
So, consider the function f (x) = :%2 We see that the partial sum of the series is
1 1 1 1
s"_ﬁ+272+372+”'+ﬁ

=fW+rQ+rB)+--f(n).

Now, with the help of a sketch of the function f and the corresponding boxes
1



LECTURE VIII

¥

o
|
— (1, f{1))
II
| Graph (]F_II'-[I:I=—I'-..
| x-
I|
] |
B III (2, fi2))
|II ] l
2 (3, f03)) —3
L-. /" in, fim))
_'-__EL — T
0 1 2 3 4 .. n—1n..

underneath the curve, we find that

sn—f(1)+f(2)+f(3)+...f(n)<f(1)+/1nxlzdx

<1
1 X

<141
=2
This is saying that the partial sum s,, < 2, that is, bounded from above. Since s,
is also monotone increasing, by the Corollary, we conclude that the series

=1
>
n
n=1
converges.

This technique can be further improved in general to a theorem, called “the
Integral Test”.

Theorem. Let a,, be a sequence of positive terms. Suppose that a,, = f (n) where f
is a continuous, positive and decreasing function for x for all x > N (N a positive

integer). Then the series Y .- an and the integral f:fo f () dz both converge or
both diverge.

Let’s apply it first and then see the proof. The idea is to converge again the un-

derlying sequence into a function representation, and then investigate the improper
integral of the function.

Example. Show that the p-series

oo

converges if p > 1 and diverges if p < 1.
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Solution. If p > 1, then f () = 1/2P is a positive decreasing function of z. What’s

more,
<1 1
/ L1
1 xP p— 1

(see Lecture III on this). Therefore, the series converges by the Integral Test.

If p < 0, the series diverges by the Divergence Test. How? Note that we can
write = = n? for ¢ = —p > 0. Obviously, n? — oo as n — co.

fo<p<1,then1—p>0, and

~1 . 1—
/ —dr = —— lim (b p—l):oo
1 xP 1-— P b—oo

(again, see Lecture III on this). Thus, the series diverges by the Integral Test.

Lastly, if p = 1, then we have the harmonic series

1 1 1 1

which corresponds to the improper integral

o0
1
/ —dz,
1 .T
1

Example. The series > -, 77571 18 NOT a p-series, but it converges by the Integral
Test. To see this, let the function be
1

J@) =y

It is positive, continuous, and decreasing for x > 1 (you MUST verify that the
chosen f satisfies these three criteria). Furthermore,

which we know diverges.

< 1
/ ———dr = lim [arctanx]l{
1 X + 1 b—oo

= lim [arctanb — arctan 1]
b— o0

s s

4

PN

Thus, by the Integral test, 2211 n%ﬂ converges. However, we don’t know what it
converges to. The Integral Test does NOT say that /4 or any other number is the

sum of the series.
Remark. The Integral Test requires a good knowledge of integration techniques.

Example. Determine the convergence or divergence of the series.
(1) >0, ne="". (Technique: substitution)
(2) 3°°° | i, (Technique: substitution)

n=1 2lnn
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Direct Comparison Test for Series.

Theorem. Let > a, and Y. b, be two series with 0 < a,, < b, for all n. Then

(1) If > b, converges, then > a, converges.
(2) If 3" a,, diverges, then Y b, diverges.
Example. >~ , -1
Knowing the Direct Comparison Test, we can skip the conversion to a
function representation, and just compare the underlying sequence to
another. However, we still need to develop an intuition on whether the series
converges or not.
The series here almost look like >~7 , % which is a p-series for p = 1, which is
known to diverge (due to the Integral Test). Thus, we should compare something
that diverges. More precisely, we need to find a smaller sequence whose series

diverges. Indeed

— — = 00.
n—1 n n:Qn—l =

—1
774-;-2'
The underlying sequence behaves like n% when n is large, so we expect conver-
gence due to p-series test. The goal now is to find a dominating sequence that beats

the given one, whose series converges.

Example. ) 7,

nt+2 - nt +2 - nd — nd

Thus, by Direct Comparison Test for series, we have

n — 1 numerator made bigger n denominator made smaller 7 1
<

> n—1 <1
Do <2 <o
n=2 n=2

Now, the inequalities here seem straightforward because the numerator and de-
nominator give what we want easily.

Limit Comparison Test for Series. What if we have

>

n=2

which also behaves like % for large n, and thus implies convergence. How do we
use the Direct Comparison Test now?

Solution. Note we still need a larger sequence whose series is convergent:

n -+ 1 numerator made bigger 15, L n on denominator made smaller 2n
<

nt—2 - nt—2 nt-2 - nt—1pt  n3
1
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The first inequality holds if n > 1 since we replaced the 1 with n. The second
inequality holds iff

1
2§§n4 = pt>4 = n>V2~1414....

But the series starts at n = 2 already, so we are safe. Thus, by Direct Comparison,

= n+1 =4 =1

Remark. This is so much pain. Can we use something simpler? Yes. We
retain the valuable information that the underlying sequence looks like
n—13 when n is large.
Theorem. Suppose that a,, > 0 and b, > 0 for alln > N (N an integer, problem
dependent).
(1) Iflim, o0 $= = ¢ >0, then Y a, and ) by, both converge or both diverge.
(2) Iflimy, 400 3= = 0 and ) b, converges, then ) a, also converges.

n

(3) If lim, 00 ‘g—: = o0 and Y b, diverges, then Y a, diverges.

18

B

Few comments about how to understand each result:

(1) Similar to LCT for improper integrals.

(2) If limy, 00 Z—: = 0, then b, can be viewed as the dominating sequence
“big brother”, and by DCT, the “smaller brother” > a,, is sane.

(3) If lim, 0o ‘;—: = 00, then b, can be viewed the subordinating sequence
“little brother”, and by DCT, it is driving the “bigger brother” > a,
insane.

The last example of DCT is quite some subtle work. LCT helps us circumvent

it. Consider again the series
o0

nt—2
n=2
We already suspected that the underlying sequence looks like %, why don’t we
compare to it? Define

n+1 b 1
and then we find
n+1
. ap . ni—2 . TL4 + Tl3
lim — = lim —5— = lim ——— = 1.
n—o0 by, n—oo n—ooo Nt —2

We fall in the first case. Now, we already know by p-series that > b, = > n%
converges, and thus by Limit Comparison Test, > a, also converges.

Example. Does Y 7 | 17 converge?
= T
This relies on a bit of experience. We know that exponential functions beat any
polynomials. Now, here is another fact — natural logarithm grows slower than any

polynomials. You can prove it: for a > 0
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A similar statement can be said for sequences
Inn

lim
n—oo N
Here, even though the above limit does NOT automatically tell us convergence of

the series, its essence helps us select a sequence to compare. Let

=0, a>0.

_Inn 1
Un =732 "n= 5
Then,
an Inn
Jm g = i o =0

n
Further note that > b, is a p-series with p = 5/4 > 1 which converges. Together
with the limit, these conditions put us in Case 2 in LCT for series, and suggest

that
> lnn >
Z —E = Z ay, converges.
n

n=1 n=1
Example. > sin(1).
Solution. Compare to b, =
sin (1)

1
n

T (m) _ iy 5B (x)

m—0 m x—0 x

lim =1.
n— o0

Therefore, we are in Case 1 of LCT for series. We know already that > - b,
diverges. Thus, Y 7, sm( ) diverges.

o0 1
Exal‘nple. Zn:2 Fn—1_7*

Solution. One wishes to use the direct comparison

but this unfortunately is untrue.

However, we may use the RHS in the LCT for series. Let b, . Then,
% n—1 1
lim dn _ lim 3'11_1 = lim ——=lim ———— =1
n—oo by, n— oo T n—oo 3n—1 — 1 n—oo 1 _ (%)”

This puts us in Case 1 of LCT for series. We know already that
1 1/3 1
Zb Zgn 1 :1/1/3=2<OO, converges

_ o 1
Therefore, an? an = ), _, za=1—7 also converges.

oo (Inn)?
Example. > 7 .

n=2 n

Solution. Intuition: Inn grows very slowly, so slow that it is almost a constant
compared to any other polynomial growth. Thus we expect the series to diverge

like Y- L.

Let a, = (1 nn)® ond b, = +. Then we check
a (Inn)? )
lim = = lim —2— = lim (Inn)” = oco.
n— oo n—00 = n—00

n

3
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We also know that Z;ll diverges. Thus, we are in Case 3. This implies that
S (m:)z diverges.

n=2
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ABSOLUTE CONVERGENCE

We know the series ) % converges by the Integral Test. What if now we have

Does this series converge?

Definition. A series ) a,, converges absolutely (is absolutely convergent) if the
corresponding series of absolute values, _ |a,| converges.

Theorem. (The Absolute Convergence Test) If > 7| |an| converges, then > " | a,
converges.

Proof. The proof relies on the Direct Comparison Test.
For each n, we know that

—lan| < an < lay].
Adding |a,| to all terms, we have
0 <ap+|an <2|ay].
By the Direct Comparison Test,

o9
D> an+lanl
n=1

. o0
converges since » >, 2|a,| converges.

Thus,
oo o0
Z Z (an + |an| — lan])
: n:
oo
- (el - (o)
n=1
which is convergent because the two individual series are convergent. O

Then, to prove that > 2 (- 1)"T! L converges or not, we check its absolute

'fL2
serles,
=1
Z =<

as it is a p-series with p = 2. By Absolute Convergence Test, the original series

° (—1)" " L converges.
n=1 n g

0o
n+1 1
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Any kind of alternating series that may make you scratch your head about its
convergence now can be checked by this test.

Example. Y °7, 887 i5 an alternating series because sinn can be positive or neg-

n=1 n2
ative. However, taking an absolute series, we have
o0 . oo
Z smn < Z 1 <
< — < 00.
n? n?
n=1

n=1

By the Absolute Convergence Test, > | “17?—2” also converges.

THE RATIO TEST

Let’s study the convergence of Z?:o (ilnn)ll (this shows up in probability theory

and statistics) . Compare to, uh, ... we give up, temporarily.
Now, let’s build some intuition from geometric series. Consider the geometric
series Y ar™. We see that

ant1  ar™tt .

Ay, ar™
which is true for every n, that is, the underlying sequence has this constant ratio 7.
We know that if r < 1, the series | ar™ converges and if » > 1, we have divergence.
So, it seems that checking the ratio of the underlying sequence may offer some
information about the convergence of the series.

Theorem. Let > a, be any series and suppose that

an+1
Qn

lim
n— oo

Then

(1) The series converges absolutely if p < 1;
(2) The series diverges if p > 1 or p is infinite;
(3) The test is inconclusive if p = 1.

Proof. Only a sketch of proof here. If the limit holds, then

Ap41 = PAp

for every n > N for some large N. Thus,

e} 0o ') 00 0o
2 n n
E Ap4+1 = E Py = E P apn—1 = ... = E p a1 = ay E P
n=N n=N n=N n=N n=N

where the last series is a geometric series. Certainly, the convergence criteria is
p < 1 (and diverges if p > 1).

For p = 1, we just need to come up with two examples, one diverges and one
converges but both yield a limiting ratio of 1. Consider a,, = % and b, = %

Upt1 :1/(n—|—1): n L1
an 1/n n+1
while
bt | YD m
b, | 1/n2  n242n+1 '

Yet > a, diverges but _ b, converges. p = 1 is indeed inconclusive. (]
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oo (2n)!

Example. ) > 5.

Solution. So, let a, = 22! We have

nln!
2(n+1))!
Unt1| et DIn+D)!
G - (2n)!
n!n!
~ 2m+1) n!n!
2n)!  (n+1)!(n+1)!
_ (2n+2)! 1

@2n)! (n+1)(n+1)
(2n+2)(2n+1)
(n+1)(n+1)
— 4.

This implies that the series diverges since the limiting ratio is 4.

Example. Y 2;;’[5.
Solution. We can solve this problem in three ways.

(1) Define a,, = 27;1’? Then, checking the ratio, we have

2n+1 +5
3n+1
2715
3n

ntl 45 3n
2n + 5 3ntl
C12vtl 45
T3 2n+5
_12+5/2n
" 31+5/2n

Ap41 o
QA

2
— - <L
3
By the Ratio Test, the series converges absolutely.
(2) We can prove this using DCT by comparing to Yo 2552~ = 3> 12(2)" <
00 .
(3) We can do direct computation, and find

SIS (3) 3 (3
n=0 3 n=0 3 n=0 3
1 n )
2 1
-5 1l-3
15
=3+
—§<oo

Remark. The Ratio Test should be applied to series who terms contain exponentials
or factorials because expressions of these forms may cancel/divide nicely.
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OprTIONAL: THE ROOT TEST

Another test derived from the geometric series convergence result is the Root
Test.

Theorem. Let Y a, be any series and suppose that

lim {/|an| = p.
n—oo

Then

(1) The series converges absolutely if p < 1;
(2) The series diverges if p > 1 or p is infinite;
(3) The test is inconclusive if p = 1.

Proof. Only a sketch here. Suppose the limit holds. Then,
Vian| = p
for some very large n. This implies that

lan| ~ p" = Z|an| ~ an

which is a geometric series. The convergence criteria of geometric series give us the
same breakdown of p.

For p = 1, the same examples from the Ratio Test will also work — both yield a
limiting root of 1 but one diverges and another converges. a

Example. Y 7, m

Solution. Define a,, = W The root test yields
lim {/|a,|= lim } %
n—oo n—oo (2n/+—5)
71/n
= lim
n—oo 2n + 5
=0<1

which implies that the series converges absolutely. But you should think about why
the limit is 0.

Example. Y 7 ¢

n=1 ne"

n

Solution. Define a, = Z—Z Then,

. , . e
lim {/|a,| = lim §/—
n—o0 n—oo n

) e
= lim

=e>1

which implies that the series diverges. But you should think about why the limit
yields e.
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Remark. The commonly occurring limits will come in handy here quite often for
the Ratio Test or the Root Test.
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ALTERNATING SERIES

We know from p-series that the harmonic series (p = 1) is divergent. So, how
about the alternating divergent series?

1 1 > e 1
14 - _=
2 + 3 ;::1
If you apply the Ratio Test to this,
1
Intl) = Jim 2L =g
Qn =

lim
n—oo n—oo

which is inconclusive.

Theorem. (The Alternating Series Test)

The series
o0

Z(*l)nﬂun =Up — U2+ U3 —Ug+ -
n=1
converges if the following conditions are satisfied:
(1) The uy’s are all positive.
(2) The uy,’s are eventually nonincreasing: w, > unv1 for alln > N, for some
integer N.
(3) u, — 0.

Example. For the alternating harmonic series,

11 n+11
1—-4+-_= =
23 Z

we identify that u, = = > 0, u,, is decreasing and u,, — 0.

Remark. The alternating series test would be useful when first the series is clearly
alternating, while the Ratio Test yields an inconclusion.

Like the alternating harmonic series, there are many series out there that con-
verges but not absolutely. We call this type of series “conditionally convergent”.

Definition. A series that is convergent but not absolutely convergent is called
conditionally convergent.

In series notation, we say a series Y a, is conditionally convergent if >_ |a,|
does not converge, but > a, does.

Remark. Since the definition of conditional convergence requires that you know the
series does NOT converge absolutely, YOU MUST CHECK ABSOLUTE CON-
VERGENCE FIRST (by ACT or the Ratio Test).
(1) If ACT or the Ratio Test yields convergence, then the series converges
absolutely, and we don’t have to do more.
1
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(2) Only if ACT or the Ratio Test yields divergence, then we may apply
AST to the series if it is alternating, and possibly establish conditional
convergence.

Example. Study whether the following series converges absolutely, conditionally
or diverges.

(1) 200, ()" e,
Solution: Absolute Convergence Test first.

oo oo
Z |cosn| < 1 -
— < 00.
<)
n n
n=1 n=1

Thus, the original series converges absolutely.
(2) ol (D) "In(1+ ).
Solution: Absolute Convergence Test first. We study > oo In (1+ 2).
I will first show the method that works, and then discuss other possibilities.
We perform LCT using b,, = 1/n, and try to prove divergence. The reason
to believe in divergence is that a, = In(1+1/n) does not decay fast enough.
b @ = g 2O R) ko I o) e T
n—oo b,  n—oo 1/n m—0 m z—0 T z—=0 1
This puts us in Case 1 of LCT for series. > a, and )b, have the same
fate, but we already know > b, diverges. Thus, > a, diverges, and the
original series Y2 | (—1)"In (1+ 1) does NOT converge absolutely.
——————Other approaches:———
You may do the Ratio Test on the series of absolute values. But you find
an inconclusive result:

1 1 x+1 1
i [ | () e (58) () e
n—oo | In (1—|—%) z—oo In (1—|—%) z—00 ( zl) . (_%) z—o0 T + 2
4+ xT

DCT may work but you need to do a lot of work to find a divergent series
smaller than the one at hand. Please don’t do the Integral Test. It is
applicable, but good luck finding the antiderivative of In (1 + 1/z).
End of other approaches.——— —
After not obtaining absolute convergence, we study whether the original
series converges.
(a) In(1+ 1) >0 because In(z) >0,z > 1
(b) In(n) is a monotone increasing function in n, we see that In (1 + 1) is
then monotone decreasing in n
(¢) In(1+ 1) > 0asn— oo
Thus, by AST, the original series converges. Altogether, the original series
converges conditionally.

SUMMARY OF TESTS

(1) The n''-term test for Divergence: unless a,, — 0, the series diverges.
(2) Geometric series: Y ar™ converges if |r| < 1; otherwise it diverges.
(3) p-series: > 1/nP converges if p > 1 and diverges otherwise.
(4) Series with nonnegative terms:

(a) The Integral Test;
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(b) Direct Comparison Test;
(c) Limit Comparison Test.
(5) Series with some negative terms
(a) The Ratio Test;
(b) The Root Test;
(c) Absolute Convergence Test.
(6) Conditionally convergent?
(a) Check for Absolute Convergence First using ACT or the Ratio Test.
(i) If through, conclude with absolute convergence and stop.
(b) If not, then check if the series is alternating — if so, then apply the
Alternating Series Test. If not, game over (for now), i.e., just say,
“can’t solve using current methods”.



LECTURE XII POWER SERIES REPRESENTATION OF
FUNCTIONS

MOTIVATION OF POWER SERIES

The two main subjects in Calculus are Differentiation and Integration. We have
learned their rules. However, it is not always computationally realistic to calculate
quantities such as In (23), or sin (10), or even the naive 2. In fact, modern com-
puters can only approximate these numbers up to a certain precision, and make
error. Then, not to mention the integration of In (xQ), sin (1’3) or e“"z, all of which
we have no answer to at the moment, with elementary means.

However, there is one particular group of functions we really enjoy differentiating
or integrating — the polynomials. The rules are simple — the power rule! It cannot
get better than this. Thus, it would be a crazy but brilliant idea to see if we can
approximate functions using polynomials, that is,

f@)~cwt+a(@—a)+ce@—a)l’+ - +cn(z—a)

about certain point z = a. Or, maybe, with even more imagination, let’s use an
infinite polynomial, to represent f exactly.

F@) =Y e@—a)" =cote(z—a)+e(@—a)’+ +en(@—a) +--.
n=0

But ugh, infinite series? Don’t we worry about its convergence, since that’s the
topic we have been dealing with? What if the series diverges, so we get f(z) =
complete garbage. And now, this infinite series has x in it. What are the protocols
to ensure that the equality above really is equality? Does the equality hold for
every x in the domain of f or just a subset?

POWER SERIES

A power series about = = 0 is a series of the form

o0
n __ 2 n
E Cph =cCo+cCcx+cxt+---+cpr e

n=0

A power series about x = a is a series of the form

ch(x—a)":co—i-cl(m—a)+02(m—a)2+-~-—|—cn(x—a)"+~-~

n=0

in which the center a and the coefficients cg,c1,co,...,c,,... are constants.
It is also customary to consider a power series as a function of x, namely,

f (:U) = Z cnz”,
n=0

1
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from which we observe that f is infinitely differentiable (see it as an infinite-degree
polynomial). Our principal question is:

For what z does the power series converge?

Of course, the answer should also depend on ¢,. For = very large, we need ¢, to
control how fast ™ gets such that the series still converges.

Example 1. By the geometric series formula, we know exactly for what x does the
following power series converges,

l+z4+a”+a°+- a4
This is a geometric series with first term 1 and a ratio x. The convergence for

geometric series posits that if |z| < 1, the series converges and converges to number

1
1—=1+x+x2+x3+-~-+x"+---, ~l<z<1.
— T

One may then consider the function

1
[@) = 1—
and its exact power series representation
1 oo
j— — n
@ =15 =2 <t

which is only valid for |z] < 1.

Here, we also say that the interval (—1,1) is the interval of convergence for
the power series Y x™.

Example 2. Now, a slightly more complicated geometric series.

1—;(m—2)+i(x—2)2+-~-+(—;)n(x—Z)n—i—-“:i(—;)n(x—2)n.

n=0

r—2

5~ Therefore, the conver-

This geometric series has first term 1 and a ratio of —
gence criteria of geometric series requires that
T —2

2

’<1 — O<z <4

On this interval, the series converges to the function
1 2

In other words, the function f () = 2 has a power series representation

P R— 1\" .
:Z(—) (x—2)", 0<z<4
v = 2

Since we are blessed with not only geometric series, but also its logical extension
— the Ratio Test, we can find the interval of convergence for other series that
are more involved.
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Example 3. Y% (-1)""'z",
- . o, . n . . .

We compute the limiting ratio here while keeping = unknown. We know that

the series converges absolutely if the limiting ratio is less than 1. So, let a,, =

(=1)"" 2% and thus

In+1
a
SN e |\ ]am
(07% .

This implies that if || < 1, the series converges by the Ratio Test.

Furthermore, if |z| > 1, the series diverges.

Note that at z = 1, we have the alternating harmonic series, which converges by
the Alternating Series Test.

At © = —1, we have the negative harmonic series
1 1 1

S
2 3 4

which obviously diverges.
To conclude, the power series converges for —1 < x < 1 (note that we include
x=1).

Example 4. Y  Z: =14+ Z ST 4z o S+
We perform the same set of analysis as above. Define a,, = xn— We compute the
limiting ratio
2
(n+1)' X
= = — 0.
= lal (n + 1) n+1

an+1
Qn

TL'

Note that this limit goes to 0 for any x. This implies then that the series converges
absolutely for any z, namely, the interval of convergence is (—o0, 00).

Example 5. >  nlz".
WEell, this series is already looking bad because the coefficients is blowing up very
very quickly. To confirm, we perform the Ratio Test. Define a,, = nlx™.
(n+ 1)lzn+t
nlzn

An+41
2%

=lz|(n+1) = o0

unless x = 0 a priori. This implies that the series diverges except x = 0.

Procedures in general:

(1) Use the Ratio Test (or the Root Test) to find the largest open interval
where the series converges absolutely (just like the examples above),

|t —al] <R

or
a—R<x<a+R

Remark. a = 2 in Example 2 (look at the center of the interval 0 <
x < 4). In all other examples, a = 0. This a is the center of the se-
ries as introduced, but not all series are written in the convenient form as
> (—%)n (x — 2)", so one must check carefully.

R is called the radius of convergence of the power series, which may
be infinite (Example 5) or finite but nonzero (Example 1-4), or 0 (Example

6).
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(2) If R is finite, test for convergence or divergence at each endpoint of the
interval. Use a Comparison Test, the Integral Test, or the Alternating
Series Test.

(3) If R is finite, the series diverges for |z — a| > R because the n'" term does
not approach zero for those values of .



LECTURE XIII TAYLOR SERIES AND MACLAURIN SERIES

MOTIVATION OF TAYLOR SERIES

We now put our knowledge of series to use. The motivation of this section stems
from linearization of a differentiable function f (z) about a point = a, namely,

f@)=L(x)=f(a)+f (a)(z—a).
We understand that the line is only exact at 2 = a, matching function value AND
slope, and acts as an approximation of f (z) only near x = a.

Can we improve this approximation? We obviously make some error with a
linear approximation. So, how about more terms by increasing the power? Let’s do
a quadratization of f, that is, we say that f is locally approximated by a quadratic
function,

Q(x)=co+ec1(z—a)+cs(z—a).
So, can we find the coefficients cg, ¢1 and ¢z such that @ (z) and f (z) have matching
value, first and second derivative, which is better than just a line? So, we force that

Q(a) = f(a),
Q' (a) = f'(a),
Q" (a) = f"(a).
Spelling out this system of equations, we have
Q($)200+01($—a)+02(37—a)2 = Q(a) =co = f(a)
Q@) =c+20@-—a) = Q(a)=c={f ()
f" (a)

Q" (x)=2c = Q" (a)=2c2=f"(a) = c3= —

Thus,
Q@) =f(a)+ [ (a)(x—a)+ [ (a) (x — a)”.
TAYLOR SERIES

From the study of power series, we found that some functions can be represented
by power series. But these functions all sort of have a geometric series flavor, e.g.

1 1
= et
F@)= =0 1oact
Can a general function be represented by a power series?
We propose
f@) = en(@—a) =coter (@ —a)tez (@ — )+ ten (w—a)'+ o, z €l
n=0

for I some interval of convergence. These coefficients are to be determined based
on what we know about f.
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Via Term-by-Term differentiation, we have

fr@)=c1+2@—a)+3cs(@—a)’+ - +nca(x—a)" "+, zel.
f(x)=2c+2-3cs(x—a)+-+nn—1c,(@—a)" >+, zel.
f"(x)=2-3c34+2-3-dea(x—a)+--F+nn—1)n-2)cy(z—a)" 4+, zel

with the n'" derivative being
™ (x) = nla, (x — a)™ + higher order terms with (z —a) as a factor.
Now, evaluating at x = a, we find that
fla)=co, f(a)=c1, f"(a)=2c..., ™ (a)=nla,,....
Therefore, we find that the coefficients satisfy

" (a)

T opl

and the power series representation of an infinitely differentiable function f is

f"(a)
2!

(z—a)’+---, zel

© 4(n) (g
Fa) =S L@ = f @) (@) - )+
n=0 ’

n
where a € I. We say this power series is the Taylor series generated by f at
x = a. If a = 0, then the series is also called the Maclaurin series generated
by f, i.e.

f70)

f(x):f(0)+f/(0)x+Tl‘ 4+, xzel.

THE MoST IMPORTANT TAYLOR SERIES

Example.

flx) =e”.
This is easier than you think because the derivative of e at all orders is itself.
Here, let’s find the Maclaurin series of e*.

FO=£0)=f0=...=fM0)=...=1.
Therefore,
@)=+ a0
Y 22 23 e o n
= |e :1+IE+§+§+E+:;F

Question: for what x does this power series representation hold for e*?
Answer: do the Ratio Test. Let a,, = ‘%, Then

zn+1
An 41 1)! X
ntll = (n;;,) = — 0, for any z
Qan, or n+1

which then implies that the interval of convergence of this series is (—00, 00) (or an
infinite radius of convergence). Note that this coincides with the study of Example
4 from Lecture 12 (MATH1023A _L12_PS.pdf).
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Example.
f(z) =sinz.

The job is to recognize a pattern in the derivative. Here, let’s take a = 0, so we
are looking for the Maclaurin series of sin x.

Or in general, we find that the derivatives of even order are always 0, while those
of order order are always alternating between 1 and —1. More precisely,

1O o, 170

sina = (0) + 1 (0) & + TR
¥ 2P
In sigma notation, we put
. o B I oo . p2ntl
e =gt gt = L O G

From the Maclaurin series of sin (z), we get that of cos(z) via Term-by-Term
differentiation, namely,

22 gt g0 oo L a2n
COb()—1—§+E—a+"':;(—l) o)l

From the Maclaurin series of e*, we get that of e™* for free. Just replace x with
—z,

v _q 22 23 = on
SERE . -3

However, we can do FAR more than this. In fact, we also get the Maclaurin series
2
for sin (12), or e~* | or in general, any function composition f (g (x)). For example,

22)° 22)° 22)7 > L g2@nt)
sin (22) = (22) — (3!) n (5!) _ (7!) 4. :nz:%(_l) D

or

—x 2
e =14 (-2%) + TR TR A T
4 6 8
g2 T T
B T R T
2n
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APPLICATIONS OF POWER AND TAYLOR SERIES
Example. (Sum of the alternating harmonic series)
It suffices to identify the function f which has series representation
e (71)"—1xn 2 3 4

A T T
fa)=) ~—F——=z-Ftg -+
n=1

because the alternating harmonic series equals f (1).
Taking a derivative kills n in the bottom. Thus, via Term-by-Term differentia-
tion, we have

! —1— 2_ .3 . —
1 (x) x4 —a’+ T2

,  lx] < 1.
By direct integration, we find that

f(@)=(1+a)
which implies that

1 1 1
1_§+§_Z+...:f(l):ln(l+l)=ln2,

surprising, huh?

Example. Express f sin (932) dx as a power series.
So, we found this last class!

Therefore, we can integrate the power series term-by-term,

4n+2
/sm dx—/z 2n—|—1)

(71)71 n
(2n+ 1)! /Q‘"4 e

” 4n+3

z:: 2n—|—1 l4n +3°

el

Example. (The Most Incredible Identity: Euler’s Identity).
First, a few recall of important Maclaurin series

333 .’1)5 337 0 n x2n+1
N — o — LoD L
sinr =z — o7 + 5T +- HZ:;)( ) @n+ 1)
22 gh gF oo Lo
cos(x):1—5+ﬂ—a+~~22(—l) o)



LECTURE XIIT TAYLOR SERIES AND MACLAURIN SERIES 5

and -
2 3 4 n
v _ L Er L E T
ef=l+a+ 4+ *E%m

—

(you may observe already the similarity between them).
Now, magic happens. We make use a complex number a + bi where a and b are
real numbers and ¢ = v/—1. Note that

7:2 -3 2

=-1, P¥=i%i=—i, *=i%%=1, P=iti=i,. ...

Now, suppose we compute the Maclaurin series of the quantity
(@0)° (10" (@0)"  (i0)°  (i0)°
ST TR TR R TR
62 6 6 6> 6°
. LA

62 9+ gS ) 03 e 9
:(1—2|+4|—6|+>+Z<9—3'+5‘—7'+>

= cosf +isin6.

The identity

e =1+i0+

e = cosf +isind
is called the Euler’s identity. For complex numbers a + bi, we find
e@tb = 2P — ¢ (cos (b) + isin (b)) .
In particular, if # = 7, we find the most intriguing identity
€T =-1 = T4+ 1=0,
that is, an equation that combines five of the most important constants in mathe-
matics.



LECTURE XVI PARAMETRIZATIONS OF PLANE CURVES

So far, we have learned about curves only via the graph of a 1D function, namely,
the ordered pair (z,y) = (z, f (x)) where

y=f(2)
via some function f.

However, not all curves can be represented by a function, since a function must
pass the vertical line test. Simple shapes such as a full circle easily fails the test.
So, what can we do about these curves? Function representations are nice to have
since we know so much about them. We need a small adjustment.

Definition. If x and y are given as functions,
r=f(t), y=g()
over an interval I of t-values, then the set of points (z,y) = (f (t), ¢ (t)) defined by

these equations is a parametric curve. The equations are parametric equations
for the curve.

This definition implies that we can describe a curve now using two single-variable
functions, rather than one.

Example 1. Sketch the curve defined by the parametric equations
r=t%, y=t+1, —oo<t<oo.

Going back to basics, we set up a table for the function values and inputs.

TABLE 11.2 Values of x = ¢ and

y =t + 1 for selected values of t. ¥
=1
~ _I_.-';—"
i X y =2 " (D 4)
=1 o (4,3
-3 9 —2 —71,2) I
-2 4 -1 =10 @J]
LD I T R R R
—1 1 0 t=—1 w41
i =-7 (9, -2)
0 0 1 N i 2 - L2 )
t=-3
1 1 2
2 4 3 FIGURE 11.2 The curve given by
3 v] 4 the parametric equations x = * and

¥ =1t + 1 (Example 2).

Now, you may note that we can still find a relationship between x and y. First,
we find that ¢ = +4/x, which means

y=+vr+1.

Indeed, this is describing two pieces of curves, rather than 1, though the upper one
does look like the function y = /= + 1.
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PARAMETRIZATION OF CIRCLES

Example 2. The equation associated with a circle is
2?4y =12
where r is the radius. So, how can we parametrize x = f (¢) and y = ¢ (¢) such that
the expression above still holds.
Consider
r=rcost, y=rsint, 0<t<27.

Then, trig identity carries through, and we see the formula stands. This parametriza-
tion describes a motion that begins at the point (r,0) (evaluating both quantities
at t = 0), traverses the circle 22 + y? = r? once counterclockwise, and returns
to (r,0) (evaluating at ¢ = 2m).

Remark. What motion would it describe if 0 < ¢ < 7?7 It’s still on the same circle,
but only counterclockwise 180 degrees.

Remark. What motion would it describe if 0 < ¢ < 477 Still on the same circle,
but counterclockwise two times around.

Remark. Is this the only parametrization of a circle? No, in fact, to describe the
same circle, one may do

x=rcos(2t), y=rsin(2t)

because x2 4 32 = r? is still the same circle. However, the range of ¢t-values will

describe the motion, in addition to the curve the particle travels on. If 0 < ¢ < m,
then we have reproduced the same motion as the example because the argument
of the trigonometric functions are now 2t.

However, if 0 < t < 27, note that the argument goes from 0 to 4w, which
indicates that you have gone around counterclockwise twice around the circle.

PARAMETRIZAITON OF A LINE

Example. Find a parametrization for the line through the point (a, b) having slope
m.

We know already that the equation of this line in Cartesian coordinates is

y—b=m((z—a).
So, define
t=r—a = x=a+t, y=b+mt, —oco<t< oo

This is a valid parametrization, but not unique. There are various other parametriza-
tions.
Example. Find a parametrization for the line that starts at (0,3) and ends at
(4,0).

One way to perform this parametrization is via a convex combination of the
two points.

w=0-(1—t)+4-t=4
y=3-(1—t)+0-t=3(1—1t)

where 0 < t < 1. Clearly, when t = 0, we are at the point (z,y) = (0,3) and when
t =1, we are at (4,0).
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In general, to find the parametrization between two points (z1,y1) and (z2, y2),
do

x=x1 (1 —1t)+ zaot,
= Y2 (17t)+y2t7
where 0 < ¢ < 1.



LECTURE XVII CALCULUS WITH PARAMETRIC CURVES

Now that we have seen a few examples of parametrized curves with equations

LB:f(t), y:g(t)v
a few natural questions come about. Ultimately, we want to know more properties
of the curves. Formerly, curves we know were described by functions y = h (). We
are curious of the smoothness of the curves, by studying its continuity and then
various orders of derivatives. So, instead of being given a function y = h (z), we
are given the parametric equations. Can we still find the slope of the tangent line
at any given point (z,y)?

TANGENTS AND AREAS

A parametrized curve x = f (¢) and y = ¢ (t) is differentiable at ¢ if f and g
are differentiable at t. We make use of the chain rule
dy _dy do

dt dr dt’
given that all three derivatives exist. If dz/dt # 0, we can divide it over to obtain

the slope of the tangent
dy  dy/dt
de — dz/dt
Furthermore, if the parametric equations define y as a twice-differentiable func-
tion of x, we can apply Chain rule again to find
Py d (dy\ d . dy/dt
( ) W) = dr/dt”

dx?  dx

dzx

=y
Example. Find the tangent to the curve
x=sect, y=tant, —7w/2<t<7w/2,
at the point (\/5, 1) that corresponds to ¢t = 7/4.
Solution. It suffices to find dy/dt and dx/dt.
% =secttant, Z—f = sec? t.
Now, don’t evaluate at ¢ = 7/4 so quickly. We assemble the derivative first and

note for simplifications,

dy dy/dt  sec’t sect  1/cost 1

dr  dx/dt secttant tant sint/cost sint’
Thus,

dy R
dx |(ﬁ*1)_ sin (%) V22 V2.

The equation of the tangent line is given by the point-slope form

y—lzx/ﬁ(m—x/ﬁ) == y:\/ir—l.

1
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Example. (second derivative) Find d?y/dz? as a function of ¢ if z = t — t? and
y=1t—1t3.

Solution. So, the goal is to find % = ‘2";’//5;.

We need to express y’ as a function
of t. To find 3/, we have

, dy  dy/dt 1—3t?

Y= " dzjdt T 1-2t

Thus,
dy’ d (1-3t2\ —6t(1—2t)—(1-3t%)(=2) —6t+12t2+2—6t> 2 — 6t + 6t
dt—dt(lﬁ)_ (1—2t)° - (1—2t)° T (1—21)?
Altogether,

Py dy'/dt 2o 26t + 62

de?  dxfdt  1-2t  (1-2t)°

AREA ENCLOSED BY A PARAMETRIC CURVE

We can also find areas enclosed under a curve. In Calculus II, we were blessed
with a function y = h (x) so a definite integral does the job, i.e.,

b b
A:/ ydx:/ h(x)dx.

Here, we are only given z = f (t) and y = ¢ (t) (because they are more powerful in
describing curves that don’t pass the vertical line test). The general approach then
is to re-express dz in terms of dt, namely,

dx
doe = | — | dt.
o (dt)
b d
dx
A= dr = —dt
foa= [ v

where the interval [e, d] for ¢ corresponds to the interval [a, b] for x.

It’s basically a substitution.

Example. Show that the area of a circle of radius 2 is 47, using the parametric
equations
r =2cost, y=2sint, 0<t< 2w,

Solution. We just need to find the area of the northeast sector, and multiply by
4. This region corresponds to the curve y (z) for 0 < z < 2. Meanwhile, this also
corresponds to the curve y (¢) (note the dependence on t) for 0 < ¢ < 7/2.

Now, the change of bounds via

xr = 2cost

is really subtle.

r=0 <=t
r=2 <=t

SR

Thus,
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2
A:4/ydm
0

0 dx
- 4 g P
/wy<dt)

2

(=)

= 4/ 2sint (—2sint) dt

[SE]

m/2

= 16/ sin® tdt
0
/21 — cos 2t
— 16/ L
O 2
sin 2t1™/2
4 0

= 16
= 4.

I

[t

(=2}
—

1 N o

}

where at (1), we flipped the integrating bound, thus absorbing the negative sign.

ARrc LENGTH OF A CURVE

Recall that from Calculus II, we learn how to compute the arc length where the
arc is described by the graph of a function y = f (x), namely,

L/ab\/1+[f’(x)}2d:z:.

The derivation of this quantity relies on the infinitesimal manifestation of Pythagorus.
More precisely, the arc length differential is given by

ds = \/(dz)” + (dy)*

L_/abds(x)_/(Ib\/(dx)2+(dy)2_/(lb1/l+(Zz)Zdz.

Now, since parametrization allows us to describe more curves than function alone
does, we need a more general formula for arc length. Given parametric equations

r=f(t), y=g(),t€]ab],

the arc length over the interval [a, ] is

i/ " )
V&)

- / N

and
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if f and g are differentiable functions of ¢. For a more detailed derivation, please
refer to your textbook.

Py = ey gl )

0

FIGURE 11.17 The arc P,_, P is
approximated by the straight-line
segment shown here, which has length
Ly = ViAx? + (Av)h

Definition. If a curve C is defined parametrically by z = f(t) and y = g (¢),
a <t <b, where f and ¢’ are continous and not simultaneously zero on [a, b], and
C is traversed exactly once as t increases from ¢t = a to ¢t = b, then the length of
C is the definite integral

L= / N

Example. Show that the perimeter of a circle of radius r is 27r using the para-
metric equations

r=rcost, y=rsint, 0<t<27.

Solution.

27
L= / \/[—r sint]? + [r cost)?dt
0
27
— / \/r (sin2 t + cos? t) dt
0
27

= / rdt
0

= 27r.

AREA OF SURFACES OF REVOLUTION

Recall again from Calculus II that the area of a surface of revolution relies on
the understanding of arc length. Given parametric equations

z=f@t), y=g(),te€lal],
(1) Revolution about the z-axis (y > 0):

b dr\? dy 2
5= [ (%) (4)
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(2) Revolution about the y-axis (z > 0):

b 2
dx dy
S—/a 27rx\/<dt) + dt) dt.

Example. Find the surface area of a sphere of radius r. (We know it’s 4772,
confirm it).

Solution. It suffices to consider the surface area of the northern hemisphere. Note
that the northern hemisphere can be obtained by revolving the northeast sector of
a circle of radius r about the y-axis. This sector has parametric equations

m
xr=rcost, y=rsint, 0<t< 3

s- [ ¢ (Y o

:/ 27rrcost\/ (—rsint)® + (rcost)>dt

0

Thus,

/2
= 2777"/ costy/r? (sin2 t + cos? t)dt
0

/2
= 272 / cos tdt
0

]W/Q

= 272 [sint
=272

Remember that this is the surface area of the northern hemisphere. Multiplying by
2, we obtain the desired result.
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A SHORT NOTE ON AREA OF SURFACES OF REVOLUTION

Recall again from Calculus II that the area of a surface of revolution relies on
the understanding of arc length. Given parametric equations

I'Zf(t), y:g(t)ﬂﬁe[a,b],

(1) Revolution about the z-axis (y > 0):
b 2 2
dx dy
=1/ 2 — — | dt.
= [ (5) + (3)
(2) Revolution about the y-axis (z > 0):

s [ ¢ ()

Example. Find the surface area of a sphere of radius r. (We know it’s 47r?
confirm it).

Solution. It suffices to consider the surface area of the northern hemisphere. Note
that the northern hemisphere can be obtained by revolving the northeast sector of
a circle of radius r about the y-axis. This sector has parametric equations

Y

xr =rcost, y=rsint, 0§t§2.

OO

:/ 27rrcost\/ (—rsint)® + (rcost)’dt

0

Thus,

w/2
— 27rr/ costy/r? (sin2 t + cos? t)dt
0

/2
= 271'7"2/ cos tdt
0

= 2772 [sin t]g/2
= 2712,
Remember that this is the surface area of the northern hemisphere. Multiplying by

2, we obtain the desired result.
1
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PoLArR COORDINATES
We have seen one set of parametric equations for a circle of radius 7,
r=rcost, y=rsint, 0<t< 27,

Here, r is the constant radius, or, more precisely, the distance of any point on the
circle to the origin.

Can we describe curves that have this “circular” feature? Maybe an ellipse,
maybe a heart, or maybe something even more complicated such as the cardioid,
or a three-leaved rose? Clearly, the distance from any point on the curve to the
origin is no longer constant — in fact, this distance depends on where you are on the
curve. Let’s now devise a special parametrization to characterize this relationship.

Definition. Fix an origin O (called the pole) and an initial ray from O (usually
chosen as the z-axis). Each point on the plane (with Cartesian coordinate (z,vy))
can be located by assigning to it a polar coordinate pair (r,8), in which r gives
the directed distance from O to P and 6 gives the directed angle from the
initial ray to ray OP. We label this point

P(r,0).

Now, here comes the fun. A Cartesian coordinate (z,y) is unique to every point
in space — namely, each point corresponds to exactly one Cartesian coordinate.
However, the angle 6 associated with a given point is not unique, and therefore,
each point has infinitely many pairs of polar coordinates.

P(25)

represents the point where we rotate the initial ray counterclockwise by /6 and
then move forward 2 units. This exactly point can also be obtained by rotating
clockwise —117/6 units and move forward 2 units, thus

P(Q,f)zp o 1T
6 6

Another example would be P (2, %”), which is turning the ray 77 /6 units coun-
terclockwise, and move forward 2 units. However, this very point can also be ob-
tained by just turning 7/6 radians counterclockwise from the initial ray and going

backward 2 units. Thus,
i T
P2, X :P(—2,7>.

More generally, given P (r,0), the corresponding coordinate pairs of P are

(r,0+2nm), n=0,+£1,+2,...
(—=r,m—60+2nmw), n=0,+1,+2,...

Example. Graph the following sets of points whose polar coordinates satisfy the
following conditions

(1) 1<r<2and0<6<7w/2.
(2) —3<r<2andf=n/4
(3) 2 <6 < 3 (with no restriction on r)
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The equations relating polar and Cartesian Coordinates is
z=rcosf, y=rsinf, r’=2z>+y% tand= g
T

This can be viewed as a “double substitution”. In the following examples, some
curves are more simply expressed with polar coordinates, while others are not.
Example.
rcosf =2 <+— =2
r?cosfsing =4 <= azy=4
r=1-cosf <= z'+yt+222°+22° 4202 -2 =0
These are the contrived examples from your textbook. Here are a few more

practical ones.

Example. Find a polar equation for the circle
? + (y—3)°=09.
This is a circle with radius 3, centered at (0, 3).

A general strategy is to know that 22 + y? is your dear friend because
22 +y? =12 cos® 0 + r?sin® 6 = r?
which simplifies a lot of mess. Therefore, you should try your best to put yourself
in position to see z2 + y2.
In this case, we expand the square (y — 3)2.
2497 —6y+9=0 = 22+ —6y=0 = 7% —6rsinf = 0.
Now, if 7 = 0, we are describing a curve that always has 0 distance to the origin,
which is, just the origin. Thus, we exclude this case, and cancel r from both sides,
r—6sinf =0

is the polar equation for the circle centered at (0,3) with radius 3.
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COORDINATES

AREA OF CURVES IN POLAR COORDINATES

How do we calculate the area of a pizza slice? It is a sector of radius r and angle
6.

1
A= 57‘20.

In fact, you can obtain this formula by using parametrization of a circle, namely,
x=rcost, y=rsint, 0<t<6.

Then,

0
A= / rsint (—7’ sin? t) dt
0

0
:r2/ sin? tdt
0

6
1 2
:T‘Z/ 74_ cos tdt
0 2

2 [t sn2t 0
2 4|,

= —r2%9
2

In practice, we approximate the area under a general curve using different pizza
slices, where the directed distance r is a function of 0, i.e., r = f(6). Therefore,
we add these slices and formulate the following expression for the area of the fan-
shaped region between the origin and the curve r = f(0), when a < 6 < 3 and
B — a < 27 (without repeating itself).

A1
A:/ 57«2((9)d9.

Example. Find the area of the region in the zy-plane enclosed by the cardioid
r=2(1+ cosb).
1
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Solution.

2m 1 2m 1 9
/ —r2(0)do = / = [2(1 + cos )] db
o 2 o 2

2
2/ (14 2cos6 + cos® ) db
0

271' 1 2
2/ (1+20089+W)d9
0

2
0 sin20\1*"
=20 +2sinf+ (= +
2" 4 )|,
=227+ 0+ 7]
= 6.

AREA BETWEEN Two PorLAaR CURVES

Now, we have done problems such as: find the area between the curve y = 22,

y =4 and z = 0. The idea is to find the point of intersection, and perform a careful
integration of the difference between the expressions. Here, in polar coordinates,
we can do the same, as long as we can identify the which curve sits on “top”. The
area that lies between two curves r1 (0) and r2 (0) from 6 = « to § = 3 is given by

8 Z b
A:/a %Tg(g)da_/a %rf(e)doz/a %(7‘3(9)—7"%(9))49-

Example. Find the area of the region that lies inside the circle » = 1 and outside
the cardioid r = 1 — cos#.

Solution. Always, sketch first. As in Calculus II area between curves, we need to
find intersections by setting the equations equal. Here, we find that

1=1-cos = 0=—n/2,7/2.

With a further confirmation of the sketch, we find that the region we are interested
in sits in the angle interval —7/2 < 0 < 7/2.

How do we determine which curve is the outer one?

The outer curve is the one further away from the origin, that is, achieving larger
directed distance. In this case, the outer curve is ro = 1 and the inner curve is
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ry =1 —cosf. Thus,
TI'/2 1
A = / = (rg — 7’%) do

/2
symmetry / (12 — (1 —cos 9)2) do
0

w/2
= / (2 cos f — cos? 9) do
0

/2 1 9
= / (20059— +COS€> do
O 2

0 sin20
= 281119 — § — SIIZ 0/2
™
- 2_,_)_ _0—
( T—0)=(0-0-0)
1

ARc LENGTH OF CURVES IN POLAR COORDINATES

Note that all we did with polar coordinates is to provide a special parametriza-

tion, i.e.,

x=rcosf = f(0)cosb,
y=rsind = f(0)sinb.

Thus, the arc length formula is no other than

= (%) (%)

— / \/(f’ (0) cos® — f (0)sin)® + (f' (0) sinf + f (8) cos 0)>do

/ [£/(8)] cos® 0-+[£(6))? sin® 6—2 (8 O
f (0 % sin? 0+[f(0)]? cos? HW
- [Viror s era

:/j,/ {flgr+[r]zd9

Example. Find the length of the cardioid »r = 1 — cos#.

Solution. The ingredients for the arc length formula is

d
r () =1— cosb, d—; = sin.
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2 dr 2 2
27

= / \/sin2 0+ [1 — cos0]*do
0

27
= \/sin20+172(:089+cos20d9
0

27
= \@/ V1 — cos6db

\f/%,/zsm do

Thus,

o ()
gion

We use the identity
cos (2t) = 1 — 2sin? (t) = 2sin” (t) = 1 — cos (2t)
and now set ¢t = /2.



LECTURE XX WORKED EXAMPLES IN POLAR
COORDINATES

Since graphing curves in polar coordinates is essential to area and arc length
computation, we should learn it in a more general setting. First, it would be useful
to observe symmetry in the curve and thus significantly reduce pain. Think of this
as an advil for polar graphs.

Symmetry Tests for Polar Graphs in the Cartesian zy-Plane.

(1) Symmetry about the z-axis: If the point (r,0) lies on the graph, then
the point (r, —0) or (—r,m — @) lies on the graph.
(2) Symmetry about the y-axis: If the point (r,0) lies on the graph, then
the point (r,m — 6) or (—r, —0) lies on the graph.
(3) Symmetry about the origin: If the point (r,8) lies on the graph, then
the point (—r,8) or (r, 7 + 6) lies on the graph.
Example. Note the symmetry in the following curves in polar coordinates without
plotting.
(1) The cardioid r = 1 — cos¥.

Solution. Check the symmetry one-by-one. Let (r,6) be a point on the
curve.

(a) (x-axis) Plug in now (r,—6) and see if the equation stands?
r(—0)=1—cos(—0) =1— cos(0)

YES!
(b) (y-axis) Now, check (r, ™ — 0).

r(m—6)=1—cos(m—0).
How to find cos (m — 0)? We use HWO, the angle formula,
cos (m — ) = cos () cos (—0) — sin () sin (—0)
= —cosf
and thus
r(m—0)=1—cos(m—0) =1+ cos¥,

oops, not the original equation. The shape is NOT symmetric about
the y-axis.
(c) (origin) Plug in (—r, ). But we find that
—r=—(1—cosf)#1—cosb
which is NOT the original equation. Thus, this curve is NOT sym-

metric about the origin.
(2) The cardioid r = 1 + sin#.

Solution. Check the symmetry one-by-one. Let (r,6) be a point on the
curve.
1
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(a) (z-axis) Plug in now (r, —0) and see if the equation stands?
r(—0) =1+sin(—0) =1 —sin ()

YES!
(b) (y-axis) Now, check (r, 7 — 0).

r(m—0)=1+sin(r—0).
How to find sin (7 — )7 We use HWO, the angle formula,
sin (m — ) = sin (7) cos (—6) + cos (7) sin (—0)
= (0)cosf + (—1) (—sin#)
=sind.
and thus
r(n—0)=14+sin(r —0) =1+sind,

oops, not the original equation. The shape is NOT symmetric about
the y-axis.
(c) (origin) Plug in (—r,6). But we find that

—r=—(1+sinf) #1+sinb

which is NOT the original equation. Thus, this curve is NOT sym-
metric about the origin.
(3) The four-leaved rose r = 1 + cos (40).

Solution. Check the symmetry one-by-one. Let (r,6) be a point on the
curve.

(a) (z-axis) Plug in now (r, —0) and see if the equation stands?
r(—60) =1+ cos (—46) = 1 + cos (40)

YES!
(b) (y-axis) Now, check (r,7 — ).

r(m—0)=1+cos(4(r—0)).
How to find cos (2 (7 — 6))? We use HWO, the angle formula,
cos (4 (m — 0)) = cos (47 — 40) = cos (47) cos (—46) — sin (47) sin (—46)
= cos 40
and thus
r(m—0) =cos(4(m—0)) = cos40,
YES! The shape is symmetric about the y-axis.
(¢) (origin) Plug in (r,7 + ). But we find that
r(mr+6)=1+cos(4(r+0))
=1+ cos (4) cos (46) — sin (4) sin (46)
=1+ cos (40)

which IS the original equation. Thus, this curve IS symmetric about
the origin.
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Slope.
To describe a polar curve, we must consider the radial distance r as a function
of 6, namely, r = f (#). Given the polar coordinate transformation,
x=rcosf = f(0)cos
y=rsinf = f(0)sind

a set of parametric equations. If f is differentiable in 6, and if dx/df # 0, then we
can compute the derivative dy/dz (or slope),

dy  dy/df
de  dx/df
A (B)sin)
d% (f (0) cosb)
_ f(0)sin® + f () cost
[ (8)cos® — f(6)sind
Note that from this formula alone, we can calculate the slope of the curve if it

passes through the origin at some angle 8 = 6. The origin corresponds to a radial
distance of 0, that is, f (6p) = 0. Thus,

dy | ' (60) sin by + f /gegj'cos 0o
r= 0 9 90
d 17 (6p) cos by —%m 0o
1 (89) sin by
1! (6o) cos by
= tan 90

This is the slope at (0,6p), and not just “slope at the origin” because a polar
curve may pass through the origin more than once, with possibly different slopes
at different #-values, i.e., three-leaved rose.

Graph of Polar Curves.
Example. Graph the cardioid » = 1 — cosf in the Cartesian xy-plane.

Solution. The curve is symmetric about the z-axis because given a point (r,6) on
the graph, we have

r=1—cos) = r=1-cos(—0)

which implies (r, —#) is also on the graph. This suggests that we just need to graph
the curve above the z-axis.

As 0 increases from 0 to m, cos@ goes from 1 to —1, which then implies that
r =1 — cos 6 increases from a minimum value of 0 to a maximum value of 2.

Note that since cos# is 2w-periodic, this curve also starts repeating itself once
0 = 2.

AREA BETWEEN CURVES

Consider the area inside the cardioid r = 2 (1 + cos€) but outside the circle
r=2.
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First, we need to find the intersection points. Setting both equations equal, we
have

2=2(1+cosf) = 1=14cosf = cosf =0 = 0=—7/2,7/2.

The outer curve is 72 () = 2(1 + cosf) while the inner curve is r1 (§) = 2. Thus,
this region of interest has area (using symmetry about x-axis)

w/2 /2
| amo-rtew=2 [0 o)t o)w

= /Tr/2 {4 (1 + cos 9)2 — 22] de
0

/2
4/ [1+2c059+c0529—1}d9
0

/2 1 26
:4/ [2cost9++0208} do
0

[ 0 sin20]™?
=41|2sinf + =
S1n —|—2+ 1 }

0

T mw sinmw
=4|2sin— + —
_sm2+4+ 1

i i
—4[2 f}
1

—O—O—O]

ARc LENGTH OF CURVES IN PoLAR COORDINATES

Note that all we did with polar coordinates is to provide a special parametriza-
tion, i.e.,

x=rcosf = f(0)cosb,
y=rsinf = f(0)sinb.

Thus, the arc length formula is no other than

= (%) (%) w

:/ \/(f’ (0) cos 6 — f (A)sin ) + (f' (8) sin + f (6) cos0)>db

f (9 2 cos? 0+ [£(6)]%sin? 0—2f'(0 sin 6 0
+[£/(8))” sin? 64[(6)]2 cos® eW

=[;¢ﬁ O +[f (0)d0
B

= [ 4 {fl;r + [r]*do

Example. Find the length of the cardioid »r = 1 — cos 6.
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Solution. The ingredients for the arc length formula is

dr .
r(0) =1— cosb, p i sin 6.

2 / dr 2 2

—/0 |:d0] +[7"} do
27

= / \/sin20 +[1 = cos6]db
0

2m
= \/sin20—|—1—2cos0+cos20d0
0

27
= \/5/ V1 — cos6db

_f/%,/zbm do

Thus,

o[ ()
glion

We use the identity
cos (2t) = 1 — 2sin® (t) = 2sin® (t) = 1 — cos (2t) =
and now set t = 0/2.
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COORDINATES IN 3D

The study of single variable calculus has been finished (at least temporarily).
We now embark on one of the liberating journey of Multivariable Calculus.

We are used to seeing the Cartesian coordinates (z,y) that represent a point
in the zy-plane. Very clearly, this is NOT enough to describe the visible physical
world. If you need a reminder of the number of dimensions we live in, just look
at the corner of a wall, where the floor represents the familiar zy-plane, and the
vertical line represents a new axis, usually referred to as the z-axis.

With the added dimension, we describe a point in 3D space using the triple
(r,y,2). If 2,9, 2 are all real numbers, we often write x € R, or (z,y,2) € R® =
R xR xR, where R represents the set of all real numbers. R? = R x R x R represents
the Cartesian product, i.e., the set of all ordered pairs of real numbers (in this
case, R? is a set of triples who components are real).

Basic OBJECTS IN 3D

The coordinate axis has the following expression
(1) z-axis: (x,0,0), ory =2z =0.
(2) y-axis: (0,4,0), or x = z = 0.
(3) z-axis: (0,0,z), or z =y = 0.
Note that these axes are perpendicular to each other. Furthermore, if you want
a line parallel to one of the axis, just need to specify the two other variables. For
example, the line x = 2, z = 5 is parallel to the y-axis.

Now, in addition to the principal axes, where at least two coordinates are zero,
we also have the case where only one variable is zero. This situation gives rise to
coordinate planes.

(1) xy-plane: (z,y,0), or z = 0.
(2) zz-plane: (z,0,z2), or y = 0.
(3) yz-plane: (0,y,z2), or z = 0.
Note that these planes are perpendicular to each other.

Just like in 2D where parallel lines are possible, we may consider parallel planes
in 3D. Consider the coordinate planes as bases of comparison. The points in a
plane perpendicular to the z-axis all have the same z-coordinate, this being the
number at which that plane cuts the x-axis; the y- and z-coordinates of points in
this plane can be any numbers. For example, the plane z = 2 can also be written
more precisely, using set notation,

{z=2}={z,y,z€eR|z=2}.

Example. Equations and inequalities in 3D.
(1) z > 0: the half-space consisting of the points on and above the xzy-plane.
(2) = = —3: the plane perpendicular to the xz-axis at & = —3. This plane lies
parallel to the yz-plane and 3 units behind it.
1
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(3) =0,z <0, y > 0: the second quadrant of the zy-plane.

(4) >0,y >0, z>0: the first octant.

(5) —1 <y < 1: the vertical slab between the planes y = —1 and y = 1 (planes
included).

(6) y = —2, z = 2: the line in which the planes y = —2 and z = 2 intersect.
Alternatively, it is the line through the point (0, —2,2), parallel to the z-
axis.

With these preparations, we can begin to describe a few more complex curves in
space.

Example. (Circles at a height) The equations
4y =4, 2=3

represents the circle of radius 2, centered at the z-axis, in the plane of z = 3 (or at
a height of z = 3).

DISTANCE IN 3D

Suppose we are given two points in 3D, P; = (21,1, 21) and P> = (22, y2, 22),
the distance between the two points has a similar Pythagorus feel,

PPy = /(22 — 1) + (42 — 1) + (22 — 21)™

Example. The distance between P; = (2,1,5) and P, = (—2,3,0) is

PP = /(-2 27 + (38— 1) + (0 5)°
=+16+4+4 25
= \/45.

Note that you can also do

PP =2 (-2) + (3 1)* + (5-0)’
_ VI

because we are squaring the coordinate differences anyways, so the order doesn’t
matter. But make sure that you stay consistent with which order.

There is a special surface whose points to a particular point in space is always a
constant. It is a sphere. By the description alone, define the center of the sphere
(0, Y0, 70), then the points (x,y, z) living on the surface of the sphere satisfies

(v — $0)2 +(y— yo)2 +(z— 20)2 = g2

for some a, the radius of the sphere.
Example. Find the center and radius of the sphere

24+ 224+ 3x—424+1=0.
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Solution. This is an exercise of “Completing the square”, a technique very useful
in mathematical procedures found in engineering and sciences.

(m2+3x)—|—y2+(z2—4z)+1:()

9 9
— <x2+3x+44>+y2+(224z+44)+10

3\ 2 9
= <x+2> +y2+(z—2)2—1—4+1=0

2
3 21
<x+2> -2 =T

Thus, the center of the sphere is (—%, 0, 2), and the radius is @
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VECTORS

Earlier, we said a point in 3D space can be represented by the Cartesian coordinate (z,y,z). Suppose now we have the
coordinates of another point (xg,yo,20). How do I know the position of this new point relative to the previous point? The
easiest way is to connect the two points with a line segment, and give the line a direction. Thus, you can say, certain point is
“southwest” of another, etc, etc, at a distance of certain units away. We call this directed line segment a vector. The starting
point of this direction is called the initial point, while the destination point is called terminal point. The distance between
the two points can be calculated using the distance formula.

Two vectors are same if they have the same direction and same magnitude (length). Note here that the two points provided
above are completely arbitrary. Therefore, we may find examples of vectors with different initial points and terminal points that
are in fact equal.

Definition. If v is a two-dimensional vectorin the plane equal to the vector with initial point at the origin and terminal point
(v1,v2), then the component form of v is

v = <’U1, 1}2> .
Similarly, a 3D parallel is
v = (v1,v2,V3) .

The magnitude or length of the vector v, connecting the two points (z1,y1,21) and (x2,ys, 22) is

o = /o2 + 08+ 08 = /(@2 — 21)% + (g2 — 92)? + (22 — 21)"

Example. Find the component form and length of the vector with initial point P (—3,4, 1) and terminal point Q (-5, 2, 2).

v= (T2 —21,Y2 —Y1,22 —21) = (-5 —(=3),2—-4,2 - 1) = (—-2,-2,1).
The length is

o = /o2 03 + 08 = (2> + (-2 + (1) = 3.

VECTOR ALGEBRA OPERATIONS

Two principal operations involving vectors are vector addition and scalar multiplication.
Let w = (uy,uq,u3) and v = (v, ve,v3) be vectors, and k a scalar. Then,

U+ v = (ug + vy, us + vo,us + vs) .
ku = (kuy, kug, kug) .

The first law is also called principal of superposition of vectors in R?. The sum u + v is also a vector, called the resultant
vector.

Example. Let v = (—1,3,1) and v = (4,7,0). Find the components of
(1) 2u + 3w

Solution.

2u+3v =2(—1,3,1) +3(4,7,0) = (—2,6,2) + (12,21,0) = (10,27,2).
(2) u—wv
Solution. v —v =(-1,3,1) — (4,7,0) = (-1 —-4,3—-7,1—0) = (=5, —4,1).

(3) ‘%u| (the length).

Solution. [3u] = (3.3, 5)] = /(-5)"+ ()7 + ()7 = 41T
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PROPERTIES OF VECTOR OPERATIONS

Let u, v, w be vectors and a, b be scalars.

(additive commutativity) u +v = v + u.

(additive associativity) (u +v) +w =u + (v + w).
(additive identity) w4+ 0 = wu.

(additive inverse) u + (—u) = 0.

)
+
=
S
|
Q
e
+
>
£

UNIT VECTORS
A vector v of length 1 is called a unit vector. The standard unit vectors are
i=1(1,0,0), 5=¢(0,1,0), k=¢(0,0,1).
Any vector v = (v1,v2,v3) can be written as a linear combination of the standrrd unit vectors
v = (v1, V2, VU3)
= (v1,0,0) + (0,v2,0) + (0,0, v3)
=01 (1,0,0) + v3 (0, 1,0) + v3 (0,0, 1)
= v1t + v23 + vsk.
The component form for the vector from P (21,41, 21) to Py (22,y2, 22) is
PiF, = (25— 21)i+ (o — 1) 4 + (2 — 21) k.

Any nonzero vector has a nonzero length, and

1
—v
0]

which suggests that v/ |v]| is a unit vector in the direction of v, called the direction of the nonzero vector v.

1

[v]

Example. Find a unit vector w in the direction of the vector from P; (1,0,1) to P2 (3,2,0).

(1) Find the vector in component form or ijk form.
PiPy=(3-1)i+(2-0)j+(0-1)k=2i+2j— k.
(2) Find the length of P P;.

—
PR = 2+ @+ (-1 =5,
(3) Find the unit vector
PP, 242k 2. 2. 1

= ——= —Zi+ -k
“ 7| 3 373773

In practice, it is often useful to express the length and the direction of a vector, its two important features, in a separate fashion
as follows,

v_|v|i
o]’
The example above can be written as,
- 2 2 1 22 1
PP = —1 7'—7’(: = —_ - — - .
12 3(3”33 3 ) 3<3’3’ 3>

If a question asks for the direction of a vector, it suffices to give the unit vector in the of the vector.

Example. A 75-N weight is suspended by two wires, making an angle of 55° and 40° against the ceiling, respectively. Find the
forces F'; and F'5 acting in both wires.

Solution. Forces in each component must balance. The weight is directly downward, so it must balance the total force felt in
the sum of the vertical component of the two wires. Now, the components of the forces can be found using basic trigonometry,

Fi = (—|F1|cos55°, |F1|sin55°),
Fy = {|F3| cos40°, |F2|sin40°) .

Why does the first component of F'; have a negative sign? It’s because we have designated up and right as positive directions.
Note that the horizontal component of F'; must be opposite of that of F'5 to balance, thus it must be of an opposite direction.
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By force balance we have (F'; + F3) = (0,75) (where 75 is the force going up to balance the weight, and up is positive). This
forms a system of equations for |F'1| and |Fs|, i.e.,

— |F1| cos55° + | F3| cos40° = 0
|F'1] sin 55° + | F'3| sin40° = 75

Via some calculations, we found that
75

= in 55° + cos 55° tan 40°

|Fy| ~ 57.67N,

and

75 cos 55°
Fs| = ~ 43.18 N.
B2 sin 55° cos 40° + cos 55° sin 40°

The force vectors are then
F, = (—|F1|cosb5° |F1|sin55°) ~ (—33.08,47.24) ,
Fy = (|F3|cos40°, | F5|sin40°) ~ (33.08,27.76) .
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THE DoT PrODUCT
Consider two vectors in 2D
u = (uy, us),
v = (v1,02) .
Now, we know that the components of w (resp. v) can be further represented by trigonometry, that is,
u = (Ju| cos «, |u| sin @)
v = (|v| cos 3, |v| sin 3)

where @ and 8 are the angle made by u and v against the positive z-axis, respectively. A prime example of this decomposition
is the wires with a weight example from last class (and your HW).

If w and v are not in the same direction, then « # 3, so a natural question would be to find the angle between u and v,
written as § = a — 5. One may consider the size of § = o — [ as a measure of how similar u and v are; certainly if « = 3, then
u and v point in the same direction, and they are considered more similar than if the vectors point in different directions.

To find 0 = o — 3, we need it to show up explicitly in some kind of formula. Observing from the components of u and v, we
may incline to multiply the components together and add them so that o and 8 may combine. Indeed,

|u| cosa|v| cos B+ |u|sina |v]sin = |u| |v| (cos acos B + sinasin 8) = |ul |v| cos (a — B) = |ul|v]| cos ()
which contains big information about §. The LHS here is actually the sum of the component-wise product,
u1v1 + ugve = |u| |v|cos (0) .

This “lucky” product seems to imply a great deal about the relationship/similarity between the two vectors, which deserves a
definition on its own.

Definition. The dot product, or the scalar product, or the inner product, of vectors u = (u1, us, u3z) and v = (vy, vy, v3)
is

U -V = UV + U2v2 + uU3v3.

The calculation above involving the angle between u and v is characterized as a Theorem,

u-v = |u||v|cos(f) < 0—cosl<u-v>.
|ul[v]

When 6 = 71/2, cos (w/2) = 0 which implies that the dot product is 0. This implies that u and v are perpendicular/orthogonal
to each other.

Definition. Vectors u and v are orthogonal if w - v = 0.
This is obvious because u - v = |u] |v] cos (0) = |u] |v| cos (7/2) = 0.
PROPERTIES OF THE DOT PRODUCT

If u, v and w are any vectors and c is a scalar, then

(1)

Example. Find the angle between the two vectors.

(1) v=1i+j,u=—j.
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Solution. We expect the answer to be 37/4. Just draw the picture.
We find |v| = v/2, |u| = 1,and
u-v=(0,-1)-(1,1) = —1.
Thus,

cosf =

u-v 1 77@
ullo] — (V2)(1) 2

Yes, 0 = 37 /4 is a solution.
(2) v="5i+7, u=2i+17j.
Solution. We don’t expect anything.
lv| = V52 +12 =/26
lu| = V22 +17 =21

and
u-v = <5,1>-<2,\/ﬁ> =10+ VI7.
Thus,
u-v 10 + 17
cosf = =
lullv]  V26v21
and

6 = cos™! M ~ 52.81°.
V26121

To me, this is a useless problem.
Remark. Interpretations of the sign of a dot product between u and v.

(1) If w-v > 0, this implies that the angle 6 is acute, or 0 < 6 < 7.
(2) If w-v <0, this implies that the angle 6 is obtuse, or § < 6 < m.

PROJECTIONS

The notion of projections first came with optics. When you are standing under the sun, you see your shadow casted on the
ground. You projected yourself onto the ground using the sunlight. Mathematically, there is a very strong paralell as follows.

Given two vectors u = P@) and v = PS, the vector projection of v onto a nonzero vector u = PS is the vector w = P
determined by dropping a perpendicular from @ to the line PS. The notation for this vector is

proj, (u) the vector projection of u onto v.

Mathematically speaking, the projection takes magnitude |u|cos @ in the direction of v, where 6 is the angle between u and
v. So, the magnitude-direction presentation of a vector comes in handy here (recall v = |v] I%I) This implies that
v

[v]

proj, (u) = |u| cos 6

dot product formula u-v i
v o]

()

This derivation tells us that to compute the projection vector, we don’t need to explicitly find 6.
We also say that the scalar component of v in the direction of v is the scalar
u-v v
|u|cos = — =u - —.
v v
Example. Find v - u, |v|, |u|, cos where 0 is the angle between uw and v, the scalar component of w in the direction of v, and
the vector proj,, (u), where
v =53 — 3k;
u=1+j+k.
Solution.
v-u={0,5-3)-(1,1,1) =0+5-3=2.

lv] = 1/02 452 + (=3)% = /34,

lul = V12 4+ 12 +12 = V3.
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To find cos 8, we use the dot product result

v-u 2
v-u=|v||ulcosd = cosl = = .
v Jul V102
The scalar component of w in the direction of v is
u-v 2
| V34
The vector projection is
) u-v
proj, (u) = ( 2 > v
|v]
2
=(—1(0,5 -3
(34>< ) ) >
5 6
=0i+ —75 — —=k.
ST

An application of the dot product is to find the total work done by a force.

Suppose you are to push a box from a point P to another point @), with force F. Let D = 1@ be the displacement vector.
If 0 is the angle between F' and D, the work done by this force is

W =|F|cos6|D|=F - D.
Example. If |F| = 40N (newtons), |[D| = 3m, and § = 60°, the work done by F' in acting from P to @ is
W =F - -D = |F||D|cosf = (40) (3) cos 60° = (120) (1/2) =60J  (joules).
A CUTE PROBLEM (OPTIONAL)

Problem. Show that the indicated diagonal of the parallelogram determined by vectors w and v bisects the angle between u
and v if |u| = |v|.

Proof. The diagonal is the vector u + v by superposition. Let « be the angle between uw and u + v, and 8 be that between v
and v + v. They satisfy

u-(u+v)
cosq =———=
|uf |u+ vl
Cosﬂ—v.(u—'_v)
v [u+ v

Now, if a = 8, we must have

u-(u+v) v-(utw)

ullu+v] ol |u+o]
We can divide |u + v| from both sides, or otherwise if it is zero, it means that w and v are opposite from each other, and thus
do not form a parallelogram.

u-(u+v) v-(ut+v)

Now, computing the dot product, we have

Cross multiply, we have
|ul (|'v\2+u-v) — |v] (|u|2 +u-v) =0
— Jul o]+ |ulu-v—|v||[u’ — |v]u-v=0
= |uf|v| (jv] = |u]) + u - v (|Ju] - |v]) = 0
= (Jul[v] —u-v) (Jv] - [u]) = 0.
So, we have two options,
lu|jv] —u-v=0 = =0

which means that the w and v are colinear, and thus there is no angle to bisect (or say you bisect the 0 degree). The other
option is |v| = |u| as desired. O
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OF LINES AND PLANES

Now, with the help of the dot product, we are able to find the relationship

between two vectors via
u-v = |u||v|cosé.

When studying lines in the plane, this § may help us identify how tilted one line
is to another (which may be the positive z-axis). The geometric parallel of a line
in 3D is a plane. We now want to study how tilted/inclined a plane is.

In 2D, two points determine a line. Thus, the parallel statement for 3D is that
two lines determine a plane. Given two lines, you can always find a plane that
contain them both.

There is a single vector n that is perpendicular to every point on any given
plane. This vector is called the normal vector of the plane. To express this
orthogonality and therefore the equation of a plane, consider an arbitrary point
(x,y,2) and a given point (xo, Yo, 2z0) on the plane. Then, through these two points
forms the vector

r={(x— o,y — Yo, % — 20) -
Therefore, this orthogonality condition,

n-r=mn-(x—120,y— Yo,z —20) =0,

provides an equation for the plane, that is, a plane is a set of points (z,y, z) that
satisfy this equation.

So, how do we find n, the normal vector? We need two lines/vectors in the plane
because n is perpendicular to both lines.

Definition. Given two vectors w and v that are not colinear (one is not a scalar
multiple of another), then,
u X v = (|u||v|sinf)n
where mn is the unit vector perpendicular to u and v and points in the direction of
the right thumb, as your fingers curl through the angle 6 from u to v.
Remark. Nonzero vectors u and v are parallel if and only if
uxv=0.

Of course, when 6 = 0 (parallel) or §# = = (antiparallel), sin§ = 0.

This formula alone still does not help us fully determine the vector u x v. How-

ever, we may derive the following properties, which eventually help us compute
u X v.

Properties of the Cross Product. Let u,v and w be any vectors in R3, and
r, s are scalars, then
(1) (ru) x (sv) = (rs) (u X v).
(2) (distributivity over addition) u X (v +w) = u X v + u X w.
(3) (anticommutativity) v X u = — (u X v).
1
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4) v+w)xu=vxXut+wXu.

(5) 0 x u=0.

6) ux(vxw)=(u -w)v—(u -v)w.
The properties we use to calculate u x v is the scalar distributive law, item 1, the
additive distributive law, item 2 and the anticommutativity, item 3. But before
we do, we may note that the cross product of the principal unit vectors is in fact
doable. Consider

i=(1,0,0), j=1(0,1,0), k=(0,01).

Think of them as the z-axis, y-axis and z-axis.
So, what is 2 x 37 We look in the zy-plane. Curl our fingers from the z-axis to
the y-axis, we find our thumb pointing up. Thus,

ixj=k.
Doing this for other axes, we find, collectively,
(1) ixj=k=—(3 x1).
(2) gxk=1=—(k x1).
3) kxi=j7=—(ixk).
Furthermore, since ¢, 7 and k are colinear to themselves respectively, we must have

(1) ixe=0.
(2) jxg=0.
(3) kxk=0.

Explicit Computation of the Cross Product.
So, we are now in full position to compute explicitly the cross product u x v.
Recall the component representation of vectors,

U = ut + usg + usk
v :’L)l’l:+’t)2j+’03k

We perform the cross product using the distributive laws and anticommutativity.
Note that the

u X v = (u1? + ugg + usk) x (v1¢ + voj + vsk)
0
0
+l U1t X vaJ |+ UaF 7 + usk X v2j
0

+ u1t X vzk + usg X vsk +u
1 3 2 3 M

:’ul’iXUQj“V‘UszUl’I:‘

—+ ng X Ul’l: + uli X ng

+usk X v2g +uzj X vk

= (u1vy — ugv1) k + (ugv1 — u1v3) J + (ugv3 — uzva) @
= (U2U3 — U3U2) ’L — (u1v3 — ’ng’Ul) J —+ (’Z,Ll’Ug — ’U,21)1) k?

The way to remember this is, whichever component you are trying to compute,
ignore that component in u and v and simply take a cross difference of the remaining
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entries. For example, when looking at the first component 2, we ignore the first
component of w and v, and just consider

(UQ,U3) (’UQ,’Ug).

Take usv3 — ugve, some kind of a cross difference. So on and so forth.
Another way to look at is via the determinant of a matrix,
i 3 k
UXv=| Uy U2 U3 | = (UQ’Ug — ’LL3U2) 17— (Ul’Ug — U3U1)j + (ul’Ug — UQ’Ul) k.
(%1 (%) V3

Equation of the Plane Strategy.
Given two vectors u and v, and a point on the plane (zo, yo, 20),

(1) Find n = (4, B,C), the normal vector perpendicular to both u and v by
computing n = u X v.
(2) Form a vector that lives in the plane

T = (T —T0,Y — Yo, — 20) -
(3) Exercise the orthogonality condition
n-r = (A B,C)(x -0,y — Yo,z — 20) = A(x — 20)+ B (y —y0) +C (2 — z) = 0.
Example. Find the equation of the plane that passes through (1,0,0), (0,1,0) and
(0,0,1).
Solution. We need two vectors in this plane. We are blessed with three points.
u = (0,1,0) — (1,0,0) = (—-1,1,0)
v=(0,0,1) — (1,0,0) = (—1,0,1)
Now, the cross product
n=uXxv=(uv3 — uszvz)t — (u1v3 — uzvy) J + (u1va — ugvy) k
— (1) (1) = (0) (0)) i — (1) (1) = (0) (=1)) 5 + ((=1) (0) — (1) (~1)) k
=i+j+k
=(1,1,1).
Thus, given an arbitrary point (x,y, z) on the plane,
r=(x—1,y—0,z—-0)
is a vector that lives on the plane. Thus, the orthogonality condition is
n-r=(,1,1)-(x—1,y—0,2—0)=0
which simplifies to
z—14+y+2=0 = z+y+2=1.

Remark. The region bounded by this plane and the coordinate planes is called a
simplex, an item that finds mysterious but important applications in network/graph
theory, topological data science, etc, all of which intersect with the whitehot “Ma-
chine Learning”.
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