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In this paper we consider the Order Preserving Submatrix (OPSM) problem. This problem is
known to be N P-hard. Although in recent years some heuristic methods have been presented
to find OPSMs, they lack the guarantee of optimality. We present exact solution approaches
based on linear mixed 0—1 programming formulations, and develop algorithmic enhancements
to aid in solvability. Encouraging computational results are reported both for synthetic and
real biological data. Additionally, we discuss theoretical computational complexity issues

related to finding fixed patterns in matrices.
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1 Introduction

Let a data set of m features and n samples be given as a rectangular matrix A = (a;;)mxn;
where the value a;; is the expression of the i-th feature in the j-th sample. We consider the

classification of the samples into classes
81,82,...,Sr, Sk g {171}, k= 1...7“,

81U82U...UST:{1...71}, SkQSKZQ), ]{3,521...7”, k#f

This classification should be done so that samples from the same class share certain
common properties. Correspondingly, a feature ¢ may be assigned to one of the feature
classes

Fi,Fo o Fry F C{1...m}, k=1...m
f1UFQU...UfT:{1...m}, FeNF=0, k,i=1...r, k#£1,

in such a way that features of the class Fj are “responsible” for creating the class of samples
Sk. Such a simultaneous classification of samples and features is called biclustering (or

co-clustering), which can be formally defined as follows [7]:



Definition 1 A biclustering of a data set is a collection of pairs of sample and feature
subsets B = ((F1,81), (F2,82), ..., (Fr,Sy)) such that the collection (Si1,Ss,...,S,) forms a
partition of the set of samples, and the collection (Fy, Fa, ..., F.) forms a partition of the

set of features.

The criteria used to relate clusters of samples and clusters of features may be of varied
nature. In general, biclustering can rely on any common pattern expressed among elements
of a bicluster. Biclustering approaches often aim at identifying one bicluster at a time [7].
If more than one bicluster is present in the data set, the biclustering procedure can be
repeated in an iterative manner. After each time a new bicluster is found, the corresponding
features and samples should be amputated from the data, or their values can be masked with
random numbers [8]. Detailed surveys on different types of biclustering patterns, algorithms
and related applications can be found in Busygin et al. [7] and Madeira and Oliveira [17].

In this paper we consider the so-

called order-preserving biclusters. This

pattern is introduced in Ben-Dor et al. 1' l s [ s | 4

[4, 5]. Given the data set A = (a;;)mxn, S I N A I TS T« 1511
the problem is to identify k& rows and /¢ T : :, j ; z z : ; f
columns from the original data matrix Gl LA B N B 1 2] s ] s
in which there exists a permutation of Gl LA LA N
the selected columns such that in every Figure 1: Example of an OPSM.

selected row the values corresponding to selected columns are strictly increasing. More for-
mally, let Fy be a set of row indices {fi, fa,..., fr}. Then there exists a permutation of a
subset of column indices Sy = {s1, 52, ..., s¢} such that foralli =1,... ;kand j=1,...,0—1
we have that
Afps; < fys500 (1)
We call the corresponding submatrix (Fy, Sy) € N¥*¢ order-preserving (OPSM). We pro-
vide an exemplary OPSM with respective subsets of column and row indices in Figure 1. The
appearance of these types of patterns in real-life data sets has a natural interpretation. Sup-
pose we have a data set for a patient (e.g., DNA microarray), where each sample corresponds
to a particular stage of the disease. Then it is quite logical to anticipate that there is a sub-
set of features that are co-expressed with the disease progression. Considering the relative,

rather than absolute, orderings of the expression levels gives an indication of the coherent



tendencies, or trends, across the sample set. In fact, we follow the approach of Ben-Dor et al.
[5], who consider only the relative ordering (i.e., the ranks) of the expression levels for each
gene over permutations of the samples. Using ranks in lieu of exact data values eliminates
data scaling issues. A similar situation occurs whenever we consider data representing some
temporal progression: data from drug treatment, data from nominally identical exposure to
environmental effects, data with some genetic abnormalities, etc. [5, 7].

Recently there has been a growing interest in applying combinatorial optimization based
approaches to a variety of biological and medical problems (see, e.g., Balasundaram et al.
2], Busygin et al. [6], Forrester and Greenberg [11], Fung et al. [12], Meneses et al. [18], Tan
et al. [24], Trapp et al. [25]). Though some heuristic approaches for solving the OPSM
problem are available in the literature [4, 5, 9], in this paper we discuss exact optimization
approaches, making use of mixed integer programming to optimally solve the OPSM prob-
lem. We first provide a general linear mixed 0-1 programming formulation (Section 3.1)
which can be solved using standard solvers such as CPLEX [16]. Secondly, we demonstrate
an alternative approach which iteratively solves a series of smaller linear 0-1 programs in
conjunction with valid inequalities and other improvements (Section 3.2). Section 4 contains
the results of computational experiments on both synthetic (Section 4.1) and real biological
(Section 4.2) data with some additional algorithmical enhancements. The following section

discusses theoretical computational complexity issues related to the OPSM problem.

2 Computational Complexity Issues

The decision version of the OPSM problem consists of checking whether there exists a k x ¢
order-preserving submatrix (Fy, Sp) for given integers k, ¢ and input data matrix A € R™*".

More formally, the decision version of the OPSM problem is defined as follows:

Instance: A real-valued data matrix A = (a;;)mxn and two positive integers k& < m and
! <n.
Question: In A, is there an order-preserving submatrix of size k-by-¢? That is, we need
to check whether there is a set of row indices F = {f1,..., fr} and a sequence of columns
indices S = {s1,..., 8¢} such that forall 1 <i<kand 1 <j</-—1

Afis; < Ofsi1- (2)

Theorem 1 [5] The decision version of the OPSM problem is N P-complete.
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In the optimization version of the problem we attempt to find the largest OPSM according
to the number of elements |Fy|-|Sy|, or the weighted sum of the numbers of rows and columns
in the resulting submatrix, e.g., n - |Fo| + m - |Sp|. Due to N P-completeness of the decision
version, the optimization version of the OPSM problem is clearly N P-hard. We refer the
reader to the classical book by Garey and Johnson [13] for background on computational
complexity theory.

We can also look at the computational complexity of the OPSM problem from the point
of view of parameterized complezity theory [10]. In this theory we say that a problem is fized
parameter tractable (F'PT) with respect to parameter k if there exists a solution running in
f(E) x £°0) time, where ¢ is the input size of the problem and f is a function of & which is
independent of £. In other words, the problem is in F'PT with respect to parameter k if it is
polynomially solvable for the fixed value of k. Next we show that OPSM is F'PT with respect
to the number of columns n and F'PT with respect to the number of rows m. Though the
proofs below are constructive, the enumerative algorithms described there can be utilized

for solving OPSM only in the case of extremely small values of n or m, respectively.

Proposition 1 The OPSM problem is polynomially solvable if the number of columns n in

input data matriv A € R™*™ s fived.

Proof. Since n is fixed, we can enumerate all 2" subsets of the original set of columns
indices. For each subset of size r (r = 1,...,n) we can consider all r! permutations of
indices. Then for each row we can check whether the selected permutation of a particular
subset of column indices forms an increasing sequence of values. As it was observed in Ben-
Dor et al. [5], it can be done in O(mr) time. This resultsin )", (TL%L)!O(mr) algorithm for
solving the OPSM problem, which is clearly polynomial for each fixed value of n. n

Proposition 2 The OPSM problem is polynomially solvable if the number of rows m in
input data matriv A € R™*" s fized.

Proof. Since m is fixed, we can enumerate all 2™ subsets of the original set of row indices.
Then for each subset, assuming that all considered rows are in the resulting submatrix,
the objective is to maximize the number of selected columns. Construct a directed graph
G = (N, A) as follows. For each column j introduce a node j € N. Introduce an arc

(j1,J2) € A if and only if a;;, < a;;, for every row ¢ in the subset of the considered rows.
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The resulting graph G is clearly acyclic. The longest directed path in G then corresponds
to the maximum number of columns included in the submatrix. The problem of finding the
longest path in an acyclic graph is polynomially solvable (see, e.g., Ahuja et al. [1]), which

implies the necessary result. n

Next, we discuss generalizing the definition of OPSM to finding any fixed pattern. For
a fixed vector w = {wy,...,w,_1}, where w; € {—1,+1} forall j =1,...,n — 1, consider
the decision version of the following problem, which is further referred to as the w-OPSM

problem:

Instance: A real-valued data matrix A = (a;;)mxn and two positive integers k& < m and
{<n.

Question: In A, is there an order-preserving submatrix of size k-by-f satisfying pattern

w? That is, we need to check whether there is a set of row indices F = {f1,..., fx} and a
sequence of columns indices S = {s1,...,s,} such that forall 1 <i<kand1<;</-1
Wj + Qf;.s; <wj - Qf;s541- (3>

We can observe from (3) that w; = 1 corresponds to up regulation between columns j
and j + 1, (the “up” pattern), whereas w; = —1 corresponds to down regulation between
the same columns (the “down” pattern). If w; =1 for all j = 1,...,¢ — 1 then we obtain
the above described OPSM problem, looking for a permutation of columns obeying a strictly

increasing order. In general, however, the w-OPSM and OPSM problems are not the same.

A:<§§§). ()

If we are looking for the strictly increasing pattern then the largest submatrix consists

For example, consider the matrix

only of two columns (a single “up” relationship). However, in the case of an { “up”,“down” }
pattern, the final answer is the whole matrix. The question we now ask is whether the
w-OPSM problem is difficult for all possible patterns. Is there any pattern w which can be
discovered in polynomial time? Unfortunately, it can be shown that for any fixed pattern

the problem of finding the largest submatrix satisfying this pattern is N P-hard.

Theorem 2 w-OPSM is N P-complete for any fixzed pattern w.



Proof. The proof, which we present next is similar in spirit to the result on the OPSM
problem and as in Ben-Dor et al. [5] we use the reduction from the Balanced Complete
Bipartite Subgraph problem, which is known to be N P-complete (see Garey and Johnson
[13]):

Instance: Bipartite graph G' = (V, U, E), positive integer K < |V|.
Question: Are there two sets V C V, U C U such that |V|=|U|=K and such that u € U,
v € V implies that {u,v} € E?

For a given pattern w let H be a set of indices such that:
H:{j Wi—1 = —1,wj = 1,1 <] <€}U{1 1fw1 = 1}U{€ ifﬂ]g,l :—1} (5)

Given a bipartite graph G = (V, U, E) let m = |V| and n = |U| + |H|. Define the matrix
A = (aij)mxn as follows: (i) a;; = —1, if (4,5) ¢ E, (it) a;; = j, it (i,j) € E, and (iii)
a;=-1,ifn—|H|+1<j<n,wherei=1,...,|V].

Next we show that G contains a balanced complete bipartite subgraph of size ¢ — |H]| if
and only if the matrix A contains an w-order preserving submatrix @ of size (¢ — |H|)-by-{.

Assume that there exists an order preserving submatrix of size (¢ — |H|)-by-¢, which
follows pattern w. It can be verified from (3) and (5) that the number of columns, where
at least one of the elements is equal to —1, is at most |H|. In other words, only columns in
positions j € H in the final submatrix may have elements equal to —1. All other columns
can not contain “-1” elements, which implies that we have ¢ —|H| columns with only positive
elements. By construction, these ¢ — |H| rows and ¢ — |H| columns with all positive entries
will correspond to a complete bipartite subgraph in G.

To show the other direction, assume that there exists a complete bipartite subgraph in
G of size { — |H|. Next we show that the constructed matrix A contains a submatrix ¢
corresponding to pattern w of size (¢ — |H|)-by-£.

Let I and J be the sets of indices which correspond to nodes from V and U in the
complete bipartite subgraph in G, respectively, that is (i,j) € E. We also assume that J is
sorted in the increasing order. Let R = {|U| + 1,...,|U| + |H|}, i.e., R is the set of indices
corresponding to columns with all elements equal to —1. Obviously, in ) we keep only rows
from A that correspond to nodes from I. Next we construct the respective w-order-preserving

submatrix () according to the following procedure.
a) If w; =1, then add column |U| + 1 to ). Remove index |U| 4 1 from R.
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b) If w; = —1, then let j* = arg ma}:j. Add column j* to @ and remove j* from J.
j€

c) For every h such that 1 < h < ¢:

(1) if wp_qy =1 and wy, = 1, add j* = argrjnei?{j} to @ and remove j* from J.

(2) if w1 =—1and w, = —1, add j* = argr?ea}{j} to Q and remove j* from J.
(3) if w1 =1 and wy, = —1, add j* = arg I?QJX{]} to @ and remove j* from J.
(4) if w,_y = —1 and wy, = 1, add any r* from R to @) and remove r* from R.

d) If wy_y =1, add column j* = arg ml?{j} to @ and remove j* from J.
J€
e) If w,1 = —1, add any column 7* from R to ) and remove r* from R..

The key intuition is that at every step of the construction we look “ahead” one step and
add columns to ) from J or R in a such a way that we will have a column with a smaller or
larger value (depending on the given pattern w) at the next step of the construction. If we
observe an “up”-‘“up” pattern (see item “(c)-(1)”) in two consecutive columns in given w,
then we add to () a column with the smallest available value from J. Clearly, this implies
that we can continue the construction of () adding columns from J with larger values at the
next step of the procedure. Likewise, if we observe “down”-“down” or “up”-“down” patterns
(see items “(c)-(2)” and “(c)-(3)”), we add to @ a column with the largest available value
from J, allowing the next step of the construction. A similar explanation can be provided
for every step in items “(a)”, 7 (b)”, “(c)-(4)’, 7(d)” and “(e)”. It is rather easy to verify

that the construction is valid and that the obtained submatrix satisfies (3). m

3 Exact Solution Approaches

Next we discuss exact approaches for solving the OPSM problem which make use of linear 0—1
programming. We first provide a general linear 01 programming formulation (Section 3.1).
However, our main focus will be on an alternative approach which iteratively solves a series
of smaller linear 0—1 programs for a restricted version of the initial OPSM problem, in

conjunction with valid inequalities and other improvements (Section 3.2).



3.1 General Integer Programming Formulation

Our first approach is a general linear 0—1 programming formulation to the OPSM problem.
Using the simple concept of filling ordered positions with columns from input matrix A, we
attempt to find a permutation of the original columns so that the order induced across a
subset of rows is strictly increasing; of all such column and row subsets, we wish to find the
largest such submatrix. That is, we assume there are 1,...,n positions that may be filled
by any of the n columns. We then attempt to fill the first K < n positions with columns
such that all included rows maintain this increasing order.

To facilitate this concept, we introduce

a binary variable s for each column j and 5 =0 S0 sai Sio su-o
S12=0 =0 S=0 Sp=1 Ss=0
possible position k, with s;; = 1 implying el R R SR
Si15=0 0 S3s=0 Sis=0 Ss5=0
that column j has been selected for position % i

k. Figure 2 illustrates the relationship be-

tween s;;, variables and column-position in-

teractions (for simplicity, in this illustration

we assume that all rows are included).

Additionally, for each row we introduce

a binary variable z;, with x; = 1 indicating

that row 7 is selected for the OPSM. Like-

AN AN ANA

AN AN ANA

wise, for each column we introduce a binary

Positions: 1 2 3 4 5

variable y;, with y; = 1 implying that col-
Figure 2: Relationship between s, variables

) ) and column-position interactions
define binary variables z;; as the product of

umn j is selected in the OPSM. Finally, we

each row and column combination, that is, z;; = x;y;. Thus, one binary z;; variable corre-
sponds to each entry in the input matrix A. We use these variables to construct GF-OPSM
below, which is a valid formulation for the OPSM problem.

(GF-OPSM) : max » )z (6)
(2
subject to

k n
$i+23ju+ Z Sep <2 VY j,lsuchthat a;; >ay, i=1,...,m, k=1,....n—1 (7)
u=1 v=k+1



ZSijZSj,k_H, ]{?:1,...,71—1 (8)
1 j=1

j=

Zsjk:yj, j=1,...,n (9)
k=1

n

sk <1, k=1...n (10)

j=1
2ij <@y, 25 LY, Vi,j (11)
x; € {O, 1}, yj c {O, 1}, Zij c R V Z,_] (12>

The objective function of this formulation ensures that we find the largest OPSM by
maximizing the number of entries included in the OPSM. Constraint set (7) enforces the
condition of strictly increasing order by requiring that, if row ¢ is in the final solution, and
a;j > a;p holds, then column j cannot appear to the left of column ¢ in the final permutation
of columns. Constraints (8) ensure that, if position k is not filled in the final permutation
(i.e., there are less than k columns in the final submatrix), then positions k£ + 1,...,n are
also not filled in the final permutation. These constraints enforce a decision hierarchy which
removes symmetry (and thus duplicate solutions) from the problem. Constraints (9) ensure
that, if column j is chosen, it fills exactly one position in the final permutation. On the other
hand, constraints (10) ensure that at most one column can fill any one position in the final
permutation. Finally, constraints (11) ensure that element (7, j) may be in the final OPSM
if and only if both row ¢ and column j are included.

Formulation GF-OPSM has m + n + mn + n? variables in total, of which m + n + n?
are binary, and at most 2n + 2mn + (n — 1) + 3mn(n — 1) constraints. Unfortunately, this
formulation did not perform well in computational testing. Since our main focus will be on
the algorithm which we describe next, we leave tightening of the GF-OPSM formulation to

future research.

3.2 Iterative Algorithm

The key idea of this approach is to iteratively solve a series of smaller linear 0-1 programs for
a restricted version of the initial problem. We also derive valid inequalities and demonstrate

other enhancements for the proposed algorithm.



3.2.1 Basic IP Formulation

Suppose we are searching for the largest submatrix exhibiting a simple increasing pattern,
where column permutation is not allowed. Given this scenario, the OPSM problem simplifies

to simultaneously finding:
e a set of row indices {fi, fa, ..., fr} C Fo,
e a set of column indices {s1, s2,..., 80} C Sp, such that s; < sy < ... < sy, and

e foralle=1,... . kand j=1,...,¢ —1 we have that ay, ;, < ay, s,,,; that is, we do not
permit tnversions on the values corresponding to the set of column indices on included

TOWS.

These conditions motivate our construction of the next formulation, which we will refer
to Compact-Formulation, or CF-OPSM. As in GF-OPSM, we introduce binary variables x;
for each row, binary variables y; for each column, and binary variables z;; for each row and
column combination. Given this setup, finding the largest submatrix obeying the strictly

increasing pattern is tantamount to solving the following 0-1 programming problem:

(CF-OPSM) : max » > z; (13)

st zij+ oz <z Vj<kanda;>ap, i=1,...,m (14)
Zig > wi+y; — 1, oz <, oz <vy;, Vi,j (15)
x; € {0,1}, y; € {0,1}, 2ij € {0,1} V1,5 (16)

The objective function of CF-OPSM is identical to that used in GF-OPSM, which aims
to find the largest OPSM by area. The first constraint set (14) ensures that, for any of
included row ¢’s entries taken pairwise, with both 7 < k and a;; > a;;, then at most one
of the two z;; entries may be included in the OPSM. That is, for any row ¢ included in
the OPSM, constraints (14) prevent inversions on included columns. An alternative view
of these constraints is that, when row z; is included in the OPSM, they represent pairwise
clique inequalities, and represent both necessary and sufficient conditions to characterize
the CF-OPSM polyhedron. Constraint set (15) compels the z;; variables to take value 1
whenever both row i and column j are selected to be in the OPSM. Formulation (13)-(16)

has m + n + mn binary variables and at most 3mn + fmn(n — 1) constraints.
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3.2.2 Basic Iterative Algorithm

The main intuition behind our algorithm is as follows. Suppose the first row of A is in
the final solution. If we then permute the columns of A so that the elements of the first
row appear in increasing order, then the solution of CF-OPSM, together with the constraint
x1 = 1 will provide the largest OPSM which includes row 1. Repeating this approach on each
subsequent row gives the largest submatrix for each respective row. Afterwards, assuming
there is a single largest OPSM (we address the possibility of multiple optimal solutions later),
then k rows will share the largest objective value; these rows constitute Fy, and together with
the set of included columns &, form the largest OPSM of A. This motivates the following

iterative algorithm.

Algorithm 1 [Basic Iterative Algorithm]

1. Assign h = 1.

2. Permutate columns of A such that the entries in row h occur in increasing order;
call new matriz Ah.

3. Generate formulation CF-OPSM for matriz A,. Add additional constraint x), = 1.

4. Solve the obtained linear 0-1 formulation. Let Z" be the obtained optimal objective
function value, and store off the optimal solution for row h.

5. Ifh<m, let h:=h—+1 and go to 2.

6. Z* = maxy, Z".

7. Return Z*, its corresponding optimal solution, and STOP.

For each row h, Algorithm 1 formulates and solves an instance of the CF-OPSM integer
program, identifying the largest submatrix having an strictly increasing pattern according
to permuted matrix Ay. Since we iteratively consider each row h = 1,...,m, Algorithm 1
finitely terminates. At its conclusion, after searching over all rows h = 1,...,m, the largest

OPSM corresponding to input matrix A is provided as output.

3.2.3 Valid Inequalities

The pairwise constraints (14) are reminiscent of classical pairwise clique inequalities. Indeed,
while it is known that pairwise clique inequalities are sufficient to represent the independent

set polyhedron, they typically are not facet-defining [21]. However, these pairwise inequalities
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can be strengthened into facet-defining inequalities by identifying the mazimal clique to
which a given node belongs.
In a similar manner, pairwise inversion inequalities (14) can be strengthened. In general,

if for row 4 the relationship a;;, > a;;, > ... > a;5, > ... > a;;, holds, where j; < jo < ... <

Jk < ... < Js, then the corresponding inversion inequality
Zijl+Zij2+"'+zijk+"'+zijgSxi (17)
is valid to impose on CF-OPSM. The set a;;,, @ij,, - - - , Gij, ; - - - , @45, defines a mazimal decreas-

ing subsequence among the elements of row 7 if we cannot augment the current decreasing
subsequence with an additional element. In this case we will refer inequality (17) as a

mazimal inversion inequality.

Theorem 3 Mazimal inversion inequalities are facets of the convex hull of integer solutions

to the CF-OPSM polyhedron.

Proof. For a given row i, let C' = {j1,jo,. -, Jk,---,Je} correspond to the column indices
representing a maximal inversion of size £ on row i. Now if row ¢ is selected for any optimal
OPSM, then at most one of the elements j, may be included in the OPSM. Thus the
maximal inversion inequalities (17) are valid inequalities for the CF-OPSM polyhedron.
To demonstrate that maximal inversion inequalities are facet-defining for the CF-OPSM
polyhedron, which has full-dimension, we need to identify mn 4+ m + n affinely independent,
feasible points that satisfy the maximal inversion inequality at equality. Such a set of vectors
can be constructed as follows.

To start, the origin trivially satisfies (17) at equality, and is feasible, and so is one such
point. Also, the vectors consisting of y; =1, 7 = 1,...,m, and all other components zero,
give m more such vectors. Now for row ¢ containing our maximal inversion, we can construct
¢ < m additional vectors using each of the ¢ elements of the maximal inversion by setting
x; = 1, y; = 1, and z;;, = 1, with all other components zero. Let column j, correspond to
one of the m — £ elements not in the columns of the maximal inversion C'. For each such
column j,, we can construct an additional vector by taking x; =1, y;, =1, 25, = 1, y;, = 1,
and z;;, = 1. In this manner we can construct m — ¢ additional affinely independent, feasible
vectors satisfying (17) at equality. Finally, for each row h # i (n — 1 total), we can construct

(m + 1) additional vectors as follows. One such vector is z;, = 1, with all other components
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zero; the other m vectors have the form z;, =1, y; =1, and z,; = 1 for j = 1,...,m. Thus
this last step constructs an additional (n — 1) X (m + 1) = mn —m + n — 1 such vectors.
In conclusion, after identifying 1 +m + ¢+ (m —{) +nm —m +n —1 = mn + m + n total
affinely independent, feasible vectors satisfying (17) at equality, we conclude that maximal

inversion inequalities (17) are indeed facets of the CF-OPSM polyhedron. n

Since the maximal inversion inequalities (17) define facets of the CF-OPSM polyhedron,
this leads to the natural question of how to quickly find such relationships, i.e., maximal
decreasing subsequences. Schensted [22] gave an O(n log n) algorithm, utilizing binary
search, to solve the longest decreasing subsequence (LDS) problem. Further in the paper,
we will refer to this algorithm as FindLDS.

The longest decreasing subsequence for a particular row in the original data matrix
constitutes a maximal decreasing subsequence, which we utilize to construct the respective
facet-defining valid inequality. While finding the longest decreasing subsequence is beneficial,
other maximal decreasing subsequences of the same or smaller size may exist, which FindLDS
does not identify. We therefore extend this algorithm to efficiently locate the maximal
decreasing subsequence passing through each element of the given sequence.

For all elements j = 1,...,n, apply Algorithm FindLDS and find the longest decreasing
subsequence up to and including element j; store off this subsequence. Now apply the same
algorithm in reverse (FindLIS), starting with element n, stepping through the FOR loop in
reverse, until element j is reached. This will generate the longest increasing subsequence
up to and including element j. Again, store off this subsequence. Combining the longest
decreasing subsequence up to and including element 7 on a forward pass, together with the
longest increasing subsequence up to and including element j on a reverse pass, gives the
longest decreasing subsequence through each element j =1,... n.

For each element j, Algorithms FindL DS and FindLIS take O(n log n) time to complete.
With n elements in the sequence, this implies O(n? log n) time. Since in the worst case we
consider sequences corresponding to rows h = 1,...,m, the above described approach to

find maximal decreasing subsequences has an overall run time of O(mn? log n).

3.2.4 Nodal Constraints

Murray and Church [19, 20] make another interesting observation regarding maintaining the

necessary restrictions that pairwise clique inequalities impose. In particular, on a given graph
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G they propose an alternative set of valid inequalities called nodal constraints which can
effectively replace pairwise clique inequalities. They define nodal constraints in the context
of a graph (G, where a constraint for each node n; is generated based on its neighborhood
of adjacent nodes. We can easily extend this definition to our context of sequences, where
for a given row ¢ of A and its elements a;1,...,a;j,...,a;, we define the neighborhood N;;
of element a;; as the set of all elements a;; such that either: (i) £ > j and a;; < a;;, or (ii)
k < j and a;; > a;;. Based on this definition, for row ¢ we introduce nodal constraints for

each element a;; as

N 25 + Z Ziw < i Vg, (18)
kEN;;

where we set the value n;; as n;; = |N;;|. The nodal constraint (18) for element a;; efficiently
represents all of the inversion restrictions that the pairwise clique inequalities imply. This
is because, if variable z;; = 1 for element a;;, then constraint (18) forces the non-negative
variables z;, corresponding to all neighbors a;; € N;; to be zero. However, if z;; = 0, then
no restrictions are forced upon the neighbors of element a;;.

For a given row i of A there are exactly n nodal constraints, one for each column. Thus
there are exactly mn total nodal constraints per CF-OPSM instance. Considering that the
number of inversions on a typical row of A is O(n?), using inequalities (18) in place of
(14) greatly reduces the total number of constraints and corresponding size of the model,
especially since a given CF-OPSM formulation has inversion restrictions for O(m) rows.
Our computational testing reveals that the CF-OPSM formulation using nodal constraints
maintains almost all of the tightness of the original CF-OPSM formulation. We discuss this
further in Section 4.1.3.

3.2.5 Further Enhancements

Next we present additional strategies aimed at improving the solution time of Algorithm 1.
Turning Off Previous Rows. For current row h, one such observation is that, for all
previous rows ¢ = 1,...,h — 1, we have z; = 0. This is a valid inequality because previously
solved row i is either: (i) not in the OPSM; or (ii) in the OPSM, but since we have already
identified the optimal solution (OPSM) for row i, it is not necessary to locate that solution
again. Thus, in either case, x; = 0 is a valid inequality for all rows ¢ =1,..., h — 1.

Valid Lower Bounds. Another observation is that, for any row h > 1, a valid lower bound

on the objective value for all future rows is Z = | ax Z% | +1. That is, in order to
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locate a larger OPSM than the best found in previous rows, the current objective value Z”

must outperform Z. Thus the inequality
I 19
i

is valid for all rows h > 1. If for current row h no feasible solution exists having objective
value Z" > Z, we are free to move on to the next row. To allow for multiple optimal
solutions in our code, simply removing the increase of 1 in the definition of Z will permit
this possibility. Furthermore, CPLEX 11 [16] offers the solution pool feature, which has the
capability to find all solutions within a certain user-defined tolerance of optimality, as well
as to find diverse solutions to MIPs. Thus, this feature could be used to find and store all
optimal OPSMs.
LP-based Pruning. It is well-known that linear programming relaxations generally solve
much more quickly than their integer counterparts. With this in mind, at each iteration after
generating the necessary IP formulation, we solve its LP relaxation by allowing x; € [0, 1],
y; € 10,1], and z; € [0, 1]. Solving this LP relaxation, denote the optimal objective value as
Zy . If the obtained LP bound Z;;  does not at least match Z, do not proceed solving the
corresponding 0-1 programming problem. As the integral optimal solution to this instance
cannot yield a larger optimal objective value than Z;  ie., Z; < Z7 = < Z, we are free to
move on to the next row.
LP-based Presorting. For every row h = 1,...,m, generate and solve the m LP re-
laxations of the respective IP formulations and record the corresponding optimal objective
values. Re-sort the rows of the original data matrix A in the following manner. In the first
row place the row corresponding to the largest optimal objective value. Order all remaining
rows 2, ...,m into increasing order corresponding to their recorded optimal objective values.
Knowing that the row with the highest LP relaxation optimal objective value gives an upper
bound on the largest OPSM, placing this row first will presumably give the algorithm the
best chance to find a row contained in the largest actual OPSM, thereby achieving the largest
possible initial solution Z.

Re-sorting the remaining rows into increasing order does two additional things. First,
when combined with the valid inequality (19), this often forces the instances of IP formula-
tions for rows subsequent to row 1 to become infeasible, as they likely cannot find a feasible

solution satisfying such a restrictive inequality. Thus, little time is typically spent on such
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rows. Secondly, when this step is combined with the pruning process above, often the algo-
rithm also prunes quickly, thereby providing additional savings on computation time. This
approach proves very useful in our computational experiments.

Stopping Criteria. As we described above we set z; = 0 for all rows ¢ < h, and so a
valid upper bound on the largest potential objective function value for row h is given by
W =n x (m — h+ 1), corresponding to z;; = 1V j, i = h,...,m. Thus, if the objective
value of the current best solution Z > W, we can safely terminate the algorithm; it is not

possible for a larger submatrix to exist in the remaining rows.

3.2.6 Enhanced Iterative Algorithm

We next incorporate many of these improvements into the following enhanced iterative al-

gorithm for solving the OPSM problem.

Algorithm 2 [Enhanced Iterative Algorithm]

1. Perform LP-based presorting of rows of A utilizing either pairwise inequalities (14)

or nodal constraints (18) in the respective LP formulations. Assign h := 1.

2. Permutate columns of A such that the entries in row h occur in increasing order;

call new matriz Ay,.

3. Generate formulation CF-OPSM for matriz A, using either pairwise inequalities (14)

or nodal constraints (18).

3(a). Add additional constraint xp, =1 and x = 0 for all k < h.

3(b). Generate mazimal decreasing subsequences via modified FindLDS and FindLIS

Algorithms (see discussion in Section 3.2.3); add respective valid inequalities (17).
3(c). If h > 1 add a valid lower bound (19).

3(d). Ifh > 1 solve LP relazation of the respective IP formulation using either pairwise
inequalities (14) or modal constraints (18). Let Z};  be the obtained optimal
objective function value. Go to 6 if Z; < Z.

4. Solve the obtained IP formulation. Let Z" be the obtained optimal objective function

value, and store off the optimal solution for row h.
5. Let Z = max Z*.
k=1,..,h
6. If h <m, let h:= h+ 1. Check Stopping Criteria and go to 2, if necessary.
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7. Return Z* = Z, its corresponding optimal solution, and STOP.

4 Computational Experiments

We designed test experiments using both synthetic and real biological data to verify the
effectiveness of the proposed methods, with our findings from synthetic data testing aiding
in our choice of the best configuration for testing real data. To perform the optimization,

we used the callable library of CPLEX 11.0 [16]. All algorithms are coded in C++. This

section discusses our findings.

4.1 Experiments with Synthetic Data
4.1.1 Setup and Data

Our testing environment consisted of a Windows XP machine equipped with a 2.4GHz
Pentium 4 processor plus 2GB of RAM.
Algorithmic Parameters. STOP [3], an automated tool to tune optimization software
parameters, provided us with a suite of parameters that gave us marked performance im-
provements. Specifically, we adjusted the CPLEX default parameter settings for the MIP
EMPHASIS parameter to Feasibility over Optimality, the IMPLIED BOUND, CLIQUE, AND
GOMORY FRACTIONAL CUTS parameters to Aggressive, the VARIABLESELECT (BRANCH-
ING) parameter to Strong Branching, and the RINS Heuristic parameter to Every Iteration.
Moreover, we always implemented the Stopping Criteria from Section 3.2.5. Addi-
tionally, in Steps 1 and 3(d) of Algorithm 2, we use the CPLEX barrier algorithm, an
interior-point method, rather than the simplex algorithm (which proved to be less efficient
for our larger instances) to perform the LP-relaxation optimization. Since only the optimal
objective values of these relaxations are necessary for our methods, and not the optimal so-
lutions themselves, we also turn off the expensive cross-over routines (BARCROSSALG),
thereby recovering additional computational savings.
Synthetic Data Generation. In order to create our synthetic data, we coded a test
instance generator according to the procedure outlined in Ben-Dor et al. (2003). This
generator plants an order-preserving submatrix into an otherwise randomly generated data
matrix. It first randomly chooses the indices for planted rows and columns. Subsequently, it
randomly chooses an ordering for planted columns. Finally, the generator randomly assigns

ranks to the data matrix in a way which is consistent with the planted submatrix. The
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Table 1: Variations of tested algorithms: Algorithm A is the General Formulation (6) — (12),
while Algorithms B through M are variations of the Iterative Algorithm.

Algorithmic Variations
Formulation / Enhancement A B C D E F G H I J K L M
General Formulation e

All Pairwise Ineqgs. (14) e o o o o oo e o
Nodal Inegs. (18) o o

Turning Off Previous Rows e o o o °

Max Inversion Inegs. (17) o o o

Valid LB Ineq. (19) o o .

LP-based Presorting ° . . . ° °

input is the number of rows m and columns n of A, the number of columns s in the planted
OPSM, and the probability p of a given row being included in the submatrix to be planted.
Using this information the test instance generator randomly embeds a submatrix according
to the input parameters specified, while simultaneously identifying (for the user’s benefit)

the actual submatrix planted within A.

4.1.2 Test Scenarios for Synthetic Data

We propose two test scenarios in order to determine the best algorithm configuration for
further testing of real data.

Test Scenario: Vary Algorithms. The first test scenario evaluates the performance of
variations of our algorithm on some smaller test instances. Specifically, there are 6 levels of
test sets, with data matrix sizes (m,n) ranging from (20, 10) to (50, 20); for each level, there
are three test instances. The embedded OPSMs comprise approximately 25% of the overall
data matrix size; that is, we set p = .5 and s = .5n, to give a mean embedded OPSM size of
pxm X s = .20mn. Regarding algorithms, we first test the General Integer Programming
Formulation (Section 3.1) and record the run times for CPLEX 11.0 to locate an OPSM of
optimal size on the generated test instances. We compare these results against variations of
the iterative algorithm (Section 3.2); starting with Algorithm 1 (Basic Iterative Algorithm),
we sequentially augment this algorithm with valid inequalities and further enhancements,
until reaching Algorithm 2 (Advanced Iterative Algorithm). Run times are recorded for the
amount of time necessary to find an optimal OPSM for each algorithm and test instance

combination, and as there are three test cases, where possible we provide the mean run time
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for each test level. The algorithmic variations are reported in Table 1.

Test Scenario: Vary OPSM Size. The second test scenario is to vary the size of the
planted OPSM. For the two mean embedded OPSM sizes of .25mn and .2mn (i.e., 25% and
20% of the overall size of data matrix A), we create 15 levels of test sets, with each test set
again having three test instances. Algorithm 2 (Advanced Iterative Algorithm, version K,
which proves to be the best variation) is run on these test levels and instances to determine

how changes in input data size affect our algorithm.
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4.1.3 Synthetic Data: Results and Discussion

We present the results of the first test scenario in Table 2. The fastest run times for a
given test instance (as well as the averages) are bolded, and any run time which was not

«

within 5 times of the fastest run time is indicated by . It is immediately clear that the
General Formulation, along with Algorithms B, C, D, and E, cannot compete with the more
advanced iterative algorithms. Algorithms F and beyond are more competitive, coinciding
with their inclusion of the facet-defining maximal inversion inequalities (17).

One general trend is that, holding all else the same, test instances of equal m and n
having larger embedded OPSMs tend to solve more quickly than those with smaller OPSMs.
This is evident, for example, in the second test instance of size m = 30 and n = 15; the
optimal OPSM size of Z* was 64, much less than the expected size of .25mn = 112.5.
Correspondingly, the run times for this instance are much larger than the first and third test
instances for the same levels of (m,n).

Furthermore, the results of Table 2 indicate that the fastest algorithm is one of Algorithms
K, L, and M. Algorithm L has reasonable run times only for those test instances which
happen to have their first row in a rather large OPSM. For such instances, since Algorithm
L does not perform LP-based Presorting and does include the Valid LB Inequality (19),
it has a favorable initial optimal objective value from the first row, uses the lower bounding
inequality (19), but does not include the additional overhead of performing the LP-based
Presorting step. In general, however, since there is no way to know whether the first row is
included in a rather large OPSM, we prefer to use the LP-based Presorting step present
in Algorithms K or M. This is because the additional computational time of solving m
LP relaxations (via the efficient barrier algorithm) and sorting the rows accordingly almost
always recovers that time by finding a first row with a large (sometimes optimal) OPSM.

Algorithms K and M seem roughly comparable, though we slightly prefer Algorithm K,
since it has 6 of the fastest run times, while M reflects only two. More notable, however,
is on difficult test instances where the value of Z* is much less than the expected size of
.25mn (e.g., instance 2 of (30,15) and instance 3 of (50,20)), Algorithm K has the fastest
run times. Indeed, this trend continues as the values of m and n grow, with the benefits
of the smaller nodal inequality formulation in Algorithm K outweighing the slightly tighter
formulation (but increasingly unwieldy due to greater constraint matrix expansion) given by

the pairwise inversion inequalities in Algorithm M.
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Furthermore, the nodal inequality formulation of Taple 3: Two types of embedded
Algorithm K does not adversely impact Step 1 (Pre- OPSMs (25% and 20% of matrix A).
Run times (in minutes) represent av-

sorting), since each of the m subproblems incurs a .
erages over 3 test instances.

small gain in the LP relaxation optimal objective

value. Thus the relative rankings of the optimal ob- Data Algorithm K

Rows Cols 25% 20%

jective function values, needed for Step 1, remained 20 10 -1 <1
more or less constant over all rows. 30 10 1 1
Regardless of whether an algorithm uses LP- 30 15 2 1
s & 0 15 <12
based Presorting, the most time consuming step 40 20 <1 12
is to repeatedly solve integer programs. This is why 50 20 4 24
100 20 2 8

Step 1 (Presorting) is in general advantageous, be- 100 30 9 19
cause after solving the first integer program, we use 100 40 4 3
its optimal solution as a bound for future integer pro- 100 50 5 6
200 50 29 32

grams, serving to avoid the solution of additional in- 400 50 139 166
teger programs (as detailed in Section 3.2.5, Valid 600 50 286 337
. 800 50 503 546

Lower Bounds and LP-based Pruning). 1000 50 350 916

Table 3 displays the results of the second test sce-
nario. It highlights the trend that Algorithm K has an easier time locating OPSMs of larger
expected size. Also, we should mention that the General Formulation does not perform well
in identifying OPSMs in even modest size input matrices; the maximum size it was able to

handle in a reasonable amount of time was (30, 10), in around 2 hours of computation.

4.2 Experiments with Real Data
4.2.1 Setup and Data

Our testing environment consisted of a Windows XP machine equipped with Dual-Core Intel
Xeon processor with 3GHz processor and 3GB of RAM. In our experiments we considered
two real data sets, which we briefly describe below.

Breast Cancer Data Set (BRCA). The BRCA breast tumor data set has m = 3226
genes (rows) and n = 22 samples (columns). Of these samples, 8 have brcal mutations,
another 8 have brca2 mutations, and the remaining 6 represent sporadic breast tumors. We
refer the reader to Hedenfalk et al. [14] for further details regarding this data set. This data
set was utilized by Ben-Dor et al. [5].
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Human Gene Expression Index (HuGE). Our second data set was the Human Gene
Expression (HuGE) Index data set [2009]. The purpose of the HuGE project is to provide
a comprehensive database of gene expressions in normal tissues of different parts of human
body and to highlight similarities and differences among the organ systems. The data set
consists of 59 samples from 19 distinct tissue types, and was obtained using oligonucleotide
microarrays capturing 7070 genes. We removed all rows containing at least one incomplete
or missing entry. Additionally, we retained samples from three of the main tissues (Brain,
Liver, and Muscle), leaving 1125 genes and 23 columns. This particular data subset was
utilized for experiments on biclustering in Trapp et al. [25]; other experiments with HuGE

appear in Busygin et al. [6].

4.2.2 Detecting Statistical Significance

An important contribution in Ben-Dor et al. [4] is the derivation of statistically significant
OPSM patterns. As they explain, for aset T C {1,...,n} of columns of size v together with
a linear ordering m = (t1,%2,...,t,), the probability that a random row supports a given
model (7, ) is (1/4!). Further, since the rows are assumed as independent, the probability
of having at least p rows supporting model (7, 7) is the p-tail of the (m, (1/4!)) binomial
distribution. Since there are n- (n — 1) - -+ (n — v + 1) ways to choose a complete model of
size v, they provide an upper bound on the probability of having a model of size v with at

least p rows as

U(%p):n...(n—7+1)zm:<77>(1)i(1—$)(mi). (20)

~1
i=p A

In the BRCA breast cancer data set, Ben-Dor et al. [4] report finding three statisti-
cally significant OPSMs, one with v = 4 tissues (columns) and p = 347 genes (rows) with
U(4,347) = 8.83 - 105!, another with 6 tissues and 42 genes with U(6,42) = 8.85 - 107,
and a third involving 8 tissues and 7 genes with U(8,7) = 0.0497.

4.2.3 Solving Real Data Sets

The BRCA data set is considerably larger than our synthetic data sets. It is not surprising,
then, that initial testing on this data using Algorithm K indicated that while CPLEX locates
rather good feasible solutions, it experiences difficulty in closing the integrality gap from

above. We believe this large gap was due to poor linear relaxations, resulting from both the
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linearization of 0-1 variable products as well as incomplete information resulting from not
using all maximal clique inequalities. In order to achieve faster convergence, it was therefore

necessary to make some modifications to our solution approach.

Reducing the Feasible Region and Strengthening the Formulation. In order to
facilitate a more rapid closing of the integrality gap, consider temporarily restricting the
number of rows in an OPSM to be no more than a constant p. Similarly, let the number of

columns be no more than ~, so that

D U< (22)

Then adding constraints (21) - (22) to any of the CF-OPSM variations, with well-chosen
values of p and ~, will result in a formulation having a greatly reduced feasible region,
one that CPLEX can much more easily handle. Furthermore, the optimal solution to this
restricted problem forms a valid OPSM which is feasible for the original formulation without
(21)-(22). Moreover, we can strengthen constraints (21) - (22) by appropriate multiplication
of binary variables, a la the reformulation linearization technique (RLT) [23]. This yields
the following additional valid inequalities:

Zzijﬁp'yj v J, (23)

J
DIEES DU ) I @
i J )
Zzzij <p, (26)
g

where (23) and (24) are derived from (21) and (22) by multiplication of y; and z;, respec-
tively, while (25) is derived by moving the right-hand sides of (21) and (22) to the left and
multiplying.

The main idea in the solution approach of Ben-Dor et al. [4] is to first restrict the number
of columns to a fixed value 7, and then search for OPSMs over the rows. With this in mind,

by replacing (22), (24) and (25) with

Zyj =7 (27)
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;
VY wmApd oy — Yz =0, (29)

respectively, we are also able to search for feasible OPSMs with fixed value 7.

This discussion then motivates an embedded algorithm that iteratively increases p and

~ toward values m and n.
Embedded Algorithm with Partial OPSMs. For a given row h, define strictly increasing
sequence {p}T = {p1,...,p=} and nondecreasing sequence {y}7 = {v1,...,7}, and let
p = p1, ¥ = 7. The optimal solution from Algorithm K augmented with constraints (21) -
(22) and respective valid inequalities from (23)-(26) is a partial OPSM, feasible to the overall
OPSM problem for row h. Now assume that both constraints (21) and (22) are non-binding
for this optimal solution. Then it is not too difficult to show that we cannot obtain a larger
OPSM for row h by increasing p and . On the other hand, if these constraints are tight,
then by increasing the value of p to ps and 7 to 75, we obtain a problem with a strictly larger
feasible region, and can likely improve the previous iteration’s solution. Furthermore, the
partial OPSM from the previous iteration is also feasible for the larger region, and we can use
it as a warm start to provide a valid lower bound. Iterating in this manner is a valid approach
that converges to the largest OPSM for row h. Since the smaller formulations are much easier
for CPLEX to handle, this strategy provides significant computational improvements.

The stopping condition of this approach, which is outlined in Algorithm 3, is either 1)
when both constraints (21) and (22) are not binding, or 2) when we have used the final
values in our sequence (i.e., p = p, and 7 = =, ). Note that it is not necessary to run this
embedded algorithm over all m rows; for example, we can designate it to be run for only the

first » rows. Then, for r = 0, Algorithm 3 is essentially Algorithm 2.

Algorithm 3 [Embedded Algorithm]

1. Perform LP-based presorting of rows of A utilizing CF-OPSM formulation with nodal
constraints (18) in the respective LP formulations. Assign h := 1, and read in sequences

{p}, {7}, and embedded algorithm iteration limit r.
2. Let embedded iteration counter { := 1, and set p = pg, ¥ = Vs

3. Permutate columns of A such that the entries in row h occur in increasing order;

call new matriz Ay,.
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4. Generate formulation CF-OPSM for matriz Ay using nodal constraints (18).

4(a). Add additional constraint x, =1 and x;, =0 for all k < h.

4(b). Generate mazimal decreasing subsequences via modified FindLDS and FindLIS

Algorithms (see discussion in Section 3.2.3); add respective valid inequalities (17).
4(c). If h > max{1l,r}, add a valid lower bound (19).

4(d). If h > max{1,r}, solve LP relaxation of the IP formulation. Let Z;  be the

obtained optimal objective function value. Go to 9 if Zy < Z.

4(e). If h <r, add constraints (21)-(26) (or in the case of y1 = vz, constraints (21),
(23), (26), (27)-(29)) to the formulation using current values of p and .

5. If £ >1 and h <r, read in initial feasible solution from warm start file.

6. Solve the obtained IP formulation. Let Z" be the obtained optimal objective function

value. If h < r, write out the optimal solution to a warm start file.

7. If h > r, go to 8. Otherwise h <r, soif { =, OR if both constraints (21) and (22)
are non-binding (or if constraint (22) is not present, just (21)), also go to 8. Else, let
C:=0+1, set p= pg, v ="y, and go to 4.

.....

9. If h < m, let h == h+ 1. Check Stopping Criteria, and if it is necessary to
continue, go to 2 if h < r. Otherwise go to 3.

10. Return Z* = Z and STOP.

Depending on the sequences {p}, {7} and which constraints (22) or (27) are used in

Algorithm 3, upon termination we can guarantee that we discover solutions that are either

(a) optimal, if p, = m, v, = n and formulation with (22) is used in Step 4(d), or
(b) optimal for a particular value of v, if formulation with (27) is used in Step 4(d), or

(c) feasible and of high quality, corresponding to the values in the sequence {~}.

We should also make note of the solver tuning we performed. Though there are only
n column variables y; in the CF-OPSM formulation (n << m), they are quite powerful,

appearing in every composite product z;;. Giving priority to (upward) branching in CPLEX
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on this small subset of variables forces many y; variables to 1, and doing so in conjunction
with (22) or (27) serves to quickly eliminate portions of the branch-and-bound tree due
to the maximal inversion inequalities (17) causing poor linear program relaxation values.
Moreover, turning on CPLEX’s barrier algorithm on both the root and child nodes of the
branch-and-bound tree for a given row h helped to solve subproblems more quickly than the
simplex algorithm. Lastly, CPLEX, through use of its proprietary tuning tool, recommended
that we run the RINS heuristic every 50 iterations, set the CUTPASS parameter to 1, and
set the VARIABLESELECT (BRANCHING) parameter to pseudo-reduced costs. We
implemented these recommendations.

In summary, Algorithm 3 and the associated solver tunings enables us to quickly find
strong feasible solutions. Moreover, any feasible solutions the algorithm outputs in Step 6
are available for immediate data analysis purposes; it is not necessary to wait for convergence
to the final solution. Lastly, for repeated runs on the same data set, Step 1 needs only be
completed once; the presorted order of the rows can then be written to a file for subsequent

runs. Indeed, we use this tactic to reduce our solution times in the following discussion.

4.2.4 Real Data: Results and Discussion

BRCA data. As we mentioned above

for the BRCA data Ben-Dor et al. [5] Table 4: OPSMs in BRCA using Algorithm 3. Ini-
tial values of p (matching largest in Ben-Dor et al.
[5]) in column 2; columns 3 and 4 display sequential
terns with (v,p) = (4,347), (v,p) = results.

(6,42) and (v, p) = (8,7). In order to

reported statistically significantly pat-

. Cols ~ Rows p (Time' in min)
compare our results, we used Algorithm 1 347 (220) 520 (586) 798 (1974)
3 with the initial values of ~ (fixed) and 6 42 (71) 63 (166) 127 (2121)
p set to match their largest dimensions. 8 7 (17) 10 (435) 14 (2370)

Knowing that our approach will eventually converge to the optimal solution, we present
some feasible solutions from our results in Table 4, along with their solution times. For
every case, we were able to locate OPSMs of larger size than were reported in Ben-Dor
et al. [5], in reasonable amounts of time. It is worth noting here that the (8,14) OPSM we
identified has U(8,14) = 5.88 - 107'7, which significantly improves upon U(8,7) = 0.0497,
the result reported by Ben-Dor et al. [5]. Figure 3a displays an exemplary OPSM found
using BRCA. Since it was performed only once (taking 623 minutes), the running time for

Step 1, LP-based presorting, is omitted from Table 4.
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HuGE data. Asin the pre- Taple 5: OPSMs in HuGE using Algorithm 3; statistical
vious experiment, we used Algo- significance in final column.

rithm 3 with a sequence of fixed Cols (1) Rows (p) Time' (min) U(v, p)

values for . Our results on this 3 569 335 2.14 - 107146
data set are displayed in Table 5. ;1 ?28 1498099 ?22 18:1;2
Included in the display are the 6 95 437 743 .10-125
statistical significance levels for 7 49 524 6.98 - 10787
the embedded OPSMs in HuGE. S ﬁ gﬁ f% | }8_2

Figure 3b displays an exemplary
OPSM found using HuGE. Again, as it was performed only once (taking 64 minutes), running
time for Step 1, LP-based presorting, has been omitted from Table 5.

We feel these results rep-
resent favorable solution times
for finding large OPSMs in
HuGE. The statistical signif-
icance of these solutions indi-
cate that they are of high qual-
ity. Only for fixed v = 5 did
it take more than one day to
locate such large OPSMs; all
other solutions were found in

well under 12 hours.

5 Conclusions (a) (6,127) in BRCA (truncated).  (b) (4,335) in HuGE.

Figure 3: Two real data OPSMs using Algorithm 3.
In this paper we address exact

solution methodologies for the Order Preserving Submatrix (OPSM) problem. We discuss
theoretical computational complexity issues related to finding fixed patterns in matrices, and
present exact approaches to solve the OPSM problem to optimality. The first is a general
linear mixed 0-1 programming formulation, while the second is an iterative algorithm which
makes use of a smaller linear 0-1 programming formulation of a restricted version of the initial
problem. We discuss various algorithmic enhancements for the latter approach, which enable

us to solve the OPSM problem to optimality for synthetic instances with approximately 1000
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rows and 50 columns in a reasonable amount of time. Regarding real data, we discuss some
additional enhancements to aid in the solution approach for these large data sets, along
with the corresponding test results, which identified OPSMs larger than those reported in
Ben-Dor et al. [4].

Some opportunities exist for the continuation of this study. For one, the criteria of
rigid adherence to the strictly increasing pattern is rather inflexible. In the future, it will
be interesting to consider relaxing the pattern criteria to locate approximate patterns — for
instance, where a small minority of the rows do not satisfy the ordering criteria. Additionally,

we can consider extensions of our formulation to handle the proposed w-OPSM problem.
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