Recovering All Generalized Order-Preserving
Submatrices: New Exact Formulations and Algorithms

Andrew C. Trapp® } Chao Li®, Patrick Flaherty®

Foisie School of Business, Worcester Polytechnic Institute, 100 Institute Rd., Worcester, MA USA
Department of Computer Science, Worcester Polytechnic Institute, 100 Institute Rd., Worcester, MA, USA
Department of Mathematics and Statistics, University of Massachusetts, Amherst, MA, USA

Abstract: Cluster analysis of gene expression data is a popular and successful way of elucidat-
ing underlying biological processes. Typically, cluster analysis methods seek to group genes that
are differentially expressed across experimental conditions. However, real biological processes
often involve only a subset of genes and are activated in only a subset of environmental or tempo-
ral conditions. To address this limitation, Ben-Dor et al. [2003] developed an approach to identify
order-preserving submatrices (OPSMs) in which the expression levels of included genes induce the
sample linear ordering of experiments. In addition to gene expression analysis, OPSMs have ap-
plication to recommender systems and target marketing. While the problem of finding the largest
OPSM is .4 &-hard, there have been significant advances in both exact and approximate algo-
rithms in recent years. Building upon these developments, we provide two exact mathematical
programming formulations that generalize the OPSM formulation by allowing for the reverse lin-
ear ordering, known as the generalized OPSM pattern, or GOPSM. Our formulations incorporate
a constraint that provides a margin of safety against detecting spurious GOPSMs. Finally, we pro-
vide two novel algorithms that iteratively solve mathematical programming formulations to global
optimality to recover, for any given level of significance, all GOPSMs from a given data matrix.
We demonstrate the computational performance and accuracy of our algorithms on real gene ex-
pression data sets showing the capability of our developments.
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1 Introduction and Background

Given a data matrix A = (a;j)mxn, the order-preserving submatrix (OPSM) problem is to identify
a progression of features (rows) across a subset of experiments (columns) represented as a “hid-
den” submatrix within A. In an OPSM the expression levels of all included rows induce a linear
ordering across all included columns. The origins of the OPSM problem are in DNA microarray
data analysis, where a coherent tendency in multiple features (here, genes) across a number of
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participating experiments may be indicators of the presence of disease [Ben-Dor et al., 2003]. The
decision version of the OPSM problem is .4 &?-Complete [Ben-Dor et al., 2003].

Traditional two-dimensional clustering algorithms attempt to group in a single dimension (i.e.,
features or experiments) across the entirety of the other dimension. In contrast, the OPSM problem
is a type of biclustering problem, which allows for a strict subset of features to be related to a strict
subset of experiments. All features in a submatrix have the same coherent tendency (i.e., “up” and
“down” pattern) across all included experiments, potentially highlighting regulatory mechanisms
that appear in subsets of both features and experiments. For further information on biclustering,
we refer to Madeira and Oliveira [2004] and Busygin et al. [2008].

A simple example of a data matrix together with a corresponding embedded order-preserving
submatrix is illustrated in Figure 1. On the left, the entries in rows 1, 3, 4 exhibit an
{*“up”, “up”, “up”, “down”} pattern across columns 1, 2, 4, and 5. Alternatively, by permuting
columns 3 and 5, it can be seen on the right that an OPSM exists with three rows exhibiting
progressively increasing values across the four included columns.

1 2 3 5 4
3 5 5 1 4 A4 A4 v v v
1 2 4 5 3
2 3 1 5 4
3 2 4 1 5
1 2 5 4 3
2 3 4 5 1
4 3 5 1 2
1 2 3 4 5
4 3 2 1 5

Figure 1: Example of an OPSM (right) found in a data matrix A (left) by simple column permuta-
tion.

1.1 Some Variations to the OPSM Problem

The OPSM problem has been considered from a variety of perspectives. The original work of
Ben-Dor et al. acknowledges that the explicit definition of the OPSM pattern can be somewhat
overly restrictive due to the lack of both neatness in biological patterns as well as accuracy in DNA
microarray observations [Ben-Dor et al., 2003]. This has led to generalizations that consider ap-
proximate order-preserving submatrices [Fang et al., 2012, Zhang et al., 2008] as well as OPSMs
using fractional and probabilistic support [Chui et al., 2008, Fang et al., 2014, Yip et al., 2013].

Other works focus on finding long OPSMs (many columns) with few features. These so-called
“twig clusters” may be missed by alternative methods, but have definite biological significance, as
pathways/processes exist that require as little as two genes to act in concert across many condi-
tions [Gao et al., 2006, 2012, Griffith et al., 2009].

Another variation is the GOPSM pattern, a generalization of the original OPSM pattern, first
introduced in Gao et al. [2006]. The GOPSM pattern extends the OPSM pattern, which locates
subsets of rows and columns obeying the same linear ordering, to allow for the exact reverse linear
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ordering pattern to be included among the order-preserving rows. The GOPSM framework enables
the inclusion of both positively and negatively correlated features among selected columns, thereby
generalizing the OPSM problem.

The GOPSM pattern is more applicable to biological gene expression data than the OPSM
pattern because genes are both activated and deactivated in response to stimulus or in varying en-
vironmental conditions. For example, the response of S. cerevisiae (yeast) to salt stress induces
the upregulation of cell stress response genes and the simultaneous downregulation of protein syn-
thesis and RNA processing genes Causton et al. [2001]. In cancer, the simultaneous activation of
oncogenes and repression of tumor-suppressor genes can lead to more aggressive clinical pheno-
types.

An exemplary GOPSM pattern can be seen in Figure 2 for the same data matrix A as in Figure 1.
We build upon the GOPSM pattern in this work.

1 2 3 5 4
3 5 5 1 4 v A4 A4 v A4
1 2 4 5 3
2 3 1 5 4
3 2 4 1 5
1 2 5 4 3
2 3 4 5 1
4 3 5 1 2
1 2 3 4 5
4 3 2 1 5

Figure 2: Example of a GOPSM (right) found in a data matrix A (left) by simple column permuta-
tion.

1.2 Recent Methodological Developments to Solving the OPSM Problem

Accompanying extensions to the base OPSM problem has been significant methodological progress.
Subsequent to the original method proposed by Ben-Dor et al. for finding OPSMs [Ben-Dor
et al., 2003], which is essentially a greedy heuristic, various other heuristic approaches have ap-
peared [Chui et al., 2008, Fang et al., 2012, 2014, Gao et al., 2006, 2012, Griffith et al., 2009, Yip
et al., 2013, Zhang et al., 2008].

Less frequently, solution approaches to the OPSM problem have been developed that provide
guarantees on solution quality. These prefer the exactness of solution at, possibly, the expense
of computational runtime. Approximation algorithms have been discussed for the OPSM prob-
lem [Hochbaum and Levin, 2013]; the authors consider a minimization variant which attempts to
remove the least number of rows and columns to ensure that the remaining submatrix satisfies the
order-preserving criteria. Trapp and Prokopyev propose and implement the first exact approaches
to find a globally maximal OPSM using mixed-integer programming techniques in an integrated
algorithmic framework [Trapp and Prokopyev, 2010]; subsequently, Humrich et al. discuss a num-
ber of enhancements that substantially improve tractability [Humrich et al., 2011].



Notably absent from the aforementioned exact studies are explicit discussions to ensure that
recovered OPSMs are biologically significant. Moreover, as is customary with optimization rou-
tines, these methods return one optimal solution, i.e., the single largest OPSM in A (or possibly
per fixed number of columns). On the other hand, it may be of great interest to recover multiple
submatrices, so long as they are distinct and meaningful.

1.3 Contributions

We now highlight our contributions. First, we implement as a basis for subsequent extension an
exact minimization-based formulation from Hochbaum and Levin [2013] that attacks the comple-
mentary problem of removing the fewest number of rows and columns. The problem is formulated
as a binary integer program that, for any fixed number of columns and column ordering, mini-
mizes the number of rows to be excluded to ensure the resultant submatrix is order-preserving.
Similar to Trapp and Prokopyev [2010] and Humrich et al. [2011], the formulation can be embed-
ded within an algorithmic framework that ensures recovering a globally optimal OPSM over all
rows and columns.

Second, we expand upon existing exact formulations for solving the OPSM problem [Hochbaum
and Levin, 2013, Humrich et al., 2011, Trapp and Prokopyev, 2010] by demonstrating how to in-
corporate the aforementioned GOPSM pattern [Gao et al., 2006]. We extend both maximization-
based [Humrich et al., 2011, Trapp and Prokopyev, 2010] and minimization-based [Hochbaum and
Levin, 2013] OPSM optimization formulations to accommodate the GOPSM pattern. Moreover,
these GOPSM extensions can be maintained, or omitted, without affecting the validity of the two
subsequent contributions, thereby providing modeling flexibility.

Third, we explicitly guard against the possibility of finding false correlations in recovered
GOPSMs [see, e.g., Ben-Dor et al., 2003] for both the maximization- and minimization-variant
formulations of the GOPSM problem. Briefly, to satisfy a specified level of significance, there
exists a corresponding minimum size (expressed via the number of rows and columns) to which
a GOPSM pattern must adhere. Such restrictions can be represented explicitly using constraints
in the mathematical formulations, thereby ensuring, for arbitrarily strict criteria, that recovered
GOPSMs are of sufficient size.

Fourth, and perhaps most important, we provide two new and complementary algorithms that
repeatedly solve the maximization- and minimization-variant formulations to global optimality to
recover, for any given level of significance, all GOPSMs from a given data matrix. We believe
this to be a particularly meaningful contribution due to the potential practical implications. For
example, in the context of DNA microarray data analysis, there is value in recovering all GOPSMs
that satisfy minimum size criteria; each may indicate distinct sets of genes that are closely coreg-
ulated across many experiments, likely revealing unique and previously undiscovered pathways or
processes. The fact that any arbitrary strictness can be used to guard against spurious correlation
makes the approach especially powerful.

The remainder of this paper is organized as follows. In Section 2 we discuss maximization-
and minimization-based formulations to find the largest OPSM for a fixed number of columns and
column ordering, and demonstrate how to extend these models to incorporate the GOPSM pattern.
In Section 3 we outline how to go beyond state-of-the-art exact methods of recovering a single
optimal submatrix, introduce explicit constraints that ensure minimum meaningful size thresholds
of any recovered submatrix, and provide two new algorithmic frameworks that can identify all cor-
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responding GOPSMs for a given data matrix A. Section 4 covers the computational testing of our
proposed methodologies on real biological data. We discuss our computational results in Section 5,
and conclude by summarizing our findings in Section 6.

2 Mathematical Formulations

To motivate our discussion, we provide a formal definition of the specific biclustering task that the
OPSM problem addresses.

2.1 Formal Definition

The OPSM problem is to identify p rows and ¢ columns from a data set A = (;j)mx, in Which
there exists a permutation of the selected columns such that in every supporting row the values
corresponding to included columns are strictly increasing [Ben-Dor et al., 2003]. More formally,
let % be a set of row indices { f1, f2, ..., fp }. Then there exists a permutation of a subset of column
indices .y = {s1,52,...,8¢} such that foralli=1,...,pand j=1,...,/— 1 we have that

Afisj < Afisjer oY)

The corresponding submatrix (-%,.%p) € N? *t is order-preserving.

2.2 Existing Exact Formulations and Algorithmic Frameworks

The n! possible permutations of columns, even for small values of n, rapidly becomes prohibitive
for exhaustive consideration. One of the key insights in solving the OPSM problem is that the
matter of importance is really only over the m column permutations for which at least one of the
rows is ordered in increasing fashion. Thus, the n! permutations can be reduced considerably to
no more than m orderings, namely just the specific orderings that coincide with those induced
from permuting the columns so that the entries of a given row are in increasing order. The ex-
act approach of Trapp and Prokopyev [2010] proposed a mathematical program to find the largest
order-preserving submatrix in data matrix A for a fixed column ordering according to specific row
h, and coupled it with an algorithmic framework to search over all necessary column orderings to
recover a largest OPSM based on submatrix area.

In Humrich et al. [2011] the authors demonstrate a significant simplification in the variable
scope and dimension, introducing a mathematical programming formulation that contains only n
binary column variables and m continuous row variables. In addition to iterating over O(m) rows,
the simplification of Humrich et al. [2011] does come with the additional algorithmic expense of
iterating over O(n) column levels — in fact, a total of n — 2, because OPSMs ought to include more
than 2 columns to be considered as a legitimate pattern. Nevertheless, the substantial computational
savings from their reduced formulation appear to largely offset this modest algorithmic expense.

As first discussed in Trapp and Prokopyev [2010] and later in Humrich et al. [2011], all of the
mathematical programming formulations included in the present work propose to find OPSMs (or
GOPSMs) for a fixed number of columns 7y, where the columns have been permuted so that, for a
particular row h € {1,...,m}, the entries appear in increasing order. It can be seen from (1) that



at least 2 columns are required for a pattern to exist across columns. Because of the somewhat
pathological case of ¥ = 2, where each row has an equal probability of being in an OPSM for the
two included columns, we require y > 3.

2.2.1 Exact Formulation for the OPSM Problem via Maximization

We next introduce and discuss a formulation that bears resemblance to that of (4) and (5) in Hum-
rich et al. [2011]. Consider permuting the columns of data matrix A to ensure the entries of a given

row h are in increasing order, thereby forming A" = (df-’j) mxn. With respect to A", define the index

set I;lk = {i : dff > 51? k}, so that Ij.‘k contains the indices of all rows which exhibit a decreasing or-

der across each column pair (j,k), j < k when the columns are permuted according to row /. Then
for a fixed number of columns 7, the following formulation will recover a largest OPSM contained
in A" that has exactly y columns:

m
maximize z= Z X (2a)
i=1
n
subject to Z yji =1, (2b)
=1
Y ity U e <211 ], ¥ jik:j <k (2¢)
i€l
J
xe[0,1)", ye {0,1}". (2d)

Objective (2a) maximizes the number of rows in any OPSM corresponding to A”, cardinality
constraint (2b) ensures that exactly y out of n columns are chosen, while constraint set (2¢) forbids
decreasing patterns across included rows and columns.

Formulation (2a)—(2d) differs from that of Humrich et al. [2011] primarily in the technical up-
date to clear the denominators in the constraint set of Humrich et al. [2011] that corresponds to
our constraint set (2c) above. While on the surface this appears to be a minor modification, its
significance is twofold: it improves the numerical stability of the formulation by eliminating rep-
resentations of fractional coefficients and avoiding roundoff error, and moreover, in the extreme
case where Ij?k = (), it ensures the constraints are well-formed.

The optimal objective function value in (2a) is z*, indicating the maximum number of rows in-
cluded in an OPSM corresponding to A containing exactly y columns; thus the overall size (area)
of the recovered OPSM will be z* - y. For a given y and h, we refer to formulation (2a)—(2d) as
MAXOPSM?,. To identify a globally maximal OPSM in A, one could solve MAXOPSM}; over all
valuesof h=1,...,mand y=3,...,n, retaining an OPSM with the largest value of z* - 7.

2.2.2 Exact Formulation for the OPSM Problem via Minimization

The work of Hochbaum and Levin [2013] introduces a complementary viewpoint of the OPSM
problem, that is, that of excluding the fewest number of rows and columns to obtain an order-
preserving submatrix. They introduce a minimization-based mathematical programming formula-
tion that resembles a set covering problem. The authors do not directly implement the optimization



model, but rather design and analyze approximation algorithms to find approximate solutions to
the OPSM problem.

We next introduce, and subsequently build upon, the original formulation presented in Hochbaum
and Levin [2013]. The formulation finds a largest OPSM in A”, indicated by binary variables r and
c that represent whether a particular row or column is excluded, taking a value of 1 if so, and 0
otherwise.

m n m n
minimize n Z ri+m Z cj— Z ricj 3)
i=1 j=1 i=1j=1
subjectto  ri+cj+cy>1, Vi,V j<kanda;j > ay, 4)
re{0,1}" c€{0,1}". 5

Objective function (3) has nonlinearities due to mn bilinear terms r;c;. In a manner similar
to MAXOPSMQ’, we can introduce linearity into the objective by fixing the number of columns to y
(here, to be excluded); this requires an additional cardinality constraint and considerations over all
(practical) fixed levels of v:

m

m
minimize nY ri—YY ri+my. (6)
. e~

i=1 i=

Objective (6) can be further simplified by eliminating constants and combining (and dropping)
coefficients, as shown below in (7a). We can also use the index set I;’k in the same manner as MAX-

OPSM}; to represent an equivalent set of constraints to (4) that enforces the OPSM pattern restric-
tion. Specifically, (7c) forbids increasing patterns across included rows and columns. Moreover,
we will show in Proposition 1 that the domain of the row variables r can be relaxed to continuous,
i.e., r € [0,1]™. This gives our final minimization-based formulation for finding an OPSM in Ah:

m
minimize § = Z 7 (7a)
i=1
n
subjectto ) c;j =7, (7b)
=1
Y it e+ e > [T, ks j <k, (7c)
el
J
re[0,1]", c e {0,1}". (7d)

Proposition 1 Any optimal solution (r*,c*) to formulation (7a)—(7d) has r* € {0,1}".

Proof. Objective (7a) drives the values of the r; variables toward their lower bound of 0; only
constraint set (7c) potentially impedes this. Consider an optimal solution (r*,c*) to formula-
tion (7a)—(7d). For any column pair (j,k), j < k for which c’; =1 or ¢j = 1, constraint set (7c) is
trivially satisfied, and so does not restrict values of r; : i € [ j‘lk' Suppose column pair (j, k), j < k has

c}‘. = c; = 0. This implies that Zh ry > \I;‘k|, which can only occur precisely when r; =1V i ¢ I;’k.
icl!
Jk



1 2 3 4 5
3 2 5 4 1
2 3 1 4 5
1 2 9 3 3
4 3 5 2 2

Figure 3: I{, = {2,5} in darker shade,versus H}, = {1,3,4} in lighter shade.

This shows that r* € {0,1}". -

Formulation (7a)—(7d) features a linear objective, but algorithmically must now be solved over
all m rows as well as n — 2 columns. The optimal objective function value is {*, indicating the
minimum number of rows excluded from A” that also excludes exactly 7 columns; thus the overall
size (area) of a recovered maximum OPSM will be (m — {*) - (n — 7). In the ensuing discussion,

for a specific y and i we refer to (7a)—(7d) as MINOPSM?.

2.3 Incorporating the Generalized OPSM Pattern (GOPSM)

We now extend the formal definition of the OPSM pattern from Section 2.1 to incorporate the
GOPSM pattern [Gao et al., 2006]. We introduce % as a (possibly empty) set of ¢ additional,
distinct row indices. Let %) = {g1,82, . ..,8¢} if % # 0. Then there exists a permutation of a subset
of column indices %) = {s1,52,...,8¢} suchthatforalli=1,...,p,h=1,...,q,and j=1,...,0—1

af;.s; < af;.siv1 and )

Agp,s; = Agposiyy - )

First, note that .%y N %y = 0. We term the corresponding submatrix (.%yU%, %) € N (ptq)xt

as generalized order-preserving (GOPSM). Complementary to Ij.’k, let H]}.‘k = {i : ciff ;i< aAﬁf k}, SO
that H ;’k contains the indices of all rows exhibiting an increasing order across each column pair
(j,k), j < k. Thus for all column pairs (j,k), j < k, I;’k ﬂHj?k = 0. We next extend MAXOPSM’, and
MIN OPSM@’, to identify maximum-sized GOPSMs in an arbitrary data matrix A. Figure 3 depicts

I}k andH}k for j=1,k=2.

2.3.1 Exact Formulations for the GOPSM Problem via Maximization

To accommodate the GOPSM pattern, we introduce a new binary variable vector v € {0,1}",
where v; = 1 indicates that row i is chosen to be in decreasing order. The following formulation



will find the largest number of rows in a GOPSM according to the permuted data matrix A”:

m
maximize zg =Y (xi+v;) (10a)
=1
n
subject to Z yj =1, (10b)
j=1
Y x|y I e <218, Yk j <k, (10c)
ieﬂ.'k
J
Y vit [HA |y [H Oy <2 HY, ¥k j <Kk, (10d)
ieH’?k
J:
xe[0,11", ve [0,1", y € {0,1}". (100)

Objective (10a) can attain a value of at most m if all rows are included as either increasing
(x; = 1) or decreasing (v; = 1) and there are exactly y columns in the recovered GOPSM. Because
I ;'lk NH ;lk = 0 for all column pairs (j,k), j < k, the form of constraint sets (10c) and (10d) naturally
ensure that, for all i, at most one of x; or v; can be set to 1 (i.e., taken together, it is impossible
for x; = v; = 1). Moreover, in a manner analogous to Humrich et al. [2011], we can relax the
domain of the v variables to continuous without changing the optimal solution, i.e. v € [0,1]". A
recovered GOPSM will have area of zf; - y. For a given y and &, we refer to formulation (10a)—(10e)

as MAXGOPSM’;.

2.3.2 Exact Formulations for the GOPSM Problem via Minimization

The minimization-based formulation (7a)—(7d) can also be extended to handle the GOPSM pattern.
Introduce new binary variable vector s € {0, 1}", where s; = 1 indicates that row i is excluded from
being in decreasing order. It is not difficult to see that the domain of the s variables can also be
relaxed to s € [0, 1) without affecting the binary nature of the optimal solution. The following
formulation will exclude the fewest rows in a GOPSM according to the permuted data matrix A"

minimize g :Z(r,-—i—si) (11a)
i=1
n
subjectto ) c; =7, (11b)
j=1
Y ri ] e+ > |1, ¥k <k, (11c)
i€l
Y siHHE| cj+ HE| e > [HE|, Y jk:j<k, (11d)
icH",
J
rel0,1)", se 0,1, c e {0,1}". (11e)

We next show that, for any i, at most one of r; or s; can take the value of 0. Consequently,
formulation (11a)—(11e), by construction, naturally avoids the prohibitive result of retaining (i.e.,
not excluding) both increasing and decreasing orders for row i.



Proposition 2 For any GOPSM corresponding to optimal solution (r*,s*, c*) to formulation (11a)—
(11e) and all rows i € {1,...,m}, at most one linear ordering can be chosen; that is, no more than
one of ri or s¥ can be 0.

Proof. Objective function (11a) attempts to set to zero as many r; and s; variables as possible.
Constraint (11b) ensures any optimal solution (r*,s*, ¢*) has exactly y columns excluded, thus n—y
columns are not excluded in an optimal GOPSM. Consider two of these non-excluded columns,
e.g. j and k, so that c? = ¢; =0, and consider any row i € {1,...,m}. Suppose dﬁj > dl}-fk, so that
i€ Ij.‘k. The values c’; = cz =01in (11c) imply r; = 1. Similarly, if i € H;lk, then s; = 1 by (11d), so
that in either case, no more than one of ;" or s7 is 0. n

Similar to (7a)—(7d), formulation (11a)—(11e) must be algorithmically solved over all m rows
and n — 2 columns. The recovered GOPSM will have a maximized area of (m — (%) - (n—7).

Hereafter, for a given y and /h we refer to (11a)—(11e) as MINGOPSM?,.

3 Towards Extracting All Meaningful GOPSM Patterns

Our algorithmic procedures are able to identify a single largest GOPSM: solve MAXGOPSM?‘, or

MINGOPSM?, according to each nontrivial fixed column level ¥ and row & € {1,...,m}. Moreover,
for the goal of finding a GOPSM of globally maximum size, a variety of algorithmic improvements
exist to enhance such an implementation, e.g. in Trapp and Prokopyev [2010], where the authors
extend this idea to recover a single largest OPSM pattern, one that corresponds to various levels
of v. This idea is further expanded upon in Humrich et al. [2011], where they provide an algorithm
to recover a single largest OPSM for every nontrivial level of 7.

So, whether with respect to a fixed column level, or over all column levels, the aforementioned
methods return a single optimal solution (if one exists). We expand on these ideas as follows. In
the context of DNA microarray data analysis, consider the case of multiple (e.g., two) optimal solu-
tions for MAXGOPSM};, a common occurrence in combinatorial optimization problems. Although
both patterns may have biological significance, the selection of a “single” optimal solution is left
completely to the jurisdiction of the solver, and only one is reported. This realistic setting high-
lights the importance of identifying multiple GOPSMs, as long as certain size thresholds are met,
and the recovered GOPSMs are not submatrices of other recovered GOPSMs (i.e., they should be
maximal in the row and column dimensions).

We next demonstrate how to explicitly integrate a size threshold into the MAXGOPSM?, and

MIN GOPSM? formulations.

3.1 Guarding Against Spurious Correlation in Recovered GOPSMs

A general challenge in data mining is not being fooled by randomness, that is, revealed patterns
should have a negligible probability of appearing in random data. Ben-Dor et al. [2003] propose
the following method to serve as a proxy for assessing the statistical significance of any obtained
order-preserving submatrix. They introduce an upper bound on the probability of having found, at
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random, an increasing OPSM pattern with y columns and at least p rows as:

U(}/,p):n...(n—y—l-l)ié (":) (%)i(l—%)(m_i). (12)

By adapting (12) to accommodate the GOPSM pattern, for which we need to account for pre-
cisely two linear orderings (one increasing, and one decreasing), we obtain:

UG(y,p):n...(n—yH)f(";)(2>i<1 2>(mi). (13)

i:p Y' Y'

While we recognize that the approach of Ben-Dor et al. [2003] implies the testing of com-
binatorially many hypotheses, the upper bounds in (12) and (13) are still useful to guard against
spurious correlation. For a fixed number of columns ¥ and arbitrary significance level «, let p{,x

be the smallest integer number of rows for which Ug(y, py’) < a. Then for MAXGOPSM?’, we can
introduce a new constraint that requires a minimum necessary number of rows p{f‘ to satisfy a size

threshold:

m

Z(X,’ +vi) > P;}. (14)
i=1
We can use (14) to serve as a margin of safety against being fooled by randomness. Note that,
for constant «, p}‘,x is nonincreasing as 7Y increases. To accommodate such a large number of hy-
potheses, in our computational experiments we require very stringent significance levels of o to
be observed.
Similarly, for MINGOPS Mé’, an upper bound on the number of rows excluded to ensure statistical
significance of a resulting GOPSM can be expressed as:

on

(ri+s1) < m+ (m—pg) = 2m — p&%, (15)

i=1

where the right-hand side is derived from the fact that at least one of 7 = 1 or s} = 1 for every row
i=1,...,m,as can be seen from Proposition 2. A constraint in the form of (14) and (15) exists for
any level o and every level of ¥ considered, and each ensure that every recovered GOPSM pattern
is of sufficient size.

3.2 Ensuring Maximality of Recovered GOPSMs

For any fixed column level y and level «, there may be many distinct GOPSMs that satisfy con-
straints (14) and (15). We now propose a method to discover all such GOPSMs, so long as they are
maximal — that is, for the given rows and columns that constitute such a GOPSM, it is not possible
to expand in either dimension. This will ensure that any recovered GOPSM is not a proper subset
of another. Figure 4 highlights the two dimensions that a submatrix could be non-maximal — in the
rows, and in the columns.

Without loss of generality, we assume the perspective of MAXGOPSM?, for ease of exposition (a

parallel argument exists for MINGOPS M?). Consider an algorithmic procedure that iterates over all
values of y € {3,...,n} and h € {1,...,m}. For any GOPSM optimal for MAXGOPSM?, and (14),
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say I'* = (x*,v*,y"), objective function (10a) already ensures we are maximal with respect to the
number of rows, so it is not possible for the row dimension to be suboptimal. To ensure that we are
maximal in the column dimension, we can prioritize recovering the largest column-wise GOPSMs
first in the algorithmic procedure, by stepping the value of y from the largest value to the smallest,
e, y=n,...,3.

IRARSRAREE

IR3R2R

Figure 4: Two non-maximal possibilities of a GOPSM.

Suppose, in a process of iterating y from n to 3 and & = 1 to m, we solve MAXGOPSM@ with (14)
and recover I'* = (x*,v*,y*). We refer to the particular number of columns as y*. By (10b) I'* has
exactly y* columns and as per (10a) it maximizes the number of included rows zg. Define 2~ =

{iixr =0}, 2 ={itx =1}, %o ={ivi =0} %d ={ivi =1}, & = {j:y;:o},and
@ri = { j: y; = 1}. For this level of y*, there is no subset of columns for which a greater number

of rows exists. Still, for this level of 4 there may be other GOPSMs that satisty (14), and we would
like to avoid recovering the same I'™* for this level of 4 and y*.

Moreover, at lower levels of ¥ < 7*, we would also like to avoid finding a new GOPSM consist-
ing of a strict subset of the columns in @/ri , iIf there is no accompanying change in newly included
rows (i.e., if no new increasing or decreasing rows are added beyond those appearing in I'*). How-
ever, this concern is irrelevant if at ¥ the corresponding level of p%," exceeds zg for [*— because
from (14) there will necessarily be additional rows included in any optimal GOPSM to maintain
feasibility.

Hence we can forbid the recovery of I'*, as well as any GOPSM formed from a strictly smaller
subset of its column set @ri together with no accompanying change in new rows, by adding the
following family of inequalities, one for each unique subset of column indices:

Y oxit Yovit Y (-y) =1,V Cod |9 >3, (16)
€25 ievn jedE

Constraints of form (16) can be readily understood through the use of a small example. Sup-
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pose we have a data matrix with m = 10 rows, n = 6 columns, and we are presently considering
exactly 7 = 4 columns. For the first row & = 1, the MIP according to the sort order A (constructed
using MAXGOPSM?, with (14)) is generated and solved. Suppose the recovered GOPSM I'™* has
five included rows, three that are increasing, and two that are decreasing. Suppose that the column
indices of this GOPSM are 2, 3, 5, and 6; that rows 1, 7, and 10 are increasing; and that rows
5 and 8 are decreasing. Then we have 21% = {1,7,10}, 21 = {2,3,4,5,6,8,9}, ¥ = {5,8},
Y ={1,2,3,4,6,7,9,10}, 2L = {2,3,5,6}, and & —{1 4}.

Now for all #{ C % : |@ | > 3, we have a constraint of the form (16). There are five
such subsets: {2,3,5 6}, {2,3,5} {2,3,6}, {2,5,6}, and {3,5,6}. This constraint family serves a
dual purpose. Consider the first subset, with @FJI {2,3,5,6}. It yields the following constraint:
(X2 4 X3 +2x4 + x5+ X6 + X3 +X9) + (Vi +v2 +v3 + V4 + Vg +v7+vo +vig) + (1 —y2) + (1 —y3) +
(I —ys)+ (1 —y6) > 1. Once added, it ensures that the same GOPSM I'* cannot be recovered
again; further, it forbids only this I'*: it is the only GOPSM for which the left-hand side equals
ZEer0.

The second purpose of (16) is now discussed. Constraints (16) for the second, third, fourth, and
fifth subsets are very similar in form; we detail only the second, with @FJI {2,3,5}. Tt yields the
following constraint: (x +x3 + x4 + x5+ X6 +xg3 +x9) + (vi +v2 +v3+vs+ve +Vv7+vo+vig) +
(1—y2)+ (1 —=y3)+ (1 —ys) > 1. When these four constraints are taken together, they forbid
those GOPSMs having the same increasing and decreasing rows, and only a subset of three of the
four columns of Z”ri . That is, they forbid the four GOPSMs that are strict subsets with respect to
columns. However, they are designed to allow a GOPSM with any subset of three of the columns
of @rif , as long as a previously inactive row becomes active. This would correspond to a GOPSM
involving additional rows, which is distinct from I'™*.

While on the one hand there are combinatorially many constraints of the form (16), mitigating
this growth is the fact that they are only relevant when, for some ¥ < *, the corresponding level of
pg does not exceed the value of zj; for I'*. In light of the rate of growth of pg for stringent & as ¥
decreases from y* (see, e.g., Tables 4 and 5), this appears to be rather manageable, as we observe
later in our computational experiments.

Theorem 1 For fixed y and h, let T* = (x*,v*,y*) represent an optimal solution to MAXGOPSM};

with (14). Adding inequalities (16) to subsequent MAXGOPSM?, formulations renders infeasible
precisely (i) the GOPSM patterns specified by I'* as well as (ii) those formed from a strictly smaller
subset of its column set @ri together with no accompanying change in new rows. Further, it does
not affect feasibility of any other GOPSM patterns.

Proof. The left-hand side of (16) evaluates to zero for I'*, so clearly it is forbidden. Suppose
there exists at this level of 7 another GOPSM pattern I” where I" # I'*, for which the left-hand side
of (16) also evaluates to zero. Further, suppose that I" has the identical column set @Ii in common
with I'*, so that I must differ from I'* in 27 or %4 YetI'* already represents the largest GOPSM
over this particular column set @ri ; it is impossible to increase ), 25 % + Zie”f/{* v; over the same

column set %4, for this would imply that I'* is suboptimal. So it must be that I" differs from I'** in
the column set @ri , immediately implying its feasibility in inequality (16).

Now consider a lower level ¥ < 7y for which p"C < zg. Suppose there exists a GOPSM [=
(%,9,9) with i 2 . A . Y., and Z F defined analogously, and with A ooyl We

want to show that r cannot be a StI‘lCt submatrlx of I'*. Consider the particular constramt of the
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form (16) that corresponds to the column subset @ff; here, ), jedt (1 —y;) also evaluates to zero.

Thus, the constraint implies that there must be a change in %1: or ”//1:, thereby preventing I" from
being a strict submatrix of I'*. -

For MINGOPSM?,, let an optimal I"™* be denoted by (r*,s*,¢*), and similarly define Z.. = {i : r} =0},

%;:{i:rf:l},yrlz{i:sfzo},yrt:{i:sf:1},‘552{j:c?zO},and%rt:{j:c*-:1

J
The following inequality forbids I'*, and can be used to forbid any GOPSMs formed by strict sub-

sets of the indices of 4. if there are no corresponding changes in rows (again, supposing size
thresholds specified in (15) remain satisfied for the previous I'*):

Y {(0-r)+(0=s)t+ ) ¢;>1, VL 6L |45 > 3. (17)

. + + . —
IER NS T JEC

We omit the associated proof for MINGOPSMQZ, because of its similarity to Theorem 1.

3.3 Algorithms to Find All GOPSMs of Sufficient Size

We now present two algorithms to find all GOPSMs in a given data matrix A with respect to a pre-
specified significance a. They are complementary to one another, and are based on the idea of iter-
ating (and so fixing) all nontrivial values of y columns to include, iterating over rows h = 1,...m,
and for each level of y and A, solving either MAXGOPSM}; using constraint (14) or MINGOPSM};
with constraint (15). For each level of y and A, each algorithm continues to recover all associated
GOPSMs of sufficient size, so long as they are unique and not contained in larger GOPSMs (i.e.,
they must be maximal). The termination condition is reached when all nontrivial levels of columns
and rows have been considered, and the list . of recovered GOPSMs is returned.

Both Algorithms 1 and 2 solve a sequence of mixed-integer programs to find all GOPSMs that
adhere to the minimum size thresholds of (14). Notwithstanding that they are integer optimization
problems, each instance encountered in Step 10 solves relatively quickly, typically in under a
minute for the real data sets we later discuss.

4 Computational Experiments

Throughout our computational experiments, we considered the relative ordering of the expression
levels for each gene, that is, the ranks, rather than the absolute (exact) measurements. This is con-
sistent with Ben-Dor et al. [2003] and Trapp and Prokopyev [2010], and alleviates any potential
data-scaling issues. We also make explicit that we adhere to the strict monotonically increasing
(decreasing) definition for the OPSM (GOPSM) problem of Ben-Dor et al. [2003]. That is, in the
event that a;; = a; in row i for two columns j and k, no more than one entry can appear in any
OPSM (GOPSM) pattern.

4.1 Test Sets

We tested our approach on two real biological data sets from the literature. The first is the Cooper
promoter data set (m = 730 x n = 16), which contains gene expression levels across 16 cell lines

14
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Algorithm 1 Find All GOPSMs of Sufficient Size via MAXGOPSM};

Input: Data matrix A = (a;;)mxn, significance level o, and precomputed set of p;‘ values for all
relevant values of y

1: Set £ <« 0. {List of all recovered GOPSMs.}

2: for y=mn,...,3 do {7y is (fixed) number of columns to include.}
3 forh=1,....mdo

4 Set CONTINUE ¢— TRUE.

5: while CONTINUE do

6 Formulate MAXGOPSM?, with (14).

7 for all / € £ do

8 if(|%ri£|+|”//§])2p7‘," then

9: Add all ('%2') inequalities of the form (16).
10: Solve resulting MIP to global optimality.
11: if MIP is infeasible then
12: CONTINUE < FALSE.
13: else
14: Add new solution I'* to &, i.e., & + L UT™.
15: return .Z.

for a variety of promoter sequences, and was introduced in Cooper et al. [2006]. This data set was
previously used for testing of the KiWi algorithm to find OPSMs (subspace clusters) in Griffith
et al. [2009]. The second data set is yeast cell cycle data (m = 612 x n = 18) from Spellman et al.
[1998]. Spellman et al. identified 799 genes that are cell-cycle regulated over 18 points in time. We
further reduced the feature space by removing genes for which there was incomplete information,
leaving 612 genes under the 18 time points.

4.2 Computational Strategy

We ran Algorithms 1 and 2 for varying stringent o levels to identify GOPSMs. In particular, we
allow o € {10’25, 10750 .., 10*150}. These levels, while conservative, are consistent with those
prevalent the literature, and provide a buffer of safety against being fooled by randomness. By
allowing « to vary over the proposed range, we can observe the behavior of the algorithm through
iterative tightening of this size threshold on recovered GOPSMs.

4.3 Computational Setup

CPLEX 12.5.1 was used to conduct the optimization [IBM, 2015] for the mixed-integer programs
(Step 10 in Algorithm 1, and Step 10 in Algorithm 2). We ran the algorithm on code on IBM
x3650 server with 2 Intel Xeon E5-2690 CPUs each with 6 cores running at 2.90 GHZ and 128GB
of RAM. Each individual optimization problem solved in seconds.
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Algorithm 2 Find All GOPSM:s of Sufficient Size via MINGOPSM?,

Input: Data matrix A = (a;;)mxn, significance level ¢, and precomputed set of pﬁ‘ values for all
relevant values of y

1: Set £ <« 0. {List of all recovered GOPSMs.}

2: for y=0,...,n—3 do {yis (fixed) number of columns to delete. }
3 forh=1,....mdo

4 Set CONTINUE ¢— TRUE.

5: while CONTINUE do

6 Formulate MINGOPSM}; with (15).

7 for all / € £ do

8 if(|<9?rfz\+lylj§|)§(2m—p}‘}‘) then

9: Add all ( |%;2 ‘) inequalities of the form (17).
10: Solve resulting MIP to global optimality.
11: if MIP is infeasible then
12: CONTINUE <— FALSE.
13: else
14: Add new solution I'™* to .Z, i.e., & + L UT™.
15: return Z.

5 Results and Discussion

We now present the computational results of Algorithms 1 and 2 on two biological data sets from
the literature.

5.1 Algorithmic Performance

The results on the 730 x 16 Cooper promoter data set are presented in Table 1, and the results on
the 612 x 18 Spellman yeast cell cycle data set are presented in Table 2. In each table, we report the
o level in the first column, the count of recovered GOPSMs at this level for each fixed number of
columns 7, and the computational runtimes, in seconds of CPU time, for both Algorithm 1 (penul-
timate column, solving the MAXGOPSM}; formulation), and Algorithm 2 (final column, solving the

MINGOPSM?, formulation). We note that the column heading “GOPSMs with y Columns” uses
the convention of ¥ in the MAXGOPSM?, definition, i.e., these are the number of retained columns

in the recovered GOPSM (the corresponding MINGOPSM?,
subtracting the column heading from n).

Table 3 shows the largest GOPSMs recovered in the Cooper and Spellman data sets per level of
Y. Figure 5 uses heatmaps [King et al., 2005] to depict two exemplary GOPSMs recovered in each
of the Cooper (left) and Spellman (right) data sets, with o = 10~>°. Each GOPSM has the increas-
ing rows sorted to the top, immediately followed by the decreasing rows. Each pair of depicted
GOPSMs was chosen so that the patterns are clearly visible by ensuring their column and row sets
are disjoint, though larger GOPSMs than these were recovered (as can be seen in Table 3). The top
Cooper GOPSM has 6 columns and 46 rows, while the bottom has 6 columns and 60 rows. The
top Spellman GOPSM has 5 columns and 65 rows, while the bottom has 5 columns and 77 rows.

convention for y can be obtained by
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Significance Number of GOPSMs with y Columns Runtime (sec.)

o |3 4 5 6 7 8 9...16] Total || MAXGOPSM MINGOPSM

1072 77 458 1,320 985 278 26 0 |3,144] 5,706,000 907,258
10750 16 153 210 57 0 0 436 329,320 190,654
1077 2 38 42 1 0 83 111,310 142,841
10~100 0 4 6 0 0 10 84,504 127,784
10-1% 0 1 1 0 0 2 72,660 119,368
10150 0 0 0 0 0 0 67,464 113,110

S O OO
SO O OO

Table 1: Performance of Algorithms 1 and 2 on (730 x 16) Cooper Promoter data set [Cooper et al.,
2006].

Significance Number of GOPSMs with y Columns Runtime (sec.)

o 3 4 5 6 7 89...18 \ Total H MAXGOPSM MINGOPSM
10°% 20 237 505 300 31 1 0 1,094 | 1,549,720 1,070,333
1070 1 15 14 3 0 0 0 33 162,768 190,892
10°7 0O 0 0 0 00 0 0 133,756 166,762
10100 0O 0 0 0 00 0 0 116,391 153,245
1071% 0O 0 0 0 00 0 0 101,741 142,590
10150 0O 0 0 0 00 0 0 92,683 134,351

Table 2: Performance of Algorithms 1 and 2 on (612 x 18) Spellman Yeast data set [Spellman
et al., 1998].

y |3 4 5 6 7 8

Cooper [496 304 165 70 33 16
Spellman | 395 213 104 53 27 14

Table 3: Maximum number of rows (increasing + decreasing) in recovered GOPSMs with y
columns.
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Note that all GOPSMs meet or exceed the minimum threshold requirement of 36 and 65 rows for
the Cooper and Spellman data sets, respectively.

5.2 Algorithmic Discussion

The results displayed in Tables 1 and 2 reveal several trends. First, both Algorithms 1 and 2
recovered exactly the same number of GOPSMs for both data sets, and across all levels of ¢. Fur-
ther inspection of the two sets of GOPSMs confirmed they were identical. Second, it becomes
increasingly difficult to recover GOPSMs with more stringent levels of . This is an intuitive ob-
servation, and in fact, for the Spellman data, it can be seen in Table 2 that there were no GOPSMs
at the @ = 10~7° level or beyond. For the Cooper Promoter data, there were exactly two GOPSMs
in the range of 107125 < @ < 107159, and none beyond.

Also of note is the general trend of GOPSM counts to rise for low levels of 7y, peak around
Y =3, and then decrease as Y increases toward n. The reasons for the initial increase are twofold.
First, the pj‘}‘ thresholds for lower y values are higher than for larger y values (see Tables 4 and 5).
Second, constraints (16) and (17) ensure GOPSMs at lower levels of 7y are not subsets of GOPSMs
at larger values of ¥, hence there is no double-counting. For both data sets, no GOPSMs were
recovered with y > 9; perhaps if the o threshold was lowered below o = 1072, such GOPSMs
would be recovered.

Concerning algorithmic performance, it appears Algorithm 2, which solves MINGOPSM?,, ex-
cels when there are relatively many GOPSMs to solve, as can be seen for the lower levels of
a. Alternatively, Algorithm 1 excels at the more stringent levels of o, exhibiting shorter overall
running times to essentially prove infeasibility on the resulting mixed-integer programs found in
Step 10 of Algorithm 1 and Step 10 of Algorithm 2, respectively.

6 Conclusions

We explore extensions that generalize the OPSM problem originally proposed by Ben-Dor et al.
[2003], and discuss two exact solution approaches to solve these generalizations. We demonstrate
how to handle the generalized OPSM (GOPSM) pattern [Gao et al., 2006] in a mathematical pro-
gramming context, extending both maximization- [Humrich et al., 2011, Trapp and Prokopyev,
2010] and minimization-based [Hochbaum and Levin, 2013] OPSM optimization formulations
to accommodate the GOPSM pattern. We explicitly integrate the notion of statistical signifi-
cance [see, e.g., Ben-Dor et al., 2003] to require that recovered OPSMs meet size thresholds for
both the maximization- and minimization-variant formulations of the GOPSM problem. To meet a
specified significance level ¢, there exists a corresponding minimum size (expressed via the num-
ber of rows and columns) to which a GOPSM pattern must adhere. This provides for a margin of
safety against being fooled by randomness. Such restrictions are explicitly represented using con-
straints in our mathematical formulations, thereby ensuring, for arbitrary significance level, that
recovered GOPSMs are of sufficient size.

Our most important contribution is two new and complementary algorithms that repeatedly
solve the maximization- and minimization-variant formulations to global optimality to recover, for
any given significance level o, all GOPSMs that are of sufficient size. In so doing, our algorithms
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Figure 5: Heatmaps of two GOPSMs recovered in each of the Cooper (left) and Spellman (right)

data sets; oo = 107>, Rows and columns are sorted to illustrate the increasing (and decreasing)
nature of the patterns.



exploit the properties of optimization to ensure that all GOPSMs are recovered via an iterative pro-
cess, forbidding recovered GOPSMs as well as related ones that are strict subsets prior to resolving,
until the threshold for significance is violated.

We believe this contribution has important practical implications. In the context of DNA mi-
croarray data analysis, there is value in recovering all such meaningful GOPSMs — each may in-
dicate distinct sets of genes that are closely coregulated across many experiments, likely revealing
unique and previously undiscovered pathways or processes. The ability to apriori choose a desired
level of strictness makes this approach especially powerful.

The findings of our study are somewhat limited by the computational complexity in the column
dimension. That is, as the number of columns increases, each associated mixed-integer program
in Step 10 of Algorithm 1 and Step 10 of Algorithm 2 become increasingly prohibitive to compu-
tationally solve to global optimality; a contributing factor is the subset selection over the columns
introduced by the cardinality constraint. Moreover, this is compounded in that our algorithmic
approaches solve one or more integer programs for O(mn) column and row combinations.

In the future, it should be further explored why, at least for the two data sets explored, the
number of GOPSMs seems to peak around y = 5, and further why no GOPSMs were recovered
in either data set with y > 9. This may have to do with the strength of the upper bound computed
in (13). Another productive avenue for future research may be to exploit the natural structure of
the mixed-integer programs. For both the MAXGOPSM’;, and the MINGOPSM?, formulations, solving
over row variables (continuous) is easy once column variables (binary) are fixed, which suggests
a decomposition approach such as Benders. There may be potential for such an approach to solve
problems with larger column dimensions.

7 Appendix: Additional Algorithmic and Computational De-
tails

Tables 4 and 5 below identify, for a given column level 7, the corresponding minimum number
of rows p{}‘ necessary for a GOPSM to meet the statistical significance threshold for level o as
motivated in Ben-Dor et al. [2003]. These values are computed via (13), and are used in the con-
struction of constraints (14) and (15). We detail these right-hand side values for both the Cooper
promoter (Table 4) and the Spellman yeast (Table 5) data sets.
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Significance GOPSMs with y Columns
o« |3 4 5 6 7 8 9 10 11 12 13 14 15 16

1072 390 161 70 36 21 14 11 8 7 6 5 4 4
10750 448 205 98 54 34 24 18 14 11 10 8 7 6 5
1077 493 242 122 70 45 32 24 19 16 13 11 10 9
107190 11530 274 145 85 56 40 31 25 20 17 15 13 11 10
10712 1562 303 165 100 67 48 37 30 24 21 18 16 14 12
10~1%0 591 330 185 114 77 56 43 35 29 24 21 18 16 14

Table 4: Minimum number of rows required for statistical significance level @ on (730 x 16)
Cooper Promoter data set [Cooper et al., 2006].

Significance GOPSMs with y Columns
o |3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
1075 339 144 65 34 21 1411 8 7 6 5 4 4 3 3 3
10750 392 185 91 51 33 23 17 14 11 10 8 7 6 6 5 5
1077 432 219 114 67 44 31 24 19 16 13 11 10 9 8 7 6
107100 11466 249 136 82 55 40 30 24 20 17 15 13 11 10 9 8
1071% 495 276 155 96 65 47 37 29 24 21 18 16 14 12 11 10
10150 520 301 174 109 75 55 43 34 28 24 21 18 16 14 13 12

Table 5: Minimum number of rows required for statistical significance level o on (612 x 18)
Cooper Promoter data set [Spellman et al., 1998].
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