Navigating the parameter space of Bayesian Knowledge Tracing models:
Visualizations of the convergence of the Expectation Maximization algorithm

By Zachary A. Pardos and Neil T. Heffernan

Spencer
Foundation
Goal o . : el :
EM Convergence and Model Fit Visualization Iterative EM initial parameter analysis
To provide a better understanding of the behavior and accuracy
of the Expectation Maximization algorithm in fitting Knowledge Knowledge Tracing EM convergence graph . T.O start off we fixed the Calculation of error based on Ieard parameter values
. _ . P o : c c n 5 g . (D e EM iteration ste prior and learn parameter Parameter True value EM initial value EM learned value
Tracing models. By using synthesized data that comes from a - P St their true values and N 0.14 036 023
known set of parameter values we are able to measure the exact 009 —@—end point only learned the guess and ErTOr = [abS(GUESSr, ~ GUESSLsarr) * B05(STPrse ~SlPLsarc)] 2
—— iterati hed i i =i
error of the learned parameters from the ground truth parameter —O- ground truth pont Z"F_’lg‘f‘ra”_‘?ters 3 Ord‘;r to
ulld intuition about the
Values and map OUt the pa ramEter Convergence Space 059 . . . * These parameters are iterated in intervals of 0.02 * EM log likelihood
i ’ mOdel behaVIOr Wlth JUSt «1/0.02+1=51,51*51 = 2601 total iterati * Higher = better fit to dat
Knowledge Tracing models poormodel - || two free parameters — 1 1 1 1
g g 079 . * We wanted to explore . . _
Normalized log how EM converged based
likelihood scale | o= o 0.14 0.09 0.00 0.00 0.00 0.00 0.1150 -1508 -1508
Knowledge Tracing 0.6 L on initial parameter values 414 009 000 002 023 014 013% -344  -251
Model Parame.t.ers o (L) - (7} I:z so we iterated through the 014 009 000 004 023 014 01390 -309  -251
P(T()) — Probability of leamin‘:g G ° ° v values fromOto 1in 0.02 014 009 100 100 100 1.00  0.8850 -1645 -1645
P(G) = Probability of guess 0 ad ’ Backgrounc:] CCI)IorI'k iHood steps
— ili i Y represents the log likelinoo hd hd
PIS) = Probabilty of sl it of the batameter space Analysis with three free parameters

P(G)
Node representations P(S) 03

K = Knowledge node
Q = Question node

* Ground truth parameters
are Guess/Slip = 0.14/0.09
* This graph shows that
there are two distinct areas

KT initial parameter error 3D volume graph

S =Student node 029

Knowledge Tracing with Individualized P(L,) N of best fit to the data 09
O *Parameters starting NE of
chde states P(Lo[s])  P(T) P(T) 0.1 e £ AR B : : ® the X +Y = 1 line converge T
S B ) S (O B G B
- B I A parameter state (0.77,0.90) 05—
S = Multi state (1 to N) i 0.1 0.2 .3 0.4 0.5 0.6 0.7 0.8 0.4 ? | 0.7
(Where N is the number of P(G) ° Q a Guess 0.7~
d . h « . d ® —
students n the training data) P(S) Comparison of KT and PPS model convergence 06~ e
— T & 05-
.Knowledge Tracing (KT) models are employed by the Cognitive tutor inte”igent """"""""" Add|t|0na| SyntheS|ZEd datasets WIth(GueSS, Sllp) ground truth pa rameters """"""""" — [:]4H 10>
tutoring system, used by hundreds of thousands of students. These models are used (0.14 , 0.09) (0.30, 0.30) (0.50, 0.50) (0.60, 0.10) | Lo
to infer when a student has acquired the knowledge being taught based on analysis of R R e ] R L R e T L TRTLITRR e 0.3~ |
the student’s incorrect and correct responses to the tutor. The KT model is based on ’ - 02~ .
two knowledge parameters: learn rate and prior and two performance parameters: 01 i |
guess and slip. A commonly used algorithm for learning these parameter values from ; r C -
data is the Expectation Maximization (EM) algorithm. KT [ 508 0 04 -
e A recently introduced extension to KT adds individualization to the prior parameter, s 04 06 i 0o U1
allowing each student to have his/her own prior knowledge value in the model. This { ° Slip U8 1 Gless

0.1

new model is called the Prior Per Student model or PPS. PPS* is a model that uses oo oo oo EnnnnnI B | e, Th lor of th h at : int ts th fth
the first response of each student to set his/her prior. We sampled from the KT model o ee T e S e T T T € COIOT OTINE staph at any gIven poInt represents the mean average error ot Ihe
. : , 4 LELHHUHE 1O . 1 © 10 parameters that EM converges to from that point (lower is better)
with known parameters to create a synthesized dataset of 100 users each with 4 it , : ol 1 | o , .
. . . 0 P Zeass \ | | * We observed a replication of the trend shown in the two parameter analysis, where
responses. The regular PPS model will use the hidden ground truth prior values. aRatsSRBiEaty e Sacts / ool o o . . .
,, EEn SRR | starting guess and slip values that sum to greater than one end up leading to degenerate
PI‘Oblem baCkg I‘Ollnd PPS* . - L P | States. The starting value of the learn parameter was more flexible than guess and slip. A
. . - = 5] 3o e | Nigh learn starting value would still allow for convergence to a low error state
e Past work has suggested that the standard KT model is prone to converging to : TN e 5 5 5
erroneous degenerate states depending on the initialized values of these four = o s Contributions
parameters. Beck & Chang explained this problem describing one set of learned o : | T =
parameters as the plausible set, or the set that was in line with the authors’ | !

s

|
1
¢ 01 02 03 04 05 0& 07 08 03 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 01 02 03 04 05 06 07 08 09
u

1 ©
05 0.6 0.7 0.8 09 1
Guess uess

Guess

knowledge of the domain and the other set as the degenerate set. A solution using B L S ° o e Clearly depicted the dual global maxima nature of the KT model
domain knowledge to constrain the parameters was proposed. i osrbEr e oo  Demonstrated how the parameter space of a model can be explored
eCorbett & Anderson’s approach to the problem of implausible learned parameters ifee iee ke e . ) to better understand how it will behave under various circumstances
was to impose a maximum value that the learned parameters could reach, such as e Revealed the single maximum property of the PPS model and its

a maximum guess of 0.30 that was used in Corbett & Anderson’s original PPS ability to learn accurate ground truth parameters from data

04 04 04 04

parameter fitting code.

0.3 = 0.3 0.3 0.3

i - Publications based on this work

o1 or o1 s . Pardos, Z. A., Heffernan, N. T. In Press (2010) Modeling Individualization in a Bayesian Networks
Implementation of Knowledge Tracing. In Proceedings of the 18th International Conference on User

eOther works has suggested using brute force methods instead of EM

.Wh||e past Works have made Str|des |n Iea rn|ng plau5|b|e pa rameters they IaCk the 0 01 02 03 04 Gsts 06 0.7 I0.3 0s 1 0 01 02 03 04 Ggésss 06 07 IIo.a 09 1 0 01 02 03 04 Ggésss 0.6 0.7‘I0.3 YRR O 01 02 03 04 05 06 07 08 09 1 ) ) ) )
: . . : o , , Suess , Modeling, Adaptation and Personalization.
benefit of knowing the true model parameters of their data. Because of this, the The KT model exhibits one or two points of degenerate convergence for each synthesized dataset while
assumption of the range of the true parameters has to be based on domain the PPS models have only one point of convergence that is near the ground truth parameter value Pardos, Z. A., Heffernan, N. T. Under Review (2010) Navigating the parameter space of Bayesian
knowledge and a more in depth study of parameter learning behavior and accuracy Knowledge Tracing models: Visualizations of the convergence of the Expectation Maximization

is not possible. The first author is a National Science Foundation GK-12 Fellow algorithm. In Proceedings of the 3rd International Conference on Educational Data Mining.




