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Abstract. Two modeling methods were employed to answer the same research 
question of how accurate the various grained models with 1, 5, 39 and 106 skills are at 
assessing student knowledge in the ASSISTment online tutoring system and predicting 
their performance on the 2005 state MCAS test. One method, used by the second 
author, is mixed-effects statistical modeling. The first author evaluated the problem with 
a Bayesian networks machine learning approach. We compare the two results to identify 
benefits and drawbacks of either method and to find out if the two results agree. We 
report that both methods showed compelling similarity in results especially with regard 
to residuals on the test. Our analysis of these residuals and our online skills allows us to 
better understand our model and conclude with recommendations for improving the 
tutoring system, as well as implications for state testing programs. 

 
 
1. Introduction 
 
 Intelligent Tutoring Systems (ITS) rely on models that associate the various skills students 
are learning with different questions or actions. We created 3 different models with different 
grain sizes. One model has 5 skills, another 39 and our finest grain model has 106 skills. A 
model with a single skill was used to represent unidimentional assessment. We found that 
working with the 20 teachers that use our system, many appreciate the reports made possible 
by the fine grain sized models that tell them which specific skills a student is doing poorly on.  
But are these finer grained models at least as accurate as more traditional, course grained 
models [6] in prediction performance? 
 To our knowledge, no one else has specifically investigated this question. However some 
have investigated the results of skill hierarchies using simulated users [2, 3]. This paper 
attempts to also compare two different ways of modeling skills; Bayesian networks [10] 
popular in Artificial Intelligence research and mixed-effects modeling [12] popular in 
statistical departments. We investigate if both modeling methodologies yield similar results to 
the question of “Are finer grain sized skill models more accurate at test prediction.” We will be 
able to gain confidence in both types of modeling if one method corroborates the other's 
results.   
 
2. The Massachusetts Comprehensive Assessment System (MCAS)  
 
 The MCAS is a Massachusetts state administered standardized test that produces tests 
for English, math, science and social studies for grades 3rd through 10th.  We are focused on 
only 8th grade mathematics. Our work relates to the MCAS in two ways. First we have built 
our content based upon the ~300 publicly released items from previous MCAS math tests.  
Secondly, we will be evaluating our models by predicting the 8th grade 2005 MCAS test 
which was taken by students after the online data being used was collected. 
 
3. Background on the ASSISTment Project 
 

Pardos, Z. A., Feng, M. & Heffernan, N. T. & Heffernan-Lindquist, C. (2007) Analyzing fine-grained skill models 
using Bayesian and mixed effect methods. In Proceedings of the Educational Data Mining Workshop at the 13th 
International Conference on Artificial Intelligence in Education.  



 The ASSISTment system is an e-learning and e-assessing system [5]. In the 2004-2005 
school year, 600+ students used the system about once every two weeks. Eight math teachers 
from two schools would bring their students to the computer lab, at which time students would 
be presented with randomly selected MCAS test items. Each tutoring item, which we call an 
ASSISTment, is based upon a publicly released MCAS item which we have added “tutoring”,  
also known as “scaffolding”, to. If students get the item correct they are advanced to the next 
question. If they answer incorrectly, they are provided with a small “tutoring” session where 
they are asked to answer a few questions that break the problem down into steps. The first 
scaffolding question appears only if the student gets the item wrong. We believe that the 
ASSISTment system has a better chance of showing the utility of fine-grained skill modeling 
due to the fact that we can ask scaffolding questions that break the problem down in to parts 
and attempt to identify which skills were to blame. Most MCAS questions that were presented 
as multiple-choice were converted into text-input questions to reduce the chance of guess. As a 
matter of logging, the student is only marked as getting the item correct if they answer the 
question correctly on the first attempt and do not ask for hints. 
 
 
4. Creation of the Fine-Grained Skill Model 
 
 In April of 2005, we staged a 7 hour long “coding session” at Worcester Polytechnic 
Institute (WPI), where our subject-matter expert,  Lindquist-Heffernan, with the assistance of 
the 3rd author, set out to make up skills and tag all of the existing 8th grade MCAS items with 
these skills.  There were about 300 released test items for us to code.  Because we wanted to be 
able to track learning between items, we wanted to come up with a number of skills that were 
somewhat fine-grained but not too fine-grained such that each item had a different skill. We 
therefore imposed upon our subject-matter expert that no one item would be tagged with more 
than 3 skills.  She gave the skills names, but the real essence of a skill is what items it was 
tagged to. To create the coarse-grained models we used the fine-grained model to guide us.  
For the WPI-5 model we started off knowing that we would have the 5 categories; 1) Algebra, 
2) Geometry, 3) Data Analysis & Probability, 4) Number Sense and 5) Measurement.  Both the 
National Council of Teachers of Mathematics and the Massachusetts Department of Education 
use these broad classifications as well as a 39 skill classification. After our 600 students had 
taken the 2005 state test, the state released the items from test and we had our subject matter 
expert tag up those test items.  
 The WPI-1, WPI-5 and WPI-39 models are derived from the WPI-106 model by 
nesting a group of fine-grained skills into a single category. This mapping is an aggregate 
or “is a part of” type of hierarchy as opposed to a prerequisite hierarchy [1]. Figure 1 shows 
the hierarchal nature of the relationship between WPI-106, WPI39, WPI-5 and WPI-1.  
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Figure 1. Skill model hierarchy sample 

5. The Dataset 
 



 Both methods used the same data to evaluate users. Both methods used the same skill 
tagging as prescribed by the various grained skill models. The mixed-effects execution was 
memory limited and thus only a subset of 447, out of the 600 total users could be run. The 
Bayesian method used these same 447 users. This is the single point of difference between a 
previous Bayesian result [8] which ran 600 users. The current mixed-effects result also differs 
from a previous result [4] in the number of users run as well as the inclusion of the WPI-39 in 
this paper.  
 
6. Bayesian Methodology 
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Figure 2. Bayesian Belief Network 
 

  The Bayesian topology for the 4 skill networks consist of skill nodes, ‘ALL’ nodes 
(which can be though of as ‘AND’ nodes) and question nodes (See Figure 4). Each question 
node represents an original item or scaffold in the ASSISTment system and has its own ‘ALL’ 
node which has mapped to it the skills associated with that question according to the skill 
model. The reason for the ‘ALL’ node is to simplify the parameters for each question to only a 
guess and slip value which are set intuitively to 0.10 and 0.05 respectively. These values are 
what might be expected for a text-entry question. The parameters have not been optimized or 
allowed to vary per question or per model. The ‘ALL’ node also signifies that all the parent 
skills must be known in order for the questions to be answered correctly. The background 
probability of knowing a given skill is set to 0.50. 
  The prediction processes is run for one user at a time. The user’s data responses on the 
ASSISTment system are organized and entered into the Bayes net as evidence. The knowledge 
probabilities of the skills are then inferred. Now that we have predicted the user’s skills we can 
predict the test items. This is done by entering the inferred skill probabilities as “soft evidence” 
into the MCAS test network. Soft evidence is probabilistic as opposed to observed evidence. 
Now that the MCAS test network has skill values, we can infer the likelihood that a given 
question on the test will be answered correct. If the probability of correct for a question is 
inferred to be 0.70, then 0.70 points are added to the total score. Once all questions have been 
evaluated, a total projected MCAS score is left as a sum of the predicted question probabilities. 
This sum is compared with the user’s actual score for accuracy measures. 
7. Mixed Effects method 
 



 For dichotomous (binary in our case) response data, several approaches adopting either a 
logistic or probit regression model and various methods for incorporating and estimating the 
influence of the random effects have been developed. Snijders & Bosker [13] provide a 
practical summary of the mixed-effects (fixed effect plus random effect) logistic regression 
model and various procedures for estimating its parameters. Hedeker & Gibbons [7] describes 
mixed-effects models for binary data that accommodate multiple random effects. As these 
sources indicate, the mixed-effects logistic regression model is a very popular and widely 
accepted choice for analysis of dichotomous data. It describes the relationship between a 
binary or dichotomous outcome and a set of explanatory variables. In this work, we adopted 
this model and fitted on our longitudinal, binary response data. When fitting the model, two 
sub-models will be simultaneously built, in which level-1 sub-model fits within-person change 
and describes how individuals change over time and level-2 sub-model tracks between-person 
change and describes how these changes vary across individuals. Such a model is often 
referred to as “longitudinal model” [12] since time is introduced as a predictor of the response 
variable, which allows us to investigate change over time. 
  After the model was constructed, the fixed-effects for the whole group and the random 
effects for each student were extracted and then the two learning parameters “intercept” and 
“slope” was calculated for each individual student (and for each skill if skill was introduced as 
factor into the model). Given this, we thus can apply the model on the items in the state test to 
estimate students’ response to each of them. 
 
8. Comparing Test Results 
 
 For consistency, all models' logged results were arranged in standard format and 
evaluated by the same process to produce the average MAD and Error numbers in Table 1. The 
MAD score is the mean absolute difference which is the average difference between actual and 
predicted score across all users for a given model. MAD Error is the MAD score divided by 
the total number of questions on the test (MAD / 34). The under/over prediction is our 
predicted average score minus the actual average score on the test. The actual average score 
will be the same for all models. The centering is a result of offsetting every user’s predicted 
score by the average under/over prediction amount for that model and recalculating MAD and 
error percentage. This table of results appears in a poster paper at the AIED07 main 
conference [9]. 

Table 1. Bayesian and Mixed Effects Test Prediction Results 

Model MAD 
Error 

MAD 
Score 

Under/Ove
r Prediction

Error After 
Centering 

Centered 
MAD Score 

Bayes 13.75% 4.19 1.0 13.60% 4.10 
WPI-106 

Mixed-effects 12.10% 4.12 0.6 12.04% 4.10 

Bayes 12.05% 4.10 1.0 11.82% 4.02 
WPI-39 

Mixed-effects 12.40% 4.22 1.2 12.07% 4.11 

Bayes 18.70% 5.42 3.5 16.20% 4.70 
WPI-5 

Mixed-effects 12.84% 4.37 1.8 12.13% 4.12 

WPI-1 Bayes 25.46% 7.39 4.6 21.63% 6.27 



Mixed-effects 13.00% 4.42 2.1 12.06% 4.10 

Best Bayes Error: 12.05% (WPI-39) Best Mixed-effects Error: 12.10% (WPI-106) 

 
 We can see that the mixed-effects models outperform all but the Bayesian WPI-39 which 
stands as the highest performing model. A sizeable decrease in accuracy can be observed 
between the mixed-effects WPI-5 and WPI-1 and also in the Bayesian WPI-5 and WPI-1. This 
result suggests that the current Bayesian prediction performs best with the finer grained 
models. The top performing models for both methods are the fine-grained WPI-39 and WPI-
106. The relative performance of the models are the same between the two methods with the 
exception of the WPI-39 and WPI-106. The paired T-test values of 0.8282 (Bayesian) and 
0.2146 (mixed-effects) for the WPI-106 vs. the WPI-39 explains that the difference between 
the two models is not statistically significant and thus the two models are susceptible to 
variability amongst each other. All other models compared to one another are statistically 
significantly different in both methods (p < 0.05). 
 The internal fit of the models has also been evaluated using Bayesian methods [8]. The 
result was that number of skills in the model was proportionate to the accuracy of prediction. 
The WPI-106 did best at predicting the online student answers with 5.50% error while WPI-1 
did the worst with 23.77% error. The methodology for predicting internal fit with the Bayes 
method is similar to the methodology described above for predicting the test. The difference in 
the training phase is that for each question predicted, the Bayes model was retrained using all 
the student data except the question being predicted. This was done for every question with 
every student. The error is the average percent difference between predicted total correct 
answers and actual correct answers. Internal fit was also evaluated with the Mixed-effects 
method. Though the evaluating methodology is different what we did with the Bayes method, 
the relative ranking of the modeling accuracy was the same: the more skills in the model, the 
better the internal fit. In addition, the result of the paired t-test showed that when mixed-effects 
method was used, finer grain-sized models always made statistically significantly better 
prediction on students’ response in the online data.  
 
9. Analysis of Residuals 
 
 To identify where the models struggle, we first look at the Bayesian test item residuals to 
find which questions have the lowest prediction accuracy. Figure 3 shows the Bayesian 
residuals for each model grouped by test question. Figure 4 shows the mixed-effects models' 
residuals. The test questions correspond to the question numbers of the 2005 MCAS 8th grade 
math test. Some numbers, such as 9, are skipped because they are short essay questions which 
we choose not to evaluate. A positive residual means that the item was underpredicted on 
average, a negative residual means the item was overpredicted. The residual is the average of 
the students' actual responses minus our predicted probabilities of correct for that question. 

 



 
Figure 3. Bayesian residuals 

 
Figure 4. Mixed-effects residuals 

 One observation that is immediately apparent in both the Bayes and mixed-effects 
models is that the residuals do not differ greatly per question from one skill model to the next. 
It is also apparent that the Bayes and mixed-effects residuals are quite similar. This similarity 
raises our confidence in the execution of the methodology used with the two models. A few 
differences we can point out between the two figures is that the WPI-106 model has the largest 
positive residual spikes in the mixed-effects model despite being the best performer. The 



 

Picture 1. MCAS Test Item 18 

Bayesian wpi106 does not have these spikes. Also, question number 24 is an item of 
contention between the two methods with all the mixed-effects models overpredicting and all 
the Bayesian models underpredicting answers to the question. However, the two figures show 
decideably similar traits best emphasized by questions 18 and 11 which are the worse predicted 
questions in both the Bayes and mixed-effects models. Question 18 is tagged with Venn-
Diagram while question 11 is tagged with Point-Plotting. In the next section will investigate 
our online system to see if poor assessment of these skills is to blame. 
  
 
10. Analysis of Online Skills: A case study of Venn-Diagram 
 
 A few items on the test stick out as being predicted very poorly. The reason for this 
could be a discrepancy between the knowledge displayed on the test for the skills relating to 
those questions and the assessed probability of knowledge for those skills after training on the 
online data. It could also be a poor tagging of 
skills to the questions. The former will be 
investigated in this section. 
 We will perform a case study of the skill 
of Venn-Diagram tagged to item number 18 on 
the test (Picture 1) which was the item with the 
highest average residual value among all the 
models. This item was consistently 
underpredicted on the test by about 40%. Our 
system believes this question should be a lot 
harder than it was, to answer why we gather 
information about that skill on our system. This 
information is shown in Table 2. 
 

Table 2. Online skill information for Venn-
Diagram 

Percent-Correct: 18.2% 
Bayes Assesment Avg: 22.9% 
Bayes Assesment Min: < .01% 
Bayes Assesment Max: 99.8% 
Original Items: 2 
Scaffold Items: 4 
Data Points: 2,106 

 
 The percent correct of skills tagged with Venn-Diagram is 18.2%. This is a dramatic 
difference from the percent correct of 87.3% on the test question tagged with the same skill. 
This certainly suggests that the Venn-Diagram question in our online system is much harder 
than the question that appears on the test. 
 A significant difference between the two is that the online question is text entry where as 
the question on the test is multiple-choice. This difference in answer type creates a dramatic 
disparity in difficulty of the problem. We take a quick look at common answers for this online 
item in order to emphasize the relative ease of a multiple-choice questions on the MCAS test 
compared with their text entry counter parts in the ASSISTment system. The online problem 
was taken from the 2002 MCAS test (item 30) and converted to an ASSISTment item by 
removing the multiple-choices and adding scaffolding (Picture 2). There were ~1,200 



 

Picture 2. ASSISTment Item 

responses to this question and the most common answer, with 455 responses, was the incorrect 
answer of 126 compared to the correct answer of 130 which received only 319 responses. The 
relevance to difficulty is that the common wrong answer of “126” was not an option among the 
4 choices for the problem on the 2002 MCAS test which resulted in a 70% correct rate for that 

question on the 2002 test 
with an IRT difficulty 
value of -1.4 (MCAS 
tech report). We can 
conclude that the 
multiple-choice question 
type was a significant 
factor in the poor 
predictive performance 
on that item. A more in 
depth analysis of buggy 
answers using this same 
item as an example can 
be found in a poster 
submission [11]. 
 How can we 
correct for this disparity 
in difficulty between our 
online content and the 

test? One approach is to optimize the parameters of the Bayes net. Right now the Bayesian 
online network does not make a distinction with regard to question type. This means that the 
same guess and slip parameters are used for multiple-choice and text entry questions. To 
address this, two separate guess and slip parameters were created to represent each question 
type. This was done using equivalence classes in BNT. Our current guess and slips values were 
set ad hoc, an improvement could be made if these values were learned from the data. To learn 
the guess and slip values for multiple-choice and text entry questions we use the Expectation 
Maximization algorithm. Both skill priors and guess/slip parameters were allowed to be 
optimized. An increase in accuracy of 0.77% or 0.22 MAD was attained using the optimized 
guess and slip parameters. This result was statistically significantly different than the result 
with unoptimized parameters. To further increase the performance of the network each 
question’s guess and slip parameter could be learned and hold out data could be used to train 
the parameters for the MCAS test network. 
 
11. Conclusions 
 
 We have seen how the methods of Bayesian networks and mixed-effects modeling 
produce very similar results. This gives us confidence in the execution of the two methods and 
provides a rare doubly reinforced result arrived at from two different angles. We have also 
answered our research question about the utility of finer-grained models and can report that the 
fine-grained WPI-39 and WPI-106 models provide the most accurate test prediction as 
confirmed by both Bayesian and mixed-effects methods. Teachers will be happy to know that 
there is some validity to the fine-grained models. We also have shown how inspection of the 
models' residuals can lead to a better understanding of transfer, content and the tutoring system 
as a whole. 
 There is one implication we would like to discuss.  In the United States many schools 
and teachers are being encouraged to use frequent (i.e., monthly) testing to be “data-driven”.  
The problem is that many tests used are unidimensional and do not provide cognitive reporting 



to the teachers while at the same time taking up valuable class time. There seems to be a 
tension between tests that are fast and tests that are cognitively diagnostic. One implication of 
the success of fine grained model assessment is that it might be possible for states to use these 
models to develop a system of their own similar to ASSISTment that does all three of these 
things; 1) accurately assesses students, 2) gives finer grained feedback that tends to be more 
cognitively diagnostic and 3) saves time by assessing students while they are getting “tutoring” 
or taking a test.  
 
12. Future work 
 
 Our static analysis in this paper has shown encouraging results. In addition to grouped 
parameter learning we are also working on adding time to our Bayesian Network model. A 
preliminary evaluation with our temporal WPI-5 has shown a prediction improvement of 3.6% 
over the non temporal WPI-5. We also plan to evaluate other years’ datasets with both 
Bayesian and Mixed-effects methods. The results of those evaluations will tell if our results 
generalize beyond this particular year’s dataset.   
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