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Abstract

Complex networks, including the Internet, wireless and cellular networks, and on-line social

networks, are becoming indispensable parts of our daily lives. These networks arising from a

wide range of applications can be represented and studied as graphs, and the underlying link

patterns play an important role in understanding and solving problems in such applications.

For example, due to the unreliable and asymmetric wireless channel, ad hoc wireless networks

can be viewed as directed graphs, and the link directions contain crucial information about

the possibility and efficiency of routing over such networks. Moreover, many online social

networks, such as Twitter and Google+, can be viewed as directed graphs with uni-directional

“following” relations among users, and the link directions contain crucial information about

how users form social communities. In another application, online social networks such as

Slashdot and Epinions represent relationships between users as links with positive or negative

weights, which correspond to friend and foe relations. These networks are referred to as signed

networks, where those signed links generate new challenges in understanding and studying the

underlying network properties.

In this dissertation, I present my work on developing theories for studying and character-

izing various crucial properties and application challenges in undirected, directed, and signed

complex networks. First of all, we develop and extend random walk theory and the intrinsi-

cally related spectral graph theory for undirected graphs to directed graphs. Then, we explore

application challenges raised by various link patterns. To be precise, we introduce a novel so-

cial community detection algorithm for social networks with both uni- and bi-directional links.

In undirected communication networks, we establish the routing continuum theory that spans

from short path routing to “potential” based all-path routing, based on the connection between

routing and network flow optimization problems. Moreover, we investigate the social influence

diffusion dynamics and influence maximization in social networks with both friend and foe

relations.
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Chapter 1

Introduction

Complex networks are becoming indispensable parts of our daily lives. The Internet, wireless

(cellular) networks, on-line social networks, and transportation networks are examples of some

well-known complex networks around us. These networks generate an immense range of big

data: weblogs, social media, the Internet traffic, which have increasingly drawn attentions from

the computer science research community to explore and investigate the fundamental properties

of, and improve the user experiences on, these complex networks.

Complex networks arising from many applications can be represented and studied as graphs.

For example, in an ad hoc wireless network, nodes represent wireless devices, whereas edges

characterize the available wireless links among those devices. On an online social network

(OSN), users and their social interactions can be viewed as nodes and edges in a graph. The

topological properties of the underlying complex networks play an important role in under-

standing and solving the application problems. In the following, I elaborate on my works on

developing theories [3, 4] and studying the crucial and unique properties of various types of

graphs, such as directed graphs (digraphs), undirected graphs, and signed graphs, with applica-

tions to wireless networking [5–8], the Internet traffic engineering [9], and online social network

analysis [10, 11].
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2

1.1 Directed graph model on wireless and social networks.

Graphs arising from many applications are directed, where entity connections in a direct graph

can be categorized into two types, namely, bi-directional links (mutual connections) and uni-

directional links (one-way connections), for example, the users’ following relations on Twitter,

and the hyperlinking relations on the World Wide Web (WWW) network. Differing from undi-

rected graphs, the direction of links contains crucial information, which makes it challenging to

model and characterize such directed complex networks. One main contribution of my work is

to extend and generalize the standard random walk theory and the intrinsically related spectral

graph theory on undirected graphs to digraphs, which is further applied to solve various prac-

tical problems in wireless networks and social networks. For example, we model and estimate

various transmission costs in wireless networks, design optimal opportunistic forwarding strat-

egy, and develop a clustering algorithm to identify more stable social communities in directed

OSNs, e.g., Twitter, Slashdot, etc. Those works have been reported in [3–6, 8, 11].

1.2 Undirected graph model: Towards traffic intelligence on com-
plex networks.

Routing is a critical operation in networks. In the context of data and sensor networks, routing

strategies such as shortest-path, multi-path and potential-based (“all-path”) routing have been

developed, which intrinsically represent the tradeoff between the latency and energy dissipation

of paths used for routing, namely, shorter paths lead to better routing with low latency, while

diffusing traffic along more paths generally reduces energy dissipation. Based on the connection

between routing and flow optimization in a network, in [9], we consider networks as undirected

graphs and develop a unifying theoretical framework by considering flow optimization with

mixed (weighted) L1/L2-norms. We obtain a surprising result: as we vary the trade-off pa-

rameter θ, the routing graphs induced by the optimal flow solutions span from shortest-path to

multi-path to all-path routing – this entire sequence of routing graphs is referred to as the rout-

ing continuum. We also develop an efficient iterative algorithm for computing the entire routing

continuum. Several generalizations are also considered, with applications to traffic engineering

and wireless sensor networks.
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1.3 Signed graph model: Influence diffusion dynamics and influ-
ence maximization on social networks.

In many OSNs, such as Slashdot and Epinions, the edges (i.e., relations between users) carry

heterogeneous weights, which can be either positive or negative, representing trust (or friend)

and distrust (or foe) relations. These networks are referred to as signed networks, where those

signed weights generate new challenges in understanding and studying the underlying network

properties. For example, the matrix representation of a signed network, namely, the adjacency

matrix is no longer non-negative, and it is not clear how the information is propagated on such

graphs. In [10], we study the influence diffusion and influence maximization in social networks

with both positive and negative relationships, where we extend the classic voter diffusion model

to signed networks and design efficient seed selection algorithms for online viral marketing

applications, that maximize the influence coverage in short term or long term, respectively.

1.4 Roadmap

• Chapter 2 develops and extends random walk theory and the intrinsically related spectral

graph theory for undirected graphs to directed graphs.

• Chapter 3 introduces a novel social community detection algorithm for social networks

with both uni- and bi-directional links.

• Chapter 4 establishes the routing continuum theory that spans from short path routing to

“potential” based all-path routing, based on the connection between routing and network

flow optimization problems.

• In Chapter 5, we investigate the social influence diffusion dynamics and influence maxi-

mization in social networks with both friend and foe relations.

• Chapter 6 concludes this dissertation and discusses future research directions.



Chapter 2

Digraph Laplacian and the Degree of
Asymmetry

2.1 Introduction

Graphs arising from many applications such as web and online social networks are directed,

where direction of links contains crucial information. Random walks are frequently used to

model certain dynamic processes on directed or undirected graphs, for example, to reveal im-

portant network structural information, such as the importance of nodes using Page-Rank al-

gorithm [12] and the community structures using spectral clustering algorithm [?], or to study

ways to efficiently explore complex networks.

Random walks on undirected graphs have been extensively studied and are well-understood

(see [13]). They are closely related to spectral graph theory [14], which has produced powerful

tools to study many important properties of undirected graphs that are of both theoretical and

practical significance. Well-known results include bounds on Cheeger constant and mixing rate

in terms of the second smallest eigenvalue of the graph Laplacian. On the other hand, there are

relatively few similar studies on directed graphs, see for example [15, 16], where the authors

circumvent the “directedness” of digraphs by converting them into undirected graphs through

symmetrization. Moreover, some initial attempts [5, 8] are made to extend the random walk

theory to directed graphs with applications in wireless networking.

In this chapter we develop a spectral digraph theory. We introduce the notion of Diplacian,

a direct generalization of the graph Laplacian for undirected graphs, denoted by Γ. Instead of

4
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using the node degrees as in the case of undirected graphs, the Diplacian is defined using sta-

tionary probabilities of the Markov chain governing random walks on digraphs. Furthermore,

instead of relying on the positive semi-definiteness of the graph Laplacian matrix for undirected

graphs, we establish a key connection between the Diplacian Γ and its Moore-Penrose pseudo-

inverse [17], denoted by Γ+, and use the properties of this connection to prove several parallel

results for random walks on digraphs. In particular, we show that 1) the Moore-Penrose pseudo-

inverse Γ+ of the Diplacian is exactly the discrete Green’s function of the Diplacian matrix Γ,

acting as an operator on digraphs [18], and 2) Γ+ is the normalized fundamental matrix [19] of

the Markov chain governing random walks on digraphs.

Based on the connection between Γ+ and the fundamental matrix, we show how hitting and

commute times can be directly computed in terms of the singular values and vectors of the

Diplacian – this yields a more direct and efficient way to compute hitting and commute times

than existing methods based on the fundamental matrix. More generally, our results suggest a

“spectral digraph theory”, where graph properties can be studied using the singular values of

the Diplacian in place of the eigenvalues of the Laplacian. In particular, our theory of random

walks on digraphs subsumes the existing theory of random walks on undirected graphs as a

special case.

Furthermore, we show that the well-known Cheeger constant – generalized by Chung to

digraphs in [15] – is fundamentally a quantity intrinsic to undirected graphs, as there are in-

finitely many digraphs with the same symmetrized undirected graph. Hence, bounds based

on the eigenvalues of the symmetrized graph Laplacian do not uniquely capture the properties

of digraphs. This leads us to introduce the degree of asymmetry to capture the overall “di-

rectedness” of digraphs, formally defined as follows: we express a Diplacian Γ in terms of a

symmetric part, L̄ = (Γ + ΓT )/2 , and a skew-symmetric part, ∇ = (Γ − ΓT )/2, where L̄ is

the symmetrized graph Laplacian for digraphs introduced by Chung in [15] and ∇ is referred

to as skewed Laplacian for digraphs. The largest singular value of ∇, δmax, is referred to as

the degree of asymmetry, which provides a quantitative measure of the asymmetry in digraphs.

Many key properties of digraphs can then be bounded by the eigenvalues of L̄ and the degree of

asymmetry. For instance, by accounting for the asymmetry of digraphs, we are able to obtain a

tighter bound than that of Chung’s in [15] on non-reversible Markov chain mixing rate.
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2.2 Preliminaries: Random Walks on Undirected Graphs

We use a triple G = (V,E,A) to denote an undirected and weighted graph on the node set

V = {1, 2, . . . , n}. The n × n nonnegative weight matrix A = [aij ] is symmetric, and is

defined in such a way that aij = aji > 0, if (i, j) ∈ E, and aij = aji = 0 otherwise. For

1 ≤ i ≤ n, the degree of node i is di =
∑n

j=1 aij . The volume of G, denoted by vol(G), is

defined as the sum of all node degrees, d =
∑n

i=1 di, that is, vol(G) = d.

A random walk on G is a Markov chain defined on G with the transition probability matrix

P = [pij ], where pij = aij/di. Let D = diag[di] be a diagonal matrix of node degrees, then

P = D−1A. Without loss of generality, we assume that the undirected graph G is connected,

namely, any node can reach any other node in G. Then it can be shown (see [19]) that the

Markov chain is irreducible, and there exists a unique stationary distribution, {φ1, φ2, . . . , φn}.

Let φ = [φi]1≤i≤n be the column vector of the stationary probabilities. Then φTP = φT ,

where the superscript T represents vector or matrix transpose. Furthermore, this Markov chain

on G is reversible, namely

φipij = φjpji, for any i, j, (2.1)

and

φi =
di∑
k dk

=
di
d
, i = 1, 2, . . . , n. (2.2)

Following [14], we will use the normalized graph Laplacian instead of the unnormalized

version L = D − A. Given an undirected G, the normalized graph Laplacian of G, which is

also called normalized Laplacian matrix of G, is defined as follows:

L = D− 1
2 (D −A)D− 1

2 = D
1
2 (I − P )D− 1

2 . (2.3)

A key property of the graph Laplacian for an undirected graph is that L is symmetric and

positive semi-definite [17]. Hence, all eigenvalues of L are nonnegative real numbers. In

particular, for a connected undirected graph G, L has rank n − 1 and has exactly one zero

eigenvalue as its smallest eigenvalue. Let λ1 = 0 < λ2 ≤ · · · ≤ λn be the n eigenvalues of

L arranged in an increasing order, and µi, 1 ≤ i ≤ n, be the corresponding eigenvectors of

unit norm. In particular, one can show that the column eigenvector, µ1, of L associated with the

eigenvalue λ1 = 0, is given by

µ1 = φ
1
2 = [

√
φi] = [

√
di√
d
]. (2.4)
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Define Λ=diag[λ1, . . . , λn], the diagonal matrix formed by the eigenvalues, and U =

[µ1, . . . , µn], an orthonormal matrix formed by the eigenvectors of L, where UUT = UTU = I .

It is easy to see that the graph Laplacian L admits an eigen-decomposition [17], namely,

L = UΛUT . Using the eigenvalues and eigenvectors of L, we can compute the hitting times

and commute times using the following formula [13]:

Hij =
∑
k>1

d

λk

(
µ2
kj

dj
−

µkiµkj√
didj

)
, (2.5)

and

Cij =
∑
k>1

d

λk

(
µki√
di

−
µkj√
dj

)2

, (2.6)

where µkj is the jth entry of the column vector µk.

2.3 Random Walk Theory on Digraphs

In this section, we develop the random walk theory for digraphs. In particular, we generalize the

graph Laplacian defined for undirected graphs, and introduce the Diplacian matrix. We prove

that the Moore-Penrose pseudo-inverse of this Diplacian is exactly equal to a normalized version

of the fundamental matrix of the Markov chain governing random walks on digraphs, and show

that it is also the Green’s function of the Diplacian. Using these connections, we illustrate that

how hitting and commute times of random walks on digraphs can be directly computed using

the singular values and vectors of the Diplacian. We also show that when the underlying graph

is undirected, our results reduce to the well-known results for undirected graphs. Hence, our

theory includes undirected graphs as a special case.

2.3.1 Random Walks on Directed Graphs and Fundamental Matrix

As alluded earlier, random walks can be defined not only on undirected graphs, but also on

digraphs. Let G = (V,E,A) be a weighted digraph defined on the vertex set V = {1, 2, . . . , n},

where A is a nonnegative, but generally asymmetric weight matrix such that aij > 0 if and only

if the directed edge (or arc) (i, j) ∈ E. As before, we will simply refer to A as the adjacency

matrix of G. For i = 1, 2, . . . , n, we define the out-degree of vertex i, d+i =
∑n

j=1 aij ,

and the in-degree of vertex i, d−i =
∑n

j=1 aji. In general, d+ 6= d−. However, we have
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d=
∑n

i=1 d
+
i =

∑n
i=1 d

−
i =

∑n
i=1

∑n
j=1 aij . As before, we refer to d as the volume of the

directed graph G, that is, vol(G) = d. For conciseness, in the following unless otherwise

stated, we refer to the out-degree of a vertex simply as its degree, and use di for d+i .

Let D = diag[di] be a diagonal matrix of the vertex out-degrees, and define P = D−1A.

Then P = [pij ] is the transition probability matrix of the Markov chain associated with random

walks on G, where at each vertex i, a random walk has the probability pij = aij/di to transit

from vertex i to vertex j, if (i, j) ∈ E. We assume that G is strongly connected, namely,

there is a directed path from any vertex i to any other vertex j. Then the Markov chain P is

irreducible, and has a unique stationary probability distribution, {φi}, where φi > 0, 1 ≤ i ≤ n,

namely, φTP = φT , where φ = [φ1, . . . , φn]
T be the column vector of stationary probabilities.

Unlike undirected graphs, the Markov chain associated with random walks on directed graphs

is generally non-reversible, and (2.1) and (2.2) for undirected graphs do not hold.

For random walks on directed graphs, quantities such as hitting times and commute times

can be defined exactly as in the case of undirected graphs. However, since the normalized

Laplacian matrix L is so far defined only for undirected graphs, we cannot use the relations

(2.5) and (2.6) to compute hitting times and commute times for random walks on directed

graphs. On the other hand, using results from the standard Markov chain theory, we can express

the hitting times and commute times in terms of the fundamental matrix. In [19], Aldous and

Fill define the fundamental matrix Z = [zij ] for an irreducible Markov chain with the transition

probability matrix P :

zij =
∞∑
t=0

(p
(t)
ij − φj), 1 ≤ i, j ≤ n, (2.7)

where p
(t)
ij is the (i, j)-th entry in the t-step transition probability matrix P t = P · · ·P︸ ︷︷ ︸

t

.

Let Φ = diag[φi] be the diagonal matrix containing the stationary probabilities φi’s on the

diagonal, and J = [Jij ] the all-one matrix, that is, Jij = 1 for 1 ≤ i, j ≤ n. We can express Z

alternatively as the sum of an infinite matrix series:

Z =
∞∑
t=0

(P t − JΦ) =
∞∑
t=0

(P t − 1φT ), (2.8)

where 1 = [1, . . . , 1]T is the all-one column vector. Hence, J = 1 · 1T and 1TΦ = φT hold.

While the physical meaning of the fundamental matrix Z may not be obvious from its

definition (2.7) or (2.8), it plays a crucial role in computing various quantities related to random
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walks, or more generally, various stopping time properties of Markov chains [19]. For instance,

the hitting times and commute times of random walks on a directed graph can be expressed in

terms of Z as follows (see [19]):

Hij =
zjj − zij

φj
(2.9)

and

Cij =
zjj − zij

φj
+

zii − zji
φi

. (2.10)

In (2.7) and (2.8), the fundamental matrix Z is defined as an infinite sum. We show that Z

in fact satisfies a simple relation (2.11), thus can be computed directly using the standard matrix

inverse.

Theorem 1 Let P be the transition probability matrix for an irreducible Markov chain. Then

its corresponding fundamental matrix Z as defined in (2.7) satisfies the following relation

Z + JΦ = (I − P + JΦ)−1. (2.11)

Proof: Note that JΦ = 1φT . From φTP = φT and P1 = 1, we have JΦP = JΦ and

PJΦ = JΦ. Using these two relations, it is easy to prove the following equation by induction.

Pm − JΦ = (P − JΦ)m, for any integer m > 0. (2.12)

Substituting this in (2.8) yields Theorem 1.

As undirected graphs are a special case of directed graphs, (2.9) and (2.10) provide an alternative

way to compute hitting times and commute times for random walks on connected undirected

graphs. In this chapter we will show that (2.5) and (2.6) are in fact equivalent to (2.9) and (2.10).

2.3.2 Diplacian and Green’s Function for Digraphs

We now generalize the existing spectral graph theory defined for undirected graphs to digraphs

by introducing the Diplacian – an appropriately generalized Laplacian matrix – for strongly

connected diagraphs. Let G = (V,E,A) be a strongly connected weighted digraph defined

on the vertex set V = {1, 2, . . . , n}, where in general the weight (or adjacency) matrix A is

asymmetric. A major technical difficulty in dealing with digraphs is that if one naively extends
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the normalized Laplacian matrix, L = D−1/2(D − A)D−1/2, or its un-normalized version,

L = D − A, defined for undirected graphs to digraphs, L is in general asymmetric; thus the

nice properties such as positive semi-definiteness of L no longer hold. Past attempts in gener-

alizing the spectral graph theory to digraphs have been simply symmetrized L, for example, by

introducing a symmetric matrix, L̄ = I − (Φ
1
2PΦ− 1

2 +Φ− 1
2P TΦ

1
2 )/2 [15,16]. Unfortunately,

as will be shown in the Section 2.4, such symmetrized L̄ does not directly capture the unique

characteristic of the random walk on the digraph as defined earlier, since a set of diagraphs can

have the same L̄.

For a strongly connected digraph G, let Φ
1
2 = diag[

√
φi]. We define the normalized digraph

Laplacian matrix1 (in short, Diplacian) for G, Γ = [Γij ] as follows:

Definition 1 (Diplacian Γ)

Γ = Φ
1
2 (I − P )Φ− 1

2 , (2.13)

namely, for 1 ≤ i, j ≤ n,

Γij =


1− pii if i = j,

−φ
1
2
i pijφ

− 1
2

j if (i, j) ∈ E,

0 otherwise.

(2.14)

Treating this Diplacian matrix Γ as an asymmetric operator on a digraph G, we now define

the discrete Green’s function G without boundary conditions for digraphs in exactly the same

manner as for undirected graphs [18], namely, G is a matrix with its entries, indexed by vertices

i and j, that satisfies the following conditions:

[GΓ]i,j = Ii,j −
√
φiφj , 1 ≤ i, j ≤ n, (2.15)

and expressed in the matrix form,

GΓ = I − φ
1
2φ

1
2
T
. (2.16)

In the following we will show that G is precisely Γ+, the pseudo-inverse of the Laplacian op-

erator Γ on the digraph G. Furthermore, we will relate Γ+ directly to the fundamental matrix

Z of the Markov chain associated with random walks on the digraph G. Before we establish a

main result of this chapter, we first introduce a few more notations and then prove the following

useful lemma.
1 An un-normalized digraph Laplacian is defined as L = Φ(I − P ) in [20].
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Lemma 1 Define Z = Φ
1
2ZΦ− 1

2 as the normalized fundamental matrix, and J = Φ
1
2JΦ

1
2 =

φ
1
2φ

1
2
T

. The following relations regarding Z and J hold: (i) J = J 2, (ii) JΓ = ΓJ =

JZ = ZJ = 0n×n, and (iii) Γφ
1
2 = Zφ

1
2 = 0, φ

1
2
T
Γ = φ

1
2
T
Z = 0T .

Proof : These relations can be established using the facts that J = 11T , 1TΦ = φT , φTJ = 1T ,

ΦJ = φ1T , JΦJ = J , φT (I −P ) = 0T , (I −P )1 = 0, φTZ = 0T , and Z1 = 0. The last four

equalities imply that the matrices I − P and Z have the same left and right eigenvectors, φ and

1, corresponding to the eigenvalue 0.

We are now in a position to prove a main theorem of the chapter, which states the Green’s

function for the Diplacian is exactly its Moore-Penrose pseudo-inverse, and it is equal to the

normalized fundamental matrix, namely, G = Γ+ = Z .

Theorem 2 (Diplacian matrix and Green’s function for digraphs) Let G = (V,E,A) be a

strongly connected digraph with the normalized fundamental matrix Z as defined in Lemma 1,

and the Diplacian matrix Γ as defined in (2.13). Then Z = Γ+, is the pseudo-inverse of the

Diplacian matrix Γ. Furthermore, Z is the discrete Green’s function for Γ, namely,

ZΓ = I − Φ
1
2JΦ

1
2 = I − φ

1
2φ

1
2
T
, (2.17)

where J is the all-one matrix and φ
1
2 = [φ

1
2
1 , . . . , φ

1
2
n ]T is a column vector.

Proof : From equation (2.11) in Theorem 1, we have

Z + J = (Γ + J )−1. (2.18)

Multiplying (2.18) from the right by Γ + J , and using Lemma 1, it is easy to see that

ZΓ = I − J , (2.19)

which establishes that Z is the Green’s function of the Diplacian Γ. Similarly, by multiplying

(2.18) from the left by Γ+J , we can likewise prove ΓZ = I−J . Hence, ZΓ = ΓZ = I−J is

a real symmetric matrix, which infers that (ΓZ)T = ΓZ and (ZΓ)T = ZΓ hold. Furthermore,

as JZ = 0, equation (2.19) yields ZΓZ = Z . Similarly, as ΓJ = Φ
1
2 (I − P )JΦ

1
2 = 0,

equation (2.19) yields ΓZΓ = Γ. These establish that Z satisfies the four conditions of matrix

pseudo-inverse. Hence, Z is also the Moore-Penrose pseudo-inverse of Γ. Therefore, G = Z =

Γ+.
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2.3.3 Computing Hitting and Commute Times for Digraphs using Diplacian

Using the relationship between the Diplacian Γ, its pseudo-inverse Γ+, and the normalized

fundamental matrix Z , we can now express the hitting times and commute times of random

walks on digraphs in terms of Γ+, or alternatively in terms of the singular values and singular

vectors of the Diplacian matrix Γ.

From Z = Φ− 1
2ZΦ

1
2 = Φ− 1

2Γ+Φ
1
2 , and using (2.9) and (2.10), we can compute the hitting

times and commute times for random walks on digraphs directly in terms of the entries of Γ+.

Theorem 3 (Computing hitting and commute times using Γ+) The hitting times and com-

mute times of random walks on a strongly connected digraphs can be computed using the

pseudo-inverse of the Diplacian matrix Γ+ as follows:

Hij =
Γ+
jj

φj
−

Γ+
ij√
φiφj

, (2.20)

and

Cij = Hij +Hji =
Γ+
jj

φj
+

Γ+
ii

φi
−

Γ+
ij√
φiφj

−
Γ+
ji√
φiφj

, (2.21)

where Γ+
ij is the (i, j)-th entry of Γ+, and φi is the stationary probability of vertex i.

For undirected graphs, we show that (2.20) and (2.21) reduce to (2.5) and (2.6) in Section 3.2.

This can be seen from the fact that for undirected graphs, Γ = L is symmetric and positive semi-

definite. Hence, the singular value decomposition of L is the same as the eigen-decomposition

of L.

For digraphs we can express Γ+
ij directly in terms of the singular values and left/right

singular vectors of the generally asymmetric Diplacian matrix Γ. Let σi, ui and vi be the

i-th singular value and the corresponding left and right singular vectors of Γ arranged in an

increasing order, where ‖ui‖2 = 1 and ‖vi‖2 = 1, i = 1, 2, . . . , n. In particular, 0 = σ1 <

σ2 ≤ · · · ≤ σn. Hence, Γ = UΣV T , where Σ = diag[σi], U = [u1, . . . , un], V = [v1, . . . , vn],

UUT = I and V V T = I , and Γ+ = V Σ+UT , where Σ+ = diag[σ+
i ]. Therefore, Γ+

ij =∑
k>1

1
σk
vkiukj . Plugging these equations into (2.20) and (2.21), we can express the hitting

times and commute times for random walks in a digraph in terms of the singular values, left and

right singular vectors of the Diplacian matrix Γ as below:

Hij =
∑
k>1

1

σk

(
vkjukj
φj

−
vkiukj√
φiφj

)
, (2.22)
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and

Cij =
∑
k>1

1

σk

(
vkjukj
φj

+
vkiuki
φi

−
vkiukj√
φiφj

−
vkjuki√
φjφi

)
. (2.23)

2.4 Degree of Asymmetry, Generalized Cheeger Constant and Bounds
on Mixing Rate

In this section we explore the relation between Diplacian Γ and the symmetrized Laplacian

L̄. We first show that the symmetrized Laplacian matrix L̄, and the Cheeger constant h(G)

as defined in [15] are in a sense primarily determined by an undirected graph associated with

the random walks with the transition probability matrix P̄ = (P + Φ−1P TΦ)/2, thus cannot

capture the unique characteristics of each individual diagraph. As a result, we investigate two

questions: 1) how can the “degree of asymmetry” of a digraph be quantified and measured? and

2) how does the degree of asymmetry affect crucial properties of a digraph such as the mixing

rate? In the following we propose one metric – the largest singular value of ∇=(Γ − ΓT )/2 –

as a measure of the degree of asymmetry in a digraph. We show that by explicitly accounting

for the degree of asymmetry, we can obtain generally tighter bounds on quantities (for example,

mixing rate) associated with random walks (or Markov chains) on digraphs.

2.4.1 The Degree of Asymmetry, and Relations to Symmetrized Laplacian

In [15], Chung introduces the symmetrized Laplacian matrix for digraphs, L̄ = Γ+ΓT

2 , general-

izes the Cheeger constant to digraphs and bounds it in terms of the second smallest eigenvalue

of L̄. In the following we show that the symmetrized Laplacian L̄ and the Cheeger constant

introduced by Chung are in fact two quantities intrinsic to undirected graphs.

Theorem 4 Given a digraph G, with transition probability matrix P , there exist infinite di-

graphs which have the same stationary distribution matrix Φ and the same symmetrized tran-

sition probability matrix P̄ = (P + Φ−1P TΦ)/2. As a result, all these graphs have the same

symmetrized Laplacian matrix and Cheeger constant.

Proof : We prove it by construction. Given a digraph G = (V,E,A), with transition probability

matrix P , all the digraphs G′’s with the transition probability P ′ as

P ′(α) = αP + (1− α)Φ−1P TΦ, (2.24)
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form an infinite digraph set, denoted by GG, where α ∈ [0, 1].

It is easy to check that any P ′(α) defined in (2.24) is non-negative, and satisfies φTP ′(α) = φT ,

and P ′(α)1 = 1, thus P ′(α) represents a transition probability matrix of a random walk with

stationary distribution φ.

For any G′ ∈ GG, the Diplacian matrix is given by Γ′ = Φ
1
2 (I − P ′)Φ− 1

2 , and the sym-

metrized Laplacian is only determined by P̄ , since we have

L̄ =
Γ′ + Γ′T

2
= Φ

1
2 (I − P +Φ−1P TΦ

2
)Φ− 1

2 = Φ
1
2 (I − P̄ )Φ− 1

2 . (2.25)

In particular, when α = 1
2 , P ′(12) = P̄ represents the undirected graph Ḡ.

For any S ⊂ N={1, . . . , n}, define an n-element vector fS , as fS(i) = 1/Fφ(S), i ∈ S

and fS(i) = −1/Fφ(S̄), i ∈ S̄, where Fφ(S) :=
∑

i∈S φi and Fφ(S̄) :=
∑

i∈S̄ φi are the

circulation function [15]. Define xS = Φ− 1
2 fS . Then, we have

xTSΓxS = fT
S Φ(I − P )fS =

∑
i∈S,j∈S̄

φipij = Fφ(∂S)

xTSΓxS = xTSΓ
TxS =

1

2
(xTSΓxS + xTSΓ

TxS) = xTS L̄xS . (2.26)

Hence, we know for all the graphs G′ ∈ GG, the circulation Fφ(S̄), Fφ(S) and Fφ(∂S) hinge

only on the partition S∨ S̄ = V . Therefore, any graph G′ ∈ GG has the same Cheeger constant,

that is,

min
S

Fφ(∂S)

min{Fφ(S), Fφ(S̄)}
= h(G′) = h(Ḡ). (2.27)

To capture the “degree of asymmetry” in a digraph, we express Γ as a sum of a symmetric

part and a skew-symmetric part:

Γ = L̄+∇, (2.28)

where we define the skew symmetric part ∇ = (Γ − ΓT )/2 as skewed Laplacian matrix of

a digraph. Note that ΓT = L̄ + ∇T = L̄ − ∇. Hence, ∇ captures the difference between

Γ and its transpose, which induces a reserved Markov chain or random walk. When Γ is

symmetric, then ∇ = 0. Let 0 =σ1 ≤ σ2 ≤ . . . ≤ σn denote the singular values in an

increasing order of Γ. Likewise, let 0 =λ̄1 ≤ λ̄2 ≤ . . . ≤ λ̄n denote the eigenvalues of L̄, and
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0 =δ1 ≤ δ2 ≤ . . . ≤ δn= δmax the singular values of ∇. The following relations among them

hold (See [21]):

λ̄i ≤ σi ≤ λ̄i + δn, i = 1, 2, . . . , n. (2.29)

From equation (2.29), we see that σi− λ̄i ≤ δn, i = 1, . . . , n. When the graph is undirected, we

have Γ = L̄, thus δn = 0 and σi = λi, i = 1, . . . , n. We therefore propose the largest singular

value of ∇, δn= δmax as a measure of the degree of asymmetry in the underlying digraph. Note

that δn = ‖∇‖, where ‖ · ‖ is the operator bound norm of a matrix: ‖∇‖=sup‖x‖=1 ‖∇x‖2 =

sup‖y‖=‖x‖=1 |〈y,Γx〉−〈y,ΓTx〉| = sup‖y‖=‖x‖=1 |〈y,Γx〉−〈x,Γy〉| (see [21], p.6 and p.91).

On the other hand, 〈x,Γx〉 − 〈x,ΓTx〉 = 0 for any x.

In the following, we relate and bound δn – the degree of asymmetry – to two other important

quantities associated with the Markov chain on a digraph: the digraph gap g(G) defined below

and the second largest singular value of the transmission probability matrix P .

Given a digraph G, the circulation function Fφ(·), where Fφ(i, j) = φipij , obeys the flow

conservation law at every node of a digraph:
∑

k Fφ(k, i) =
∑

j Fφ(i, j) for all i’s. Now,

define the digraph gap g(G) = maxS
∑

i∈S |
∑

j∈S̄ (Fφ(i, j)− Fφ(j, i))|, which quantifies the

maximum difference between two bipartite subgraphs S and S̄ among all partitions. We have

the following theorem relating the degree of asymmetry with g(G) and σn−1(P), the second

largest singular value of P = Φ
1
2PΦ− 1

2 .

Theorem 5 (Bounds on the degree of asymmetry)

2g(G) ≤ δn ≤ λ
1
2
n−1(P

TP) = σn−1(P), (2.30)

where P = Φ
1
2PΦ− 1

2 .

Proof : For a subset of vertices S ⊂ N={1, . . . , n}, define two n-element vectors yS and zS

as

yS(i) =

 φ
1
2
i if i ∈ S̄ or g(i, S̄) > 0

−φ
1
2
i otherwise

, zS(i) =

 φ
1
2
i if i ∈ S̄ or g(i, S̄) < 0

−φ
1
2
i otherwise

(2.31)

where g(i, S̄) =
∑

j∈S̄(pijφi − pjiφj). Then, we have ‖yS‖ = 1, ‖zS‖ = 1, and the lower

bound of δn is obtained as

2g(G) = max
S

yTS∇zS ≤ δn. (2.32)
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Moreover, we have the following equation hold true,

∇T∇ =
1

2
(PTP + PPT )− 1

4
(PT + P)2. (2.33)

It is easy to check that φ
1
2 is the left and right eigenvector of ∇ corresponding to the smallest

eigenvalue 0, and the eigenvector of P corresponding to the largest eigenvalue 1. We also know

that (PT + P)2 is positive semi-definite. Therefore, for any n by 1 column vector x ⊥ φ
1
2 , we

have

δ2n = max
x⊥φ

1
2

xT∇T∇x ≤ 1

2
max
x⊥φ

1
2

xT (PTP + PPT )x ≤ max
x⊥φ

1
2

xTPTPx = λn−1(PTP),

δn ≤ λ
1
2
n−1(P

TP) = σn−1(P). (2.34)

(2.32) and (2.34) yield Theorem 5.

Theorem 6 below relates and bounds the second smallest singular value σ2 of Γ in terms of

the degree of asymmetry δn, the Cheeger constant, and the second smallest eigenvalue λ̄2 of L̄.

Theorem 6 (Relations among σ2, λ̄2, δn and the Cheeger constant) Given a strongly connected

graph G = (V,E,A), and its Laplacian matrix Γ = Φ
1
2 (I − P )Φ− 1

2 , we have the bounds for

the second smallest singular value of Γ as

h2(G)

2
≤ σ2 ≤

(
1 +

δn
λ̄2

)
· 2h(G). (2.35)

When the graph is undirected, we have h2(G)
2 ≤ σ2 = λ̄2 ≤ 2h(G), which is exactly the same

as the bounds obtained in [15].

Proof : (i) Proof for the upper bound: Let σ2 be the second smallest (or the smallest non-

zero) singular value of the Diplacian matrix Γ. and denote the singular decomposition of the

Moore-Penrose pseudo-inverse of the Diplacian as Γ+ = V Σ+UT , where each diagonal entry

of Σ+ is σ+
i = 1

σi
, if σi 6= 0; σ+

i = 0 otherwise. Then, the largest singular value of Γ+ is

maxi σ
+
i = 1

σ2
.

Let S denote a subset of vertices S ⊂ V , and S̄ denotes the complement of S, that is,

S̄ = V − S. Then we define x0 = Φ
1
2 fS , y0 = Φ

1
2 (I − P )fS = Γx0, where f : V → R is

defined as follows:

fS(i) =


1

Fφ(S)
if i ∈ S

− 1
Fφ(S̄)

if i ∈ S̄
, (2.36)
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with Fφ(S) =
∑

i∈S φi and Fφ(S̄) =
∑

i∈S̄ φi. Then, for each i (1 ≤ i ≤ n), we have

〈vi, x0〉 = σ+
i 〈ui, y0〉, which indicates that 〈vi, x0〉 and 〈ui, y0〉 have the same sign. Then we

have

σ2 =
1

maxi σ
+
i

≤ 1∑n
i=1 〈vi,x0〉σ+

i 〈ui,y0〉∑n
i=1 〈vi,x0〉〈ui,y0〉

=
xT0 V UT y0

xT0 Γ
+y0

(2.37)

The denominator of (2.37) can be rewritten as

xT0 Γ
+y0 = fT

S Φ
1
2Γ+Φ

1
2 (I − P )fS = fT

S ΦZ(I − P )fS = fT
S ΦfS = Fφ(S)Fφ(S̄) ≥ 0,

(2.38)

where Z is the fundamental matrix. The third equality holds true, because we have Z(I−P ) =

I − JΦ by Theorem 1, and fS is orthogonal to φ, that is, JΦfS = φφT fS = 0, where J is all-1

matrix, thus we have (I − JΦ)fS = fS − JΦfS = fS . From (2.37) and (2.38), we have

σ2 ≤
xT0 V UT y0
Fφ(S)Fφ(S̄)

=
xT0 V UT y0

xT0 y0
· xT0 y0
Fφ(S)Fφ(S̄)

=
xT0 V UT y0

xT0 y0
·
fT
S Φ(I − P )fS
Fφ(S)Fφ(S̄)

≤ xT0 V UT y0

xT0 y0
· 2h(G) = c0 · 2h(G), (2.39)

where h(G) is the Cheeger constant of digraph G = (V,E,A). Now, we are in a position to

bound c0 =
xT
0 V UT y0
xT
0 y0

≤ 1 + δn
λ̄2

.

Let R = V UT . Since xT0 Γx0 = xT0 Γ
Tx0, we can rewrite c0 as

c0 =
xT0 Ry0

xT0 y0
=

xT0 RΓx0

xT0 Γx0
=

xT0 V ΣV Tx0

xT0 L̄x0
,

where both RΓ and L̄ are symmetric positive semi-definite matrices. Denote the eigen-decomposition

of L̄ as L̄ = WΛW T = CTC, where C = Λ
1
2W T and define z0 = Cx0. Then, we have

xT0 C
T (C+)

T
= xT0 (I − J ) = xT0 , with x0 ⊥ φ

1
2 and J = φ

1
2φ

1
2
T

. As a result, we have

c0 =
zT0 C

+T
RΓC+z0

zT0 z0
=

zT0 Tz0

zT0 z0
. (2.40)

Since T = C+T
RΓC+ is symmetric, it has real eigenvalues. By substituting z = Cx in

Tz = λz, we prove that T and L̄+RΓ have the same eigenvalues:

Tz − λz = L̄+RΓx− λx = 0, if x ⊥ φ
1
2 ,

T z − λz = L̄+RΓ(I − J )x− λ(I − J )x = L̄+RΓ0 − λ0 = 0, if x = αφ
1
2 , (2.41)
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where α ∈ R. From (2.41) and (2.40), we have

c0 ≤ max
z

zTTz

zT z
= λn(T ) = λn(L̄+RΓ) = λn(RΓL̄+) ≤ σn(RΓL̄+)

= σn(ΓL̄+) = σn((L̄+∇)L̄+) ≤ 1 +
δn
λ̄2

, (2.42)

where the last two inequalities hold true because of Theorem 6.72(b)(iii) on page 118 and

Theorem 6.80 on page 120 [22].

From (2.39) and (2.42), we have σ2 ≤ (1 + δn
λ̄2
) · 2h(G). In particular, when the graph is

undirected, we have L̄ = Γ and 1 + δn
λ̄2

= 1, thus, the above upper bound of σ2 reduces to

λ̄2 ≤ 2h(G), which subsumes the results obtained in [15].

(ii) Proof for lower bound: The authors in [14,15] prove that the second smallest eigenvalue λ̄2

of the symmetrized Laplacian matrix L̄ can be bounded by Cheeger constant as λ̄2 ≥ h2(G)
2 .

Since for any directed graph G = (V,E,A), σi ≥ λ̄i (1 ≤ i ≤ n) holds true, based on Theorem

5.11.25 on page 355 [23], we have σ2 ≥ λ̄2 ≥ h2(G)
2 .

Finally, we introduce a generalized Cheeger constant, h̃(G), defined as

h̃(G) = min
S

‖ΓxS‖
‖xS‖

= min
xS⊥φ

1
2

(xTSΓ
TΓxS)

1
2

(xTSxS)
1
2

, (2.43)

where for any S ⊂ N={1, 2, . . . , n}, xS = Φ− 1
2 fS is defined above. We see that the gener-

alized Cheeger constant thus defined minimizes the 2-norm of the circulations across bipartite

subgraphs S and S̄, whereas h(G) minimizes the 1-norm (the sum of absolute values) of the

circulations across S and S̄. Clearly, σ2 ≤ h̃(G).

2.4.2 Bounding the Mixing Rate of Random Walks on Digraphs

In this section, using mixing rating bounds as an example, we show that by considering the

degree of asymmetry, we obtain a better bound for the mixing rate of random walks on digraphs.

The mixing rate is a measure of how fast a random walk converges to its stationary dis-

tribution. Many papers have studied the problem of bounding the mixing rate of random

walks (or reversible Markov chains) on undirected graphs, such as [24, 25]. Relatively few

papers [15, 26, 27] have addressed the problem of bounding the mixing rate of Markov chains

(or random walks) on digraphs. In bounding the convergence rate from an initial distribution
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to the stationary distribution of a Markov Chain with the transition probability matrix P , the

χ-square distance [15, 26] is commonly used, and is defined as follows:

χ(t) = max
i∈V (G)

 ∑
j∈V (G)

(P t(i, j)− φj)
2

φj

 1
2

. (2.44)

Since not all random walks on strongly connected digraphs are convergent, Chung defines a

lazy random walk on G with transition probability matrix PL = I+P
2 , and derives the following

bound on the mixing rate of this lazy random walk using the χ-square distance [15], where a

bound using a closely related total variance distance is also derived: define M = Φ
1
2PLΦ

− 1
2 ,

then χ(t)2 ≤ εtmaxi φ
−1
i where

ε = max
f⊥φ

1
2

fTMTMf

fT f
= max

f⊥φ
1
2

‖Mf‖2

‖f‖2
≤ 1− λ̄2

2
. (2.45)

From Theorem 4, we know that this bound leads to the same upper bound for all digraphs

with the same L̄. By accounting for the degree of asymmetry, we obtain a generally tighter

upper bound on ‖Mf‖2
‖f‖2 as follows, which in turn yields a tighter bound on χ(t):

Theorem 7 For an irreducible Markov chain P and a lazy random walk PL = I+P
2 ,

ε = max
f⊥φ

1
2

‖Mf‖2

‖f‖2
≤ 1− λ̄2

2
−

1− σ2
n−1(P)

4
(2.46)

≤ 3

4
− λ̄2

2
+

(σn−1(P̄) + δn)
2

4
(2.47)

holds true, where M = Φ
1
2PLΦ

− 1
2 and P̄ = P+PT

2 = I − L̄.

Proof : MTM can be rewritten as

MTM = (I − ΓT

2
)(I − Γ

2
) =

3

4
I − Γ + ΓT

4
+

PTP
4

= (I − L̄
2
)− I − PTP

4
.

Since f⊥φ
1
2 is the left and right singular vectors of Γ corresponding to the largest singular value

1, and is also the eigenvector of L̄ corresponding to the smallest eigenvalue 0, by applying the

Min-max theorem (see Theorem 6.58(e) on p.108 [21]) we prove (2.46). Then σ2
n−1(P) in

(2.46) can be further bounded as follows:

σ2
n−1(P) ≤ σ2

n−1(P̄ +∇) ≤ (σn−1(P̄) + δn)
2, (2.48)

which yields (2.47).
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We remark that since σn−1(P) ≤ σn(P) = 1, 1 − σ2
n−1(P) ≥ 0 holds, the bound in

(2.46) is tighter than Chung’s bound in (2.45). In (2.47) we further bound σn−1(P) in terms of

the degree of asymmetry and the singular value of P̄ . In particular, when P is symmetric, the

underlying graph is undirected and the bound in (2.47) boils down to (2.46).

2.4.3 Numerical Analysis

In this section, we study a real directed network in terms of its degree of asymmetry δn and the

mixing rate bound. Fig. 2.1 presents the information flow network with 10 formal organizations

concerned with social welfare issues in one mid-western U.S. city, where the data were collected

by Knoke and Kuklinski [1, 2].

Figure 2.1: Knoke’s data [1, 2] on information exchanges among organizations operating in the
social welfare field. The degree of asymmetry of this digraph is 0.3096.

It is easy check that Knoke information exchange digraph is strongly connected, where any

node can reach any other node in the graph. It has degree of asymmetry δn = 0.3096. Using

(2.24), we construct a set of new digraphs with α ranging from 0 to 1. As we can see from

Fig.2.2, the new graph G(α) becomes more symmetric with smaller δn, when the parameter α

gets closer to 1/2. On the other hand, when |α− 1
2 | is larger, or equivalently α is closer to 0 or

1, the graph becomes more asymmetric, with larger δn.

Moreover, as we change α, we compute various mixing rate bounds on ε, such as our bounds
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Figure 2.3: Comparing mixing rate bounds

(2.46) and (2.47), and the bound (2.45) obtained in [15]. Fig. 2.3 shows the comparisons be-

tween mixing rate bounds over the degree of asymmetry in Knoke information exchange di-

graph, where (2.45) provides an invariant bound for all digraphs constructed by (2.24), because

the construction preserves the stationary distribution and the symmetrized Laplacian matrix L̄.

On the other hand, (2.46) and (2.47) bound the random walk mixing rates on those digraphs

more precisely, where digraphs that are more symmetric with lower δn have lower mixing rate

bounds.



Chapter 3

Identifying Stable Clusters in Social
Networks with Uni- and Bi-directional
Links

3.1 Introduction

Graph models are widely utilized to represent relations among entities in social networks. Es-

pecially, many online social networks, e.g., Slashdot and Twitter, where the users’ social re-

lationships are represented as directed edges in directed graphs (or in short, digraphs). Entity

connections in a digraph can be categorized into two types, namely, bi-directional links (mutual

connections) and uni-directional links (one-way connections). Social theories [28] and online

social network analysis [28–30] have revealed that various types of connections exhibit differ-

ent stabilities, where mutual connections are more stable than one-way connections. In other

words, mutual connections are the source of social cohesion [31, 32] that, if two individuals

mutually attend to one another, then the bond is reinforced in each direction.

Studying the social network structure and properties of social ties have been an active area of

research. Clustering and identifying social structures in social networks is an especially impor-

tant problem [33–35] that has wide applications, for instance, community detection and friend

recommendation in social networks. Existing clustering methods [36, 37] are originally de-

veloped for undirected graphs, based on the classical spectral clustering theory. Several recent

22
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Figure 3.1: An example network
studies (see, e.g., [36–39]) extend the spectral clustering method to digraphs, by first converting

the underlying digraphs to undirected graphs via some form of symmetrization, and then apply

spectral clustering to the resulting symmetrized (undirected) graphs. However, all these

methods have two common drawbacks, which prevent them from obtaining stable clusters with

more mutual connections. First, these methods do not explicitly distinguish between mutual and

one-way connections commonly occurring in many social networks, treating them essentially as

the same and therefore ignoring the different social relations and interpretations these two types

of connections represent (see Section 3.2 for more in-depth discussion). Second, by simply min-

imizing the total cross-cluster links (that are symmetrized in some fashion), these methods do

not explicitly account for the potential tendencies of node pairs to become mutually connected.

As a simple example, Fig. 3.1 shows two groups of people in a network, where people in the

same group tend to have more mutual (stable) connections, and people across two groups have

more one-way (unstable) connections. When using the traditional spectral clustering method,

as shown in Fig. 3.1(a), group B will be partitioned into two clusters, due to its strict rule of

minimizing the total number of across cluster edges. On the other hand, the correct partition

should be done as shown in Fig. 3.1(b), where the majority of mutual (stable) connections are

placed within clusters, and one-way (unstable) connections are placed across clusters.

In this chapter, we propose and develop a stable social cluster detection algorithm that takes

into account the tendencies of node pairs whether to form mutual (thus stable) connections or

not, which can result in more stable cluster structures. To tackle this clustering problem, we

need to answer the following questions: 1) how to track and evaluate the tendencies of node

pairs to become mutual (stable) relations? and 2) how to cluster the entities in social networks

by accounting for their mutuality tendencies so as to extract more stable clustering structures?
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To address these questions, we utilize dyadic methods to analyze social networks, and de-

velop a generalized mutuality tendency theory which better captures the tendencies of node

pairs that tend to establish mutual connections more frequently than those occur by chance. Us-

ing these results, we develop a mutuality-tendency-aware spectral clustering algorithm to detect

more stable clusters by maximizing the within-cluster mutuality tendency and minimizing the

cross-cluster mutuality tendency. Our contributions are summarized as follows.

� Motivated by the social science mutuality tendency theory, we establish a new cluster-based

mutuality tendency theory which yields a symmetrized mutuality tendency for each node pair,

and provides a measure of strength of social ties among nodes in a cluster.

� Based on our theory, we develop a mutuality-tendency-aware spectral clustering algorithm that

can partition the social graphs into stable clusters, by maximizing the within-cluster mutuality

tendencies and minimizing the across cluster mutuality tendencies.

� The experimental results – based on both social network structures of synthetical and real

social network datasets – confirm that our clustering algorithm is able to generate more stable

clusters than the traditional spectral clustering algorithms.

To our best knowledge, this is the first work studying the impact of tendencies of node

pairs to become mutual connections on the stability of cluster structure of social networks.

The remainder of the chapter is organized as follows. In section 3.2 we briefly discuss the

existing dyadic analysis methods, the traditional spectral clustering algorithms and other related

work. In section 3.3 we introduce a cluster-base mutuality tendency theory, and based on this

theory, we develop a mutuality-tendency-aware spectral clustering algorithm in section 3.4. In

section 3.5, we evaluate the performances of our method using synthetic and real social network

(e.g., Slashdot) datasets. We summarize the chapter in section 3.6.

3.2 Preliminaries, Related Work and Problem definition

In this section, we first introduce the existing dyadic analysis methods in the social theory liter-

ature for analyzing and characterizing social network mutual connections and one-way connec-

tions. We then present the classic spectral clustering theory which was developed for undirected

graphs, and briefly survey some related works which apply this theory to digraphs through sym-

metrization. We argue that these existing methods for clustering digraphs via symmetrization
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are inadequate in solving social network clustering problems, as they ignore different social ties

(and mutuality tendencies) represented by mutual and one-way connections in social networks.

We end the section with the problem definition, namely, how to identify stable clusters in social

networks by taking into account mutuality tendencies of mutual and one-way connections.

3.2.1 Dyadic Analysis and Mutuality Tendency

Given a social network with both uni- and bi-directional links, such a network can be repre-

sented as a (simple) digraph G = (V,E) with |V | = n nodes. If the links also have weights

(say, representing the strength of connections or social ties), such a network can be more gen-

erally represented as a weighted digraph, G = (V,E,A) where Aij represents the strength of

connection or “affinity” from node i to node j. When A is a 0-1 matrix, G reduces to a simple

digraph, and A is the standard adjacency matrix of the digraph, where Aij = 1 if the directed

edge i → j is present, and Aij = 0 otherwise. In this chapter for simplicity we focus primarily

on simple (unweighted) digraphs with no selfloops, namely, social networks with unweighted

directional links. Most online social networks are of unweighted variety.

Social scientists commonly view the social network G as a collection of dyads [28], where

a dyad is an unordered pair of nodes and directed edges between two nodes in the pair. Denote

a dyad as Dyij = (Aij , Aji), for i < j. Since dyad is an unordered notion, we have in total

Nd = n(n−1)/2 dyads in G. Hence, there are only three possible isomorphism dyads. The first

type of dyads is mutual relationship, where both directional edges i → j and j → i are present.

The second type of dyads is one-way relationship, where either i → j or j → i is present, but

not both. The last type of dyads is null relationship, where no edges show up between i and j.

Interpretations of dyads. Social scientists have observed that mutual social relations and one-

way relations in social networks typically exhibit different stabilities, namely, mutual relations

are more stable than one-way relations [28]. Hence in the social science literature, one prevalent

interpretation of dyadic relations in social networks are the following: mutual dyads are consid-

ered as stable connections between two nodes and null relation dyads represent no relations; the

one-way dyads [40–44] are viewed as an intermediate state of relations, which are in transition

to more stable equilibrium states of reciprocity (mutual or no relation). Several recent empirical

studies [30,45] of online social networks have further revealed and confirmed that mutual social

relations are more stable relations than one-way connections.

Computing dyad census. Given a (simple) digraph G = (V,E), with n = |V | nodes. Let



26

m, b, and u denote the number of mutual, one-way, and null dyads in the network. Clearly,

m + b + u = n(n − 1)/2. The triple 〈m, b, u〉 is referred to as the dyad census, since it is

derived from an examination of all (possible) dyads in the network. The dyad census triple can

be computed in terms of the adjacency matrix A of G as follows (in both scalar and matrix

forms):

m =
∑
i<j

AijAji =
1

2
tr(AA),

b = |E| − 2m = tr(AAT )− tr(AA),

u = Nd − b−m = Nd − tr(AAT ) + tr(AA).

Measuring mutuality tendency. The notion of mutuality tendency has been introduced in the

social science literature (see, e.g., [28,46]) to measure the tendency for a node pair to establish

mutual connections. For any dyad between i and j in a digraph G, if i places a link to j, ρij
represents the tendency that j will reciprocate to i more frequently than would occur by chance.

Let Xij denote the random variable that represents whether or not node i places a directed

edge to node j. There are only two possible events (i.e., Xij takes two possible values): Xij = 1,

representing the edge is present; or Xij = 0, the edge is not present. Let Xij (resp. X̄ij) denote

the event {Xij = 1} (resp. {Xij = 0}). Then the probability of the event Xij occurring is

P (Xij). The probability that i places a directed edge to j and j reciprocates back (i.e., node i

and node j are mutually connected) is thus given by

P (Xij , Xji) = P (Xij)P (Xji|Xij), (3.1)

Wofle [28] introduces the following measure of mutuality tendency in terms of the conditional

probability P (Xji|Xij) as follows:

P (Xji|Xij) = P (Xji) + ρijP (X̄ji),

ρij =
P (Xij , Xji)− P (Xij)P (Xji)

P (Xij)P (X̄ji)
, (3.2)

where −∞ < ρij ≤ 1 ensures 0 ≤ P (Xji) + ρP (X̄ji) ≤ 1 to hold. Like many indices used

in statistics, ρij is dimensionless and easy to interpret, since it uses 0 and 1 as benchmarks. If

ρ = 1, the mutuality tendency is maximum, meaning that given that node i places a link to

node j, node j will for sure reciprocate. If ρij = 0 (i.e., P (Xji|Xij) = P (Xji)), then node
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j reciprocates and places a link to node i purely by chance, namely, it is independent of the

event that node i places a link to node j. Hence when 0 < ρij ≤ 1, it suggests more than a

chance tendency for node j to reciprocate back. Furthermore, if ρij < 0 (i.e., P (Xji|Xij) <

P (Xji)), there is less than chance tendency for node j to reciprocate; in other words, it suggests

a tendency away from mutual dyads, toward one-way and null dyads. Hence, −∞ < ρij ≤ 1

provides a measure of the strength of tendency for reciprocation.

From eq.(3.2), the joint distribution P (Xij , Xji) in eq.(3.2) can be measured by the ob-

served graph, namely, either P (Xij , Xji) = P (ω)(Xij , Xji) = 1, when i and j have mutual

connection, or P (Xij , Xji) = P (ω)(Xij , Xji) = 0, otherwise, where the superscript ω indi-

cates that the probability is obtained from the observed graph. On the other hand, the distribu-

tion for each individual edge is measured by P (Xij) = P (µ)(Xij) = di
|V |−1 , where di is the

out-going degree of node i. P (µ)(Xij) represents the probability of edge i → j being generated

under a random graph model, denoted by the superscript µ, with edges randomly generated

while preserving the out-degrees. Hence, the tendency ρij is obtained by implicitly comparing

the observed graph with a reference random digraph model.

Limitations of Wolfe’s mutuality tendency measure for stable social structure clustering.
Although the node pair in a dyad is unordered (i.e., the two nodes are treated “symmetrically”

in terms of dyadic relations), Wolfe’s measure of mutual tendency is in fact asymmetric. This

can be easily seen through the following derivation. By definition,

P (Xji|Xij) = P (Xji) + ρjiP (X̄ji),

P (Xij |Xji) = P (Xij) + ρijP (X̄ij).

Multiplying the above two equations with P (Xij) and P (Xji) respectively and from eq.(3.1),

we have

ρji
ρij

=
P (Xji)P (X̄ij)

P (Xij)P (X̄ji)
=

P (Xji)− P (Xij)P (Xji)

P (Xij)− P (Xij)P (Xji)

We see that ρij = ρji if and only if P (Xij) = P (Xji) holds. Hence, given an arbitrary dyad

in a social network Wolfe’s measure of mutuality tendency of the node pair is asymmetric – in

a sense that it is a node-specific measure of mutuality tendency. It does not provide a measure

of mutuality tendency of the (unordered) node pair viewed together. While such asymmetric

(node-specific) measure of mutuality tendency can be useful in some social network analysis,
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as will be clear later, such an asymmetric measure poses difficulty in identifying and extract-

ing stable cluster structures in social networks. For instance, given a partition V = (S, S̄) of

a digraph, generalizing Wolfe’s measure to clusters, the mutuality tendencies across the two

clusters, denoted by ρ(S, S̄) =
∑

i∈S,j∈S̄ ρij and ρ(S̄, S) =
∑

i∈S̄,j∈S ρij , are generally not

symmetric, namely, ρ(S, S̄) 6= ρ(S̄, S). In Section 3.3, we will introduce a new measure of mu-

tuality tendency that is symmetric and captures the tendency of a node pair in a dyadic relation

to establish mutual connection. This measure of mutuality tendency can be applied to clusters

and a whole network in a straightforward fashion, and leads us to develop a mutuality-tendency-

aware spectral clustering algorithm.

3.2.2 Spectral Clustering Theory and Extensions to Digraphs via Symmetriza-
tion

Spectral clustering methods (see, e.g., [36, 38, 47–49]) are originally developed for clustering

data with symmetric relations, namely, data that can be represented as undirected graphs, where

each relation (edge) between two entities, Aij = Aji, represents their similarity. The goal

is to partition the graph such that entities within each cluster are more similar to each other

than those across clusters. This is done by minimizing the total weight of cross-cluster edges

(possibly weighted by the total weight of edges within clusters). In the following we present

the basics of spectral clustering theory (see [50] for more details).

Given the (non-negative) similarity matrix A, the cut function is defined to quantatively

measure the quality of a partition V = (S1, · · · , SK), and is defined as follows:

Cut(Sl, S̄l) :=
∑

i∈Sl,j∈S̄l

Aij ,

Cut(S1, · · · , SK) :=

K∑
i=1

Cut(Si, S̄i).

To account for cluster sizes – especially to obtain relatively balanced clusters (in terms of sizes),

the ratio cut function RCut [51] and the normalized cut function NCut [48] have also been
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defined:

RCut(S1, · · · , SK) :=
K∑
i=1

Cut(Si, S̄i)

|Si|
,

NCut(S1, · · · , SK) :=

K∑
i=1

Cut(Si, S̄i)

V ol(Si)
,

where vol(Si) =
∑

j∈Si
dj is the volume of the cluster Si.

In the following (and the remainder of the chapter), we will use the ratio cut function as the

objective function. All the results also hold true for the normalized cut. Using the ratio cut, the

clustering problem formulated as a graph mincut optimization problem can be rewritten in the

following form:

min
S1,··· ,Sk

RCut(S1, · · · , SK), (3.3)

The (unnormalized) Laplacian matrix L = D−A is used to solve the above mincut problem,

where D = diag[di] with di =
∑

j Aij is the diagonal degree matrix. Given a (nonnegative)

symmetric A, L is symmetric and positive semi-definite. If we take K eigenvectors correspond-

ing to the smallest eigenvalues of L, the optimal solution to the problem eq.(3.3), namely, the

optimal partition into K clusters, can be well approximated by applying the K-means algorithm

to clustering the data points projected to the subspace formed by these K eigenvectors [50].

Moreover, [?] provides a systematic study on comparing a wide range of undirected graph

based clustering algorithms using real large datasets, which gives a nice guideline of how to

select clustering algorithms based on the underlying networks and the targeting objectives.

Extensions to digraphs via symmetrization. When relations between entities are asymmetric,

or the underlying graph is directed, spectral clustering cannot be directly applied, as the notion

of (semi-)definiteness is only defined for symmetric matrices. Several recent studies (see, e.g.,

[36–39]) all attempt to circumvent this difficulty by first converting the underlying digraphs to

undirected graphs via some form of symmetrization, and then apply spectral clustering to the

resulting symmetrized (undirected) graphs. For example, the authors in [37] discuss several

symmetrization methods, including the symmetrized adjacency matrix Ā = (A + AT )/2, the

bibliographic coupling matrix AAT and the co-citation strength matrix ATA, and so forth.

Symmetrization can also be done through a random walk on the underlying graph, where

P = D−1A is the probability transition matrix and D = diag[douti ] is a diagonal matrix of
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node out-degrees. For example, taking the objective function as the random walk flow circu-

lation matrix Fπ = ΠP , where Π is the diagonal stationary distribution matrix, we have the

symmetrized Laplacian of the circulation matrix as

L̄ =
L̃+ L̃T

2
= I − Π

1
2PΠ− 1

2 +Π− 1
2P TΠ

1
2

2
.

where L̃ is the (asymmetric) digraph Laplacian matrix [3]. Then the classical spectral cluster-

ing algorithm can then be applied using L̄ which is symmetric and semi-definite. Zhou and et

al [36, 38] use this type of symmetrization to perform clustering on digraphs. Moreover, Leicht

and Newman [39] propose the digraph modularity matrix Q = [Qij ], which captures the dif-

ference between the observed digraph and the hypothetical random graph with edges randomly

generated by preserving the in- and out-degrees of nodes, namely, Qij = Aij − douti dinj /m.

Then, if the sum of edge modularities in a cluster S is large, nodes in S are well connected,

since the edges in S tend to appear with higher probabilities than occur by chance. However, Q

by definition is asymmetric, where [39] uses the symmetrized Q̄ = (Q+QT )/2 as objective to

perform spectral clustering method. Essentially, the edge modularity captures how an individual

edge appears more frequently than that happens by chance, thus the modularity based clustering

method tends to group those nodes with more connections than expected together, which like

all other clustering methods presented above completely ignores the distinction between mutual

and one-way connections.

Problem definition: Clustering and identifying stable clusters in social networks with mu-
tual and one-way connections. As discussed earlier, one-way and mutual dyadic connections

in social networks often represent different states or types of social ties and exhibit various

stabilities over time. Hence when performing clustering to extract community structures in so-

cial networks, one-way and mutual connections should be distinguished and treated differently.

Existing digraph clustering methods via symmetrization, e.g., those mentioned above, on the

other hand, ignore these different types of connections and treat them as the same: the process

of symmetrization essentially weighs one-way connections as a fraction of mutual connections,

and then attempt to minimize the total weight of the (symmetrized) cross-cluster links. More-

over, different from Leicht and Newman’s [39] reference random graph model, as presented in

earlier section, the mutuality tendency compares the observed the digraph with a random graph

model where edges are randomly generated by preserving only the out-degrees, which better

reflects the underlying model of how social network users establish social ties.
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In this chapter we want to solve the following clustering problem in social networks with

bi- and uni-directional links: Given a directed (social) graph where mutual connections repre-

sent more stable relations and one-way connections represent intermediate transferring states,

how can we account for mutual tendencies of dyadic relations and cluster the entities in such

a way that nodes within each cluster have maximized mutuality tendencies to establish mutual

connections, while across clusters, nodes have minimized tendencies to establish mutual con-

nections? The clusters (representing social structures or communities) identified and extracted

thereof will hence likely be more stable.

3.3 Cluster-based Mutuality Tendency Theory

Inspired by Wolfe’s study in [28], we propose a new measure of mutuality tendency for dyads

that can be generalized to groups of nodes (clusters), and develop a mutuality tendency the-

ory for characterizing the strength of social ties within a cluster (network structure) as well

as across clusters in an asymmetric social graph. This theory lays the theoretical foundation

for the network structure classification and community detection algorithms we will develop in

section 3.4.

3.3.1 Cluster based mutuality tendency

Let Xij denote the random variable that represents whether or not node i places a directed edge

to node j. There are only two possible events (i.e., Xij takes two possible values): Xij = 1,

representing the edge is present; or Xij = 0, the edge is not present. Let Xij (resp. X̄ij) de-

note the event {Xij = 1} (resp. {Xij = 0}). Given an observed (asymmetric) social graph

G, to capture the mutuality tendency of dyads in this graph, we compare it with a hypotheti-

cal, random (social) graph, denoted as G(µ), where links (dyadic relations) are generated ran-

domly (i.e., by chance) in such a manner that the (out-)degree di of each node i in G(µ) is

the same as that in the observed social graph G. Under this random social graph model, the

probability of the event Xij occurring is P (µ)(Xij) = di
|V |−1 ; namely, i places a (directed)

link to node j randomly or by chance (the superscript µ indicates the probability distribution

of link generations under the random social graph model). The probability that i places a di-

rected edge to j and j reciprocates back (i.e., node i and node j are mutually connected) is

thus given by P (µ)(Xij , Xji) = P (µ)(Xij)P
(µ)(Xji|Xij) = P (µ)(Xij)P

(µ)(Xji), since Xij
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and Xji are independent under the random social graph model. On the observed social graph,

denote P (ω)(Xij , Xji) to represent the event whether there is a mutual connection (symmetric

link) between node i and node j, i.e., P (ω)(Xij , Xji) = 1, if the dyad Dyij is a mutual dyad

in the observed social graph, and P (ω)(Xij , Xji) = 0, otherwise. We define the mutuality

tendency of dyad Dyij as follows:

θij : = P (ω)(Xij , Xji)− P (µ)(Xij , Xji)

= P (ω)(Xij , Xji)− P (µ)(Xij)P
(µ)(Xji), (3.4)

which captures how the node pair i and j establish a mutual dyad more frequently than would

occur by chance.

This definition of mutuality tendency is a symmetric measure for dyad Dyij , i.e., θij = θji.

In addition, it is shown that θij ∈ [−1, 1]. We remark that θij = 0 indicates that if node i

places a directed link to node j, the tendency that node j will reciprocate back to node i is no

more likely than would occur by chance; the same holds true if node j places a directed link

to node i instead. On the other hand, θij > 0 indicates that if node i (resp. node j) places a

directed link to node j (resp. node i), node j (resp. node i) will more likely than by chance to

reciprocate. In particular, with θij = 1, node j (resp. node i) will almost surely reciprocate. In

contrast, θij < 0 indicates that if node i (resp. node j) places a directed link to node j (resp.

node i), node j (resp. node i) will tend not to reciprocate back to node i (resp. node j). In

particular, with θij = −1, node j (resp. node i) will almost surely not reciprocate back. Hence

θij provides a measure of strength of social ties between node i and j: θij > 0 suggests that the

dyadic relation between node i and j is stronger, having a higher tendency (than by chance) to

become mutual; whereas θij < 0 suggests that node i and j have weaker social ties, and their

dyadic relation is likely to remain asymmetric or eventually disappear.

Mutuality tendency of clusters. The mutuality tendency measure for dyads defined in eq.(3.4)

can be easily generalized for an arbitrary cluster (a subgraph) in an observed social graph,

S ⊆ G. We define the mutuality tendency of a cluster S, ΘS , as follows:

ΘS :=
∑

i∼j;i,j∈S
P (ω)(Xij , Xji)−

∑
i∼j;i,j∈S

P (µ)(Xij , Xji)

=
∑

i∼j;i,j∈S
P (ω)(Xij , Xji)−

∑
i∼j;i,j∈S

P (µ)(Xij)P
(µ)(Xji), (3.5)
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where the subscript i ∼ j : i, j ∈ S means that the summation accounts for all (unordered)

dyads, and i, j are both in S. Denote the second term in eq.(3.5) as m(µ)
S , and the (out-degree)

volume of the cluster S as dS :=
∑

i∈S di. As P (µ)(Xij) = di/(|V | − 1) and P (µ)(Xji) =

dj/(|V | − 1),

m
(µ)
S =

∑
i∼j;i,j∈S

didj
(|V | − 1)2

=
d2S −

∑
i∈S d2i

2(|V | − 1)2
, (3.6)

which represents the expected number of mutual connections among nodes in S under the ran-

dom social graph model. Given the cluster S in the observed social graph G, define m
(ω)
S :=∑

i∼j;i,j∈S P (ω)(Xij , Xji), namely, m(ω)
S represents the number of (observed) mutual connec-

tions among nodes in the cluster S in the observed social graph G. The mutual tendency of

cluster S defined in eq.(3.5) is therefore exactly ΘS = m
(ω)
S −m

(µ)
S .

Hence ΘS provides a measure of strength of (likely mutual) social ties among nodes in

a cluster: ΘS > 0 suggests that there are more mutual connections among nodes in S than

would occur by chance; whereas ΘS < 0 suggests that there are fewer mutual connections

among nodes in S than would occur by chance. Using ΘS , we can therefore quantify and detect

clusters of nodes (network structures or communities) that have strong social ties.

In particular, when S = G, ΘG characterizes the mutuality tendency for the entire digraph

G, i.e.,

ΘG = m
(ω)
G −m

(µ)
G =

∑
i∼j

θij , (3.7)

where m(ω)
G :=

∑
i∼j P

(ω)(Xij , Xji) represents the number of (observed) mutual dyads among

nodes in the observed social graph G, and

m
(µ)
G =

∑
i∼j

didj
(|V | − 1)2

=
d2 −

∑
i∈V d2i

2(|V | − 1)2
, (3.8)

represents the expected number of mutual dyads among nodes in G under the random social

graph model. Likewise, given a bipartition (S, S̄) of G, we define the cross-cluster mutuality

tendency as

Θ∂S :=
∑

i∈S∼j∈S̄

(P (ω)(XijXji)− P (µ)(Xij)P
(µ)(Xji)) (3.9)



34

Denote the second quantity in eq.(3.9) as m(µ)
S ,

m
(µ)
∂S =

∑
i∈S∼j∈S̄

didj
(|V | − 1)2

=
dSdS̄

(|V | − 1)2
(3.10)

which represents the expected number of mutual connections among nodes across S and S̄ un-

der the random social graph model. Define m
(ω)
∂S :=

∑
i∈S∼j∈S̄ P (ω)(Xij , Xji) representing

the number of (observed) mutual connections among nodes across clusters S and S̄ in the ob-

served social graph G. The mutuality tendency across cluster S and S̄ defined in eq.(3.9) is

therefore exactly Θ∂S = m
(ω)
∂S −m

(µ)
∂S .

The mutuality tendency theory outlined above accounts for different interpretations and

roles mutual and one-way connections represent and play in asymmetric social graphs, with

the emphasis in particular on the importance of mutual connections in forming and developing

stable social structures/communities with strong social ties. In the next section, we will show

how we can apply this mutuality tendency theory for detecting and clustering stable network

structures and communities in asymmetric social graphs.

3.4 Mutuality-tendency-aware spectral clustering algorithm

In this section, we first consider the simpler case of mutuality-tendency-aware clustering prob-

lem with K = 2 and establish the basic theory and algorithm. We then extend it to the general

case with K > 2.

3.4.1 Mutuality-tendency-aware spectral clustering: K=2

Without loss of generality, we consider only simple (unweighted) digraphs G = (V,E) (i.e., the

adjacency matrix A is a 0-1 matrix). Define the mutual connection matrix M := min(A,AT ),

which expresses all the mutual connections with unit weight 1. In other words, if node i and

node j are mutually connected (with bidirectional links), Mij = Mji = 1, otherwise, Mij =

Mji = 0. Hence, we have Mij = P (ω)(Xij , Xji), representing the event whether there is a

mutual connection (symmetric link) between node i and node j, i.e., in the dyad Dyij in the

observed social graph. In addition, let δij be the Kronecker delta symbol, i.e., δij = 1 if i = j,
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and δij = 0 otherwise. Then, we define matrix

M̄ =
ddT − diag[d2]
(|V | − 1)2

with d as the out-going degree vector, where each entry

M̄ij =
didj − δijd

2
i

(|V | − 1)2
=

{
didj

(|V |−1)2
if i 6= j

0 if i = j
(3.11)

represents the probability that two nodes i and j independently place two unidirectional links

to each other to form a mutual dyad. Hence, M̄ij = P (µ)(Xij)P
(µ)(Xji) represents the prob-

ability of node pair i and j to establish a mutual connection under random graph model with

edges randomly generated by preserving the node out-degrees. We denote T = M − M̄ as the

mutuality tendency matrix, with each entry

Tij = P (ω)(Xij , Xji)− P (µ)(Xij)P
(µ)(Xji) = θij (3.12)

as the individual dyad mutuality tendency.

Mutuality Tendency Lapacian. T is symmetric and those entries associated with non-mutual

dyads are negative, representing less mutuality tendencies to establish mutual connections than

those occur by chance. Define the mutuality tendency Laplacian matrix as

LT = DT − T (3.13)

where DT = diag[dT (i)] is the diagonal degree matrix of T , with dT (i) =
∑

j Tij . We have

the following theorem presenting several properties of LT .

Theorem 8 The mutuality tendency Laplacian matrix LT as defined in eq.(3.13) has the fol-

lowing properties

• Given a column vector x ∈ R|V |, the bilinear form xTLTx satisfies

xTLTx =
∑
i∼j

Tij(xi − xj)
2. (3.14)

• LT is symmetric and in general indefinite. In addition, LT has one eigenvalue equal to 0,

with corresponding eigenvector as 1 = [1, · · · , 1]T .
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Proof : (1) By expanding the bilinear form xTLTx,

xTLTx =
∑
i,j∈V

Tij(x
2
i − xixj) =

∑
i∼j

Tij(xi − xj)
2

(2) The symmetry of both M and M̄ in eq.(3.12) insures the symmetry of LT , thus LT

has all real eigenvalues. However, LT is in general indefinite, because Tij in eq.(3.14) could

be either positive or negative. On the other hand, since 1TLT = 0T and LT 1T = 0 hold

true, LT has an eigenvalue equal to 0 with corresponding eigenvectors as identity vector 1 =

[1, · · · , 1]T .

Mutuality tendency ratio cut function. For a digraph G = (V,E), and a partition V = (S, S̄)

on G, we define the mutuality tendency ratio cut function as follows.

TRCut(S, S̄) = Θ∂S

(
1

|S|
+

1

|S̄|

)
, (3.15)

which represents the overall mutuality tendency across clusters balanced by the “sizes” of the

clusters. Then, the clustering problem is formulated as a minimization problem with K = 2

clusters. (More general cases with |V | ≥ K > 2 will be discussed in the next subsection.)

min
S

TRCut(S, S̄) (3.16)

Since Θ∂S = ΘG − (ΘS +ΘS̄) holds true, we have

TRCut(S, S̄) = (ΘG − (ΘS +ΘS̄))

(
1

|S|
+

1

|S̄|

)
.

For a given graph G, the graph mutuality tendency ΘG is a constant, the minimization problem

in eq.(5.6) is equivalent to the following maximization problem:

max
S

{
(ΘS +ΘS̄ −ΘG)

(
1

|S|
+

1

|S̄|

)}
. (3.17)

Hence, minimizing the cross-cluster mutuality tendency is equivalent to maximize the within-

cluster mutuality tendency. Using the results presented in Theorem 8, we prove the following

theorem which provides the solution to the above mutuality tendency optimization problem.

Theorem 9 Given the tendency Laplacian matrix LT = DT − T , the signs of the eigenvector

of LT corresponding to the smallest non-zero eigenvalue indicate the optimal solution (S, S̄) to

the optimization problem eq.(5.6).
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Proof : Define the column vector fS = [fS(1), · · · , fS(n)]T with respect to a partition S∪S̄ =

V as follows:

fS(i) =

{ √
|S̄|/|S| if i ∈ S

−
√
|S|/|S̄| if i ∈ S̄

. (3.18)

Then, by applying Theorem 8, we have

fT
S LT fS =

∑
i∼j

Tij(fS(i)− fS(j))
2

= (
|S|
|S̄|

+
|S̄|
|S|

+ 2)
∑

i∈S∼j∈S̄

Tij

= |V |(m(ω)
∂S −m

(µ)
∂S )(

1

|S̄|
+

1

|S|
),

= |V |Θ∂S(
1

|S̄|
+

1

|S|
). (3.19)

In addition, we have fT
S fS = ‖fS‖2 = |V |. Hence, Rayleigh-quoient for LT is

fT
S LT fS

fT
S fS

= TRCut(S, S̄) ≥ λ(LT ),

where λ(LT ) is the smallest non-zero eigenvalue of LT . Here λ(LT ) cannot be 0, because we

have the constraint fS ⊥ 1. From Theorem 8, 1 is an eigenvector associated with eigenvalue 0.

Hence, the problem of minimizing eq.(5.6) can be equivalently rewritten as

min
S

fT
S LT fS , s.t.: fS⊥1 in form of eq. (3.18), ‖fS‖2 = |V |.

Since the entries of the solution vector fS are only allowed to take values in form of eq.(3.18),

this is a discrete optimization problem, which is known to be NP hard [50]. By relaxing the

discreteness condition and allowing fS(i) to take arbitrary values in R, we have the following

relaxed optimization problem.

min
fS∈Rn

fT
S LT fS , s.t.: fS⊥1, and ‖fS‖2 = |V |.

The solution to this problem, i.e., the vector fS , is the eigenvector corresponding to the smallest

non-zero eigenvalue λ(LT ). Hence, we can approximate the minimizer of TRCut(S, S̄) using

the eigenvector corresponding to λ(LT ). To obtain a partition of the graph, we need to convert

the real-valued solution vector fS of the relaxed problem to an indicator vector. One way to do

this [50] is to use the signs of fS as indicator function, where node vi ∈ S, if fS(i) ≥ 0, and

vi ∈ S̄, otherwise.
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3.4.2 Mutuality-tendency-aware spectral clustering: K > 2

For the case of finding K > 2 clusters S1 ∪ · · · ∪ SK = V , we define the indicator vectors

hk = (h1k, · · · , hnk),

hik =


1√
|Sk|

if vi ∈ Sk

0 otherwise
(3.20)

where i = 1, · · · , n and k = 1, · · · ,K. Let H denote the indicator matrix containing those K

indicator vectors as columns. Observe that HTH = I , hTk hk = 1, and

hTkLThk =
Θ∂Sk

|Sk|
. (3.21)

Define the mutuality tendency ratio cut TRCut(S1, · · · , SK) for K > 2 clusters as follows:

TRCut(S1, · · · , SK) =
K∑
k=1

Θ∂Sk

|Sk|
, (3.22)

where the ratio cut reduces to eq.(3.15) when K = 2. The problem of minimizing TRCut can

be formulated as

min
S1,··· ,SK

TRCut(S1, · · · , SK) = min
S1,··· ,SK

tr(HTLTH)

s.t.: HTH = I , where H is defined in eq. (3.21).

One way of solving this problem is utilizing the method used in [50] by relaxing the discreteness

condition to have a standard trace minimization problem as

min
H∈R|V |×K

tr(HTLTH), s.t.: HTH = I

The optimal solution H contains the first K eigenvectors of LT as columns. The clusters can

be then obtained by applying the K-means algorithm on those K eigenvectors. The solution

obtained minimizes the mutuality tendency across clusters (which is equivalent to maximizing

the within-cluster mutuality tendency).

Choice of K. We choose K, i.e., the total number of clusters, using the eigengap heuris-

tic [50]. Theorem 8 shows that LT has all real eigenvalues. Denote the eigenvalues of LT

in an increasing order, i.e., λ1 ≤ · · · ≤ λn, The index of the largest eigengap, namely,

K := argmax2≤K≤n(g(K)), where g(K) = λK − λK−1, K = 2, · · · , n, indicates how

many clusters there are in the network.
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3.5 Evaluations

In this section, we evaluate the performance of the mutuality-tendency-aware spectral clustering

method by comparing it with various symmetrization methods based digraph spectral clustering

algorithms. We only present the comparison results for the adjacency matrix symmetrization

method, with objective matrix as Ā = (A + AT )/2. For other settings, we obtained similar

results and omit them here for brevity. We will 1) first test the performances using synthetic

datasets, and then 2) apply our method to real online network datasets, e.g., Slashdot social

network, and discover stable clusters with respect to mutual and one-way connections.

3.5.1 Synthetic datasets

(a) (i)All edges, (ii)Bidirectional edges, (iii)Unidirectional edges

(b) (i)All edges, (ii)Bidirectional edges, (iii)Unidirectional edges

Figure 3.2: Simulation results on synthetic dataset with K = 2 clusters. (a)(i)-(a)(iii) show the
clusters detected by traditional spectral clustering algorithm, and (b)(i)-(b)(iii) show the clusters
extracted using our mutuality-tendency-aware spectral clustering algorithm.
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Table 3.1: Ave. mutuality tendency comparison on synthetic dataset
. θG θS θS̄ θ∂S
Mutuality tendency aware clustering 0.0112 0.0172 0.0314 8.25e-5
Traditional clustering 0.0112 0.0115 0.0202 0.0096

We first consider synthetic datasets designed specifically to test the performance of our

mutuality-tendency-aware spectral clustering method. We randomly generate a network, with

1000 nodes. There are 38000 directed edges (around 3.8% of all directed node pairs1 ) in

total, among which one third of them around 12666 edges are bidirectional, and two third of

them around 25334 edges are unidirectional. Those nodes fall into 2 clusters, with 600 and 400

nodes respectively, where around 93.5% of the bidirectional edges are randomly placed within

clusters, and around 80.8% of the unidirectional edges are randomly placed across clusters.

We show in Fig. 3.2(a)(i)-Fig. 3.2(a)(iii) that the traditional spectral clustering algorithm

with Ā = (A + AT )/2 as the objective results in clusters with 180 and 820 nodes respec-

tively, which does not reflect the underlying structure (See Fig. 3.2(a)(i)-Fig. 3.2(a)(iii), be-

cause it clusters nodes without considering the stability difference between mutual connections

and one-way connections. On the other hand, our proposed mutuality-tendency-aware spec-

tral clustering method can cluster the nodes into groups with exactly 600 and 400 nodes (See

Fig. 3.2(b)(i)-Fig. 3.2(b)(iii)), which clearly group nodes with more mutual (stable) connections

together and separate nodes connected via one-way connections.

Furthermore, given the cluster mutuality tendency ΘS , we denote the average mutuality ten-

dency of S as θS = ΘS/NS , with NS = |S|(|S|−1)/2 as the total number of dyads in S. Simi-

larly, we have the average mutuality tendency of G, S̄, and ∂S as θG = ΘG/Nd, θS̄ = ΘS̄/NS̄ ,

and θ∂S = Θ∂S/(|S||S̄|), respectively. Table 3.1 shows the average mutuality tendencies of the

cluster results obtained by two methods, where we can see that the mutuality-tendency-aware

spectral clustering algorithm can group nodes together with higher within-cluster tendencies

than that by traditional spectral clustering. On the other hand, the cross-cluster tendency ob-

tained using our method is very close to 0, which means that the dyads across the clusters

establish the mutual connections without any tendency (or purely independently). In addition,

we generated synthetic dataset with K > 2 clusters, and similar results are obtained shown in
1 As we observed from real social networks, e.g., Slashdot.com [52], an online commenting network dataset,

which will be discussed in the next section, the sparsity of its “core” network is around 0.19%. Here, we choose
3.8%, that is 20 times large of the real network sparsity, just for the ease of visualization of the clustering structure.
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(a) (i)All edges, (ii)Bidirectional edges, (iii)Unidirectional edges

(b) (i)All edges, (ii)Bidirectional edges, (iii)Unidirectional edges

Figure 3.3: This synthetic dataset is generated in K = 3 clusters, with 500, 400 and 300 nodes,
respectively. There are 54675 directional edges, among which 27336 edges are bidirectional
and 27339 edges are unidirectional. We are randomly placed 90.02% of the bidirectional edges
in clusters, and 89.6% of the unidirectional edges across clusters. (a)(i)-(a)(iii) show that tra-
ditional spectral clustering algorithm detects clusters with 661, 538 and 1 entities, respectively,
while our method identify correct clusters (See (b)(i)-(b)(iii)).

Fig. 3.3.

3.5.2 Real Social Networks

In the second set of simulations, we applied our mutuality-tendency-aware spectral cluster-

ing algorithm to several real social network datasets, e.g., Slashdot [52], Epinions [53], and

email communication network [54] datasets, and compare with various symmetrization meth-

ods based digraph clustering algorithms, such as A = (A+AT )/2, AAT and Fπ = ΠP . Here

we only show the comparison results with adjacency matrix symmetrization based digraph spec-

tral clustering on Slashdot dataset. All other settings lead to similar results and we omit them
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(a) (i)All edges, (ii)Bidirectional edges, (iii)Unidirectional edges

(b) (i)All edges, (ii)Bidirectional edges, (iii)Unidirectional edges

Figure 3.4: Simulation results on Slashdot social network dataset. (a)(i)-(a)(iii) show the clus-
ters detected by traditional spectral clustering algorithm, and (b)(i)-(b)(iii) show the clusters
extracted using our mutuality-tendency-aware spectral clustering algorithm.

here for brevity.

Slashdot is a technology-related news website founded in 1997. Users can submit stories

and it allows other users to comment on them. In 2002, Slashdot introduced the Slashdot Zoo

feature which allows users to tag each other as friends or foes. The network data we used is

the Slashdot social relation network, where a directed edge from i to j indicates an interest

from i to j’s stories (or topics). Hence, two people with mutual connections thus share some

common interests, while one-way connections infer that one is interested in the other’s posts,

but the interests are not reciprocated back. The Slashdot social network data was collected and

released by Leskovec [52] in November 2008.
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Table 3.2: Statistics of Slashdot social network Dataset
Nodes 77360

Edges 828161

Unidirectional edges 110199

Bidirectional edges 717962

Nodes in largest SCC 70355

Edges in largest SCC 818310

Unidirectional edges in largest SCC 100930

Bidirectional edges in largest SCC 717380

Nodes in the “core” component 10131

Edges in the “core” component 197378

Unidirectional edges in the “core” component 21404

Bidirectional edges in the “core” component 175974

The statistics2 are shown in Table 3.2. It shows that the largest strongly connected compo-

nent (SCC) include about 70355 nodes. Then, we remove those nodes with very low in-degrees

and out-degrees, say no more than or equal to 2. By finding the largest strongly connected

component of the remaining graph, we extract a “core” of the network with 10131 nodes and

197378 edges, among which there are 21404 unidirectional edges and 175974 bidirectional

edges, respectively.

In our evaluations, we observe that there is a large “core” of the network, and all other users

are attached to this core network. In our study, we are interested in extracting the community

structure from the “core” network.

When applying our spectral clustering algorithm to the “core” network, two clusters with

8892 and 1239 nodes are detected (shown in Fig.3.4(b)(i)-Fig.3.4(b)(iii)). In our result, a large

portion (about 35.04%) of cross-cluster edges are unidirectional edges which in turn yield lower

mutuality tendency across clusters. On the other hand, when using the traditional symmetrized

Ā = (A + AT )/2, two clusters with 9640 and 491 nodes are extracted instead (shown in

Fig.3.4(a)(i)-Fig.3.4(a)(iii)). We can see that the clustering result obtained using the traditional

spectral clustering method has only around 5.75% of the total edges across clusters as unidirec-

tional edges, which boost up the mutuality tendency across clusters. However, in our clustering

result, we have more unidirectional edges placed across clusters, which decreases the mutuality

tendency across clusters. From Fig. 3.4(b)(i), we can clearly see that we have unidirectional
2 Here, the total number of edges is smaller than that is shown on the website [52], because we do not count for

those selfloops.
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(red) edges dominating the cross-cluster parts.

Table 3.3 shows the average mutuality tendency comparison between different clustering

methods, where we can see that the mutuality-tendency-aware spectral clustering algorithm

can group nodes together with higher within-cluster tendencies than that of traditional spectral

clustering.

Table 3.3: Ave. mutuality tendency comparison on Slashdot dataset
. θG θS1 θS2 θ∂S
Mutuality tendency aware clustering 0.0017 0.0049 0.0028 0.00033
Traditional clustering 0.0017 0.0018 0.0021 0.00070

3.6 Summary

In this chapter, we establish a generalized mutuality tendency theory to capture the tenden-

cies of clustered node pairs to establish mutual connections more frequently than those occur

by chance. Based on our mutuality tendency theory, we develop a mutuality-tendency-aware

spectral clustering algorithm that can detect stable clusters, by maximizing the within-cluster

mutuality tendency and minimizing the cross-cluster mutual tendency. Extensive simulation

results on synthetic, and real online social network datasets, such as Slashdot, demonstrate that

our proposed mutuality-tendency-aware spectral clustering method resolves more stable social

community structures than traditional spectral clustering methods.



Chapter 4

Influence Diffusion Dynamics and
Influence Maximization in Social
Networks with Friend and Foe
Relationships

4.1 Introduction

As the popularity of online social networks (OSNs) such as Facebook and Twitter continuously

increases, OSNs have become an important platform for the dissemination of news, ideas, opin-

ions, etc. The openness of the OSN platforms and the richness of contents and user interaction

information enable intelligent online recommendation systems and viral marketing techniques.

For example, if a company wants to promote a new product, it may identify a set of influential

users in the online social network and provide them with free sample products. They hope that

these influential users could influence their friends, and friends of friends in the network and

so on, generating a large influence cascade so that many users adopt their product as a result of

such word-of-mouth effect. The question is how to select the initial users given a limited budget

on free samples, so as to influence the largest number of people to purchase the product through

this “word-of-mouth” process. Similar situations could apply to the promotion of ideas and

opinions, such as political candidates trying to find early supporters for their political proposals

45
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and agendas, government authorities or companies trying to win public support by finding and

convincing an initial set of early adopters to their ideas.

The above problem is referred to as the influence maximization problem in the literature,

which has been extensively studied in recent years [55–65]. In these studies, several influence

diffusion models are proposed to formulate the underlying influence propagation processes,

including linear threshold (LT) model, independent cascade (IC) model, voter model, etc. A

number of approximation algorithms and scalable heuristics are designed under these models

to solve the influence maximization problem.

However, all existing studies only look at networks with positive (i.e., friend, altruism, or

trust) relationships, where in reality, relationships also include negative ones, such as foe, spite

or distrust relationships. In Ebay, users develop trust and distrust in agents in the network; In

online review and news forums, such as Epinions and Slashdot, readers approve or denounce

reviews and articles of each other. Some recent studies [66–68] already look into the network

structures with both positive and negative relationships. As a common sense exploited in many

existing social influence studies [55, 58, 60–62], positive relationships carry the influence in a

positive manner, i.e., you would more likely trust and adopt your friends’ opinions. In contrast,

we consider that negative relationships often carry influence in a reverse direction — if your

foe chooses one opinion or votes for one candidate, you would more likely be influenced to

do the opposite. This echoes the principles that “the friend of my enemy is my enemy” and

“the enemy of my enemy is my friend”. Structural balance theory has been developed based

on these assumptions in social science (see chapter 5 of [69] and the references therein). We

acknowledge that in real social networks, people’s reactions to the influence from their friends

or foes could be complicated, i.e., one could take the opposite opinion of what her foe suggests

for one situation or topic, but may adopt the suggestion from the same person for a different

topic, because she trusts her foe’s expertise in that particular topic. In this study, we consider the

influence diffusion for a single topic, where one always takes the opposite opinion of what her

foe suggests. This is our first attempt to model influence diffusion in signed networks, and such

topic-dependent simplification is commonly employed in prior influence diffusion studies on

unsigned networks [55, 58, 60–63]. Our work aims at providing a mathematical analysis on the

influence diffusion dynamic incorporated with negative relationship and applying our analysis

to the algorithmic problem of influence maximization.
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4.1.1 Our contributions

In this chapter, we extend the classic voter model [70, 71] to incorporate negative relationships

for modeling the diffusion of opinions in a social network. Given an unsigned directed graph

(digraph), the basic voter model works as follows. At each step, every node in the graph ran-

domly picks one of its outgoing neighbors and adopts the opinion of this neighbor. Thus, the

voter model is suitable to interpret and model opinion diffusions where people’s opinions may

switch back and forth based on their interactions with other people in the network. To incorpo-

rate negative relationships, we consider signed digraphs in which every directed edge is either

positive or negative, and we consider the diffusion of two opposite opinions, e.g., black and

white colors. We extend the voter model to signed digraphs, such that at each step, every node

randomly picks one of its outgoing neighbors, and if the edge to this neighbor is positive, the

node adopts the neighbor’s opinion, but if the edge is negative, the node adopts the opposite of

the neighbor’s opinion (Section 4.2).

We provide detailed mathematical analysis on the voter model dynamics for signed net-

works (Section 4.3). For short-term dynamics, we derive the exact formula for opinion distri-

bution at each step. For long-term dynamics, we provide closed-form formulas for the steady

state distribution of opinions. We show that the steady state distribution depends on the graph

structure: we divide signed digraphs into three classes of graph structures — balanced graphs,

anti-balanced graphs, and strictly unbalanced graphs, each of which leads to a different type

of steady state distributions of opinions. While balanced and unbalanced graphs have been ex-

tensively studied by structural balance theory in social science [69], the anti-balanced graphs

form a new class that has not been covered before, to the best of our knowledge. Moreover, our

long-term dynamics not only cover strongly connected and aperiodic digraphs that most of such

studies focus on, but also weakly connected and disconnected digraphs, making our study more

comprehensive.

We then study the influence maximization problem under the voter model for signed di-

graphs (Section 4.4). The problem here is to select at most k initial white nodes while all others

are black, so that either in short term or long term the expected number of white nodes is max-

imized. This corresponds to the scenario where one opinion is dominating the public and an

alternative opinion (e.g. a competing political agenda, or a new innovation) tries to win over

supporters as much as possible by selecting some initial seeds to influence on. We provide
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efficient algorithms that find optimal solutions for both short-term and long-term cases. In par-

ticular, for long-term influence maximization, our algorithm provides a comprehensive solution

covering weakly connected and disconnected signed digraphs, with nontrivial computations on

influence coverage of seed nodes.

Finally, we conduct extensive simulations on both real-world and synthetic networks to

verify our analysis and to show the effectiveness of our influence maximization algorithm (Sec-

tion 4.5). The simulation results demonstrate that our influence maximization algorithms per-

form much better than other heuristic algorithms.

To the best of our knowledge, we are the first to study influence diffusion and influence

maximization in signed networks, and the first to apply the voter model to this case and provide

efficient algorithms for influence maximization under voter model for signed networks.

4.1.2 Related work

In this subsection, we discuss the topics that are closely related to our problem, such as: (1)

influence maximization and voter model, (2) signed networks, and (3) competitive influence

diffusion.

Influence maximization and voter model. Influence maximization has been extensively stud-

ied in the literature. The initial work [55] proposes several influence diffusion models and pro-

vides the greedy approximation algorithm for influence maximization. More recent works [56–

63] study efficient optimizations and scalable heuristics for the influence maximization prob-

lem. In particular, the voter model is proposed in [70, 71], and is suitable for modeling opinion

diffusions in which people may switch opinions back and forth from time to time due to the

interactions with other people in the network. Even-Dar and Shapira [58] study the influence

maximization problem in the voter model on simple unsigned and undirected graphs, and they

show that the best seeds for long-term influence maximization are simply the highest degree

nodes. As a contrast, we show in this chapter that seed selection for signed digraphs are more

sophisticated, especially for weakly connected or disconnected signed digraphs. Chung and Tsi-

atas [72] consider the voter models on hypergraphs as random walks on the associated weighted

directed state graphs with various restrictions, such as “memoryless” or “partial memoryless”

random walks, and provide bounds of the convergence time in various voter model settings.

More voter model related research is conducted in physics domain, where the voter model,

the zero-temperature Glauber dynamics for the Ising model, invasion process, and other related
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models of population dynamics belong to the class of models with two absorbing states and epi-

demic spreading dynamics [73–75]. However, none of these works study the influence diffusion

and influence maximization of voter model under signed networks.

Signed networks. The signed networks with both positive and negative links have gained

attentions recently [66, 67, 76, 77]. In [66, 67], the authors empirically study the structure of

real-world social networks with negative relationships based on two social science theories,

i.e., balance theory and status theory. Kunegis et al. [76] study the spectral properties of the

signed undirected graphs, with applications in link predictions, spectral clustering, etc. Borgs

et al. [77] proposes a generalized PageRank algorithm for signed networks with application to

online recommendations, where the distrust relations are considered as adversarial or arbitrary

user behaviors, thus the outgoing relations of distrusted users are ignored while ranking nodes.

Our algorithm can also be considered as an influence ranking algorithm that generalizes the

PageRank algorithm, but we treat distrust links as generating negative influence rather than

ignoring distrusted users’ opinions, and thus our ranking method is different from [77]. None

of the above work studies influence diffusion and influence maximization in signed networks.

Competitive influence diffusion. A number of recent studies focus on competitive influence

diffusion and maximization [78–83], in which two or more competitive opinions or innovations

are diffusing in the network. Although they consider two or more competitive or opposing in-

fluence diffusions, they are all on unsigned networks, different from our study here on diffusion

with both positive and negative relationships.

4.2 Voter model for signed networks

We consider a weighted directed graph (digraph) G = (V,E,A), where V is the set of vertices,

E is the set of directed edges, and A is the weighted adjacency matrix with Aij 6= 0 if and only

if (i, j) ∈ E, with Aij as the weight of edge (i, j). The voter model was first introduced for

unsigned graphs, with nonnegative adjacency matrices A’s. In this model, each node holds one

of two opposite opinions, represented by black and white colors. Initially each node has either

black or white color. At each step t ≥ 1, every node i randomly picks one outgoing neighbor

j with the probability proportional to the weight of (i, j), namely Aij/
∑

`Ai`, and changes its

color to j’s color. The voter model also has a random walk interpretation. If a random walk

starts from i and stops at node j at step t, then i’s color at step t is j’s color at step 0.
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Table 4.1: Notations and terminologies
G = (V,E,A),
Ḡ = (V,E, Ā)

G is a signed digraph, with signed adjacency matrix A and Ḡ is the
unsigned version of G, with adjacency matrix Ā

A+, A− A+ (resp. A−) is the non-negative adjacency matrix representing posi-
tive (resp. negative) edges of G, with A = A+−A− and Ā = A++A−.

1, π, x0, xt, x,
xe, xo

Vector forms. All vectors are |V |-dimensional column vectors by de-
fault; 1 is all one vector, π is the stationary distribution of ergodic di-
graph Ḡ; x0 (resp. xt) is the white color distribution at the beginning
(resp. at step t); x is the steady state white color distribution; xe (resp.
xo) is the steady state white color distribution for even (resp. odd) steps.

d, d+, d−, D
d, d+, and d− are weighted out-degree vectors of G, where d = Ā1,
d+ = A+1, and d− = A−1; D = diag[d] is the diagonal degree matrix
filled with entries of d.

P , P̄
P = D−1A is the signed transition matrix of G and P̄ = D−1Ā is the
transition probability matrix of Ḡ.

vZ , v̂S , v̂Z,SZ

Given a vector v, a node set Z ⊆ V , vZ is the projection of v on Z.
Given a partition S, S̄ of V , v̂S is signed such that v̂S(i) = v(i) if
i ∈ S, and v̂S(i) = −v(i) if i 6∈ S. Given a partition SZ , S̄Z of Z,
v̂Z,SZ

is taking the projection of v on Z first, then negating the signs for
entries in S̄Z .

I , ÎS , BZ

I is the identity matrix. ÎS = diag[1̂S ] is the signed identity matrix.
BZ is the projection of a matrix B to Z ⊆ V .

In this chapter, we extend the voter model to signed digraphs, in which the adjacency matrix

A may contain negative entries. A positive entry Aij represents that i considers j as a friend

or i trusts j, and a negative Aij means that i considers j as a foe or i distrusts j. The absolute

value |Aij | represents the strength of this trust or distrust relationship. The voter model is thus

extended naturally such that one always takes the same opinion from his/her friend, and the

opposite opinion of his/her foe. Technically, at each step t ≥ 1, i randomly picks one outgoing

neighbor j with probability |Aij |/
∑

` |Ai`|, and if Aij > 0 (or edge (i, j) is positive) then i

changes its color to j’s color, but if Aij < 0 (or edge (i, j) is negative) then i changes its color

to the opposite of j’s color. The random walk interpretation can also be extended for signed

networks: if the t-step random walk from i to j passes an even number of negative edges, then

i’s color at step t is the same as j’s color at step 0; while if it passes an odd number of negative

edges, then i’s color at step t is the opposite of j’s color at step 0.

Given a signed digraph G = (V,E,A), let G+ = (V,E+, A+) and G− = (V,E−, A−)

denote the unsigned subgraphs consisting of all positive edges E+ and all negative edges E−,

respectively, where A+ and A− are the corresponding non-negative adjacency matrices. Thus
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we have A = A+ − A−. Similar to unsigned digraphs, G is aperiodic if the greatest common

divisor of the lengths of all cycles in G is 1, and G is ergodic if it is strongly connected and

aperiodic. A sink component of a signed digraph is a strongly connected component that has no

outgoing edges to any nodes outside the component. When studying the long-term dynamics

of the voter model, we assume that all signed strongly connected components are ergodic. We

first study the case of ergodic graphs, and then extend it to the more general case of weakly con-

nected or disconnected graphs with ergodic sink components. Table 4.1 provides notations and

terminologies used in the chapter. Note that one basic fact we often use in studying long-term

convergence behavior is: If matrix P satisfies limt→∞ P t = 0, then I − P is invertible and

(I − P )−1 = limt→∞
∑t

i=0 P
i.

4.3 Analysis of voter model dynamics on signed digraphs

In this section, we study the short-term and long-term dynamics of the voter model on signed

digraphs. In particular, we answer the following two questions.

(i) Short-term dynamics: Given an initial distribution of black and white nodes, what is the

distribution of black and white nodes at step t > 0?

(ii) Convergence of voter model: Given an initial distribution of black and white nodes, would

the distribution converge, and what is the steady state distribution of black and white nodes?

4.3.1 Short-term dynamics

To study voter model dynamics on signed digraphs, we first define the signed transition matrix

as follows.

Definition 2 (Signed transition matrix) Given a signed digraph G = (V,E,A), we define the

signed transition matrix of G as P = D−1A, where D = diag[di] is the diagonal matrix and

di =
∑

j∈V |Aij | is the weighted out-degree of node i.

Next proposition characterizes the dynamics of the voter model at each step using the signed

transition matrix.

Proposition 1 Let G = (V,E,A) be a signed digraph and denote the initial white color distri-

bution vector as x0, i.e., x0(i) represents the probability that node i is white initially. Then, the
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white color distribution at step t, denoted by xt can be computed as

xt = P tx0 + (

t−1∑
i=0

P i)g−, (4.1)

where g− = D−1A−1, i.e. g−(i) is the weighted fraction of outgoing negative edges of node i.

Proof : Based on the signed digraph voter model defined in Section 4.2, xt can be iteratively

computed as

xt(i) =
∑
j∈V

A+
ij

di
xt−1(j) +

∑
j∈V

A−
ij

di
(1− xt−1(j)). (4.2)

In matrix form, we have

xt = D−1Axt−1 +D−1A−1 = Pxt−1 + g−, (4.3)

which yields Eq.(4.1) by repeatedly applying Eq.(4.3).

4.3.2 Convergence of signed transition matrix with relation to structural balance
of signed digraphs

Eq.(4.1) infers that the long-term dynamics, i.e., the vector xt when t goes to infinity, depends

critically on the limit of P t and
∑t−1

i=0 P
i. We show below that the limiting behavior of the two

matrix sequences is fundamentally determined by the structural balance of signed digraph G,

which connects to the social balance theory well studied in the social science literature (cf. [69]).

We now define three types of signed digraphs based on their balance structures.

Definition 3 (Structural balance of signed digraphs) Let G = (V,E,A) be a signed digraph.

1. Balanced digraph. G is balanced if there exists a partition S, S̄ of nodes in V , such that

all edges within S and S̄ are positive and all edges across S and S̄ are negative.

2. Anti-balanced digraph. G is anti-balanced if there exists a partition S, S̄ of nodes in V ,

such that all edges within S and S̄ are negative and all edges across S and S̄ are positive.

3. Strictly unbalanced digraph. G is strictly unbalanced if G is neither balanced nor

anti-balanced.
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The balanced digraphs defined above correspond to the balanced graphs originally defined

in social balance theory. It is known that a balanced graph can be equivalently defined by the

condition that all circles in G without considering edge directions contain an even number of

negative edges [69]. On the other hand, the concept of anti-balanced digraphs seems not ap-

pearing in the social balance theory. Note that balanced digraphs and anti-balanced digraphs

are not mutually exclusive. For example, a four node circle with one pair of non-adjacent edges

being positive and the other pair being negative is both balanced and anti-balanced. However,

for studying long-term dynamics, we only need the above categorization for aperiodic digraphs,

for which we show below that balanced digraphs and anti-balanced digraphs are mutually ex-

clusive.

Proposition 2 An aperiodic digraph G cannot be both balanced and anti-balanced.

Proof :
Suppose, for a contradiction, that an aperiodic digraph G is both balanced and anti-balanced.

By the equivalent condition of balanced graphs, we know that all cycles of G have an even

number of negative edges. Since an anti-balanced graph will become balanced if we negate the

signs of all its edges, we know that all cycles of G also have an even number of positive edges.

Therefore, all cycles of G must have an even number of edges, which means their lengths have

a common divisor 2, contradicting to the assumption that G is aperiodic.

With the above proposition, we know that balanced graphs, anti-balanced graphs, and

strictly unbalanced graphs indeed form a classification of aperiodic digraphs, where anti-balanced

graphs and strictly unbalanced graphs together correspond to unbalanced graphs in the social

balance theory. We identify anti-balanced graphs as a special category because it has a unique

long-term dynamic behavior different from other graphs. An example of anti-balanced graphs

is a graph with only negative edges. In general, anti-balanced graphs could be viewed as an

extreme in which many hostility exist among individuals, e.g., networks formed by bidders in

auctions [84, 85].

Case of ergodic signed digraphs. Now, we discuss the limiting behavior of P t of ergodic

signed digraphs with three balance structures. A signed digraph G = (V,E,A) is ergodic if

and only if for any node i, there always exists a signed path to any other node in G and the

common divisor of all cycle path lengths of i is 1. Here, a signed path R in a signed graph G is

a sequence of nodes with the edges being directed from each node to the following one, where
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the length of the path, denoted as |R|, is the total number of directed edges in R. The sign of

a path is positive, if there is an even number of negative edges along the path; otherwise the

sign of a path is negative. Below, we first introduce Proposition 3 presenting that the balance

structures of ergodic signed digraphs can be interpreted and distinguished in terms of the path

lengths and path signs in G. As a result, Lemma 2 introduces the various limiting behaviors of

P t of ergodic signed digraphs with respect to three balance structures.

Proposition 3 Let G = (V,E,A) be an ergodic strictly unbalanced digraph. There exist two

nodes i and j, and two directed paths from i to j with the same length but different signs.

Proof : Given the following three statements, we prove Statement 1 ⇒ Statement 2 ⇒
Statement 3, which in turn proves this proposition, i.e., ¬Statement 3 ⇒ ¬Statement 1.

We assume that G is a signed ergodic digraph.

Statement 1: For any two nodes i and j, all paths from i to j with the same length have same

signs.

Statement 2: For any two nodes i and j, all paths from i to j with even length have same signs.

Statement 3: G is either balanced or anti-balanced.

(1) Proof by contradiction for Statement 1 ⇒ Statement 2. We assume that in G, there

exist two even length paths Re1 and Re2 from i to j with different signs. Since G is ergodic,

by Proposition 4 in Appendix A.1, there must exist a path, denoted by Ro, from j to i with odd

length (no matter what sign it carries). Denote the length of these three paths as |Re1|, |Re2|
and |Ro|, respectively.

Then, Rc1 = Re1 + Ro forms a cycle at node i with odd length |Re1| + |Ro| and Rc2 =

Re2+Ro forms another cycle at i with odd length |Re2|+ |Ro|. Clearly, two cycles Rc1 and Rc2

carry different signs. Then, let R′
c1 = R

|Rc2|
c1 denote a cycle of node i, by continuing Rc1 for

|Rc2| times, which has the same sign with Rc1 since |Rc2| is odd. Similarly, we construct a cycle

R′
c2 = R

|Rc1|
c2 by continuing Rc2 for |Rc1| times, which has the same sign as Rc2. Thus R′

c1 and

R′
c2 have the same length of |Rc1||Rc2| but different signs, which contradicts to Statement 1.

(2) Proof for Statement 2 ⇒ Statement 3. By Proposition 4 in Appendix A.1, we know

that between any two nodes there must exist even-length paths. By Statement 2, we partition V

into S and S̄, based on the signs of even length paths originated from a particular node i ∈ V .

More specifically, S contains the nodes to which all even length paths from i have positive

signs, and S̄ contains the other set of nodes (note that i may not be in S).
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We argue that (a) within S and S̄, all edges have same signs; and (b) all edges between S

and S̄ have same signs. Since G contains both negative and positive edges, it must be either

balanced or anti-balanced.

For (a), assume to the contrary that there exist two directed edges Rab = a → b and

Rcd = c → d, which both reside in the same set, e.g., S with different signs. (The case for S̄ is

similar.)

We construct two even length paths from i to c and i to d as follows.

Re(i, c) = Re(i, b) +Re(b, c),

Re(i, d) = Re(i, a) +Rab +Re(b, c) +Rcd

where Re(x, y) represents the constructed even length path from node x to node y.

Since both c, d ∈ S, by construction, then Re(i, c) and Re(i, d) have same signs

sgn(Re(i, c)) = sgn(Re(i, d)). (4.4)

On the other hand, since a and b are in the same group as c and d, sgn(Re(i, a)) = sgn(Re(i, b)).

Then, we have

sgn(Re(i, c)) = sgn(Re(i, b))sgn(Re(b, c)), (4.5)

sgn(Re(i, d)) = sgn(Re(i, a))sgn(Rab)sgn(Re(b, c))sgn(Rcd)

= −sgn(Re(i, b))sgn(Re(b, c)). (4.6)

Eq.(4.6) comes from the assumption that Rab and Rcd have different signs. Eq.(4.4) contradicts

with Eq.(4.5) and Eq.(4.6).

For (b), assume that there exist two edges Rab and Rcd with different signs between S and

S̄. Still consider the two even length paths Re(i, c) and Re(i, d) constructed before. Since c and

d are not in the same side, Re(i, c) and Re(i, d) have opposite signs by the construction, i.e.,

sgn(Re(i, c)) = −sgn(Re(i, d)). (4.7)

On the other hand, since a and b are in the different groups as well, sgn(Re(i, a)) = −sgn(Re(i, b)).

Then, we have

sgn(Re(i, c)) = sgn(Re(i, b)) · sgn(Re(b, c)), (4.8)

sgn(Re(i, d)) = sgn(Re(i, a))sgn(Rab)sgn(Re(b, c))sgn(Rcd)

= sgn(Re(i, b)) · sgn(Re(b, c)). (4.9)
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However, Eq.(4.7) contradicts with Eq.(4.8) and Eq.(4.9). This completes the proof.

The next lemma characterizes the limiting behavior of P t of ergodic signed digraphs with all

three balance structures. Given a signed digraph G = (V,E,A), let Ḡ = (V,E, Ā) corresponds

to its unsigned version (Āij = |Aij | for all i, j ∈ V ). When Ḡ is ergodic, a random walk on Ḡ

has a unique stationary distribution, denoted as π. That is, πT = πT P̄ , where P̄ = D−1Ā is the

transition probability matrix for Ḡ. Henceforth, we always use S, S̄ to denote the corresponding

partition for either balanced graphs or anti-balanced graphs. We define the infinity norm of

matrix M ∈ Rm×m as: ‖M‖∞ := max1≤i≤m
∑m

j=1 |Mij |.

Lemma 2 Given an ergodic signed digraph G = (V,E,A), let Ḡ = (V,E, Ā) be the un-

signed digraph. When G is balanced or strictly unbalanced, P t converges, and when G is

anti-balanced, the odd and even subsequences of P t converge to opposite matrices.

Balanced G: limt→∞ P t = 1̂S π̂T
S ;

Strictly unbalanced G: limt→∞ P t = 0;

Anti-balanced G: limt→∞ P 2t = 1̂S π̂T
S , limt→∞ P 2t+1 = −1̂S π̂T

S .

Proof : (1) When G is balanced, the signed transition matrix P can be written as P = ÎSP̄ ÎS .

Since Ḡ is ergodic, we have limt→∞ P̄ t = 1πT . Thus,

lim
t→∞

P t = lim
t→∞

(ÎSP̄ ÎS)
t = 1̂S π̂T

S ,

where we use simple facts Î2S = I , ÎS1 = 1̂S , and πT ÎS = π̂T
S .

(2) When G is anti-balanced, we have P = −ÎSP̄ ÎS . Thus,

lim
t→∞

P 2t = lim
t→∞

(−ÎSP̄ ÎS)
2t = 1̂S π̂T

S

lim
t→∞

P 2t+1 = lim
t→∞

(−ÎSP̄ ÎS)
2t+1 = −1̂S π̂T

S .

(3) By Proposition 3, given a signed strictly unbalanced digraph G, there exist a pair of nodes

i and j, such that two paths R1 and R2 from i to j have the same length `(i) and opposite

signs. Consider a random walk from i. Let p1 (resp. p2) be the probability that the walk exactly

follows R1 (resp. R2) in the first `(i) steps. Let R`(i)
i,k be the set of all paths from i to k with
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length `(i). Then, for a unit vector ei with i-th entry equal to 1 and other entries as 0, we have

||eTi P `(i)||1 =
∑
k∈V

∣∣∣∣∣∣∣
∑

R∈R`(i)
i,k

Prob[R]sgn(R)

∣∣∣∣∣∣∣ ≤ 1−min(p1, p2) = ρi.

For any other node i′, there must exist a path R′ from i′ → i, due to the ergodicity of G,

thus two paths R′
1 = R′+R1 and R′

2 = R′+R2 from i′ to j have the same length, but opposite

signs. With similar arguments as that for node i, ||eTi′P `(i′)||1 ≤ ρi′ holds for any i′ ∈ V . Let

ρ = maxi ρi < 1 and ` = maxi `(i), we conclude for any i ∈ V , ||eTi P `||1 ≤ ρ holds. Hence,

when t ≥ T = 2`, the following inequality holds

||eTi P t||1 = ||eTi P
t
`
`||1 ≤ ρb

t
`
c ≤ ρ

t
T .

Hence limt→∞ ‖P t‖∞ = 0, i.e., limt→∞ P t = 0.

The above lemma clearly shows different convergence behaviors of P t for three types of

graphs. In particular, P t of anti-balanced graphs exhibits a bounded oscillating behavior in the

long term.

Case of weakly connected signed digraphs. Now, we consider a weakly connected signed

digraph G = (V,E,A) with one ergodic sink component GZ with node set Z, which only has

incoming edges from the rest of the signed digraph GX with node set X = V \ Z. Then, the

signed transition matrix P has the following block form.

P =

[
PX PY

0 PZ

]
, (4.10)

where PX and PZ are the block matrices for component GX and GZ , and PY represent the

one-way connections from GX to GZ . Then, the t-step transition matrix P t can be expressed

as

P t =

[
P

(t)
X P

(t)
Y

0 P
(t)
Z

]
, (4.11)

where P
(t)
X = P t

X , P (t)
Z = P t

Z and P
(t)
Y =

∑t−1
i=0 P

i
XPY P

t−1−i
Z . When GZ is balanced or

anti-balanced, we use SZ , S̄Z to denote the partition of Z defining its balance or anti-balance

structure. Then, we denote column vectors

ub = (IX − PX)−1PY 1̂Z,SZ
, (4.12)

and uu = (IX + PX)−1PY 1̂Z,SZ
. (4.13)
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The reason that IX−PX is invertible is because limt→∞ P t
X = 0, which is in turn because there

is a path from any node i in GX to nodes in Z (since Z is the single sink), and thus informally

a random walk from i eventually reaches and then stays in GZ . The same reason applies to

IX + PX . Lemma 3 provides the formal proof of the fact limt→∞ P t
X = 0.

Let πZ denote the stationary distribution of nodes in GZ , and π̂Z,SZ
is signed, with π̂Z,SZ

(i) =

πZ(i) for i ∈ SZ , and π̂Z,SZ
(i) = −πZ(i) for i ∈ Z \ SZ . Lemma 3 discloses the convergence

of P t given various balance structures of GZ .

Lemma 3 For weakly connected signed digraph G = (V,E,A) with one ergodic sink compo-

nents, with signed transition matrix given in Eq.(4.11), we have

Balanced GZ: limt→∞ P t =

[
0 ubπ̂

T
Z,SZ

0 1̂Z,SZ
π̂T
Z,SZ

]
Strictly unbalanced GZ: limt→∞ P t = 0

Anti-balanced GZ: limt→∞ P 2t =

[
0 −uuπ̂

T
Z,SZ

0 1̂Z,SZ
π̂T
Z,SZ

]
,

limt→∞ P 2t+1 =

[
0 uuπ̂

T
Z,SZ

0 −1̂Z,SZ
π̂T
Z,SZ

]

Proof : We discuss the convergence of P t
X , P t

Z , and P
(t)
Y in Eq.(4.11), respectively.

(1) We first prove that P t
X converges to 0, i.e., limt→∞ P t

X = 0.

Since GX does not contain sink components, any node i ∈ X has a path to component GZ .

Let RiZ be the shortest path from i to some node in Z, and Prob[RiZ ] denote the probability

that a random walk starting from i takes the path RiZ . Hence we denote

p = min
i∈X

Prob[RiZ ], and m = max
i∈X

|RiZ |,

which implies that starting from any node i ∈ X , after m steps of random walk, there is at least

probability p that it reaches component GZ . Hence, we have ‖Pm
X ‖∞ ≤ (1 − p) < 1. Let

T = 2m, then for any t > T , we have

‖P t
X‖∞ = ‖P

t
m
m

X ‖∞ ≤ (1− p)b
t
m
c ≤ (1− p)

t
T ,

which implies limt→∞ ‖P t
X‖∞ = 0, i.e., limt→∞ P t

X = 0.
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(2) For subgraph GZ , Lemma 2 directly yields

lim
t→∞

P t
Z =


0, Strictly unbalanced GZ ;

1Z,SZ
πT
Z,SZ

, Balanced GZ ;

1Z,SZ
πT
Z,SZ

, Anti-balanced GZ , even t;

−1Z,SZ
πT
Z,SZ

, Anti-balanced GZ , odd t.

(4.14)

(3) Below, we focus on proving the results on limt→∞ P
(t)
Y using Proposition 6 in Appendix A.2.

When GZ is strictly unbalanced, from Lemma 2 and (1) in this proof, limt→∞ P t
X = 0 and

limt→∞ P t
Z = 0 hold, thus by Proposition 6 in Appendix A.2 limt→∞ P

(t)
Y = 0.

When GZ is balanced, Lemma 2 and Proposition 5 in Appendix A.1 directly yield (PZ −
1Z,SZ

πT
Z,SZ

)t = P t
Z − 1Z,SZ

πT
Z,SZ

for any integer t > 0, and limt→∞(PZ − 1Z,SZ
πT
Z,SZ

)t = 0,

thus

lim
t→∞

P
(t)
Y = lim

t→∞

t−1∑
i=0

P i
XPY (P

t−1−i
Z − 1Z,SZ

πT
Z,SZ

+ 1Z,SZ
πT
Z,SZ

)

= lim
t→∞

t−1∑
i=0

P i
XPY (PZ − 1Z,SZ

πT
Z,SZ

)t−1−i + lim
t→∞

t−2∑
i=0

P i
XPY 1Z,SZ

πT
Z,SZ

= (IX − PX)−1PY 1Z,SZ
πT
Z,SZ

= ubπ
T
Z,SZ

,

where the first term in the second line being 0 is due to Proposition 6 (ii) in Appendix A.2.

When GZ is anti-balanced, applying Lemma 2 and Proposition 5 in Appendix A.1, we have

for any integer t > 0, (PZ + 1Z,SZ
πT
Z,SZ

)t = P t
Z − (−1)t1Z,SZ

πT
Z,SZ

, and limt→∞(PZ +

1Z,SZ
πT
Z,SZ

)t = 0 hold true, thus

lim
t→∞

P
(t)
Y = lim

t→∞

t−1∑
i=0

P i
XPY (P

t−1−i
Z − (−1)t−1−i(1Z,SZ

πT
Z,SZ

− 1Z,SZ
πT
Z,SZ

))

= lim
t→∞

t−1∑
i=0

P i
XPY (PZ + 1Z,SZ

πT
Z,SZ

)t−1−i + lim
t→∞

t−2∑
i=0

(−1)t−1−iP i
XPY 1Z,SZ

πT
Z,SZ

= (−1)t−1 lim
t→∞

t−2∑
i=0

(−PX)iPY 1Z,SZ
πT
Z,SZ

= (−1)t−1(IX + PX)−1PY 1Z,SZ
πT
Z,SZ

= (−1)t−1uuπ
T
Z,SZ

.

Hence, we have for anti-balanced GZ : limt→∞ P
(2t)
Y = −uuπ̂

T
Z,SZ

, and limt→∞ P
(2t+1)
Y =

uuπ̂
T
Z,SZ

.
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Multiple sink components and disconnected signed digraphs. When there exist m > 1

ergodic sink components, i.e., GZ1, GZ2, · · · , GZm, the rest of the graph G is considered as

GX . Then the signed transition matrix P and P t can be written as

P =


PX PY 1 · · · PY m

0 PZ1 0 0

0 0 . . . 0
0 0 0 PZm

 , P t =


P t
X P

(t)
Y 1 · · · P

(t)
Y m

0 P t
Z1 0 0

0 0 . . . 0
0 0 0 P t

Zm

 , (4.15)

where P
(t)
Y i =

∑t−1
j=0 P

j
XPY iP

t−1−j
Zi , 1 ≤ i ≤ m. Hence, each sink ergodic component PZi

along with PX and PY i independently follows Lemma 3. For disconnected signed digraph, with

m ≥ 1 ergodic or weakly connected components, each of which satisfies Lemma 2 or Lemma 3,

respectively. For brevity, we omit the details here.

4.3.3 Long-term dynamics

Based on the structural balance classification and the convergence of signed transition matrix

discussed above, we are ready now to analyze the long-term dynamics of the voter model on

signed digraphs. Formally, we are interested in characterizing xt with t → ∞, i.e.,

x = lim
t→∞

xt = lim
t→∞

(P tx0 + (

t−1∑
i=0

P i)g−). (4.16)

If the even and odd subsequences of xt converge separately, we denote xe = limt→∞ x2t, xo =

limt→∞ x2t+1.

Before presenting the results on long-term dynamics of voter model, we first introduce the

following useful lemma connecting a signed digraph G with another graph G′ where all edge

signs in G are negated.

Lemma 4 Given a signed digraph G = (V,E,A), let G′ = (V,E,−A) be a signed digraph

with all edge signs negated from G. Then, for any initial color distribution x0, at any 2t steps

(t > 0), the color distributions x2t(G) on G and x2t(G
′) on G′ are identical.

Proof : Let P ′ = −P denote the signed transition matrix of G′, and denote the vector g− =

D−1A−1 and g′− = D−1(−A)−1 = D−1A+1. Thus g′− = 1 − g−. By Eq.(4.1), after two
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steps, we have

x2(G
′) = P ′2x0 + P ′g′− + g′− = P 2x0 − P (1 − g−) + 1 − g−

= P 2x0 + Pg− + g− = x2(G),

where the last equality uses facts 1 = D−1Ā1 and P = D−1A. Since the lemma holds for two

steps, then clearly it holds for all even steps.

Next theorem discusses the case of ergodic signed digraphs.

Theorem 10 Let G = (V,E,A) be an ergodic signed digraph, we have

Balanced G: x = 1̂S π̂T
S (x0 −

1
21) + 1

21 (4.17)

Strictly unbalanced G: x = 1
21 (4.18)

Anti-balanced G: xe = 1̂S π̂T
S (x0 −

1
21) + 1

21 (4.19)

xo = −1̂S π̂T
S (x0 −

1
21) + 1

21 (4.20)

Proof :
We discuss the limit in Eq. (4.16) for three possible balance structures of G.

Balanced digraphs. From Lemma 2 and Proposition 5 in Appendix A.1, it is easy to prove

Pm − 1̂S π̂T
S = (P − 1̂S π̂T

S )
m for any integer m > 0, which yields the following result on the

second part in Eq. (4.16).

lim
t→∞

t−1∑
i=0

P ig− = (I − P + 1̂S π̂T
S )

−1g− + lim
t→∞

t−1∑
i=1

1S π̂
T
S g

− (4.21)

= (I − P + 1̂S π̂T
S )

−1g− =
1

2
1 − 1

2
1̂S π̂T

S 1, (4.22)

where the last term of Eq.(4.21) is canceled out due to the digraph flow circulation law [3, 15],

i.e.,

π̂T
S g

− = π̂T
SD

−1A−1 =
∑
i∈S

π(i)
∑
j∈S̄

P̄ij −
∑
i∈S̄

π(i)
∑
j∈S

P̄ij = 0.

The last equality in Eq.(4.22) holds because

1

2
(I − P + 1̂S π̂T

S )(1 − 1̂S π̂T
S 1)− g− = 0.
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Eq.(4.17) is obtained by combining Eq.(4.22) with Lemma 2.

Anti-balanced Digraphs. Lemma 4 directly yields Eq.(4.19). The odd step influence distribu-

tion sequence is obtained by

xo = Pxe + g− = −1S π̂T
S (x0 −

1

2
1) +

1

2
1.

Strictly unbalanced digraphs. From Theorem 2, limt→∞ P t = 0 holds and thus we have

lim
t→∞

t−1∑
i=0

P ig− = (I − P )−1g− = (D −A)−1A−1 =
1

2
1. (4.23)

The last equality comes from the facts (D −A)1 = 2A−1.

Theorem 10 has several implications. First of all, for strictly unbalanced digraphs, each

node has equal steady state probability of being black or white, and it is not determined by the

initial distribution x0. Secondly, anti-balanced digraphs has the same steady state distribution

as the corresponding balanced graph for even steps, and for odd steps, the distribution oscillates

to the opposite (xo = 1 − xe). Moreover, Eq.(4.17) can also be intuitively explained from the

random walk interpretation of the voter model. In particular, starting from node i, if we perform

a random walk for an infinite number of steps, the probability that the random walk stops at j

is given by the stationary distribution π(j). For balanced graphs, if i and j are from the same

component (either S or S̄), then the random walk must pass an even number of negative edges,

so i takes the same color as j; if i and j are from opposite components, then the walk passes an

odd number of negative edges and i takes the opposite of j’s color. Thus, the steady distribution

of i ∈ S being white is given by πT
Sx0S + πT

S̄
(1S̄ − x0S̄), and the case of i ∈ S̄ is symmetric.

Some algebra manipulations can lead us to Eq.(4.17).

For a balanced ergodic digraph G with partition S, S̄, it is easy to check that it has the

following two equilibrium states: in one state all nodes in S are white while all nodes in S̄

are black; and in the other state all nodes in S are black while all nodes in S̄ are white. We

call these two states the polarized states. Using random walk interpretation, we show in the

following theorem that with probability 1, the voter model dynamic converges to one of the

above two equilibrium states.

Theorem 11 Given an ergodic signed digraph G = (V,E,A), if G is balanced with partition

S, S̄, the voter model dynamic converges to one of the polarized states with probability 1, and
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the probability of nodes in S being white is π̂T
S (x0 −

1
21) + 1

2 . Similarly, if G is anti-balanced,

with probability 1 the voter model dynamic oscillates between the two polarized states eventu-

ally, and the probability of nodes in S being white at even steps is π̂T
S (x0 −

1
21) + 1

2 .

Proof :
Consider a balanced ergodic digraph G with partition S, S̄. By ergodicity, given any two

nodes i and j, with probability 1 the random walks starting from i and j will meet eventually.

If i and j are both in S, when the two walks meet at some node u, they both pass either an even

number of negative edges (if u ∈ S) or an odd number of negative edges (if u ∈ S̄). Therefore,

i and j must be in the same color with probability 1. If i and j are from different components

S and S̄, a similar argument shows that they will have the opposite color with probability 1.

Therefore the final state is one of the two polarized states. The probability of nodes in S being

white is simply given by Theorem 10, Eq.(4.17). The case of anti-balanced ergodic digraphs

can be argued in a similar way.

Theorem 12 below introduces the long-term dynamics of the weakly connected signed di-

graphs. We consider weakly connected G with a single sink ergodic component GZ , and use

the same notations as in Section 4.3.2.

Theorem 12 Let G = (V,E,A) be a weakly connected signed digraph with a single sink

component GZ and a non-sink component GX . The long-term white color distribution vector x

is expressed in two parts:

xT = lim
t→∞

xTt = [xTXY , x
T
Z ].

where xZ is the limit of xtZ on GZ with initial distribution x0Z and is given as in Theorem 10,

and vector xXY is given below with respect to the balance structure of GZ:

Balanced GZ: xXY = 1
21X + ubπ̂

T
Z,SZ

(x0Z − 1
21Z)

Strictly unbalanced GZ: xXY = 1
21X

Anti-balanced GZ , even t: xXY,e =
1
21X − uuπ̂

T
Z,SZ

(x0Z − 1
21Z)

Anti-balanced GZ , odd t: xXY,o =
1
21X + uuπ̂

T
Z,SZ

(x0Z − 1
21Z) ,

where ub and uu are defined in Eq.(4.12) and Eq.(4.13).
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Proof : Let initial distribution xT0 = [xT0X , xT0Z ] and g−
T

= [g−X
T
, g−Z

T
]. When t → ∞,

Eq. (4.1) can be written as

xT = lim
t→∞

(P tx0)
T = [xTXY , x

T
Z ] = [xTX + xTY , x

T
Z ],

where xX = limt→∞(P t
Xx0X +

∑t−1
i=0 P

i
Xg−X), xY = limt→∞(P

(t)
Y x0Z +

∑t−1
i=0 P

(i)
Y g−Z ), and

xZ = limt→∞(P t
Zx0Z +

∑t−1
i=0 P

i
Zg

−
Z ).

From Lemma 3, limt→∞ P t
X = 0, thus xX = (IX − PX)−1g−X holds for any ergodic GZ .

Since GZ is ergodic, xZ follows Theorem 10. Below we will focus on deriving xY , where the

first part of xY satisfies Lemma 3, i.e.,

lim
t→∞

P
(t)
Y x0Z =


0 GZ is strictly unbalanced

ubπ̂
T
Z,SZ

x0Z GZ is balanced

−uuπ̂
T
Z,SZ

x0Z GZ is anti-balanced, even t

uuπ̂
T
Z,SZ

x0Z GZ is anti-balanced, odd t.

The second part of xY can be further written down as

lim
m→∞

m∑
t=1

P
(t)
Y g−Z = lim

m→∞

m−1∑
t=0

t∑
i=0

(P t−i
X PY P

i
Z)g

−
Z

= lim
m→∞

m−1∑
t=0

m−t∑
i=0

(P t
XPY P

i
Z)g

−
Z =

∞∑
t=0

(P t
XPY

∞∑
i=0

P i
Z)g

−
Z (4.24)

Now we discuss Eq.(4.24) under different balance structures of GZ .

(1) GZ is strictly unbalanced. From Lemma 3, limt→∞ P t = 0. Then by Eq.(4.23) we directly

obtain that xXY = 1
21X . Applying Eq.(4.23) to

∑∞
i=0 P

i
Zg

−
Z in Eq.(4.24), we have

lim
m→∞

m∑
t=1

P
(t)
Y g−Z =

1

2
(IX − PX)−1PY 1Z .

Thus, we obtain the following equation:

xXY = xX + xY = (IX − PX)−1(g−X +
1

2
PY 1Z) =

1

2
1X .

(2) GZ is balanced. Using Eq.(4.22), we have

lim
m→∞

m∑
t=1

P
(t)
Y g−Z =

1

2
(IX − PX)−1PY (1Z − 1̂Z,SZ

π̂T
Z,SZ

1Z).
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Hence, we have

xXY = (IX − PX)−1(g−X +
1

2
PY 1Z) + ubπ̂

T
Z,SZ

(x0Z − 1

2
1Z)

=
1

2
1X + ubπ̂

T
Z,SZ

(x0Z − 1

2
1Z). (4.25)

(3) GZ is anti-balanced. Using Lemma 4, we can negate the signs of all edges in G so that the

sink becomes balanced. Hence, we know that at even steps in long term,

xXY,e =
1

2
1X − uuπ̂

T
Z,SZ

(x0Z − 1

2
1Z), (4.26)

where Eq.(4.26) and Eq.(4.25) are identical in the sense that PX ’s and PY ’s in Eq.(4.26) and

Eq.(4.25) have opposite signs. Moreover, the odd step influence distribution sequence is ob-

tained

xXY,o = PXxXY,e + PY xZ,e + g−X =
1

2
1X + uuπ̂

T
Z,SZ

(x0Z − 1

2
1Z). (4.27)

Theorem 12 characterizes the long-term dynamics when the underlying graph is a weakly

connected signed digraph with one ergodic sink component. We can see that the results for

balanced and anti-balanced sink components are more complicated than the ergodic digraph

case, since how non-sink components are connected to the sink subtly affects the final outcome

of the steady state behavior. In steady state, while the sink component is still in one of the two

polarized states as stated in Theorem 11, the non-sink components exhibit more complicated

color distribution, for which we provide probability characterizations in Theorem 12. Using

Eq.(4.15), Theorem 10 and Theorem 12 can be readily extended to the case with more than

one ergodic sink components and disconnected digraphs. When the network only contains

positive directed edges, the voter model dynamics can be interpreted using digraph random

walk theory [3–5, 8].

4.4 Influence maximization

With the detailed analysis on voter model dynamics for signed digraphs, we are ready now

to solve the influence maximization problem. Intuitively, we want to address the following

question: If only at most k nodes could be selected initially and be turned white while all other

nodes are black, how should we choose seed nodes so as to maximize the expected number of

white nodes in short term and in long term, respectively?
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4.4.1 Influence maximization problem

Influence maximization objectives. We consider two types of short-term influence objectives,

one is the instant influence, which counts the total number of influenced nodes at a step t > 0;

the other is the average influence, which takes the average number of influenced nodes within

the first t steps. These two objectives have different implications and applications. For example,

political campaigns try to convince voters who may change their minds back and forth, but only

the voters’ opinions on the voting day are counted, which matches the instant influence. On

the other hand, a credit card company would like to have customers keep using its credit card

service as much as possible, which is better interpreted by the average influence. When t is

sufficiently large, it becomes the long-term objective, and long-term average influence coincides

with long-term instant influence when the dynamic converges.

Formally, we define the short-term instant influence ft(x0) and the short-term average in-

fluence f̄t(x0) as follows:

ft(x0) := 1Txt(x0) and f̄t(x0) :=

∑t
i=0 fi(x0)

t+ 1
. (4.28)

Moreover, we define long term influence as

f(x0) := lim
t→∞

∑t
i=0 fi(x0)

t+ 1
. (4.29)

Note that when the dynamic converges (e.g. ergodic balanced or ergodic strictly unbalanced

graphs), f(x0) = limt→∞ ft(x0). For ergodic anti-balanced graphs (or sink components), it is

essentially the average of even- and odd-step limit influence.

Given a set W ⊆ V , Let eW be the vector in which eW (j) = 1 if j ∈ W and eW (j) = 0 if

j 6∈ W , which represents the initial seed distribution with only nodes in W as white seeds. Let

ei be the shorthand of e{i}. Unlike unsigned graphs, if initially no white seeds are selected on a

signed digraph G, i.e., x0 = 0, the instant influence ft(0) at step t is in general non-zero, which

is referred to as the ground influence of the graph G at t. The influence contribution of a seed

set W does not count such ground influence, as shown in definition 4.

Definition 4 (Influence contribution) The instant influence contribution of a seed set W to

the t-th step instant influence objective, denoted by ct(W ), is the difference between the instant

influence at step t with only nodes in W selected as seeds and the ground influence at step t:

ct(W ) = ft(eW ) − ft(0). The average influence contribution c̄t(W ) and long-term influence
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contribution c(W ) are defined in the same way: c̄t(W ) = f̄t(eW )−f̄t(0) and c(W ) = f(eW )−
f(0).

We are now ready to formally define the influence maximization problem.

Definition 5 (Influence maximization) The influence maximization problem for short-term

instant influence is finding a seed set W of at most k seeds that maximizes W ’s instance in-

fluence contribution at step t, i.e., finding W ∗
t = argmax|W |≤k ct(W ). Similarly, the prob-

lem for average influence and long-term influence is finding W̄ ∗
t = argmax|W |≤k c̄t(W ) and

W ∗ = argmax|W |≤k c(W ), respectively.

We now provide some properties of influence contribution, which lead to the optimal seed

selection rule. By Eq.(4.1), we have

ct(W ) = ft(eW )− ft(0) = 1Txt(eW )− 1Txt(0) = 1TP teW . (4.30)

Let ct(i) be the shorthand of ct({i}), and let ct = [ct(i)] denote the vector of influence contri-

bution of individual nodes. Then cTt = [ct(i)]
T = 1TP t. When t → ∞, the long term influence

contributions of individual nodes are obtained as a vector c:

cT = lim
t→∞

∑t
i=0 c

T
i

t+ 1
= lim

t→∞

1T
∑t

i=0 P
i

t+ 1
. (4.31)

When P t converges, we simply have

cT = 1T lim
t→∞

P t. (4.32)

Lemma 5 below discloses the important property that the influence contribution is a linear

set function.

Lemma 5 Given a white seed set W , ct(W ) =
∑

i∈W ct(i), c̄t(W ) =
∑

i∈W c̄t(i), and

c(W ) =
∑

i∈W c(i).

Proof : From Eq.(4.30), we have

ct(W ) = 1TP teW = 1TP t
∑
i∈W

ei =
∑
i∈W

1TP tei =
∑
i∈W

ct(i).

The linearity of c̄t and c can be derived from that of ct.



68

Given a vector v, let n+(v) denote the number of positive entries in v. By applying

Lemma 5, we have the optimal seed selection rule for instant influence maximization as fol-

lows.

Optimal seed selection rule for instant influence maximization. Given a signed digraph and

a limited budget k, selecting top min{k, n+(ct)} seeds with the highest ct(i)’s, i ∈ V , leads to

the maximized instant influence at step t > 0.

Note that the influence contributions of some nodes may be negative and these nodes should

not be selected as white seeds, and thus the optimal solution may have less than k seeds. The

rules for average influence maximization and long-term influence maximization are patterned

in the same way. Therefore, the central task now becomes the computation of the influence

contributions of individual nodes. Below, we will introduce our SVIM algorithm, for Signed

Voter model Influence Maximization.

4.4.2 Short-term influence maximization

By applying Definition 4 and Lemma 5, we develop SVIM-S algorithm to solve the short-term

instant and average influence maximization problem, as shown in Algorithm 1.

Algorithm 1 Short-term influence maximization SVIM-S
1: INPUT: Signed transition matrix P , short-term period t, budget k;
2: OUTPUT: White seed set W .
3: ct = 1; c̄t = 1;
4: for i = 1 : t do
5: cTt = cTt P ;(for instant influence maximization.)
6: c̄t = c̄t + ct; (for average influence maximization.)
7: W = top min{k, n+(ct)} (resp. min{k, n+(c̄t)}) nodes with the highest ct(i) (resp. c̄t(i))

values, for instant (resp. average) influence maximization.

SVIM-S algorithm requires t vector-matrix multiplications, each of which takes |E| times

entry-wise multiplication operations. Hence the total time complexity of SVIM-S is O(t · |E|).

4.4.3 Long-term influence maximization

We now study the long-term influence contribution c and introduce the corresponding influence

maximization algorithm SVIM-L. We will see that the computation of influence contribution c

and seed selection schemes depends on the structural balance and connectedness of the graph.
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While seed selection for balanced ergodic digraphs still has intuitive explanations, the compu-

tation for weakly connected and disconnected digraphs is more involved and less intuitive.

Case of ergodic signed digraphs

When the signed digraph G = (V,E,A) is ergodic, Lemma 6 below characterizes the long-term

influence contributions of nodes, with respect to various balance structures.

Lemma 6 Consider an ergodic signed digraph G = (V,E,A). If G is balanced, with bipar-

tition S and S̄, the influence contribution vector c = (|S| − |S̄|)π̂S . If G is anti-balanced or

strictly unbalanced, c = 0.

Proof : (1) When G is balanced, by Lemma 2 and Eq.(4.32),

cT = 1T lim
t→∞

P t = 1T 1̂S π̂T
S = (|S| − |S̄|)π̂S .

(2) When G is strictly unbalanced, again by Lemma 2 and Eq.(4.32), we have cT = 1T limt→∞ P t =

0.

(3) When G is anti-balanced, by Lemma 2 and Eq.(4.31), we have

cT = 1T
limt→∞ P 2t + limt→∞ P 2t+1

2
= 0.

Based on Lemma 6, Algorithm 2 summarizes how to compute the long-term influence con-

tribution c on ergodic signed digraphs.

Algorithm 2 c = ergodic(G)

1: INPUT: Signed transition matrix P .
2: OUTPUT: Long term influence contribution vector c
3: Detect the structure of ergodic signed digraph G;
4: if G is balanced, with bipartition S and S̄ then
5: Compute stationary distribution π of P̄ ;
6: c = (|S| − |S̄|)π̂S ;
7: else
8: c = 0;

Lemma 6 suggests that for ergodic balanced digraphs, we should pick the larger component,

e.g., S, if |S| > |S̄|, and select the top min{k, |S|} nodes from S with the largest stationary
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distributions as white seeds. Selecting these nodes will make the probability of the larger com-

ponent being white the largest.

Theorem 10 indicates that given an anti-balanced digraph G, with bipartition S and S̄, the

long-term dynamic xt oscillates on odd and even steps, and their long-term influence contribu-

tion is 0. However, we can still maximize the strength of the oscillation of the voter model on

an anti-balanced ergodic digraph by properly choosing the initial white seeds (See Remark 1.)

Remark 1 In an anti-balanced ergodic digraph G = (V,E,A) with the bipartition S and S̄

and a budget k. Let W ′ (resp. W ′′) denote two initial seed sets, where min{k, |S|} (resp.

min{k, |S̄|}) nodes, with highest stationary distribution π(i)’s in S (resp. S̄), are selected.

Then, the optimal W ∗ that maximizes the strength of oscillation is

W ∗ := argmaxW∈{W ′,W ′′} |π̂T
S (eW − 1

2
1)|. (4.33)

Proof : From Theorem 10, when t becomes sufficiently large, the vector x oscillates at two

vectors on odd and even steps, respectively. The strength of the oscillation is

|fo(x0)− fe(x0)|
2

= |1T xo(x0)− xe(x0)

2
| = |1T 1̂S π̂T

S (x0 −
1

2
1)|

= ||S| − |S̄|| · |π̂T
S (x0 −

1

2
1)|.

Let W be the initial seed set, then the oscillation strength maximization is formulated as

max
|W |≤k

||S| − |S̄|| · |π̂T
S (eW − 1

2
1)|

= ||S| − |S̄|| ·max{max
|W |≤k

{π̂T
S eW } − 1

2
π̂T
S 1, max

|W |≤k
{−π̂T

S eW }+ 1

2
π̂T
S 1}, (4.34)

which contains two sub-problems, i.e., max|W |≤k{π̂T
S eW } and max|W |≤k{−π̂T

S eW }. The first

maximization problem can be rewritten as

max
|W |≤k

{π̂T
S eW } = max

|W |≤k

(∑
i∈S

π(i)eW (i)−
∑
j∈S̄

π(i)eW (j)
)
. (4.35)

Thus, let W ′ denote the optimal solution to the problem in Eq.(4.35), which is obtained by

choosing min{k, |S|} seeds with highest π(i)’s from S. Similarly, choosing min{k, |S̄|} nodes
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with the highest π(i)’s from S̄ yields the optimal solution, denoted by W ′′, to the second max-

imization problem max|W |≤k{−π̂T
S eW }. The optimal W to the problem in eq.(4.34) that max-

imizes the oscillation strength is the one in {W ′,W ′′}, with higher |π̂T
S (eW − 1

21)|, which

completes the proof of eq.(4.33).

Case of weakly connected signed digraphs

We first consider a weakly connected signed G which has a single ergodic sink component GZ

with only incoming edges from the remaining nodes X = V \ Z.

Lemma 7 Consider a weakly connected digraph G = (V,E,A) with a single ergodic sink

component GZ . If GZ is balanced, with partition SZ and S̄Z , the long term influence contri-

bution vector cT = [cTX , cTZ ], where cX = 0X and cZ = (1TXub + |SZ | − |S̄Z |)π̂Z,SZ
. If G is

anti-balanced or strictly unbalanced, c = 0.

Proof : (1)When GZ is balanced, by Lemma 3, cX = 0X , and

cTZ = (1TXub + 1TZ 1̂Z,SZ
)π̂T

Z,SZ
= (1TXub + |SZ | − |S̄Z |)π̂T

Z,SZ
.

(2) When GZ is strictly unbalanced, cT = 1T limt→∞ P t = 0
(3) When GZ is anti-balanced, by Lemma 3 the limits of odd and even subsequences of P t

cancel out, thus c = 0.

Lemma 7 indicates that influence contribution of the balanced ergodic sink component is

more complicated than that of the balanced ergodic digraph. This is because the sink component

affects the colors of the non-sink component in a complicated way depending on how non-sink

and sink components are connected. Therefore, the optimal seed selection depends on the

calculation of the influence contributions of each sink node, and is not as intuitive as that for the

ergodic digraph case.

Theorem 12 shows that in a weakly connected signed digraph G, with single anti-balanced

sink component GZ , the long term influence f(x0) oscillates on odd and even steps, and the

average is |V |/2, which is invariant to the initial seed selection. Similar to Remark 1, we can
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maximize the oscillation strength by properly selecting initial seeds, i.e.,

W ∗ = argmax|W |≤k |fe(eW )− fo(eW )|/2

= argmax|W |≤k |(1TXuuπ̂
T
Z,SZ

+ 1TZ 1̂Z,SZ
π̂T
Z,SZ

)(eWZ − 1

2
1Z)|

= |1TXuu + |SZ | − |S̄Z || · argmax|W |≤k |π̂T
Z,SZ

(eWZ − 1

2
1Z)| (4.36)

where the maximization objective is independent from x0X , thus oscillation strength maximiza-

tion problem objective in Eq.(4.36) for G is identical to that in Remark 1. Hence, Remark 1

also applies here.

Using Eq.(4.15), Lemma 6 and Lemma 7 can be readily extended to the case with more than

one ergodic sink components and disconnected digraphs. Algorithm 3 below summarizes how

to compute the node influence contributions of weakly connected signed digraphs. Note that by

our assumption, we consider all sink components to be ergodic.

Algorithm 3 c = weakly(G)

1: INPUT: Signed transition matrix P .
2: OUTPUT: Influence contribution vector c.
3: Detect the structure of the weakly connected signed digraph G, and find its m ≥ 1 signed

ergodic sink components GZ1, · · · , GZm;
4: for i = 1 : m do
5: if GZi is balanced with partition SZi, S̄Zi then
6: Compute stationary distribution πZi of P̄Zi;
7: ubi = (IX − PX)−1PY i1̂Zi,SZi

;
8: cZi = (1TXubi + |SZi| − |S̄Zi|)π̂T

Zi,SZi
;

9: c = [0X ; cZ1; · · · ; cZm]

General case and SVIM-L algorithm

Given the above systematic analysis, we are now in a position to summarize and introduce our

SVIM-L algorithm which solves the long-term voter model influence maximization problem for

general aperiodic signed digraphs.

In general, a signed digraph consists m ≥ 1 disconnected components, within each of which

the node influence contribution follows Lemma 7. The long-term signed voter model influence

maximization (SVIM-L) algorithm is constructed in Algorithm 4.

Complexity analysis. We consider G = (V,E,A) to be weakly connected, since disconnected

graph case can be treated independently for each connected component for the time complexity.
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Algorithm 4 Long-term influence maximization SVIM-L

1: INPUT: Signed transition matrix P , budget k.
2: OUTPUT: White seed set W .
3: Detect the structure of a general aperiodic signed digraph G, and find the m ≥ 1 discon-

nected components G1, · · · , Gm;
4: for i = 1 : m do
5: cGi = weakly(Gi);
6: c = [cG1 ; · · · ; cGm ];
7: W = top min{k, n+(c)} nodes with the highest c(i) values.

SVIM-L algorithm consists of two parts. The first part extracts the connectivity and balance

structure of the graph, which can be done using depth-first search with complexity O(|E|).
The second part uses Algorithm 3 to compute influence contributions of balanced ergodic sink

components. The dominant computations are on the stationary distribution πZi’s and (IX −
PX)−1, which can be done by solving a linear equation system [86] and matrix inverse in

O(|Zi|3) and O(n3
X), respectively, where nX = |X|. Let b be the number of balanced sink

components in G, nZ be the number of nodes in the largest balanced sink component. Thus

SVIM-L can be done in O(bn3
Z + n3

X) time. Alternatively, we can use iterative method for

computing both πZi’s and 1TX(IX −PX)−1, if the largest convergence time tC of P t
Zi’s and P t

X

is small. (Note that the convergence time of ergodic digraphs could be exponentially large in

general, as illustrated by an example in Appendix A.3). In this case, each iteration step involves

vector-matrix multiplication and can be done in O(mB) time, where mB is the number of edges

of the induced subgraph GB consisting of all nodes in the balanced sink components and X .

Note that mB and tC are only related to subgraph GB , which could be significantly smaller

than G, and thus O(tCmB) could be much smaller than the time of naive iterations on the

entire graph. Overall SVIM-L can be done in O(|E|+min(bn3
Z + n3

X , tCmB)) time.

4.5 Evaluation

In this section, we first use both synthetic datasets and real social network datasets to demon-

strate the efficacy of our short-term and long-term seed selection schemes by comparing the

performances with four baseline heuristics. Then, we evaluate how much the short-term and

long-term influence can be improved by taking the edge signs into consideration.
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4.5.1 Performance comparison with baseline heuristics

For different scenarios, we compare our SVIM-L and SVIM-S algorithms with four heuristics,

i.e., (1) selecting seed nodes with the highest weighted outgoing degrees (denoted by d+ + d−

in the figures), (2) highest weighted outgoing positive degrees (denoted by d+), (3) highest

differences between weighted outgoing positive and negative degrees (denoted by d+ − d−),

and (4) randomly selecting seed nodes (denoted by “Rand”), where in our evaluations, we run

random seed selection 1000 times, and compare the average number of white nodes between

our algorithm and other heuristics. Our evaluation results demonstrate that our seed selection

scheme can increase up to 72% long-term influence, and 145% short-term influence over other

heuristics.

Synthetic datasets

In this part, we generate synthetic datasets with different structures to validate our theoretical

results.

Dataset generation model. We generate six types of signed digraphs, including balanced er-

godic digraphs, anti-balanced ergodic digraphs, strictly unbalanced ergodic digraphs, weakly

connected signed digraphs, disconnected signed digraphs with ergodic components, and dis-

connected signed digraph with weakly connected components (WCCs). All edges have unit

weights. The following are graph configuration details.

We first create an unsigned ergodic digraph Ḡ with 9500 nodes, which has two ergodic

components ḠA and ḠB , with [3000, 6500] nodes and [3000, 6500]× 8 random directed edges,

respectively. Moreover, there are 3000×8 random directed edges across ḠA and ḠB . Ergodicity

is checked through a simple connectivity and aperiodicity check. Given Ḡ, a balanced digraph

is obtained by assigning all edges within ḠA and ḠB with positive signs, and those across them

with negative signs. Then, an anti-balanced digraph is generated by negating all edge signs of

the balanced ergodic digraph. To generate a strictly unbalanced digraph, we randomly assign

edge signs to all edges in Ḡ and make sure that there does not exist a balanced or anti-balanced

bipartition.

Moreover, we generated a disconnected signed digraph and a weakly connected signed di-

graph for our study. We first generate 5 ergodic unsigned digraphs, Ḡ1, · · · , Ḡ5 with [500, 200, 800, 300, 2700]

nodes and [500, 200, 800, 300, 2700]× 8 edges, respectively. Then, we group G23 = (G2, G3)
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and G45 = (G4, G5) to form two ergodic balanced digraphs, and generate a strictly unbalanced

ergodic digraph G1 by randomly assigning signs to edges in Ḡ1. Three disconnected compo-

nents G1, G23, G45 together form a disconnected signed digraph. To form a weakly connected

signed digraph, we place in total 3000 random direct edges from G1 to the balanced ergodic

components G23 and G45, where the nodes in subgraph G1 only have outgoing edges to G23 and

G45. Moreover, we combine the above generated balanced ergodic digraph and the weakly con-

nected signed digraph together forming a larger disconnected signed digraph, with the weakly

connected signed digraph as a component.

Fig. 4.1-Fig. 4.6 present the evaluation results for one set of digraphs, where we observe

that all digraphs we randomly generated exhibit consistent results. Our tests are conducted

using Matlab on a standard PC server.

Long-term influence maximization. In the evaluations, we set the influence budget as k =

500, and compare the average numbers of white nodes over steps between our algorithm and

other heuristics. Fig. 4.1 shows that in the balanced ergodic digraph, SVIM-L algorithm achieves

the highest long-term influence over other heuristics. When applying a heuristic seed selec-

tion scheme, denoted by H, fHt represents the number of white nodes at step t(≥ 1). Similarly,

denote fSVIMt as the number of white nodes at step t(≥ 1) for SVIM algorithm. We consider

∆ft(SVIM, H) = (fSVIMt − fHt )/f
H
t as the influence increase of SVIM over the heuristic algo-

rithm H at step t. The maximum influence increase is the maximum ∆ft(SVIM, ·) among all

steps (t ≥ 1) and all heuristics. Hence, in Fig. 4.1, we see that our SVIM-L algorithm out-

performs all other heuristics. Especially, a maximum of 14% influence increase is observed

for t ≥ 4 with 4.68k and 4.1k white nodes for SVIM-L and random selection scheme, respec-

tively. In the rest of this section, we will use the maximum influence increase as a metric to

illustrate the efficacy of our SVIM algorithm. Fig. 4.2 shows the clear oscillating behavior on

the anti-balanced ergodic digraph, and the average influence is the same for all algorithms. The

inset shows that our algorithm (denoted as “Max. Osc.”) indeed provides the largest oscillation.

Fig. 4.3 shows the results in strictly unbalanced graph case, where the long-term influences of

all algorithms converge to 4750 = |V |/2, which matches Theorem 10. Fig. 4.4 and Fig. 4.5

show that SVIM-L algorithm performs the best, and it generates 5.6% − 72% long-term influ-

ence increases after the sixth step over other heuristics in the weakly connected signed digraph

and the disconnected signed digraph. Fig. 4.6 shows that in a more general signed digraph,

which consists of a weakly connected signed component and a balanced ergodic component,
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Figure 4.1: G is balanced
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Figure 4.2: G is anti-balanced
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Figure 4.3: G is strictly unbalanced

0 2 4 6 8 10
0.5K

1K

1.5K

2K

Number of Steps

E
x
p

e
c
te

d
 #

 o
f 

W
h

it
e

 N
o

d
e

s

Weakly connected digraph (long term)

 

 

SVIM−L

d
+
−d

−

d
+

Rand

d
+
+d

−

Figure 4.4: G is weakly connected
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Figure 4.5: G is disconnected
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Figure 4.6: G is disconnected with WCC

SVIM-L algorithm outperforms all other heuristics with up to 17% more long term influence,

which occurs for t ≥ 4. In general, we see that for weakly connected and disconnected di-

graphs, SVIM-L has larger winning margins over all other heuristics than the case of balanced

ergodic digraphs (Fig. 4.4–4.6 vs. Fig.4.1). We attribute this to our accurate computation of

influence contribution in the more involved weakly connected and disconnected digraph cases.

Moreover, in all cases, the dynamics converge very fast, i.e., in only a few steps, which indicates

that the convergence time of voter model on these random graphs are very small.
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Figure 4.7: Instant influence in Epinions
data with k = 6k
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Figure 4.8: Instant influence in Epinions
data with k = 500

0 10 20 30 40
0.5

1

1.5

2

2.5

3
x 10

4

Number of Steps

E
x
p

e
c
te

d
 #

 o
f 

w
h

it
e

 n
o

d
e

s

Epinions (Short term) (at t) 
in the largest SCC

 

 

(6k)SVIM−S

(6k)d
+
−d

−

(6k)d
+

(6k)d
+
+d

−

(6k)Rand

Figure 4.9: Instant influence in SCC with
k = 6k
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Figure 4.10: Instant influence in SCC with
k = 500

Real datasets

We conduct extensive simulations using real datasets, such as Epinions and Slashdot datasets,

to validate our theoretical results and evaluate the performance of our SVIM algorithm.

Epinions Dataset. Epinions.com [87] is a consumer review online social site, where users can

write reviews to various items and vote for or against other users. The signed digraph is formed

with positive or negative directed edge (u, v) meaning that u trusts or distrusts v. The statistics

are shown in Table 4.2. We compare our short-term SVIM-S algorithm with four heuristics, i.e.,

d+ + d−, d+, d+ − d− and random seed selection, on the entire Epinions digraph as well as the

largest strongly connected component (SCC).

Our tests are conducted on both Epinions dataset and its largest strongly connected com-

ponent (SCC), where the largest SCC is ergodic and strictly unbalanced. We first look at the

comparison of instant influence maximization (at step t) among various seed selection schemes.

Fig. 4.7-4.10 shows the expected maximum instant influence at each step by different methods.

Note that since the initial seeds selected by SVIM-S algorithm hinge on t, the values on the

curve of our selection scheme are associated with different optimal initial seed sets. On the
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Figure 4.11: Average influence in Epinions
data with k = 6k
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Figure 4.12: Average influence in Epinions
data with k = 500
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Figure 4.13: Average influence in SCC with
k = 6k
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Figure 4.14: Average influence in SCC with
k = 500

other hand, the seed selections of other heuristics are independent to t, thus the correspond-

ing curves represent the same initial seed sets. We choose the budget as 500 and 6000 in our

evaluations, i.e., selecting at maximum 500 or 6000 initial white seeds. From Fig. 4.7-4.10,

SVIM-S algorithm consistently performs better, and in some cases, e.g., Fig. 4.9, it generates

16%− 145% more influence than other heuristics at step 1.

Next we compare the seed selection schemes for maximizing the average influence within

the first t steps. Fig. 4.11-4.14 show the expected maximum average influence within the first t

steps by different methods. Again, the values on the curve of SVIM-S algorithm are associated

with different initial seed sets. Fig. 4.11-4.14 show that with different budgets, i.e., 500 and

6000 seeds, SVIM-S algorithm performs better than all other heuristics, where in Fig. 4.13 a

maximum of 64% more influence is achieved at t = 8. Moreover, in all these figures, we

observe that our seed selection scheme results in the highest long-term influence over other

heuristics.

Moreover, from Fig. 4.7-4.14, we observe that as t increases, the influences (i.e., the ex-

pected number of white nodes), for SVIM-S and all heuristics except for random seed selection



79

Table 4.2: Statistics of Epinions and Slashdot datasets
Statistics Epinions Slashdot

# of nodes 131580 77350
# of edges 840799 516575

# of positive edges 717129 396378
# of negative edges 123670 120197

# of nodes in largest SCC 41441 26996
# of edges in largest SCC 693507 337351

# of positive edges in largest SCC 614314 259891
# of negative edges in largest SCC 79193 77460

# of strongly connected components 88361 49209

schedule, increase for small t’s, and then decrease and converge to the stationary state. In con-

trast, from Fig. 4.1-4.6, the influence increases monotonically with t. This happens because

Epinions dataset (as well as many real network datasets) has large portion (around 80%) of

nodes in the non-sink components, where to maximize the long-term influence, only nodes in

sink components should be selected, which governs the long-term influence dynamics of the

whole graph, namely, sink nodes have higher long-term influence contributions. However, for

short-term influence maximization, nodes with higher chances to influence more nodes in a

few steps generally have large number of incoming links, which are able to influence a large

number of nodes in either sink or non-sink components in a short period of time. Hence, in

signed digraphs with large non-sink component, given a sufficiently large budget, the short-

term influence can definitely outnumber the long-term influence. Our evaluations confirm this

explanation. This interesting observation also leads to a problem that given a budget k, how

to find the optimal time step t that generates the largest influence among all possible t’s. We

leaves this problem as our future work.

Slashdot Dataset. Slashdot.org [88] provides a discussion forum on various technology-related

topics, where members can submit their stories, and comment on other members’ stories. Its

Slashdot Zoo feature allows members to tag each other as friends or foes, which in turn forms a

signed online social network. The network was collected on 6-th November 2008 [67] and the

statistics are shown in Table 4.2.

We evaluate instant influence and average influence of our SVIM-S algorithm on the entire

slashdot dataset and its largest strongly connected component, respectively. Our results for

k = 6000 are presented in Fig. 4.15-Fig. 4.18, which show that our SVIM-S algorithm performs
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the best among all methods tested, especially in the early steps. When changing the budget k,

similar results were obtained, where we omitted them here for brevity.
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Figure 4.15: Instant influence in Slashdot
data with k = 6k
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Figure 4.16: Instant influence in Slashdot
SCC with k = 6k
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Figure 4.17: Average influence in Slashdot
data with k = 6k
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Figure 4.18: Average influence in Slashdot
SCC with k = 6k

Moreover, the convergence times for both real-world datasets are fast, in a few tens of steps,

indicating good connectivity and fast mixing property of real-world networks. In summary, our

evaluation results on both synthetic and real-world networks validate our theoretical results and

demonstrate that our SVIM algorithms for both short term and long term are indeed the best,

and often have significant winning margins.

4.5.2 The impacts of signed information

Unlike Epinions and Slashdot, many online social networks such as Twitter are simply rep-

resented by unsigned directed graphs, where friends and foe relationships are not explicitly

represented on edges. Without edge signs, two types of information may be mis-represented

or under-represented: (1) one may follow his foes for tracking purpose, but this link may be

mis-interpreted as friend or trust relationship; and (2) one may not follow his foes publicly to

avoid being noticed, but his foes may still generate negative influence to him. In this section,
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Figure 4.19: Synthetic balanced digraph
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Figure 4.20: Synthetic weakly connected
digraph
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Figure 4.21: Epinions (the entire dataset)
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Figure 4.22: Epinions (the largest SCC)

we investigate how much influence gain can be obtained by taking the edge signs into consid-

eration, thus illustrate the significance of utilizing both friend and foe relationships in influence

maximization.

Taking the synthetic networks and Epinions dataset (used in Sec 4.5.1) as examples, we ap-

ply our SVIM algorithm to compute the optimal initial seed sets in the original signed digraphs,

and two types of “sign-missing” scenarios, i.e., the unsigned digraphs with only original posi-

tive edges (denoted by “Positive” graphs) and with all edges labeled by the same signs (denoted

by “Sign ignored” graphs). Then, we examine the performances of those three initial seed sets

in original signed digraphs.

Fig. 4.19-4.22 show the evaluation results, where the seed sets obtained by considering

edge signs perform consistently better than those using unsigned graphs. In synthetic networks,

we observed 5% − 16% more influence in balanced digraph for t ≥ 6 (See Fig. 4.19), and

11.7%−58% more influence in weakly connected digraph for t ≥ 6 (See Fig. 4.20). Moreover,

in Epinions dataset from Fig. 4.21-4.22, there is no impact on the long-term influence, since

the underlying graphs are strictly unbalanced. However, in short term, the results demonstrate

that taking edge signs into consideration always performs better, which generates at maximum

of 38% and 21% more influence for the entire dataset (See Fig. 4.21) and the largest SCC (See
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Fig. 4.22), respectively. Both maximums occur at step 1. These results clearly demonstrate the

necessity of utilizing sign information in influence maximization.

4.6 Summary

In this chapter, we propose and study voter model dynamics on signed digraphs, and apply it to

solve the influence maximization problem. We provide rigorous mathematical analysis to com-

pletely characterize the short-term and long-term dynamics, and provide efficient algorithms to

solve both short-term and long-term influence maximization problems. Extensive simulation

results on both synthetic and real-world graphs demonstrate the efficacy of our signed voter

model influence maximization (SVIM) algorithms. We also identify a class of anti-balanced di-

graphs, which is not covered in the social balance theory before, and exhibits oscillating steady

state behavior.

There exist several open problems and future directions. One open problem is the conver-

gence time of voter model dynamics on signed digraphs. For balanced and anti-balanced ergodic

digraphs, our results show that their convergence times are the same as the corresponding un-

signed digraphs. For strictly unbalanced ergodic digraphs and more general weakly connected

signed digraphs, the problem is quite open. A future direction is to study influence diffusion

in signed networks under other models, such as the voter model with a background color, the

independent cascade model, and the linear threshold model.



Chapter 5

From Shortest-path to All-path: The
Routing Continuum Theory and its
applications

5.1 Introduction

Routing is a crucial operation in many types of networks from communication networks to

transportation networks. For instance, in modern IP-based data networks, shortest path routing

is most commonly used. In traditional telecommunication networks, dynamic alternative rout-

ing strategies that employ paths that are longer than shortest paths have been also proposed to

reduce call blocking probabilities (see, e.g., [89, 90]). In wireless networks, due to the unstable

channel characteristics, using a single “shortest” path (e.g., with link quality as link weights)

for routing is often not the best choice; routing strategies that go beyond shortest path routing

(see, e.g., [5, 91–93] and references therein) using multiple paths are often more effective. In

the other extreme, in wireless sensor networks – due to their power and other resource con-

straints – potential-based routing [94] has been proposed, where the source essentially utilizes

all (eligible) paths to transmit data to the destination. In [94], it is shown that such “all-path”

routing minimizes the total energy dissipation of routing and thus maximizes the network life-

time. Clearly, what routing strategies to employ in a network hinges on what objectives are

important in practice, therefore should be optimized. However, from a theoretical perspective,

83
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when using multi-path routing that goes beyond a single shortest path, two questions arise: i)

what set of paths should be used for routing? and ii) how traffic should be split (and merged) at

any node along the multiple paths, especially when the paths are not all disjoint?

In addressing these questions, in this chapter we consider routing as flow optimization in

a network with mixed (weighted) L1/L2-norms as the objective. This formulation is inspired

by the earlier results where it has been shown that shortest path routing can be derived from

network flow optimization with L1 norm [95], whereas potential-based, “all-path” routing can

be derived from network flow optimization with L2-norm objective [89, 94]. Intuitively, the

mixed L1/L2-norm objective can be interpreted as a trade-off between the latency and energy

dissipation of paths used for routing (collectively, the paths form a routing graph): shorter

paths lead to better routing with low latency, while diffusing traffic along more paths generally

reduces energy dissipation. Using this formulation, we obtain a surprising result: as we vary

the trade-off parameter θ, the routing graphs induced by the optimal flow solutions span from the

shortest-path routing to multi-path routing with increasing path lengths to the potential-based

(“all-path”) routing – this entire (finite) sequence of routing graphs is referred to as the routing

continuum. Our theory therefore subsumes the earlier L1 and L2 network flow optimization

results [89, 95] as two extreme points in the entire routing continuum.

Furthermore, by considering the dual of the mixed L1/L2-norm network flow optimization

problem, we develop an efficient iterative algebraic process as well as algorithms for identify-

ing precisely the boundary conditions separating the finite sequence of routing graphs, and for

computing the entire routing continuum and optimal flow solutions X∗(θ) for any θ ≥ 0. In

particular, X∗(θ) specifies how traffic should be split and merged in the induced routing graph.

We also generalize the theory to account for multiple flows (traffic demands), link capacity

constraints and heterogeneous L1/L2 link weights, with applications to traffic engineering and

wireless sensor networks. For instance, given a set of link weights and traffic demands on a

network, our theory can be used to find the “best” routing graph (i.e., the best mix of shorter

and longer paths) that minimizes the overall maximum link utilization.

In summary, our contributions are i) we develop a unifying theory using mixed L1/L2-norm

network flow optimization and show that it can generate the entire routing continuum from

shortest-path to “all-path” routing; ii) we develop an efficient iterative process for computing

the entire routing continuum and optimal flow solutions X∗(θ) for any θ ≥ 0; iii) the ba-

sic theory is further generalized to account for multiple flows (traffic demands), link capacity
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constraints and heterogeneous L1/L2 link weights, with applications to traffic engineering and

wireless sensor networks. iv) Moreover, by applying the routing continuum theory, we general-

ize the betweenness centrality measure using mixed network flow, with applications in network

robustness analysis. Last but not the least, while we focus on network routing in this chapter,

we believe that our results can be applied to many other applications where the problems can

be cast in terms of flows in a network.

The remainder of the chapter is organized as follows. In Section 5.2 we introduce the

basic notations and re-state the known L1 and L2 flow optimizations using our notations. In

Section 5.3 the general theory and results using the mixed L1/L2-norm flow optimization are

established, and the iterative computation process and algorithms are described in Section 5.4.

In Section 5.5, we consider several generalizations, with applications to traffic engineering,

wireless sensor networks, and network robustness analysis. Section 5.6 discusses the related

work, and the chapter is summarized in Section 5.7.

5.2 Shortest Path and “All-Path” Routing as Network Flow Opti-
mization

In this section, we first introduce the basic notations that will be used throughout the chapter.

Then, we illustrate how shortest path routing and potential-based “all-path” routing can be for-

mulated as the flow optimization problems in a network using metric norms (on the flow space).

More specifically, the shortest path routing results from minimizing the (weighted) L1-norm

of flows between a given source-destination pair in a network, whereas the potential-based,

“all-path” routing results from minimizing the corresponding L2-norm.

5.2.1 Network and Flows: Basic Notations
We represent a n-node network as an undirected, weighted graph, G = (V,E,W ), where

V = {1, 2, . . . , n} is the set of vertices, E is the set of edges, and each edge (i, j) ∈ E is

assigned a positive weight wij . As G is undirected, (i, j) and (j, i) represent the same edge

in E, and wij = wji > 0. Define wij = 0 if (i, j) 6∈ E, then the weight matrix W = [wij ]

is symmetric. In particular, if all edges have a unit weight, i.e., W is a 0-1 matrix, then G

represents a simple graph, and W is the corresponding adjacency matrix.
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Let d = [s, t], s, t ∈ V, s 6= t, denote a source-destination (or source-sink) pair in the net-

work G. A flow of I(d)-unit amount that flows from source s to destination t is mathematically

defined as a function, X(d) : V × V → R+ (R+ is the set of non-negative real numbers),

satisfying the following constraints:

along one direction: if X(d)
ij > 0 then X

(d)
ji = 0, (5.1)

along network edges: if (i, j) 6∈ E then X
(d)
ij = 0, (5.2)

flow conservation at s: I(d) +
∑n

k=1X
(d)
ks =

∑n
j=1X

(d)
sj , (5.3)

intermediate node i 6= s, t:
∑n

k=1X
(d)
ki =

∑n
j=1X

(d)
ij , (5.4)

at destination t:
∑n

k=1X
(d)
kt =

∑n
j=1X

(d)
tj + I(d). (5.5)

Note that in this flow definition, for each (undirected) edge (i, j) ∈ E, both X
(d)
ij and X

(d)
ji are

defined, and the constraint in eq.(5.1) states that if X(d)
ij > 0, then X

(d)
ji = 0; or if X(d)

ji > 0,

then X
(d)
ij = 0. It is possible that for (i, j) ∈ E, both X

(d)
ij = X

(d)
ji = 0. In particular, by the

constraint in eq.(5.2), X(d)
ij = X

(d)
ji = 0 for (i, j) 6∈ E. The flow constraints in eqs.(5.3)-(5.5)

state that a amount of I(d) units of flow is injected at source s, and the same amount is removed

from destination t, while the amount of flow entering any intermediate node i is the same as the

amount leaving the node.

Given a flow X(d) between a source-destination pair d = [s, t], it induces an oriented (or

directed) sub-graph of G, GX(d) = (VX(d) , EX(d)), where an arc 〈i, j〉 ∈ EX(d) and i, j ∈ VX(d)

if and only if X(d)
ij > 0. As a directed acyclic graph (DAG) between s and t, GX(d) represents

the routes used to route the flow X(d) (of I(d) units) from source s to destination t, and we refer

to it as the routing graph for the flow X(d). When GX(d) consists of more than a single path

between s and t, then X
(d)
ij indicates how much flow is routed along the edge (arc) 〈i, j〉. In

general, the flow may be split or merged1 at nodes in GX(d) , and routed along different paths

between s and d. We will use F (d) to denote the collection of flows, i.e., all functions that

satisfy eqs.(5.2)-(5.5).

In the next two subsections we will use two well-known results [89, 95] to illustrate that

certain common routing strategies, namely, shortest path routing and potential-based, ”all-path”
1 The flow definition implicitly assumes that flows are “infinitely divisible fluid” – they can be split and merged

arbitrarily at any node of the network, as long as the above flow conservation constraints are met. This mathematical
definition of network flows thus provides an idealized (fluid) abstraction of, e.g., traffic demands routed from a
source to a destination in a communication network, or commodities transported from a source to a destination in a
transportation network, and so forth.
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routing, can be derived by minimizing the (weighted) L1-norm and L2-norm, respectively, of

flows between a given source-destination pair in a network. In Section 5.3 we will generalize

these results and establish that by minimizing flows using mixed L1-norm and L2-norm, we can

generate a continuum of routing strategies, resulting in a sequence of routing graphs with vary-

ing numbers of paths of differing costs selected, from the shortest paths to all paths (between a

source-destination pair).

5.2.2 Shortest-Path Routing & L1-norm Flow Optimization

Without loss of generality, unless otherwise specified, we assume that s = 1 and t = n, and

I(d) = 1. For clarity of notation, we drop the superscript d from X(d). In other words, the flow

X (as a function) is equivalently specified by a set of n2 variables, Xij’s, 1 ≤ i, j ≤ n.

Consider the following L1-norm network flow optimization problem, which can be solved

using linear programming (LP).

L1-norm Network Flow Optimization (L1 Primal):

min
X

n∑
i=1

n∑
j=1

wijXij (5.6)

subject to the flow conservation constraints eqs.(5.2)-(5.5), which are more compactly repre-

sented below using Xij’s:

∑
j:(i,j)∈E

Xij −
∑

k:(k,i)∈E

Xki =


1 if i = 1

0 if i = 2, . . . , n− 1

−1 if i = n,

(5.7)

and Xij ≥ 0, 1 ≤ i, j ≤ n. (5.8)

Note that the feasible solutions to eq.(5.6) subject to eqs.(5.7) and (5.8) satisfy constraints

eqs.(5.2)-(5.5), and an optimal solution to this must also satisfy eq.(5.1) automatically. Hence

without loss of generality, when considering the optimization in eq.(5.6), we can restrict our-

selves to X’s that are flows, i.e., X ∈ F . Thus we can re-state the optimization in eq.(5.6)

as

min
X∈F

n∑
i

n∑
j

wijXij .

In other words, the optimization solution to eq.(5.6) is the flow that minimizes the weighted

L1-norm.
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To show that the optimal solution to this L1-norm network flow optimization gives rise to

the shortest-path routing, we consider its dual, stated below in terms of the Lagrange multipliers

−Ui’s (corresponding to the flow conservation constraints eq.(5.7)2 ):

Dual of L1-norm Network Flow Optimization (L1 Dual):

max
U

U1 (5.9)

subject to Un = 0 and Ui − Uj ≤ wij , ∀(i, j) ∈ E. (5.10)

Let X∗ denote the optimal flow solution to the primal problem eq.(5.6), and U∗ the optimal

solution to the dual problem. The duality and complementary slackness give us the following

relations between X∗
ij’s and U∗

i ’s (cf. Lemma 1 in [95] and the transportation and network flow

problems in chapter 5 in [96]).

if X∗
ij > 0,then U∗

i − U∗
j = wij ; (5.11)

and if X∗
ij = 0,then U∗

i − U∗
j < wij . (5.12)

Using these relations, the authors in [95], show that the optimal solution to the dual problem,

U∗
i ’s, have the following properties (cf. Theorem 1 and its proof in [95]):

Lemma 8 Let P be a path from node 1 to node n. If for each edge (arc) 〈i, j〉 ∈ P , U∗
i −U∗

j =

wij , then P is a shortest path from node 1 to node n (with respect to the weights wij’s), and

U∗
1 =

∑
〈i,j〉∈P wij . Alternatively, if Q is a path from node 1 to node n that is not a shortest

path, then U∗
1 <

∑
〈i,j〉∈Qwij .

The above lemma implies that for any node i on a shortest path, U∗
i is the shortest-path distance

from node i to node n (the destination). Furthermore, the optimal flow X∗ is only routed along

the shortest paths between source 1 and destination n. In other words, the resulting routing

graph GX∗ is the DAG formed by the shortest paths from 1 to n only. When there are multiple

shortest paths between 1 and n, X∗
ij specifies the amount of flow carried on the edges of node i

that are on the shortest paths, thus how the flow should be split among multiple shortest path at

node i.
2 Note that our Lagrange multipliers are negatives of those used in the “Dual Shortest Path Formulation (D-SP)”

in [95], p. 3.
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5.2.3 Potential-based (“All-path”) Routing and L2-norm Flow Optimization

We now consider the following (weighted) L2-norm network flow optimization problem:

L2-norm Network Flow Optimization (L2 Primal):

min
X∈F

n∑
i=1

n∑
j=1

wijX
2
ij . (5.13)

To show that the optimal solution to this L2-norm network flow optimization gives rise to

the potential-based, “all-path” routing, we again consider its dual, stated below in terms of the

Lagrange multipliers Ui’s (where for convenience we have used −2Ui’s as the multipliers for

the flow conservation constraints eq.(5.7)):

Dual of L2-norm Network Flow Optimization (L2 Dual):

max
U

U1 −
1

2

n∑
i=1

∑
j:Ui>Uj

(Ui − Uj)
2

wij
. (5.14)

subject to Un = 0.

Let X∗ denote the optimal flow solution to the primal problem eq.(5.13), and U∗ the optimal

solution to the dual problem. The duality and complementary slackness give us the following

relations between X∗
ij’s and U∗

i ’s: for any edge (i, j) ∈ E,

if U∗
i > U∗

j , then X∗
ij =

U∗
i −U∗

j

wij
> 0; (5.15)

and if U∗
i ≤ U∗

j , then X∗
ij = 0. (5.16)

If we treat wij as the resistance on edge (i, j) ∈ E, then the relation eq.(5.15) gives us precisely

Ohm’s law [89], and U∗
i is the voltage (potential) at node i when a unit of current is injected at

source node 1 and removed at sink node n (and grounded with U∗
n = 0). For any (i, j) ∈ E, if

U∗
i > U∗

j , then the current Iij flowing from node i to node j along edge (i, j) is exactly X∗
ij ,

as Iij = (U∗
i − U∗

j )/wij = X∗
ij > 0. (In a electrical network, the reverse current flow, i.e.,

the current from node j to node i is defined as Iji := −Iij = −X∗
ij < 0.) Hence the optimal

solution to the dual problem eq.(5.14), U∗, is a potential function (the voltage potential in the

electrical network G): U∗
i is the voltage potentialfrom node i to destination node n (ground).

For (i, j) ∈ E, define aij := 1/wij , the conductance on edge (i, j), and for (i, j) 6∈ E,

aij = 0. From the flow conservation constraints (or directly by solving the dual optimization



90

problem eq.(5.14)), we see that

U∗
i =


∑n

j=1
aij∑
k aik

U∗
j + 1∑

k aik
if i = 1∑n

j=1
aij∑
k aik

U∗
j if i = 2, . . . , n− 1

0 if i = n

, (5.17)

which gives the Kirchhoff’s law for voltage in an electrical network. The dual problem eq.(5.14)

gives us the Dirichlet principle [89]: the voltage potentials, U∗, taken within the electrical

network G minimizes the total energy dissipation. Likewise, the L2-norm flow optimization

problem also has a physical interpretation (Thompson’s Principle [89]): among all flows X ∈
F , the optimal (current) flow, X∗, minimizes the energy dissipation in the (electrical) network.

This connection between currents (and voltage) in electrical networks and L2-norm network

flow optimization is well known in the literature (see, e.g., [89, 97–100]), where the expected

round-trip commute times between two nodes in a random walk over a network, whose link

weights are conductances (reciprocals of resistances), is the same as the effective resistance

between the those two nodes treating the graph as an electrical network. These connections

give rise to potential-based (“all-path”) routing (or “stochastic routing”) in communication and

wireless sensor networks [89, 94]. Using the relations eq.(5.15) and eq.(5.16), it is easy to see

that for any path P from node 1(source) to node n (destination) in the network G, the (current)

flow along P is nonzero (i.e., X∗
ij > 0,∀〈i, j〉 ∈ P ) if and only if the potential (voltage)

at any node i along the path from node 1 to node n is strictly decreasing (i.e., ∀〈i, j〉 ∈ P ,

U∗
i > U∗

j ). Hence the routing graph GX∗ induced by the optimal flow to the L2-norm flow

minimization problem is a DAG consisting of any path from source node 1 to destination node

n with strictly decreasing potentials – that is what we also refer to the potential-based routing

as “all-path” routing. Moreover, Ohm’s law specifies how flows along the paths are split –

proportional to the potential difference along an edge and inverse to the resistance of the edge,

namely, X∗
ij = (U∗

i − U∗
j )/wij .

5.3 Mixed L1 and L2-norm Network Flow Optimization and the
Routing Continuum

The results in the previous section show that the optimal flows that minimize the (weighted)

L1-norm and L2-norm in a network yield the shortest path and (potential-based) “all-path”
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routing, respectively. Intuitively, if we treat wij as “delay”3 on each link (i, j), then the

L1-norm minimization produces an optimal flow routing that minimizes the total delay; whereas

the L2-norm minimization produces an optimal flow routing that minimizes the total energy

dissipation (treating wij as the resistance of link (i, j)). This gives rise to a natural question:

can we generate other routing strategies between these two extremes, e.g., routing using shortest

paths as well as second-shortest paths, via network flow optimization with respect to some other

forms of cost metrics? In particular, can these routing strategies be derived by trading off the

total delay (the L1-norm) and the total energy (the L2-norm)? This leads us to posing the

following mixed L1- and L2-norm network flow optimization problem with θ ≥ 0, subject to

flow conservation law eqs.(5.7) and (5.8), denoted as X ∈ F .

Mixed L1- and L2-norm Network Flow Optimization (Primal):

min
X∈F

n∑
i=1

n∑
j=1

wijX
2
ij + 2θ

n∑
i=1

n∑
j=1

wijXij . (5.18)

Theorem 13 below presents the dual and optimal solution to this flow optimization problem,

by introducing Lagrange multipliers −2Ui.

Theorem 13 Mixed L1- and L2-norm Network Flow Optimization (Dual):

max
U

U1 −
1

2

∑
i

∑
j:Ui−Uj>θwij

(Ui − Uj − θwij)
2

wij
(5.19)

s.t.Un = 0. (5.20)

Let X∗(θ) be the optimal solution to the primal problem eq.(5.18), and U∗(θ) the optimal

solution to the dual problem eq.(5.19). X∗(θ) and U∗(θ) follow the following relations.

X∗
ij(θ) =


U∗
i (θ)−U∗

j (θ)

wij
− θ if U∗

i (θ)− U∗
j (θ) > θwij

0 if U∗
i (θ)− U∗

j (θ) ≤ θwij .
(5.21)

Proof : By introducing Lagrangian multiplier 2Ui (1 ≤ i ≤ n) for each equality constraint in

eq.(5.7), and Lagrangian multiplier 2tij (1 ≤ i, j ≤ n) for each inequality constraint in eq.(5.8),

the Lagrangian function of the problem eq.(5.18) can be written as
3 Or in a physical meaning that is more consistent with the L2-norm interpretation, the “(resistive or fricative)

force” needed to move a unit of flow across link (i, j).
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L(X,U, t) =
∑
i

∑
j

(
X2

ijwij − 2(Ui − Uj − θwij + tij)Xij

)
+ 2(U1 − Un). (5.22)

Then, we take the partial derivative of L(X,U, t) (eq.(5.22)) with respect to Xij , and solve the

equation that the partial derivative equals 0 for each i, j = 1, . . . , n.

∂L(X,U, t)

∂Xij
= 2 (Xijwij − (Ui − Uj − θwij + tij)) = 0, (5.23)

Xij =
Ui − Uj + tij

wij
− θ. (5.24)

Plugging the eq.(5.24) into eq.(5.22) yields the following dual problem.

max
U

U1 −
1

2

∑
i

∑
j

(Ui − Uj − θwij + tij)
2

wij
(5.25)

s.t. Un = 0 and tij ≥ 0, for i, j = 1, . . . , n, (5.26)

Since the primal problem is convex, the strong duality and complementary slackness hold, thus

the Karush-Kuhn-Tucker (KKT) conditions [101] are sufficient and necessary to be the optimal

solution to both of the primal and dual problems. The KKT conditions include the primal

constraints eq.(5.7)–(5.8) and the following three conditions.

tij ≥ 0, (5.27)

tijXij = 0, (5.28)

Xijwij − (Ui − Uj − θwij + tij) = 0. (5.29)

From the eq.(5.28), Xij or tij cannot both be zero. By setting one of them to be zero, we can

solve the other. Then by checking the positivity of the solution, we get the optimal solution.

t∗ij =

{
0 if U∗

i − U∗
j > θwij ,

−(U∗
i − U∗

j − θwij) if U∗
i − U∗

j ≤ θwij ,
(5.30)

X∗
ij =


U∗
i −U∗

j

wij
− θ if U∗

i − U∗
j > θwij ,

0 if U∗
i − U∗

j ≤ θwij .
(5.31)

Since the optimal t∗ij is a function of U∗
i ’s, we can plug it in eqs.(5.25)-(5.26) to simply the

dual problem, and eliminate the variable tij , which yields eq.(5.21).



93

Clearly, θ = 0 gives us the L2-norm network flow optimization. In the following we will

show that for sufficiently large θ, the routing graph induced by the optimal solution to eq.(5.18)

gives the same shortest path DAG as the L1-norm flow optimization. In other words, for suffi-

ciently large θ, the optimal solution to eq.(5.18) yields the shortest path routing. Furthermore,

for θ in between, the optimal solution to eq.(5.18) yields a continuum of routing graphs with the

“all-path” and shortest-path DAGs as two extremes in the continuum.

Fix θ ≥ 0, and let GX∗(θ) denote the routing graph (DAG) induced by the optimal flow

solution X∗(θ) to eq.(5.18), i.e., for any edge (i, j) ∈ E, the arc 〈i, j〉 is included in GX∗(θ) if

and only X∗
ij(θ) > 0. We use P ∈ GX∗(θ) to denote a path P from node 1 (source) to node n

(destination) where the flow along this path is nonzero, i.e., for any 〈i, j〉 ∈ P , X∗
ij(θ) > 0. We

have the following lemma:

Lemma 9 Consider any path P ∈ GX∗(θ), and Q be any path from node 1 to node n. The

following holds:

θ
∑

〈i,j〉∈P

wij < U∗
1 (θ) ≤ (θ + 1)

∑
〈i,j〉∈Q

wij . (5.32)

Proof : For any 〈i, j〉 ∈ P , since X∗
ij(θ) > 0, from eq.(5.21) we have U∗

i (θ) − U∗
j (θ) =

θwij+wijX
∗
ij(θ). Therefore

∑
〈i,j〉∈P (U

∗
i (θ)−U∗

j (θ)) =
∑

〈i,j〉∈P (θwij+wijX
∗
ij(θ)). Hence

U∗
1 (θ) =

∑
〈i,j〉∈P

(θwij + wijX
∗
ij(θ)) > θ

∑
〈i,j〉∈P

wij , (5.33)

as X∗
ij > 0 for any 〈i, j〉 ∈ P . On the other hand, for any 〈i, j〉 ∈ Q, from eq.(5.21) we have

U∗
i (θ) − U∗

j (θ) ≤ θwij + wijX
∗
ij(θ), where the inequality holds when X∗

ij(θ) = 0. Summing

up along all edges 〈i, j〉 ∈ Q, we have

U∗
1 (θ) ≤

∑
〈i,j〉∈Q

(θwij + wijX
∗
ij(θ)) ≤ (θ + 1)

∑
〈i,j〉∈Q

wij ,

where the last inequality follows from the fact that X∗
ij ≤ 1. Combining this and the inequality

in eq.(5.33) proves the lemma.

From Lemma 9, the following holds for any θ > 0,∑
〈i,j〉∈P

wij < (1 + θ−1)min
Q

∑
〈i,j〉∈Q

wij . (5.34)

Using this Lemma, we establish the following theorem.
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Theorem 14 (Routing Continuum) Let R(0) denote the (potential-based) “all-path” routing

graph in Section 5.2.3, namely, the routing graph induced by the optimal L2-norm flow X∗(0),

the optimal solution to eq.(5.18) with θ = 0. Let P denote the collection of all paths (with

nonzero flow), P ∈ R(0), from source node 1 to destination n. Sort and group the paths based

on their length, i.e., |P | :=
∑

〈i,j〉∈P wij , which yields a partition (equivalent classes) of P:

P1, . . . ,PM , where Pm = {P ∈ R(0) : |P | = Lm}, m = 1, . . . ,M , and L1 < . . . < LM .

Clearly L1 is the length of the shortest paths.

For θ > 0, let R(θ) denote the routing graph induced by the optimal flow X∗(θ), the

solution to the mixed L1- and L2-norm flow optimization problem. Then for (Lm − L1)/L1 <

θ−1 ≤ (Lm+1 − L1)/L1, m = 1, . . . ,M (here we define LM+1 = ∞), we have

R(θ) ⊆ ∪m
k=1Pk. (5.35)

In other words, paths in R(θ) have length at most Lm.

Proof : We prove by contradiction. Given any m, m = 1, . . . ,M , and θ > 0 where (Lm −
L1)/L1 < θ−1 ≤ (Lm+1 − L1)/L1, suppose there exists P ∈ R(θ) such that |P | > Lm (thus

|P | ≥ Lm+1). From Lemma 9, the length of any path in the routing graph R(θ) used to route

the optimal flow X∗(θ) is less than (1 + θ−1)L1 ≤ Lm+1. This leads to a contradiction.

Theorem 14 states as θ increases from 0 to ∞, or equivalently θ−1 decreases to 0, longer paths

in R(0) are pruned, yielding a “sparser” routing graph R(θ) that contains only paths of length

less than (1 + θ−1)L1. In fact, there are a finite sequence of routing graphs Rm, 1 ≤ m ≤ M ,

where Rm only contains paths of length at most Lm. We refer to this sequence of routing

graphs as the routing continuum. In the next section we will present an algorithm for explicitly

constructing the routing continuum, and in particular, for computing the optimal flow solution,

X∗(θ), which specifies how the optimal flow is routed among the paths in Rm.

5.4 Computing the Routing Continuum

In this section we describe an efficient algorithm for computing the routing continuum and

the associated optimal flow X∗(θ) for all θ’s, and use two simple examples to illustrate the

algorithm and results obtained thereof.
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5.4.1 Routing Continuum Algorithm (RCA)

We introduce an iterative process for computing the routing continuum and the optimal flow

X∗(θ), starting with θ = 0, where each step involves solving a set of linear equations in U∗
i (θ)’s.

For any θ, let R(θ) = (V (θ), E(θ)) denote the routing graph induced by X∗(θ), a subgraph

of G = (V,E), where (i, j) ∈ R(θ) if and only if X∗
ij(θ) > 0. In the following, we will treat

R(θ) as an undirected graph. Hence an edge (i, j) ∈ R(θ) if and only if either X∗
ij(θ) > 0

or X∗
ji(θ) > 0, or equivalently, (i, j) ∈ R(θ) if and only if |U∗

i (θ) − U∗
j (θ)| > θwij . For

i ∈ V (θ), let ∆(+)
i (θ) denote the number of edges (k, i) with incoming flow (i.e., X∗

ki(θ) > 0);

or formally, ∆(+)
i (θ) :=

∑
k 1{U∗

k (θ) − U∗
i (θ) > θwki}. Likewise, let ∆(−)

i (θ) denote the

number of edges (i, j) with outgoing flow (i.e., X∗
ij(θ) > 0); thus ∆(−)

i (θ) :=
∑

j 1{U∗
i (θ) −

U∗
j (θ) > θwij}. Define ∆i(θ) := ∆

(−)
i (θ) − ∆

(+)
i (θ), and di(θ) =

∑
j:|Ui−Uj |>θwij

aij =∑
j:(i,j)∈E(θ) aij , where aij := w−1

ij if wij > 0, and aij := 0 if otherwise. Then from eq.(5.19),

we see that the optimal U∗
i (θ)’s satisfy the following conditions:

di(θ)U
∗
i (θ)−

∑
j:(i,j)∈E(θ)

aijU
∗
j (θ)− θ∆i(θ) =

{
1 i = 1

0 1 < i < n,
(5.36)

and U∗
n(θ) = 0. (5.37)

We can rewrite eq.(5.36) more compactly in the matrix form:

L(θ)U∗(θ)− θ∆(θ) = b. (5.38)

Here, L(θ) := [Lij(θ)] is the n−1 by n−1 submatrix of the standard graph Laplacian [102] of

R(θ) (with the adjacency matrix A(θ) := [aij ], i, j ∈ V (θ)), restricted to V (θ)−{n}, namely,

Lii(θ) := di(θ), and Lij(θ) := −aij , i, j ∈ V (θ)−{n}. ∆(θ) := [∆i(θ)], the vector consisting

of ∆i(θ), and b = [1, 0, . . . , 0]T is the vector corresponding to the right hand side of eq.(5.36).

Since R(θ) is connected, L(θ) is non-singular and thus

U∗(θ) = L−1(θ)(θ∆(θ) + b). (5.39)

Hence given θ, we can explicitly solve for U∗(θ) using eq.(5.39). However, the definitions of

both L(θ) and ∆(θ) hinge on the routing graph R(θ) = (V (θ), E(θ)), which is itself defined

assuming we know X∗
ij(θ)!

This circular dependency fortunately can be broken. From Theorem 14, we know that there

exist only a finite sequence of routing graphs, R(θm), 0 ≤ m ≤ M , where 0 = θ0 < θ1 <



96

. . . < θM . In other words, for θm ≤ θ < θm+1, 0 ≤ m ≤ M (and define θM+1 = ∞),

R(θ) = R(θm). Hence if we know R(θm), we can solve U∗(θ) for any θm ≤ θ < θm+1 and

thus X∗(θ). This leads to the following recursive process for computing the routing continuum

and X∗(θ) for all θ ≥ 0.

Phase 1: from θ0 = 0 to θ1:
When θ = 0(= θ0), L(0) is n − 1 dimensional square submatrix of the graph Laplacian

on the original network G (restricted to V − {n}). Then U∗(0) = L−1(0)b is the optimal

solution to the L2-norm flow optimization, and R(0) is the “all-path” routing graph induced by

the optimal L2-norm flow X∗(0).

Now consider any sufficient small θ > 0 (any θ < θ1 would suffice) such that R(θ) = R(0)

(thus X∗
ij(θ) > 0 for any (i, j) ∈ R(0). Hence ∆(θ) = ∆(0), L(θ) = L(0), and U∗(θ) is given

by

U∗(θ) = L−1(0)(θ∆(0) + b) = U∗(0) + θL−1(0)∆(0). (5.40)

From eq.(5.21) and eq.(5.40), if Ui(θ)− Uj(θ) > θwij ,

X∗
ij(θ) =

U∗
i (θ)− U∗

j (θ)

wij
− θ = X∗

ij(0)− θαij(0), (5.41)

where αij(0) = 1 − (βi(0) − βj(0))/wij is a constant, with βi(0) = [L−1(0)∆(0)]i, if i ∈
V −{n}; and βi(0) = 0, if i = n. Eq.(5.40) shows that U∗(θ) is linear function of θ, and for any

edge (i, j) where X∗
ij(0) > 0, X∗

ij(θ) is also linear in θ. Clearly, on edge (i, j) with αij(0) > 0,

the optimal flow X∗
ij(θ) decreases when θ increases; whereas on those with αij(0) < 0, the

optimal flow X∗
ij(θ) increases (θ has no impact on those edges with αij(0) = 0). Hence we

know precisely the (first) boundary condition, namely, the smallest positive θ, when the first set

of edges are to be truncated from R(0), namely, those where X∗
ij(θ) becomes 0:

θ1 := min
〈i,j〉:αij(0)>0

{X∗
ij(0)/αij(0)}.

Removing these edges yields the next routing graph R(θ1), for which L(θ1) and ∆(θ1) can

now be defined. Using eqs.(5.40) and (5.41), we can solve for the optimal solution, U∗(θ1) ,

and consequently, X∗(θ1).

Phase 2: from θk to θk+1:
More generally, given R(θk), and the corresponding optimal solutions, U∗(θk) and X∗(θk),

we can solve for U∗(θ) and X∗(θ) for any θk ≤ θ < θk+1, using a similar argument. Again
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from eq.(5.39), with L(θ) = L(θk) and ∆(θ) = ∆(θk), we have

U∗(θ) = L−1(θk)(θ∆(θk) + b)

= U∗(θk) + (θ − θk)L
−1(θk)∆(θk), (5.42)

and if Ui(θ)− Uj(θ) > θwij ,

X∗
ij(θ) =

U∗
i (θ)− U∗

j (θ)

wij
− θ = X∗

ij(θk)− (θ − θk)αij(θk), (5.43)

where αij(θk) = 1− (βi(θk)− βj(θk))/wij is a constant, with βi(θk) = [L−1(θk)∆(θk)]i, if

i ∈ V (θk)− {n}; and βi(θk) = 0, if i = n. This gives us the next boundary, θk+1, for the next

set of links to be truncated (from R(θk)), where

θk+1 = min
〈i,j〉:αij(θk)>0

{X∗
ij(θk)/αij(θk)}+ θk. (5.44)

Removing these edges from R(θk) yields R(θk+1), using which we can then solve for the

optimal solutions, U∗(θk+1) and X∗(θk+1).

A pseudo-code algorithm for computing the boundary conditions θm’s, 0 ≤ m ≤ M , is

given in Algorithm 5, and for computing the optimal flow solution, X∗(θ), is given in Algo-

rithm 6. The inputs of the Algorithm 5 include the weight matrix W , the source and desti-

nation node ids, i.e. node 1 and node n. The outputs are the boundary condition sequence

[θ0 = 0, θ1, . . . , θM ], and the correspond optimal flow distribution [X∗(θ0), . . . , X
∗(θM )]. Ini-

tially, the optimal flow distributions of all-path potential based routing and the shortest path

routing, denoted by X∗(θ0 = 0) and X∗(∞), are computed at Lines 4-5. Then, the loop (Lines

6-10) generates each subsequent boundary condition θk, (1 ≤ k), until the X∗(θk) converges

to the shortest path solution. Given the outputs of Algorithm 5, for a certain θ ∈ [θk, θk+1], we

know exactly which link has positive flow in the selected route, i.e. X∗
ij(θk) > 0, based on the

routing graph R(θk). Algorithm 6 computes the optimal flow distribution X∗(θ) for any θ ≥ 0.

The inputs of Algorithm 6 include the system parameters, W , the source and destination node

ids, and the outputs of Algorithm 5, i.e. the bound condition sequence [θ1, . . . , θM ], and corre-

sponding [X∗(θ1), . . . , X
∗(θM )]. For a given θ, the output of Algorithm 6 is the corresponding

optimal flow distribution matrix X(θ).

Complexity analysis. Since each step of the recursive process involves solving a set of linear

equations, the worse case complexity of which is O(n3), and M is at most |E| (the number of

edges), the worst-case complexity of computing the entire routing continuum is O(n3|E|), or

O(n5) in the worst case.
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Algorithm 5 Routing Continuum Algorithm
1: INPUT: Weight matrix W , source-id 1, destination-id n;
2: OUTPUT: Boundary vector [θ0 = 0, . . . , θM ], the corresponding [X∗(θ0), . . . , X

∗(θM )];
3: k = 0;
4: Compute All-path flow distribution X∗(θ0 = 0) from eq.(5.15)(5.16);
5: Compute the shortest path flow distribution X∗(∞) from eq.(5.11)(5.12);
6: while (X∗(θk) 6= X∗(∞)) do
7: k = k + 1;
8: Compute θk and X∗

ij(θk) using eq.(5.44) and eq.(5.43) respectively;

5.4.2 Numerical Illustration

We now use two synthetic networks and a real network to show how the routing continuum

grows as the parameter θ changes. Fig. 5.1 shows an example topology, with three disjoint

paths between the source 1 and the destination 5, and each link is with 1-unit weight. As the

parameter θ ≥ 0 increases, the longer paths P3 = {1 → 3 → 4 → 5} and P2 = {1 →
2 → 5} are truncated gradually, and the shortest path P1 = {1 → 5} is obtained when θ

increases to 1. Fig. 5.2 shows the routing continuum, i.e. the optimal flow distributions at

Algorithm 6 Solving the Optimal Flow Distribution X∗(θ), for a θ ≥ 0.

1: INPUT: [θ0 = 0, . . . , θM ], [X∗(θ0), . . . , X
∗(θM )],θ, W , source-id 1, destination-id n;

2: OUTPUT: Optimal flow distribution X∗(θ);
3: Search for the interval, such that θ ∈ [θk, θk+1);
4: Compute the X∗(θ) from eq.(5.43), for θ.
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each θ. We see that within the interval θ ∈ [0, 0.4], the flows on the longer paths P2 and P3

get linearly redistributed to the shortest path P1, and the longest path P3 gets truncated when

θ = 0.4. Then the flow of the second longest path P2 keeps decreasing as θ increases, until the

second boundary condition θ = 1 holds, where P2 is truncated. During the routing evolution

process, the network flows are always redistributed from longer paths to the shorter path, while

increasing θ. When θ > 1, namely, the largest boundary condition, the routing solution is

stabilized to the shortest path, i.e. P1.

Fig. 5.3 shows another example with five connected nodes in the topology. Weights wij’s

are marked on the links. The flow initiates at source 1 and is removed from destination 5.

Fig. 5.4~Fig. 5.8 show the optimal flow distributions (marked on individual links) under five

boundary conditions, [θ0 = 0, θ1 = 0.0914, θ2 = 0.2850, θ3 = 0.5700, θ4 = 2], In Fig. 5.4(θ0 =

0), every link is active and follows the potential based “all-path” routing. Then, as θ increases

to θ1 = 0.0914 (in Fig.5.5), link (1, 4) is truncated, and within the interval θ ∈ [0, θ1], only the

flow on path {1 → 4 → 5} decreases, and gets redistributed to other paths, because this path

with total length 11 is the longest path in P(0), i.e. the “all-path” routing graph. Then, when θ

increases to θ2 = 0.2850, the flows on links (2, 3) and (3, 5) are truncated, because these two
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links are on the second longest path {1 → 2 → 3 → 5}, with path length 5. Similarly, when θ

keeps increasing to θ3 and θ4, the rest two longer paths {1 → 2 → 5} and {1 → 2 → 4 → 5}
get removed, respectively, and only the shortest path {1 → 5} is left at last.
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Figure 5.14: Flow distribution
θ4 = 3.2108

Now, we apply the routing continuum theory to Internet2 Abilene Network [103]. The Abi-

lene network was a high-performance backbone network established by the Internet2 commu-

nity in the late 1990s. The Abilene Network was retired and became the “Internet2 Network”
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in 2007. Fig. 5.15 shows its 11 regional network aggregation points and backbone connec-

tions across them (primarily OC192 or OC48 backbone). We consider the transmission cost

between two end points roughly proportional to their actual geographic distance, because the

velocity of light in an optical fiber becomes 60-70% compared to it in vacuum [104–106].

Hence, in the numerical analysis, we simply use the geographical distance as the link weight

for the transmission cost as marked in Fig. 5.9. We choose the flow demand from Sunnyvale

to New York. As we increase θ from 0, we observe a sequence of five boundary θ’s, i.e.,

[θ0 = 0, θ1 = 0.1082, θ2 = 0.2498, θ3 = 0.4943, θ4 = 3.2108], in which order links (4 → 6),

(5 → 1), (10 → 9 → 3) and (10 → 7 → 4 → 1 → 11 → 8) get truncated in sequence,

and the optimal flow distribution evolves from the “all-path” routing to “shortest-path” routing.

When θ0 = 0, all paths are present in delivering the contents, whereas only the shortest path

{10 → 3 → 6 → 5 → 2 → 8} is active for θ ≥ 3.2108.

Figure 5.15: Abilene network topology

5.5 Generalizations and Applications

In this section, we present some extensions to the mixed L1/L2-norm network flow optimiza-

tion, and briefly touch on their potential applications to traffic engineering and wireless sensor

networks.
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5.5.1 Multiple Flows, Link/node Capacity Constraints and Traffic Engineering

In the previous sections, for simplicity we have assumed a single flow of unit 1 from source

node 1 to destination n. The formulation can be easily extended to accommodate multiple

flows [95,107,108] between different source-destination pairs and with different units, as flows

are additive on (links of) the network. Consider K flows, where the k-th flow X(k) of I(k) units

is routed from source node sk to destination node tk, 1 ≤ k ≤ K. Thus each flow X(k) satisfies

the following conservation constraints:

∑
j:(i,j)∈E

X
(k)
ij −

∑
l:(l,i)∈E

X
(k)
li =


I(k) if i = sk (Src)

−I(k) if i = tk (Dst)

0 if i 6= sk, tk,

(5.45)

We use Fk to denote the collection of flows satisfying eq.(5.45). Then the mixed L1/L2-norm

multi-flow optimization is given in eq.(5.46). It is not too hard to see that this problem can be

decomposed into K subproblems, each of which forms a single-flow mixed L1 and L2-norm

optimization problem, and thus can be solved using the method presented before.

min
X(k)∈Fk
1≤k≤K

K∑
k=1

n∑
i=1

n∑
j=1

(wijX
(k)
ij

2
+ 2θwijX

(k)
ij ) (5.46)

subject to X
(k)
ij ≥ 0, 1 ≤ i, j ≤ n, 1 ≤ k ≤ K.

In addition to having multiple flows (demands), many practical network flow problems,

e.g., traffic engineering in a data network, also impose the link capacity constraints [109, 110].

Namely, given a network G = (V,E), for each edge (i, j) ∈ E, let Cij(= Cji) denote the link

capacity. Then the total amount of flows on link (i, j) cannot exceed Cij . Given any set of K

flows, X(k) ∈ Fk, 1 ≤ k ≤ K, let α be a variable representing the maximum link utilization in

the network, i.e.,
∑

k X
(k)
ij ≤ αCij . Similar to [95], we consider the following maximum link

utilization optimization and mixed L1/L2-norm flow optimization with link capacity constraints

(where ε = θ−1):



103

Capacity Constrained Mixed Flow Optimization (Prime):

min
X(k)∈Fk
1≤k≤K

α+
K∑
k=1

n∑
i=1

n∑
j=1

(
ε

2
wijX

(k)
ij

2
+ wijX

(k)
ij

)
(5.47)

subject to X
(k)
ij ≥ 0, 1 ≤ k ≤ K; and (5.48)

K∑
k=1

X
(k)
ij ≤ Cijα, 1 ≤ i, j ≤ n. (5.49)

Let U (k)
i be the Lagrange multipliers for the flow conservation constraints eq.(5.45), and sij

the Lagrange multipliers for the inequality constraints
∑K

k=1X
(k)
ij − Cijα ≤ 0. Then the dual

problem is given by

Capacity Constrained Mixed Flow Optimization (Dual):

max
U,s

K∑
k=1

I(k)U (k)
1

− 1

2

K∑
k=1

n∑
i=1

∑
j:U

(k)
i

−U
(k)
j

>wij+sij

(U (k)
i − U (k)

j − (wij + sij))
2

εwij

subject to sij ≥ 0,

n∑
i=1

n∑
j=1

sijCij = 1, and U (k)
n = 0.

Let α∗ and X(k)∗
ij’s be the optimal solution to the primal problem and U (k)∗

i ’s and s∗ij’s the

optimal solution to the dual problem. Then by the complementary slackness, we have X(k)∗
ij >

0 if and only if U (k)∗
i − U (k)∗

j ≥ wij + s∗ij ; and furthermore, if s∗ij > 0, then
∑K

k=1X
(k)∗

ij =

Cijα
∗. The latter implies that any link (i, j) ∈ E with s∗ij > 0 is a “bottleneck” link where

the (optimal) maximum link utilization is attained. We see that on a bottleneck link (i, j), if

X(k)∗
ij > 0, then X(k)∗

ij = (U (k)∗
i −U (k)∗

j − (wij + s∗ij))/(εwij); whereas on a non-bottleneck

link (i.e., s∗ij = 0), if X(k)∗
ij > 0, then X(k)∗

ij = (U (k)∗
i − U (k)∗

j − wij)/(εwij).

Comparing this with the optimal flow solutions to the mixed L1/L2-norm without the ca-

pacity constraints, an additional s∗ij/(εwij) amount is reduced from each flow X(k)∗
ij on the

bottleneck links (i, j). Intuitively, it is as if the weights on the bottleneck links were replaced

with w′
ij = wij + s∗ij to discourage and shift away flows on the bottleneck links. In fact, sup-

pose s∗ij’s are known a priori. We can convert the network flow optimization eq.(5.47) with link

capacity constraints to one (without link capacity constraints) as eq.(5.46), where wij’s in the
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L1-norm term are replaced by w′
ij := wij+s∗ij’s, but not those in the L2-norm term. This yields

an example of network flow optimization with heterogenous L1/L2 costs to be discussed in the

next subsection. Intuitively, this implies that the optimal flow with link capacity constraints that

minimizes overall maximum link utilization is the one that discourages the usage of bottleneck

links by increasing the (L1) link costs on these links and thus shifting flows away from them.

Finally, for each ε(= θ−1), we can use the optimal solution α∗(θ) to eq.(5.47) to determine

the best trade-offs between using shorter paths and longer paths, namely, the best routing graph

R(θ) which minimizes the overall network link utilization α(θ) among any choice of θ ≥ 0:

θ∗ := argminθ≥0 α
∗(θ). (5.50)

In general, with the link capacity constraints, finding the optimal θ∗ requires search in the so-

lution space, {θ : α∗(θ)}. On the other hand, assuming that wij’s are fixed, we can find the

optimal θ∗ in polynomial time by first computing the entire routing continuum using Algo-

rithms 5 and 6, and then calculating the corresponding maximum link utilization α∗(θ) :=

max(i,j){
∑

k X
(k)∗

ij/Cij} for each θ > 0. Thus with respect to a fixed set of link weights

wij’s, the routing graph R(θ∗) yields the best trade-offs in usage of shorter and long paths: it

minimizes the overall network utilization among all routing graphs.

Moreover, practical network flow problems, e.g., routing in bandwidth constrained wireless

networks, may involve node capacity constraints [111–113], where for node i ∈ V , with node

capacity Ci, the total amount of flows going through node i cannot exceed Ci. For a set of K

flows, X(k) ∈ Fk, 1 ≤ k ≤ K,
∑

k

∑
j X

(k)
ij ≤ ξCi holds true, where ξ is the maximum

node capacity utilization in the network. While considering node capacity constrained mixed

L1/L2-norm flow optimization problem, similar results can be obtained as the link capacity

constrained L1/L2-norm optimization problem. We omit the details here for brevity.

5.5.2 Flow Optimization with Heterogeneous L1/L2 Link Weights

We consider the following generalization where L1-norm and L2-norm have different sets of

link weights, wij’s and rij’s:
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Flow Optimization with Heterogeneous L1/L2 Weights (Prime):

min
X(k)∈Fk
1≤k≤K

K∑
k=1

n∑
i=1

n∑
j=1

(
rijX

(k)
ij

2
+ 2θwijX

(k)
ij

)
, (5.51)

subject to X
(k)
ij ≥ 0, 1 ≤ k ≤ K.

We have already seen one instance of such generalization in the application of traffic engineer-

ing with link/node capacity constraints. Another application arises more naturally in wireless

sensor networks, where deciding on the best strategies hinge on trading off different cost consid-

erations [5], e.g., transmission latency as well as energy consumption – the latter is important,

for example, to maximize the sensor network life time, where it is shown in [94] that potential-

based routing using L2-norm maximizes the network life time. Let wij’s denote the per-hop

transmission latency, and rij’s be the transmission energy costs. Then, eq.(5.51) represents

the mixed L1/L2-norm network flow optimization problem with heterogeneous L1/L2 link

weights. The dual problem can be formulated as follows:

Flow Optimization with Heterogeneous L1/L2 Weights (Dual):

max
U,s

K∑
k=1

I(k)U (k)
1 − 1

2

K∑
k=1

n∑
i=1

∑
j:(i,j)∈E(k)(θ)

(U
(k)
i −U

(k)
j −θwij)

2

rij

subject to U (k)
n = 0, 1 ≤ k ≤ K,

where E(k)(θ) is the edge set, link (i, j) ∈ E(k)(θ) if and only if U (k)
i − U

(k)
j > θwij . Let

X(k)∗
ij’s and U (k)∗

i ’s be the optimal solution to the primal and dual problems, respectively. By

complementary slackness, we have X(k)∗
ij = (U (k)∗

i − U (k)∗
j − θwij)/rij > 0 if and only if

U (k)∗
i − U (k)∗

j > θwij . Using this relation, we can generalize Lemma 9 as below:

θ
∑

〈i,j〉∈P (k)

wij < U (k)∗
1(θ) ≤ θ

∑
〈i,j〉∈Q(k)

wij +
∑

〈i,j〉∈Q(k)

rij , (5.52)

where P (k) is a routing path with nonzero flow X(k)∗ from source sk to destination tk (i.e.,

P (k) ∈ GX(k)∗), whereas Q(k) is an arbitrary (simple) path in the network G from source sk to

destination tk. For any given θ ≥ 0 and 1 ≤ k ≤ K, using eq.(5.52) we can again characterize

all paths in the routing graph R(k)(θ) – the routing graph induced by X(k)∗(θ): for any P ∈
R(k)(θ), its path length, |P | < L

(k)
min,1 + θ−1L

(k)
max,2, where L

(k)
min,1 := minQ(k)

∑
〈i,j〉∈Q(k) wij

is the path length of the shortest (in terms of L1 link weights ) paths from sk to tk, and
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L
(k)
max,2 := maxQ(k)∈R(k)(0)

∑
〈i,j〉∈Q(k) rij is the the path length of the longest (in terms of

L2 link weights) paths in the routing graph R(k)(0), the routing graph induced by the optimal

L2-norm flow X(k)(0). Therefore, we can establish a generalized routing continuum theorem

analogous to Theorem 14, yielding a finite sequence of routing graphs, R(k)(θ
(k)
m )’s. Further-

more, the boundary conditions for θ(k)m ’s can be precisely characterized using a similar iterative

process as presented in Section 5.4.1, and Algorithms 5 and 6 can be analogously generalized

to compute the entire routing continuum and {X(k)∗(θ), 1 ≤ k ≤ K} for all θ > 0. We omit

the details here for brevity.

5.5.3 Network robustness analysis via generalized centrality measure

The optimal flow distribution X∗(θ) to the mixed L1− and L2−norm network flow opti-

mization problem indicates exactly the loads on each link (resp. node) for certain flow demands.

When considering flow demands from all source destination pairs, the average network flow on

each link (resp. node) infers the “importance” of the link (resp. node), namely, the influence

of the link (resp. node) in case of failure or being attacked, which in turn reveals the robust-

ness structure of networks, i.e., which area of the network is more vulnerable to attacks. The

robustness centrality measure of links and nodes in the network has been extensively studied,

and has been applied to design topology control algorithm and routing protocol in wireless

sensor networks and delay tolerant networks [114, 115]. Below, we show how our routing con-

tinuum theory can be used to generalize various robustness centrality measures of links/nodes

in networks, where the ranking of links/nodes in terms of their betweenness infer the network

robustness structure, i.e., those areas with high betweenness links/nodes expose more risks to

attacks or failures, as when removing these links/nodes, more flows have to be rerouted or failed.

Centrality measures for mixed network flow

Centrality measures were first developed in social network analysis [116,117], for example, how

influential a user is in a social network, with applications in robust community detection [118,

119], mobility prediction [120], and etc. There are four widely used centrality measures [117],

that capture the relative importance of a vertex or an edge within a network from various aspects:
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degree 4 , eigenvector centrality 5 , betweenness [123,124], and closeness [125]. Betweenness

and closeness centrality measures are directly interpretable in terms of the shortest path and

all-path routing, thus can be generalized using our routing continuum theory to account for

mixed network flows. In the following, we will introduce the mixed-flow betweenness for

nodes or edges, a natural generalization of the existing betweenness centrality measures. The

mixed-flow betweenness measures indicate the importance of nodes or edges in terms of the

degree to which a node or an edge is participating in the communication between node pairs

in the network, which has implications in network resource relocations and detecting robust

subgraphs that are resilient to attacks and failures. Note that closeness centrality can similarly

be generalized, and we omit these results here for brevity.

Node Betweenness centrality

Node betweenness has been studied in the past as a measure of the centrality and influence of

nodes in networks.

Shortest-path betweenness. A simple example of such a betweenness measure initially pro-

posed by Freeman [124, 126, 127] is shortest-path betweenness. Given a node i, its shortest-

path betweenness is defined as the number of shortest (geodesic) paths between pairs of all

other nodes that run through i. To be precise, given a graph G = (V,E), node i’s betweenness

centrality [124, 126] CS
i is defined as6

CS
i =

2
∑

s<t∈V g
(st)
i

n(n− 1)
, (5.53)

where g
(st)
i is the number of shortest paths from node s to node t that pass through i. Since the

graph is undirected, g(st)i = g
(ts)
i always holds, thus computing g

(st)
i for only half of all node

pairs (i.e., for s < t) is sufficient. If there is more than one shortest path between a node pair,
4 The node degree centrality is simply defined as the number of links associated with a node, which reflects

locally (i.e., within one hop,) how well the node is connected to other nodes.
5 Eigenvector centrality takes the leading Eigenvector, i.e., the Eigenvector corresponding to the largest Eigen-

value, of the adjacent matrix A as relative scores to all nodes in the network, which follows the concept that con-
nections to nodes with higher scores contribute more to the score of the node than connections to nodes with lower
scores. PageRank [121] and Katz centrality [122] can be viewed as two variations of the Eigenvector centrality
measure.

6 Here, the normalizing constant is n(n−1), where i may also be a start or end node of a source destination pair.
Some definitions only count for those node pairs without i as a start or end node, where the normalizing constant
becomes (n− 1)(n− 2) instead.
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each path is given equal weight such that the total weight of all of the paths is unity. Since when

θ is large enough, the optimal flow distribution denoted by X∗(∞) represents the shortest path

solution, the shortest path betweenness centrality CS
i can be written as

CS
i =

2
∑

s<t∈V
∑

k∈V X(st)∗
ki(∞)

n(n− 1)
. (5.54)

Current-flow betweenness7 . Considering that the circuit created by placing a resister on

each edge of the network and unit current source and destination at a particular node pair.

The resulting current flow in the network will follow Kirchhoff’s and Ohm’s laws, going from

source to destination along a multitude of paths. Hence, The current-flow betweenness [128]

for a node i is defined as the absolute value of the currents summed over all node pairs that run

through i. The optimal optimal flow distribution X(st)∗(0) of the L2 norm flow optimization

problem represents exactly the current flow for source destination pair (s, t) with θ = 0. The

current-flow betweenness CC
i of node i can be written in terms of X(st)∗(0) as

CC
i =

2
∑

s<t∈V
∑

k∈V X(st)∗
ki(0)

n(n− 1)
. (5.55)

Mixed-flow betweenness. Shortest-path betweenness and current-flow betweenness present

two extremes. One uses only shortest paths, and the other favors all-path to deliver network flow.

Our routing continuum theory naturally leads to a generalized mix-flow betweenness, Ci(θ),

which captures how much mixed flow X∗(θ) runs through a node given a flow combination

parameter θ.

Ci(θ) =
2
∑

s<t∈V
∑

k∈V X(st)∗
ki(θ)

n(n− 1)
, (5.56)

with θ ≥ 0. Note that the shortest-path betweenness (eq.(5.54)) and the current-flow be-

tweenness (eq.(5.55)) are two special cases of mixed-flow betweenness, as CS
i = Ci(∞) and

CC
i = Ci(0), respectively. Given a specific θ ≥ 0, Ci(θ) captures the importance of node i, in

terms of the average optimal flow going through node i over all source destination pairs.

Edge betweenness centrality

Analogically, the betweenness centrality can be defined for edges, capturing how much network

flow going through a particular edge, summed over all node pairs in the network.
7 Current-flow betweenness is proven to be equivalent to random walk (RW) betweenness [128]. For a

node i, we calculate the expected number of times that a random walk between a particular node pair will
pass through i, and RW betweenness is the summation over all node pairs.
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The shortest-path betweenness of an edge (i, j) is the total number of shortest paths running

along (i, j), which was first introduced by Anthonisse in [129], and Newman formally defined

it in [118]. It can be written in terms of the optimal shortest path flow distribution denoted by

X∗(∞) as

CS
ij =

2
∑

s<t∈V X(st)∗
ij(∞)

n(n− 1)
(5.57)

Similarly, the current-flow betweenness of an edge (i, j) is the current flow running along

(i, j) [118, 123], which can be computed using the following eq.(5.58) in terms of the optimal

L2 network flow distribution denoted by X∗(0) as

CC
ij =

2
∑

s<t∈V X(st)∗
ij(0)

n(n− 1)
(5.58)

The mixed-flow betweenness of an edge (i, j) is then a natural generalization of eq.(5.57) and

eq.(5.58) for θ ≥ 0.

Cij(θ) =
2
∑

s<t∈V X(st)∗
ij(θ)

n(n− 1)
(5.59)

As discussed earlier, the trade-off parameter θ ≥ 0 governs how much shortest path flow vs

current flow is considered in the mixed flow optimization problem. The mixed-flow between-

ness centrality measure for a link/node captures how crucial the link/node is in carrying the

network flow for all possible node pairs. In communication networks, the link/node between-

ness measures in fact indicate how much (mixed) network flow has to go through a particular

link/node for all source-destination pairs. An attack or failure to the links/nodes with high be-

tweenness leads to more influential impacts to the network traffic. Hence the ranking of the

links/nodes in terms of their betweenness infer the network robustness structure, namely, areas

with high betweenness links/nodes are more vulnerable to attacks or failures, since more flows

have to be rerouted or failed if these links/nodes fail.

Numerical examples

Next, we use the topology in Fig. 5.3 and a real network topology, i.e., Internet2 Abilene Net-

work [103], as examples, to show how the ranking of node/link in terms of betweenness changes

over θ.
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Table 5.1: Edge ranking in mixed-flow betweenness (θ ≥ 0).
Edge when θ ∈ when θ ∈ when

ranking [0, 0.002) [0.002, 0.06) θ ≥ 0.06

# 1 (1,2) (1,2) (2,4)
# 2 (4,5) (2,4) (1,2)
# 3 (2,4) (4,5) (4,5)
# 4 (2,3) (2,3) (2,3)
# 5 (3,5) (3,5) (3,5)
# 6 (1,5) (1,5) (1,5)
# 7 (2,5) (2,5) (2,5)
# 8 (1,4) (1,4) (1,4)

When computing the betweenness centrality measures for the five node topology in Fig. 5.3,

we observe that as increasing θ ≥ 0, the ranking of links in terms of their mixed-flow between-

ness keeps relatively robust, namely, there are only three different link ranking orders (See

Tab 5.1). The highest betweenness links are (1, 2), (4, 5) and (2, 4), which all have the smallest

link weights. The link (2, 4) steps up to the highest ranking, when θ ≥ 0.06. The node between-

ness ranking is more stable, which is unchanged over θ’s for topology in Fig. 5.3 with nodes

ranked as {2, 5, 4, 1, 3} in a decreasing order. Nodes with more links and lower link weights

are ranked higher, since they are more likely to serve as hubs to carry more network flows.

Now we investigate how the link and node betweenness ranking vary over θ in Abilene

network. As we increase θ ≥ 0, there are twelve boundary θ’s, governing the different ranking

of link betweenness in Abilene network as shown in Table 5.2. We observe that when θ changes,

namely, the network flow evolves from “all-path” flow to “shortest-path” flow, the ranks of

links with the highest betweeness keep high ranking over θ, i.e., links at rank # 1 to # 5 are

unchanged. On the other hand, the betweenness centrality link (3, 10) increases from the rank

#11 to #6 gradually (as highlighted in Table 5.2), which happens because the high link weight

of (3, 10) suppress the “all-path (current)” flow going through it, but it resides on more shortest

paths among node pairs, thus generates higher shortest-path flow when θ is large. Moreover,

the ranks of links such as (1, 11), (2, 8), and (8, 11) decrease as θ increases. The ranks of some

other links, including (1, 5) and (4, 7), keep stable at rank #7-#9. When looking at the node

betweenness, the ranking is more stable than links, which is unchanged for all θ’s as shown

in Table 5.3. The nodes placed in central US, such as Kansas City and Indianapolis

posses highest node betweenness centrality, namely, being the busiest nodes in carrying network
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Table 5.2: Edge ranking in mixed-flow betweenness in Abilene network (θ ≥ 0).
θ 0 0.0535 0.0617 0.0647 0.0839 0.0918

# 1 (5,6) (5,6) (5,6) (5,6) (5,6) (5,6)
# 2 (3,6) (3,6) (3,6) (3,6) (3,6) (3,6)
# 3 (2,5) (2,5) (2,5) (2,5) (2,5) (2,5)
# 4 (7,10) (7,10) (7,10) (7,10) (7,10) (7,10)
# 5 (1,4) (1,4) (1,4) (1,4) (1,4) (1,4)
# 6 (2,8) (2,8) (2,8) (2,8) (2,8) (2,8)
# 7 (8,11) (8,11) (8,11) (8,11) (4,7) (4,7)
# 8 (4,7) (4,7) (4,7) (4,7) (8,11) (1,5)
# 9 (1,11) (1,5) (1,5) (1,5) (1,5) (8,11)
# 10 (1,5) (1,11) (1,11) (3,10) (3,10) (3,10)
# 11 (3,10) (3,10) (3,10) (1,11) (1,11) (1,11)
θ 0.0964 0.1079 0.1335 0.2650 0.2874 0.3176

# 1 (5,6) (5,6) (5,6) (5,6) (5,6) (5,6)
# 2 (3,6) (3,6) (3,6) (3,6) (3,6) (3,6)
# 3 (2,5) (2,5) (2,5) (2,5) (2,5) (2,5)
# 4 (7,10) (7,10) (7,10) (7,10) (7,10) (7,10)
# 5 (1,4) (1,4) (1,4) (1,4) (1,4) (1,4)
# 6 (2,8) (2,8) (2,8) (2,8) (3,10) (3,10)
# 7 (1,5) (1,5) (1,5) (3,10) (2,8) (1,5)
# 8 (4,7) (4,7) (3,10) (1,5) (1,5) (2,8)
# 9 (8,11) (3,10) (4,7) (4,7) (4,7) (4,7)
# 10 (3,10) (8,11) (8,11) (8,11) (8,11) (8,11)
# 11 (1,11) (1,11) (1,11) (1,11) (1,11) (1,11)

flow.

We also computed the ranking of link/node betweenness in other real networks, such as

Roofnet [130] (with 38 nodes), CERNET [131] (with 36 nodes), GEANT [132] (with 23 nodes),

where similar results are obtained and we omit them here for brevity. From all these results,

the node betweenness centrality ranking is overall more stable than link betweenness centrality

ranking, through the entire routing continuum, i.e., all θ ≥ 0.

5.6 Related Work and Discussion

Routing in networks has been extensively studied under practical settings, with a literature too

vast to cite completely. Here we will mention a few that are most relevant. For example, the
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Table 5.3: Node betweenness ranking in the Abilene network for all θ’s.
Rank # 1 # 2 # 3 # 4 # 5
City Kansas City Indianapolis Denver Atlanta Sunnyvale
# 6 # 7 # 8 # 9 # 10 # 11

Houston Chicago Los Angeles New York Washington Seattle

authors in [133] propose an optimization model for QoS routing protocol design with multiple

L1-norm performance objectives, where the objectives are linearly combined with tunable pa-

rameter. In the context of traffic engineering in IP data networks, the authors in [134] show that

given a set of traffic demands, optimizing the link weights in a network (assuming shortest-path

routing) is NP-hard, and develop heuristics. The authors in [135] propose a new link-state rout-

ing protocol PEFT that goes beyond shortest paths by allowing longer paths and splitting traffic

over multiple paths with an exponential penalty on longer paths. Via convex optimization, the

authors show PEFT achieves optimal traffic engineering. The studies in [136–139] analyze

the trade-offs between shortest path routing and multi-path routing in both wired and wireless

network settings.

Different from earlier works, which focus on routing protocol designs for specific (wired/wire-

less) network scenarios, our work studies routing from a more general and theoretical perspec-

tive. It is partly inspired by the finding in [95], where motivated by traffic engineering in IP

networks, the authors show that shortest path routing results from the optimal flow minimizing

the L1-norm in a network. In contrast, the optimal flow minimizing the L2-norm in a network

and its connection to currents in resistive electrical networks (and random walks on a graph)

are well-known (see [89] and references thereof); it leads to the potential-based, “all-path” (or

stochastic) routing that has been applied in wireless sensor networks, e.g., to maximize network

life time [94], or to minimize state maintenance [140]. Our work generalizes these earlier re-

sults to show that using the mixed L1/L2-norm flow optimization, we can construct the entire

routing continuum from the shortest-path to all-path, with routing graphs consisting of paths of

increasing path lengths.

In a broader context, the mixed L1/L2 optimization formulation has been widely used, e.g.,

in the classical LASSO problems [141], namely, the least square optimization problems with

a L1-norm penalty term, and more recently, in compressive sensing [142, 143]. It is therefore
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well-known that the L1-norm penalty forces the least-square solution, X∗, to meet certain spar-

sity constraints, i.e., ||X∗||1 ≤ ε. Compared with LASSO and compressive sensing settings,

our setting has a set of additional flow conservation constraints — these are what makes the

problem unique and leads to solutions that have interesting interpretations and consequences,

where the solutions to the more general LASSO and compressive sensing settings may not have,

apart from the sparsity of the solutions.

Indeed, Lemma 9 shows that our results can be interpreted in terms of the “sparsity” of the

solutions also: the optimal flow solution X∗(θ) to the mixed L1/L2-norm flow optimization

leads to a sparser routing graph, where the path length of routes used for routing the optimal

flow from a source to a destination can not be (1 + θ−1) longer than the shortest paths. More

surprising and interesting is that we can generate the entire routing continuum from the mixed

L1/L2-norm flow optimization. The flow conservation constraints in fact play a key role here:

it leads to the duality of the optimal flows, X∗(θ), a function defined on the edges of a network,

and the optimal (generalized) potential functions, U∗(θ), a function defined on the nodes of a

network. This allows us to solve U∗(θ) through a set of linear equations, and yields an efficient

process to compute the entire routing continuum and the optimal flow X∗(θ) for any θ ≥ 0.

Last but not the least, we remark that although we only focus on network routing in this chapter,

we believe that our results can be applied to many other applications where the problems can

be cast in terms of flows in a network.

Another line of works that is related to our study is parametrized dissimilarity measure (or

distance) between nodes. Yen et al. [144] develop a family of link-based dissimilarity measures,

namely, the randomized shortest-path (RSP) dissimilarity, which generalizes both the weighted

shortest path distance and the resistance distance. It is interpreted as the path probability dis-

tribution that minimizes the expected energy for transiting from a source node to a destination

node, constrained by a fixed relative entropy (Kullback-Leibler divergence) with respect to the

reference probability. Chebotarev [145] introduces a similar parametric family of node dis-

tance to [144] by matrix forest theorem and the transition inequality, which possess a unique

graph-geodetic property: d(i, j) + d(j, k) = d(i, k) if and only if every path from i to k passes

through j. Different from our work, the constraints exploited in these works are no longer flow

conservation law, thus the solutions obtained have different interpretations of the underlying

“flow”.
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5.7 Summary

In this chapter, we have formulated the network routing problem as flow optimization problem

in a network with mixed L1/L2-norms. Using this formulation, we established a surprising re-

sult: the routing graphs induced by the optimal flow solutions span the entire routing continuum

from the shortest-path to all-path routing. Using the duality theory, we also developed an ef-

ficient iterative process for computing the entire routing continuum and optimal flow solutions

X∗(θ) for any θ ≥ 0. The basic theory is further extended to account for multiple flows (traffic

demands), link capacity constraints and heterogeneous L1/L2 link weights, with applications to

traffic engineering and wireless sensor networks, and network robustness analysis.



Chapter 6

Conclusion, Discussion, and Future
Research Directions

This dissertation presents my work on analyzing and characterizing diverse link patterns in

complex networks in theory and practice, with various applications to opportunistic wireless

networks, the Internet, and multiplex online social networks. The presented works focus on de-

veloping theories and models for understanding and employing versatile and oblivious network

information – asymmetrical characteristics of the wireless transmission channels, multiplex so-

cial relations, e.g., trust and distrust relations, etc – in solving various application problems. In

Chapter 2, we discuss how to generalize the random walk theory and the intrinsically related

spectral graph theory from undirected graphs to directed graphs. Chapter 3 investigates and

develops a novel social community detection algorithm for social networks with both uni- and

bi-directional links. Chapter 4 establishes routing continuum theory for undirected communi-

cation networks, that spans from shortest path routing to the “potential” based all path routing,

based on the connection between routing and network flow optimization problems.

Another line of my PhD research work is empirically analyzing, understanding, and making

sense of the big data from real complex networks [146–150]. Many real world networks, such

as the Internet, online social networks, video sharing websites, are large scale in natural, which

generate a gigantic set of big data. For example, based on its own counting [151], YouTube

serves a total of more than 2 billion views a day. According to a recent study [152], YouTube

traffic contributes to a significant portion of inter-domain network traffic. Foursquare [153],

115
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one of the most popular location based social networks (LBSNs), had more than 10 million

registered users with 1 billion check-ins in September 2011 [154]. Characterizing such large

scale networks, e.g., revealing and estimating the network statistics, including the network size,

degree distributions, is of great interest, which may shed light on the network capacity needed,

network traffic dynamics, and users’ personal preferences and mobility patterns, with vari-

ous applications to content pre-fetching, personalized recommendation, and online advertising.

However, in most cases, complete network datasets are not available, or very costly to obtain.

Thus it is important to develop efficient sampling algorithms to characterize these networks.

In [146, 147, 149], we design efficient algorithms to sample and characterize YouTube, the

largest video sharing website, and Foursquare, a leading location based social network (LBSN).

Moreover, in [148], we evaluate how various sampling techniques perform in estimating the

graph mixing time and demonstrate that bias in sampling algorithms accepted in the literature

is rather metric-dependent.

6.1 Future directions

My future research plan on analyzing and characterizing versatile complex networks include

carrying out active research in the following areas.

Analyzing the dynamics of complex networks. In reality, complex networks are dynamic in

natural, i.e., nodes and edges join and leave over time. As one of my future research directions,

I am interested in understanding, modeling, and interpreting the dynamics of various complex

networks, such as online social and media networks, the Internet, wireless (cellular) networks,

and investigating how the dynamics of these networks affect and be affected by the local and

global network topological structure. Firstly, I intend to further explore some unaddressed prob-

lems from my existing work, including studying the dynamics and evolution of YouTube video

statistics and users behaviors to reveal how (fast) YouTube is growing in size and what motivate,

drive and prompt the YouTube uploaders to upload videos. These studies will not only imply

how much the storage and bandwidth are needed, but also provide a basis to study the socio-

economic factors in online video sharing and distribution. Moreover, in location based social

networks, I intend to investigate various characteristics of venues during their life spans, to un-

cover factors that drive venues becoming popular, i.e., attracting a large number of visits from

users over time, which are directly beneficial to applications, including venue recommendation
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and targeted advertising in LBSNs.

Investigating multivariate phenomena in multi-attributed complex networks. Entities in

complex networks usually possess multiple attributes that reflect their different characteristics,

for example, the numbers of users, who follow and be followed by a Twitter user, indicate the

popularity and the activeness of the Twitter user, respectively. The emphasis in complex net-

works has been on analyzing and characterizing individual attributes separately, e.g., degree

distributions as univariate distributions, which have implications on issues such as social in-

fluence, community formation, resilience, and epidemics. However, multivariate phenomena

that arise as a result of repeated non-linear interactions among its participants are mostly ig-

nored, where valuable information about the correlations across different network attributes is

lost. Thus, bringing multivariate probabilistic models and analytics to bear in complex network

analysis will provide a more rigorous theoretical underpinning, and will lead to deeper insights

into many network phenomena. I am interested in developing efficient algorithms to character-

ize the multivariate statistics and structures of complex networks through sampling, e.g., joint

in- and out-degree distributions. The results by analyzing the sampled data will infer corre-

lations and causality in complex networks, which in turn have implications in revealing more

precise network evolution process with respect to multiple attributes, and uncovering hidden

social communities in the underlying networks.

Social-aware communication networks. In recent years, online social networks (OSNs) are

becoming increasingly popular, which have generated a great interest in studying and under-

standing the users’ behavior patterns and preferences, with applications to personalized friend-

ship, item, venue recommendations and targeted online advertising. While such social informa-

tion is useful and beneficial to directly improve the user experience and impression of the ads on

online social networks, it is also profitable to improve the performances of the underlying data

forwarding networks. I am interested in incorporating those social information, e.g., the video

preferences of YouTube users, mobility patterns of mobile phone users, and the social commu-

nity structure, to design intelligent social-aware content pre-fetching and caching mechanisms

for communication networks, including content delivery networks (CDNs), content-centric net-

works (CCNs), and wireless (cellular) networks. These designs will facilitate and advance the

transmission layer network performances, such as reducing the data transmission delay and

promoting the data traffic congestion control.
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Appendix A

Omitted Proofs

A.1 Properties of ergodic digraphs

Proposition 4 Let G = (V,E,A) be an ergodic digraph. For any nodes i, j ∈ V , there exist

two paths from i to j with even and odd length, respectively.

Proof : Suppose, for a contradiction, that all paths from i to j have even lengths. This implies

that all cycles passing through i must be even length, since otherwise we could follow node i’s

odd-length cycle followed by the even length path from i to j, making the entire path from i to

j odd. Now we can consider any cycle Cr in G, not necessarily passing i. We claim that Cr

must have even length. In fact, we can pick any node u on Cr, and construct a path from i to

j with the following segments: R1 from i to u, Cr, R2 from u back to i, and R3 from i to j.

Since we know that R1+R2 has even length and R3 has even length, it must be the case that Cr

has even length by our assumption. However, this means that all cycles in C has even lengths,

contradicting to the aperiodicity of G.

The case of odd length paths can be proved in the same way.

Proposition 5 Let Ḡ = (V,E, Ā) be an ergodic unsigned digraph, with transition probability

matrix P̄ and stationary distribution vector π. P̄ t − 1πT = (P̄ − 1πT )t holds for any integer

t > 0.

Proof :
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Using the facts that P̄1 = 1 and πT P̄ = πT , it is easy to prove by induction that for any

integer t > 0 P̄ t − 1πT = (P̄ − 1πT )t holds.

A.2 Special matrix power series

Proposition 6 Let X ∈ Rm×m, Y ∈ Rm×n and Z ∈ Rn×n. If limt→∞Xt = limt→∞ Zt = 0,

the following equalities hold:

(i) lim
t→∞

t−1∑
i=0

Xi = (I −X)−1, (A.1)

(ii) lim
t→∞

t−1∑
i=0

XiY Zt−1−i = 0, (A.2)

Proof : (i) Let ρ(X) be the spectral radius of matrix X , i.e., the largest absolute value of the

eigenvalues of X . Notice that limt→∞Xt = 0 if and only if ρ(X) < 1.

We first claim that, I−X and I−Z are invertible. Suppose I−X is not invertible, there is a

non-zero vector p such that (I−X)p = 0. Therefore, p is the eigenvector of X with eigenvalue

1, which contradicts limt→∞Xt = 0. Same argument can be applied to I − Z. Hence, the left

hand side of Eq.(A.1) equals to

lim
t→∞

t∑
i=0

Xi = lim
t→∞

(I −X)−1(I −Xt+1) = (I −X)−1.

(ii) The max-norm of X is given by ‖X‖max = maxi,j≤m{Xij}. Let X = QXJQ−1
X be the

standard Jordan form of X , where QX is an invertible matrix. Denote J = 11T as the all-one

matrix. Hence, we have

‖Xi‖max = ‖QXJ iQ−1
X ‖max ≤ ‖QX‖max‖Q−1

X ‖max‖JJ iJ‖max

≤ ‖QX‖max‖Q−1
X ‖maxm

2‖J i‖max

J i is in form as

J i =



λi
1 C1

i λ
i−1
1 C2

i λ
i−2
1 0 0

0 λi
1 C1

i λ
i−1
1 0 0

0 0 λi
1 0 0

0 0 0 λi
m0

C1
i λ

i−1
m0

0 0 0 0 λi
m0


, (A.3)
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where C`
i = i!`!

(i−`)! ≤ im and each non-zero entry in J i can be expressed as Ci
`λ

i−`
k , 1 ≤ k ≤

m0, 1 ≤ ` ≤ `0(k), with m0 as the number of different eigenvalues of X and `0(k) as the

multiplicity of the k-th eigenvalue of X . Hence, the absolute value of each non-zero entry in

J i is upper bounded as |C`
iλ

i−`
k | ≤ imρ(X)i−m, which implies that

‖Xi‖max ≤ ‖QX‖max‖Q−1
X ‖maxm

2imρ(X)i−m

Let ρ = max(ρ(X), ρ(Z)), we have

lim
t→∞

‖
t−1∑
i=0

XiY Zt−1−i‖max ≤ lim
t→∞

tmn‖Xi‖max‖Y ‖max‖Zt−1−i‖max

≤ lim
t→∞

tmnTmax(m
2tmρi−m)(n2tnρt−i−1−n) ≤ lim

t→∞
m3n3Tmaxt

m+n+1ρt−1−n−m = 0

where Tmax = ‖Y ‖max‖QX‖max‖Q−1
X ‖max‖QZ‖max‖Q−1

Z ‖max.

A.3 Illustration of exponential convergence time of P t on ergodic
digraph.

Figure A.1: An example digraph with exponential convergence time. All edges are with unit
weights.

Given an unsigned ergodic digraph Ḡ = (V,E, Ā), with transition probability matrix P̄ , it

has fixed stationary distribution π, i.e., πT = πT P̄ .

The convergence time (or mixing time) of a random walk Markov chain on G is the time

until the Markov chain is “close” to its stationary distribution π. To be precise, for an initial

distribution x0, let xTt = xT0 P̄
t be the distribution at step t. The variation distance mixing time

is defined as the smallest t such that for any subset W ⊆ V ,

|(xTt − πT )eW | ≤ 1

4
,
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where eW is the vector such that eW (i) = 1 if i ∈ W , and eW (i) = 0 if i ∈ V \W .

The convergence time is said to be exponentially large if there exists x0 such that the con-

vergence time of the random walk starting from x0 is 2Ω(n), where n = |V |. Lemma 10 below

illustrates that the convergence time of random walk on ergodic digraphs could be exponentially

large.

Lemma 10 There exist ergodic digraphs, such that the convergence time of the random walks

on these digraphs are exponentially large.

Proof :
We prove this by construction. Fig. A.1 shows an example digraph G, with |V | = 2m

nodes. On the left hand side, there are m ≥ 3 nodes L1, L2, · · · , Lm connected by m − 1

directed edges from L1 to Lm, and every node Li with i > 1 has a directed connection to the

leftmost node L1. The right hand side nodes have symmetric connections as the left hand side.

Moreover, node Lm and Rm also have one more connection to R1 and L1, respectively, which

connect two components together. It is clear that the graph is strongly connected and aperiodic

(there exist cycles of length 2 and 3), and thus ergodic.

Let xt(Li) denote the probability that the random walk is at node Li at step t, and x(Li)

be its stationary distribution. Similarly define xt(Ri) and x(Ri) for node Ri. The graph is

symmetric, thus we have x(Li) = x(Ri) for 1 ≤ i ≤ m. Let x(L1) = x(R1) = ρ/4, we have

x(Li) = x(Ri) = ρ/2i for i = 2, 3, . . . ,m. Then, by solving
∑m

i=1(x(Li) + x(Ri)) = 1, we

obtain ρ = 2m−1

3·2m−2−1
. It is easy to verify that indeed the obtained x is the stationary distribution

of the random walks on the digraph.

Then, we consider the initial distribution as x0 = [1, 0, 0, . . . , 0], and the subset W =

{R1, · · · , Rm} including all m nodes on the right-hand side. Let xt(W ) = xTt · eW denote the

total probability that the random walk is in some node in W at step t. The only edge from the

left half to the right half is the edge from Lm to R1. Thus all additions to xt+1(W ) from xt(W )

comes from this edge, namely xt+1(W ) − xt(W ) ≤ xt(Lm)/2. We now bound xt(Lm). For

t ≤ m− 1, we know that xt(Lm) = 0. For t ≥ m, we have

xt(Lm) = xt−1(Lm−1)/2 = xt−2(Lm−2)/2
2 = · · · = xt−m+2(L2)/2

m−2 ≤ 1/2m−2.
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Hence, we have

xt(W ) =

t∑
i=1

(xi(W )− xi−1(W )) ≤ t · xt(Lm)/2 ≤ t/2m−1.

Therefore, the smallest t that satisfies |(xTt − πT )eW | = |xt(W ) − 1/2| ≤ 1/4 is such

that xt(W ) ≥ 1/4, which implies that t/2m−1 ≥ 1/4 and t ≥ 2m−3. This completes the

proof.


