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Abstract—A new microwave imaging technique is proposed for
reconstruction of 2-D complex permittivity profiles in dielectric
samples located in a waveguide system. The spatial distributions
of the dielectric constant and the loss factor are approximated by
continuous functions whose functional parameters are determined
using a neural network technique backed by full-wave finite-dif-
ference time-domain analysis. The profiles are reconstructed from
measurements of reflection and transmission characteristics ob-
tained with the tested sample at different locations. Operational
capabilities of the technique are illustrated through a series of com-
putational experiments for rectangular and cylindrical samples at
two (original and 90 -rotated) positions. The results demonstrate
excellent agreement between the reconstructed and actual profiles
approximated by linear, quadratic, and Gaussian functions: the
average relative errors do not exceed 0.4%, 2.2%, and 4.8%, re-
spectively. Finally, the assumption of functional approximation,
uniqueness of the reconstruction, and prospects of practical use of
the technique are thoroughly discussed.

Index Terms—Artificial neural network (ANN), finite-difference
time-domain (FDTD) simulation, microwave imaging, model func-
tions, permittivity profile, -parameters, waveguide.

I. INTRODUCTION

M ICROWAVE imaging of spatial distribution of complex
permittivity inside dielectric objects is an important

technology of nondestructive evaluation (NDE) and testing [1]
due to its potential functional benefits for many applications,
such as medical diagnostics (detection of inhomogeneities
in distribution of tissues) [2], [3], recognition of defects and
cracks in construction materials [4], composite panels [5],
wood slabs [6], and many others.

Our interest in this technology is conditioned by the prin-
cipal obstacle in the development of controllable microwave sin-
tering of particulate and powder materials—the lack of knowl-
edge about behavior of dielectric and thermal properties of the
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samples in the course of their sintering [7], [8]. The absence of
reliable data of material parameters effectively slows down the
progress in modeling of microwave heating of metal powder:
the known studies are limited to fairly idealistic computational
schemes (e.g., [9]) and much of the work in microwave sin-
tering thus far is still restricted to experimental studies [8]. Since
there are substantial difficulties in measuring media parameters
nonuniformly distributed inside the material at temperatures of
hundreds degrees Celsius, contactless microwave imaging may
be an attractive approach in getting spatial profiles of effective
permittivity of the sintered objects.

Numerical solutions of inverse problems are widely consid-
ered a crucial part of the applied technologies of NDE, and
a technique capable of reconstructing spatial profiles of com-
plex permittivity appears to be one of the most
needed tools required for adequate modeling of microwave sin-
tering. However, the existing 1-D approaches (e.g., [10]–[13])
do not seem practical here, and the reported techniques of re-
construction of 2-D and 3-D permittivity profiles (e.g., [2]–[4]
and [14]–[16]) are associated with complex experimental imple-
mentations, characterized by relatively low resolution and accu-
racy, and developed for open scenarios. While it has been shown
that artificial neural network (ANN)-based techniques may be
efficient in the determination of complex permittivity of homo-
geneous materials [17]–[19], the known ANN methods of re-
construction of nonuniform distribution of the dielectric con-
stant and the loss factor are applicable only to the coaxial
[20] or layered [21] structures and deal effectively with 1-D re-
construction. On the other hand, recently, an ANN method has
been successfully used for detecting a 3-D position and size of a
spherical inclusion in a dielectric sample located in a waveguide
system [22].

In this paper, we describe a new ANN technique, which
reconstructs 2-D complex permittivity profiles from elementary
measurements in a closed system. The technique deals with

-parameters of a waveguide containing the tested sample.
The profiles and are described by continuous
functions defined by a small number of coefficients (in this
study, we consider linear, quadratic, and Gaussian functions),
and an ANN is used for reconstruction of functional parameters
controlling the profile. The network is trained by numerical
data generated by multiple full-wave 3-D finite-difference
time-domain (FDTD) analysis of the entire waveguide system
with the sample at different locations; functionality of the
method is shown for the objects in their original and rotated
positions. We, therefore, provide here a detailed account of
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Fig. 1. Locations of the base points in reconstruction of linear and quadratic
polynomial functions in 2-D rectangular and cylindrical samples.

the technique being more general, more advanced, and more
accurate in comparison with the procedure that was earlier
summarized and tested for a Gaussian model function in [23].

Since, to the best of our knowledge, no general techniques
of microwave imaging in closed systems have been developed
thus far, this paper aims to suggest a first stage of an original
approach to their design. Here we start with the assumption of
a known functional approximation of a 2-D profile and focus
on a variety of essential technical issues: concept of an ANN
solution ( -parameters as the network input and functional pa-
rameters as the network output), operational characteristics of
the neural network technique, its functionality when working
with different functions, amount and type of data sufficient for
reconstruction of profiles, etc. These issues may be considered
a conceptual background for the subsequent development of
ANN-based reconstructors of arbitrary 2-D, functional 3-D, and
arbitrary 3-D profiles.

II. METHOD

Our approach to finding 2-D complex permittivity profiles
is built on the idea of approximation of spatial distributions

and by some surfaces described by smooth
continuous functions that are defined by a small number of inde-
pendent coefficients. The reconstruction is then reduced to the
determination of either a set of functional coefficients or a set
of values of and at some points in the domain such that
most close correspondence between the actual distribution and
the model function would be provided.

Flexibility of our approach in reconstructing a variety of the
profiles is maintained by the model function taking different
configurations depending on its coefficients. In this paper, we
explore the potential of the technique dealing with three types
of the model function, namely, linear, quadratic, and Gaussian,
approximating the actual surfaces and .

In order to find six unknown coefficients in the
linear functions

(1)

six values of the functions and are required, so
we take them from three base points located in the sample. The
locations of these points are arbitrary if they do not lie on a line,
thus we choose them as Points 1–3 in Fig. 1.

Fig. 2. Measurement system with a rectangular/cylindrical 2-D sample.

For quadratic polynomials

(2)

we need the functional values in six
base points to find 12 unknown coefficients; these points are
chosen as Points 1–6 (Fig. 1). Our choice of positions of the
points is suggested by the behavior of the function defined by a
simplex element in the finite-element method.

When dealing with linear and quadratic functions, our
technique determines the functional value in the base points,
whereas in the case of Gaussian approximations in the form of

(3)

we reconstruct independent coefficients. In (3), and are
the parameters responsible for the position of the maximum (or
minimum) of the function, controls the width of the peak at
the level of from the maximum, and and define the
functional values at the extreme point and at infinity from the
peak, respectively. Due to these controlling mechanisms pro-
vided by the coefficients, the Gaussian surface may be suitably
“bendable” in describing fairly different spatial distributions of
the dielectric constant and the loss factor.

Furthermore, we combine the idea of functional approxima-
tion of the permittivity profiles with the numerical model repre-
senting an experimental system chosen as a simple waveguide
structure proven to be convenient in ANN-based reconstruction
of complex permittivity of uniform samples [18], [19]. The mea-
surement system consists of a rectangular waveguide with two
(input and output) ports containing a dielectric sample lying on
the narrow waveguide’s wall (Fig. 2). The measured parame-
ters are complex reflection and transmission coef-
ficients.

The ANN used for reconstruction of the permittivity profiles
and shown in Fig. 3 is a radial basis function (RBF) network
with cubic basis function [24]. The ANN inputs are the values
of -parameters obtained for positions of the sample.
The ANN outputs are the model function’s parameters defining
spatial distribution of complex permittivity; in this paper, they
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Fig. 3. Architecture of the ANN for reconstruction of functional coefficients.

are considered, depending on the type of the function, as the
vectors

for (1)

for (2)
for (3).

(4)

In this formulation, the resolution of reconstruction of a permit-
tivity profile is independent of the ANN structure and, in partic-
ular, of the number of outputs that may be impractically large if
each output is associated directly with the material parameters
of a particular point/portion of the tested sample. In that case,
the control over the resolution of reconstruction can be main-
tained by working with characteristics of our predefined func-
tions. On the other hand, with the form (4), the ANN technique
has more flexibility and the potential for quicker operations with
relatively simple profiles in comparison with the architecture in
[23] structured for independent coefficients only.

We can represent the inputs and the outputs as the matrices

...
...

. . .
... (5)

...
...

. . .
...

(6)

respectively. In (5) and (6), is the number of samples of
input–output pairs. The RBF network is coupled with a linear
model

(7)

where is the weight matrix and the matrix
can be described component-wise as

if
if

otherwise.
(8)

The first two components of (8) represent the linear problem and
the last component is the RBF network.

In order to train the network, we partition the input–output
pairs in training and testing sets and

and, similar to [24], use a zero training error tech-
nique [25] that assumes that the set of centers, , is the same as

.
The weights of the network are found with a least squares

approach—we attempt to minimize the error

(9)

Differentiating (9) with respect to , we get the solution in the
form

(10)

where . The matrix is inverted using
truncated singular value decomposition; this step, therefore, in-
volves regularization. With the use of the weights from (10) and
(7), we have our function that approximates the surface from

given measurements.
It has been found that -parameters of the structure in Fig. 2

are notably sensitive to nonuniformity of permittivity only in
the direction of field propagation (the -axis). This is consistent
with the fact that the electric field of the mode is constant
along the -axis, and thus, does not “respond” to the discon-
tinuities in this direction. This suggests that in order to retrieve
information about and , one can deal with -pa-
rameters corresponding to different samples’ positions in the

-plane, e.g., such that the next position is taken as an ro-
tation of the previous one. Thus, sets of -parameters associ-
ated with the ANN input correspond in our study to the original
and rotated positions of the sample. Rotation of a tested sample
has been found to be an efficient trick to increase the resolution
of waveguide microwave imaging [22].

The elements of matrix (6), the network output, are picked
up as random combinations of functional parameters uniformly
distributed in the specified intervals. Corresponding -parame-
ters [i.e., the elements of matrix (5)] are obtained with the use of
the full-wave 3-D conformal FDTD simulator QuickWave-3D
[26]. The network is then trained with the input–output pairs
(5) and (6).

Specifically, the ANN is trained with points, and then we
evaluate the network error from the testing data. is increased
until the error is sufficiently low—corresponding criterion,
depending on the problem, may be conditioned by a maximum
deviation in all network responses or by an average deviation.
Once quality of learning characterized by the network error
appears satisfactory, the ANN is deemed able to reconstruct
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(and thus, and ) using the
-parameters obtained from the related measurements.
The reconstruction algorithm is implemented as a MATLAB

code.

III. RESULTS

In this section, we present the numerical results obtained
for two shapes of the tested sample—a rectangular box and a
cylinder (Fig. 2)—with no variation of complex permittivity
along the -axis.

Reconstructions are performed in the section of WR975
(248 mm 124 mm) of the length 612 mm operating at
915 MHz and containing the rectangular (60 mm 60 mm
and height 20 mm) or cylindrical (diameter 60 mm and height
20 mm) samples. The values of the dielectric constant and the
loss factor of the profiles are supposed to be within the intervals

and for functions (1) and (3) and
and for (2).

All results presented in this section (except the one illustrated
by Table I) are obtained with the simplest scenario when the
profiles given by linear, quadratic, and Gaussian functions are
reconstructed with only two positions of the samples (i.e., for

, or ANN input parameters), namely, with .
In the FDTD model, we employ a nonuniform mesh with

2 mm 2 mm 2 mm cells within the samples and 9 mm
9 mm 9 mm cells outside them. For both the rectangular and
cylindrical samples, the total numbers of cells in the model is
nearly 163 000 (16 MB of RAM). Steady state is supposed to
be reached after 8000 time steps—for a Xeon 3.2-GHz PC op-
erating under Windows XP, it takes 1.7 min of CPU time.

To evaluate the accuracy of reconstruction, a difference be-
tween the two surfaces is evaluated through an average relative
error

(11)

where an average absolute error and an average function value
are defined as

(12)

(13)

and are the values of the actual and reconstructed func-
tions at the point , respectively, and is the area of the
sample in the -plane.

In the examples below, the quality of network learning is eval-
uated through the average deviation of the network responses
from the actual values of the testing points

(14)

where is the number of testing points. Vectors and in
(14) are determined by the structure of the network output (4).

Fig. 4. Network responses ��� to testing points (o) in reconstruction of com-
plex permittivity values in base point 1; rectangular sample; linear model func-
tion; 400 training and 100 testing points; �� � ����.

A. Linear Function

The following results are obtained in reconstructions of per-
mittivity profiles varying as linear functions (1). Fig. 4 illustrates
excellent network learning in reconstruction of and in one
of the base points; for other points, the network responses are
very similar, thus the respective patterns are not shown.

In Fig. 5, the test planes given as

(15)

are shown along with the reconstructed ones. The planes are
virtually indistinguishable; the average absolute/relative errors

for and are 0.005/0.1% and 0.011/0.4%,
respectively.

B. Quadratic Function

Here, the functionality of our technique is tested with the pro-
files given by quadratic functions (2). Typical performance of
the algorithm in reconstructing and is shown in Fig. 6 for
one of the base points. The quality of network learning is seen
to be not as good as shown in Fig. 4, but considering that here
the network features six outputs and is trained by only slightly
more training points than in the linear case (Section III-A), this
may appear not too surprising.

The quadratic test surfaces set as

(16)

are plotted in Fig. 7 along with the reconstructed profiles. The
surfaces still seem to be very close to each other with the average
absolute/relative errors 0.256/2.2% and 0.201/1.4% for
and , respectively.

C. Gaussian Function

In testing our technique with surfaces given by Gaussian
functions, we simplify the problem by setting ,

, and . By having these three
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Fig. 5. Actual linear complex permittivity profiles given by (15) (trans-
parent surfaces) and reconstructed profiles (solid surface): (a) � ��� �� and
(b) � ��� ��; rectangular sample.

Fig. 6. Network responses ��� to testing points (o) in reconstruction of com-
plex permittivity values in base point 6; rectangular sample; quadratic model
function; 476 training and 100 testing points; �� � ����.

parameters be the same for both and , we agree that the
profiles of the dielectric constant and the loss factors are not
fully independent. While this assumption makes the technique
applicable to a narrower class of materials, the only goal for
this simplification in the present example is to reduce the
number of parameters responsible for spatial distribution of
both characteristics to seven and decrease the computational
cost of the problem.

Fig. 7. Actual quadratic complex permittivity profiles given by (16) (trans-
parent surfaces) and reconstructed profiles (solid surfaces): (a) � ��� �� and
(b) � ��� ��; rectangular sample.

First, we characterize the technique in its operation with
Gaussian permittivity profiles by Fig. 8 showing the net-
work performance in finding the coefficients , , and the
parameters and , which are
introduced for controlling behavior of Gaussian functions by
two independent parameters in place of and , which are
dependent on and . The network responses are seen to
be a very good match to the actual values of the functional
parameters.

We also characterize the accuracy of the technique in han-
dling the Gaussian model function by the average total squared
error constructed as

(17)

where the squared terms are summed for 100 randomly chosen
test points and the indices and denote the actual and re-
constructed parameters, respectively. Fig. 9 illustrates the con-
vergence of our technique in reconstructing the indicated seven
parameters in scenarios with rectangular and cylindrical sam-
ples—the curves show the behaviors of typical errors versus a
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Fig. 8. Network responses ��� to testing points (o) in reconstruction of:
(a) �� � � � and (b) �� � � �; cylindrical sample; Gaussian model function with
� � �� mm, � � ��� mm, and � � �� mm; 330 training and 100 testing
points; �� � ����.

number of training points . It is seen that when is suffi-
ciently large (in the present setting, nearly 250), the accuracy
of the technique is about the same for both samples’ configura-
tions.

Operational capabilities of the technique are illustrated by the
surfaces of actual Gaussian profiles of the dielectric constant
and the respective reconstructed surfaces. In the examples in
Fig. 10, the actual spatial distributions in the rectangular
sample are given by the following functions:

(18)

(19)

(20)

These surfaces are chosen to consider the profiles in which
the maximum is located in the center of the domain, on its
boundary, and in the corner. It is seen that the actual and
reconstructed surfaces are very similar: the errors are
equal to 0.087/1.4%, 0.033/0.6%, and 0.255/4.8% for surfaces
(18)–(20), respectively.

Fig. 9. Average total squared error (16) in the reconstruction of � , � , 	 ,
and 	 ; Gaussian model function with � � �� mm, � � ��� mm, and
� � �� mm.

TABLE I
AVERAGE ABSOLUTE AND AVERAGE RELATIVE ERRORS IN RECONSTRUCTION

OF GAUSSIAN PROFILE OF DIELECTRIC CONSTANT (17) FROM TWO

AND FOUR ROTATED POSITIONS OF THE RECTANGULAR SAMPLE

The results for the cylindrical sample are presented in
Fig. 11—the actual surfaces described by the functions

(21)

(22)

are shown there along with the reconstructed ones; they are in
very good agreement too: the level of closeness is characterized
by equal to 0.112/1.4% (21) and 0.073/1.9% (22).

The overall accuracy achieved here in reconstruction of
Gaussian profiles is notably higher than in the tests of [23].
This can be attributed to the more robust control over the model
function’s profiles provided by the independent parameters
and .

Accuracy of reconstruction is expected to be further improved
for the samples with higher values of dielectric constant and
with using more positions of the sample. The results of a com-
putational experiment summarized in Table I show that when
the tested sample in a waveguide is considered not at two, but at
four positions rotated with respect to each other by 90 , recon-
struction errors go down even if the number of training points is
kept the same.

IV. DISCUSSION

The presented technique of waveguide microwave imaging is
worth analyzing in a number of crucial aspects. In terms of net-
work operations, the RBF ANN used for reconstruction of the
permittivity profiles demonstrates excellent generalizing capa-
bilities with the use of relatively small data sets in the databases
of high dimensions. The examples given for the numbers of
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Fig. 10. Actual Gaussian profiles of dielectric constant (transparent surfaces)
and reconstructed profiles (solid surfaces) for � ��� �� given by: (a) (18),
(b) (19), and (c) (20); rectangular sample.

unknown six, six, and seven show a good accuracy of recon-
struction of linear, quadratic, and Gaussian profiles from the
databases of only 400, 476, and 330 points, respectively. Quality
of profile reconstruction naturally depends on quality of net-
work learning. The latter is easily controlled; in Section III, we
present the examples in which the average errors achieved in
reconstruction of linear, quadratic and Gaussian profiles in a
rectangular sample ( and ) are obtained
with the particular values of training error (
and ). Since the same type of RBF ANN has shown su-
perior learning in determining complex permittivity of homo-
geneous samples [18], this network appears to be well suitable

Fig. 11. Actual Gaussian profiles of dielectric constant (transparent surfaces)
and reconstructed profiles (solid surface) for � ��� �� given by: (a) (21) and
(b) (22); cylindrical sample.

for working in ANN-based techniques of waveguide microwave
imaging.

It is worth emphasizing that in order to be operational as a
general NDE technology and, in particular, be of practical use
in applications involving microwave processing of materials,
the proposed technique should be further developed to be able
to reconstruct arbitrary 3-D permittivity profiles. Indeed, in the
course of sintering of a powder compact, no prior knowledge
of a function approximating spatial distributions of its material
parameters may be available. A supposedly known functional
approximation of the permittivity profile should, therefore, be
considered as an assumption, which is introduced here as a nec-
essary forced simplification on the way towards a “general tech-
nique” of waveguide microwave imaging. The idea of finding
functional parameters instead of corresponding physical entities
may be used in other ANN techniques of microwave imaging
(including in open systems). On the other hand, the concept of
approximation of the permittivity profile by a smooth function
appears to be physically sensible being consistent with spatial
distributions of material parameters of most sintered samples.
For instance, experimentally and computationally obtained 2-D
profiles of density and porosity of the samples of sintered ce-
ramics [27], [28] are quite suitable for representation by smooth
surfaces.

Another principal condition of functionality of this technique
(as well as any other modeling-based method of determination
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of material parameters, such as [17]–[19] and [29]–[31]) is the
assumption that an analysis model generating numerical data
adequately represents corresponding experimental setup in all
its operational regimes. The one- and two-port versions of the
method featuring similar ANN inversion and reconstructing
complex permittivity of homogeneous samples have been
reported in [18] and [19] in full experimental implementations.
The techniques of [18], [19], and this paper are based on the
same fundamental concept—the network is trained and tested
with -parameters obtained by 3-D FDTD modeling, and com-
plex permittivity is determined from measured -parameters.
In [19], a number of practice-related issues (including sample
orientation, low values of dielectric constant and the loss factor,
etc.) have been resolved. This ensures good prospects for easy
experimental implementation of the proposed technique in the
WR975 measurement system [19].

More specifically, while it has been demonstrated that capa-
bilities of the QuickWave-3D package allow for tuning corre-
sponding FDTD models so as to accurately represent the mea-
surements for all the desired scenarios [18], [19], the actual mea-
sured data can be noise contaminated and affect the accuracy of
reconstruction. To handle this issue, the technique could be up-
graded by switching to an inverse ANN proved to be efficient in
reconstructing material parameters from imperfect (noisy) data
on -parameters [19].

Finally, it should be noted that the developed technique
is based on the conjecture traditionally accepted in mod-
eling-based techniques of determining material parameters in
closed systems (see, e.g., [17]–[19] and [29]–[31]) assuming
that a numerical inversion from the measured data is unique.
In this paper, we assume that two sets of and (for
original and 90 -rotated positions) can uniquely determine
the unknown functional parameters of the considered profile
functions. Strictly speaking, it is still an open question whether
sets of -parameters of a closed system (a transmission line or a
resonator) uniquely determine permittivity profiles. It has been
only shown that the transmission and reflection coefficients
uniquely determine complex permittivity in a homogeneous
sample in a parallel-plane waveguide [32]. However, it is
expected that uniqueness can also be proven for reconstruction
of profiles in general waveguides.

Related complications in practical use of the techniques based
on the assumptions of uniqueness may be associated with sev-
eral solutions numerically close to each other. There could be
situations when training the network results in ambiguous indi-
cations regarding where in the complex permittivity plane the
sought solution could be. It has been found that this issue can
be normally overcome by repeated training with the use of a
denser database [19]. In this study, we did not experience any
complications of this sort; the reconstructions shown in Figs. 5,
7, 10, and 11 were the only options. However, if there were sev-
eral close solutions, we could overcome the problem by taking
more measurements for the sample in different positions.

V. CONCLUSION

In this paper, we have presented an applied technique for
reconstruction of 2-D distribution of complex permittivity in

the material samples from elementary measurements in a wave-
guide system. Our method is based on the approximation of the
permittivity profile by a continuous function defined by a small
number of coefficients and neural network reconstruction of ei-
ther those coefficients, or functional values of and at some
points inside the sample. Excellent performance of the tech-
nique handling linear and quadratic polynomials and a Gaussian
function as the model functions of complex permittivity in rect-
angular and cylindrical samples has been demonstrated.

The suggested modeling-based approach appears to be fea-
sible: while a computational cost may be relatively high (in the
considered examples, it is up to 16 h), it requires a very few ele-
mentary measurements. The technique can be used in real-time
reconstruction of profiles of and assuming that the FDTD
computation is performed during the preceding offline phase of
the method’s operation.

The reconstruction of nonuniform spatial distribution of
and from measurement of -parameters of a waveguide
system has been made possible with minimal “resources” used,
e.g., with only two (original and rotated by 90 ) positions of
the tested sample and with seven coefficients of the Gaussian
functions. The proposed concept of reconstruction of func-
tional parameters, therefore, appears to be promising, as it
has the potential to improve the accuracy and resolution by
applying more sophisticated approximating functions, working
with more sample’s positions, and including extended sets of
functional parameters in network operations. The technique
can thus be directly extended to the general case of complex
permittivity profile reconstruction in 3-D.
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