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Abstract

In this paper, we discuss the problem of attainability of various points of the hyper-
bola £/M = e/p characterizing spatio-temporal dielectric polycrystals in one spatial
dimension generated by an original isotropic dielectric with properties (g, ) . All points
of this hyperbola appear to be attainable by spatio - temporal polycrystallic laminates.

Keywords: spatio-temporal polycrystals; subrelativistic polyerystals; rel-
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1. Introduction

As it has been shown before (Lurie 1998) for the electromagnetic wave propagation in one
spatial dimension, if a dielectric mixture is assembled in space-time from isotropic dielectric
constituents possessing the same ratio ¢/p of permittivity € to permeability u, then the
ratio £/M of the effective permittivity £ to the effective permeability M of the mixture
will preserve the value e/u. This statement may be rephrased as the conservation law for

the relevant wave impedance y/M/E; it holds true for any material pattern in (z,t)- plane
if such a pattern allows for the existence of a solution of Maxwell’s equations belonging
to the relevant Sobolev space. Particularly, if we have a laminate in space-time assembled
from the layers occupied by the same isotropic dielectric with material parameters €, u, and
if this dielectric is brought to its own motion within each layer, then the laminate will
become a polycrystal in space-time possessing the value £/M equal to &/u. In this paper, we
investigate the problem of attainability of various portions of the hyperbola £/M = ¢/p in
the plane of effective parameters £c, 1/M¢, where ¢ denotes the speed of light in the vacuum.
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This problem is discussed below for spatio-temporal polycrystallic laminates in one spatial
dimension.

Smooth solutions are possible for two types of such microstructures. For polycrystals of
the first type, the speed of material motion within each fragment measured in a laboratory
frame does not exceed the phase velocity 1/,/ep of waves in the relevant material; we shall call
such polycrystals subrelativistic . For another admissible type of polycrystals (we shall call
them relativistic or Cherenkov polycrystals), the material velocity in all fragments exceeds
the phase velocity 1/,/ep in the material. For subrelativistic polycrystals, the following
bound holds:

oo >Ec+1/Mec > ec+ 1/ puc; (1)

both parameters £ and M are then positive, they belong to the part of the hyperbola
E/M = e/p starting at the point ec, 1/uc (ec > 1/pc), and spreading towards the asymptote
Ec¢c — 00,1/Mc — 0. This particularly means that the point on the diagonal where £c =

1/Mc = y/e/u, cannot be attained by a subrelativistic polycrystal.
For relativistic polycrystals, there holds a different bound

2y/elu < Ec+1/Me < ec+ 1/pe, (2)

which means that the point £¢ = 1/Mc¢ = y/e/p may be approached arbitrarily closely by
such a polycrystal.

2. Rank one laminates in space-time: general formulae

The effective parameters of such laminates have been computed in (Lurie 1997) under
the assumption that the (periodic) laminate is assembled from two isotropic materials char-
acterized by different pairs of values of € = ¢(2,t) and p = pu(z,t):

(€1, p1) — material 1
(€2, p2) — material 2

(e(2 ), 1l 8)) = { 3)

The materials were assumed immovable with respect to a laboratory frame and placed within
alternating layers in (z,t)— plane, these layers occupying, respectively, the mth and (1—m)th
part of the period of the microstructure. The slope V' = dz/dt of the layers (the velocity of
the material pattern) was so chosen as to ensure the observance of inequality

V2 c?
Vzi—c% >0, (4)

where ¢; = 1/,/g;p:,1 = 1,2, is the phase velocity of waves in ith material. This inequality
is necessary to guarantee smoothness of the relevant solution (the absence of shocks).



It has been shown in (Lurie 1997,1998) that the system
EUs = Uy, —U, = Uy, (5)
governing the electromagnetic field
E=wj B=wu,, H=wi, D=uv, (6)
within original isotropic dielectrics, will, after homogenization, be replaced by the system

acu, + /But = V'Uz + vy, (7)
Vu, +u = 6(acv, + Buv),

with parameters a, 3,6 defined as

where

In Eqgs. (2.5), we preserved original symbols u, v to denote the weak limits of the relevant
quantities, i.e. their values averaged over the cell of periodicity. An equivalent form of Eqgs.

(2.5) is given by (Lurie 1998)
DU, — QU = Vg, QU + TU = Vg, (9)

with parameters p, g, defined as

B V2 — fa?c? V- bacp B 1 — 6p2 10
p_H(BV—ac)’ q__H(ﬁV—ozc)7 T__G(BV—ac)' (10)

Introduce the “primed” coordinate frame z’,t' moving with velocity w with respect to the
laboratory frame z,t. Coordinates z’,t' are linked with z,¢ by the Lorentz formulae

_ _ w
2 =77 (z —wt), t':’yl(t—c—22), v =4/1—w?/c (11)



If w is defined as the root of

%w2+<%—r)w+q:0, (12)

C

then the system (2.7) is reduced to the equations
p q
z/ = 1, —_— _— 1= zl, ]_3
(p + qw)u Vg (cz + 'w) Uy =V (13)

specifying the effective parameters Ec, 1/Mec (eigenvalues of the material tensor of a com-
posite) through the formulae (cf. (2.3))

p g 1 p quw
e==4+—, — ==+ —. 14
c + w'  Mc ¢ i c (14)
Applying direct inspection and referring to (2.10), we obtain the following expression for the
second invariant of a material tensor:

E
E_(B48) (Rt iy
M c w c c

and Eqgs. (2.8) yield

£
M:pr—l—qzzl/ﬂ. (15)

We will also need the formula for the first invariant £c + 1/M of the effective tensor of
material parameters. This formula follows from (2.12) and (2.10):
2
Ec—l—l/Mc:—p—l—E—l—ﬂ:I—)—l—rc. (16)
c

w C C

Given Eqs. (2.8), we rewrite (2.14) in the form

Ec—l—l/Mc:m[(Z—;—l)%—(az—ﬁz)]. (17)

Eqgs. (2.5)-(2.15) also hold for an arbitrary number n of layers in the cell of periodicity, these

layers occupied each by its own dielectric with material parameters (e;, p;), 2 = 1,...,n. The

operation (-) will then be defined as () = }_ m;(-), where m; > 0, 3> m; = 1 represent the
relevant volume fractions.

In Appendix, we establish a similar set of formulae, applicable, however, in a more
general context. Specifically, we assume that the dielectric materials within the layers in
a laminate may be brought each to its own motion, with the respective velocities v;,7 =

1,2...,n, specified with regard to a laboratory frame. The discontinuous velocity pattern



may be implemented through the use of the following feasible construction. Assume that
we have a linear arrangement of caterpillars placed one after another along the z— axis and
carrying the dielectric tracks (figure 1). The tracks moved by caterpillars become electrically
connected when they belong to the z— axis, and stay disconnected otherwise. The z— axis
will then become occupied by material fragments moving each at its own horizontal velocity,
and the electric current will flow along the z— axis through the assemblage of electrically
connected tracks. With this construction, the performance of the electromagnetic field will
be controlled directly by an appropriate specification of the velocity pattern.

Under these assumptions, Eqs. (2.5) and (2.7)-(2.15) continue to hold, with Eqs. (2.6)
replaced by

<A—Gth¢ > < G—Cthy >
S vt A v (19
(%) (%)
1
)
()
and parameters ¥, A, G,C, A, ¢ defined as
thy = V/e, (19)
A = ichzg.o —ecsh’p, G= (i — ec) shechyp,
pe pe
Cc = i.shZ(,o —ecch’p, A= —A+2Gthy — Cth*y,
pe
the = v/ec.

The reader will not be confused with the identity of the symbol v used for material velocity
in (2.17) and that used for the function v first appeared in (2.3). The real meaning of this
symbol will become clear from the context in each individual case.
Note the identities
A=cec+1/uc+C, G*—AC =¢/p. (20)

We apply € = €;, p = pi, v = v; (or ¢ = ;) for the ith fragment (layer) in the lamination.
When all ¢; become equal to zero (immovable materials), Eqs. (2.16) reduce to (2.6).

At another extreme, the materials may differ only in their values of ¢; alone; from the
viewpoint of the electromagnetic properties, we may speak of the set of fragments of the
same material (e, ) , with material in each fragment brought to its own motion with velocity
v; = ¢ thp;. The relevant assemblage may be qualified as the spatio - temporal polycrystallic
laminate, and the bounds (1.1), (1.2) will now be confirmed for this special microstructure.



3. Spatio-temporal polycrystallic laminates: the bounds

Consider the expression (2.15) for the first invariant £c + 1/Mec in this case. Given Eqgs.
(2.16)-(2.18), we arrive at the following relations:

0 = ple,
1 1 1
Vie)—a = — |~ (Gthy — Cth*yy — A+ Gth = ,
B(V/) <%>[A(t¢ th — A+ Gihy)| 0
1 <A—ith1/;>2 <G—Ath¢>2
ot 1/Mc=(thp—1) () - ~A L L 2 21
03 ®
Because, by (2.18),
e /1 G? - AC
(5= (55%),
we rewrite the first term at the rhs of (3.1) as
(th2¢_ 1) §<%> _ th2¢<G2 —AAC> B <G2 +Czthzz—2GCth¢>+
AC 4 C?’th* — 2GCthy\ , /G* — AC (G — C’th1/;)2
e S B S S
—(C) =th*p <¥> - <w> +ec+1/pc—(A) =
:€c+1/#c_<(G—Zth¢)2> +<(A_ith¢)2>.
The expression (3.1) for £¢ + 1/Mc now obtains the form
9 A—Gthy \2
Ee+1/Mc = ec—l—l/,uc—|—<(A_ith¢)>—< <A1>> - (22)
A

<wimwv<i€?>l

Consider the quantity




where symbols  and A are defined for each of the n materials (fragments). For the sake of
simplicity, assume that n = 2; then it is easy to show that
mymy

F(z) = "2 (Aa)?,

where A = miAy + myA,, Az =z — ;.
Eq. (3.2) is now rewritten as

MMy

Ec+1/Me =ec+1/pe+ — (A4 — AGthy)’ — (AG — ACthy)’| . (23)

For the case of a polycrystal,
AA = (1/puc)A(ch®p) — ecA (shch) , ete.
Since AC = AA because of (2.18), we rewrite the second term in the rhs of (3.3) as

M1y

~ (A4 — (AGY] (1 - th*y). (24)

Introduce the angle x by th?y = 1/euc?; then
A = —A + 2Gthp — Cth*y =
—ecch?p [th’x — th’p + 2 (—th’x + 1) thethy + (th*xth*e — 1) th*| =
—ecchp (1 — thethy)® [th?x — th? (¢ — )|,
and the expression (3.4) becomes equal to

_mlmg(I: th) {

(AA)? — (AGYY, (25)

ecD
D =myDy +myDy; D; = —iAi = ch?p;(1 — the;thy)? {thzx — th? (¢; — 1,0)} ,1=1,2.
ec
(26)
Referring to (2.17), we calculate the difference (AA)? — (AG)? as
(ec — 1/pc)? [—sh pych? oy + 2shpachpashpichep; — shipich?p; — (27)

+ (ch4gog — 2ch®pych?p; + ch4g01)] = —(ec — 1/pc)? sh? (p1 — @2) .
Getting back to (3.3) and using (3.4)-(3.7) along with the definition thx = 1/c,/ep of x , we

conclude that

Ec+1/Mc=¢€c+1/uc+k, (28)

where
€c

k= fmlmg (1 — th2¢) (1 — th2x)2 sh? (p1 — @2) .

We now consider two admissible cases listed above.



(1) Subrelativistic case.

In this case, x > ¢; — % ,and D; > 0, 7= 1,2 . Because th = V/ec < 1 | we see
that £ > 0 , and the right Ineq. (1.1) is confirmed. To confirm the left one, find the
maximum of k as the function of m; :

1
(VDr+vDs)"

Ir#a}xk = ec (1 - th2¢) (1 - 1Ehzx)2 sh? (1 — ©3) (29)

the maximizing value of m, is defined as

~ /Dy/Ds
 14.+/D:./Dy

Consider the limit value of max k attained as ¢; = ¢ , po = x + ¥ = x + ¢1; then
m;

ms

Dy — 0, and we get

lim max k= ec(l — th’x) = ec — 1/ e, (30)
and the relevant value lim m; = 1. This result is not paradoxical since material 2 is
then disappearing more slowly than the value D, tends to zero (observe that we are
considering the value of m; mazimizing k all the time!) If we first go to my; = 1, and
then apply the limit Dy — 0, then the limit value of & would become zero indicating
that we first withdraw material 2.

Given Eq. (3.10) and referring to (3.8) and to the conservation law £/M = e/pu, we
conclude that the original point P (ec,1/uc) on the hyperbola (figure 2) is now replaced

by the point P; with coordinates & ¢ = ec (1 + 41— thzx) , ﬁ = iﬁ, with
—th?x

this point we associate a new angle x; defined by

1 1 th?yx 1 —4/1-th*x

chX]_ = =

&M, cep (1_|_ /1 —th2x)2 (1_|_ /1 —thzx)z 1+ /1 —th?y’

and

24/1 — th?x
1 —th?y; = > 1/1 — th2y.
X VT —they — X

Repeating this procedure with P; as a starting point, we arrive after this next step at
a new point P, with coordinates

Erc = Eic (1 +4/1- thle) > ec [1 +(1- thzx)l/z] [1 +(1- thzx)1/4] :



1/Mye = (1/Mic) (1 41— th2xl>_1 <

1 -1 -

<=1+ (1- thzx)l/z] [1 +(1- th2x)1/4] ,
pe

and so on. Because the infinite product

(1+m)(1—|—m1/2)(1—|—m1/4) ..... , 0<eze<1

is divergent, we manage to cover the whole branch £ > ec, 1/Mc < 1/pc of the
hyperbola £/M = €/u, and the right Ineq. (1.1) becomes confirmed.

Remark 3.1. The point P, in the above construction corresponds to the rank two
polycrystallic laminate, etc; we thus apply laminates of multiple rank to prove attainability
of the relevant part of the hyperbola.

Remark 3.2. The successive procedure just described fails to work once ¥ = oo, i.e.
once the original material represents the vacuum.

(ii) Relativistic (Cherenkov) case.

For this case, x < ¢; — 1 , and all D; become negative. The function k attains its
minimum with respect to my, this minimum being defined by the formula

1

(VIDsl + /Dal)

IIT}LIIII k= —ec (1 - th21,b) (1 - thzx)2 sh? (1 — pa)

similar to (3.9).

A simple calculation shows that the function min k of the argument 1, ¢, attains its
m;

minimum when ¢; = ¥ + x, s = 00, or when ¢; = 00,9y = ¥ + x. Assume that
s — oo (i.e. material 2 moves at speed c); then

1+th h2 _
pz—00 M) 1— th¢ P2 00 Chzsoz

= —ece?¥—e) (1 — thzx) .

Because x < ¢; — 9 in this case, we obtain the attainable lower bound by taking
p1=x+1¢:

1 \?
k> mink > —ece X (1 — thzx) = —ec(l— thX)Z — <1 /ec — ]
oo™ Ve



Getting back to (3.8) we conclude that in the relativistic case

Ec+1/Mec >ec+ 1/pec — <\/e_— \/L,u_c) :2\/6/7.

Together with k£ < 0, this confirms Ineqs. (1.2). Particularly, the point £¢ = 1/Mc =
\/€/p formally becomes attainable in this case (see Remark 3.3 below).

The above argument can be reformulated to include polycrystals assembled from more
than two moving fragments.

Remark 3.3. The angle ¢ does not actually affect the analysis of the Cherenkov case
whereas it appears to be substantial in the subrelativistic case.

The limit 5 = oo cannot be attained for particles with non-zero proper mass because the
procedure requires material motion at the velocity v equal to ¢. Also, when v — ¢, then the
wavelength A of original disturbance u measured in the frame moving at the speed v, tends
to zero as v — ¢, and this violates the assumption d/A < 1 where d is the characteristic

length of lamination. For both reasons, the attainability of the point £¢c = 1/Mec = \/6‘/7
appears to be only formal. But this point may be physically approached as close as desired
by taking ¢, sufficiently large.

Corollary 3.1. Given two materials with properties (e1,u1) and (e, p2), €2/p2 >
€1/p1, we may assemble laminates with effective properties £c¢, 1/Mc occupying the entire
strip E¢ > 1/Me, es/ps > E/M > €1/p1. The latter inequality follows from Eq. (2.13)
and the last Eq. (2.16) that hold for a general laminate, if we apply these equations to a
laminate assembled from layers occupied by the two materials and observe that the values
of A should have the same sign in each layer.

Corollary 3.2. Consider the set LU of all possible laminates assembled in space-time
from the elements of an arbitrary set U of original constituents (e,,p,). Let (g1, 1) and
(€2, p2) be the extreme points of U, i.e. the elements satisfying the inequalities

62/,uz > Es/,ua > 61/,“1
for all s. Then, for every laminate (£, M) in LU
Eg/llllz > 5/M > 61/,11,1.

In other words, the set LU is entirely specified by its extreme elements (e, 1) and
(627:["’2)‘



Appendix A

If the plane electromagnetic waves propagate along the z— axis, then the electromagnetic
field (2.4) is characterized by two electromagnetic tensors (Lurie 1998)

F =+/2¢ (U @23 + Uz, Q24) , (A1)
f = V2ic (Vay Q23 — VpyG24), (A2)

constructed from the vectors B, E, H, D taken pairwise. Here and below, z; = z, z, = v,
z3 = 2, ¢4 = ict denote the Minkowskian coordinates, and - u, v denote, respectively, the
zy - component of the electric vector potential A and the z; - component of the magnetic
vector potential A*. The antisymmetric tensors

a3 = (1/\/5) (izis - iaiz) , Q24 = (1/\/5) (i2i4 - Z'41'2)

are constructed with the aid of the unit vectors 2;,15, 13,24 generating an orthonormal basis
in Minkowskian space. These tensors satisfy the orthonormality conditions

Q33 a4 = 0, @3 :a3 = ass:ay = —1
The tensors F' and f are linked through the material relation
f=s:F, (A3)
where the fourth rank material tensor s is given for an immovable material by the formula

1

S = ——C(ngagg — ECQ24024. (A4)

If the dielectric is brought into motion with a uniform speed v along the z3— axis, then the
relevant expression for s becomes

1

o 1o 1
8§ = — Q93093 — ECAy40y,, (A5)

with the “primed” tensors a,,, a,, defined as
Ay3 = yachp + 1azashyp, ay, = —iaxzshe + azchep, (A6)

and the angle ¢ defined by thy = v/c. Referring to (A5) and (A6), we reduce the tensor
relation (A3) to the system of two equations

Aug, +1Guy, = v, (A7)

—Gupy — 10Uy, = gy,



with parameters A, G, C defined by (2.17).

Consider now two dielectric media moving with different speeds v; and v, along the z3—
axis, and let these media be separated by a point moving with velocity V' < ¢ along the
same axis. The world line L of this point will become a straight line with the slope V in
(z,t)-plane.

The derivative u, of u along this world line will be computed as (thy = V/c)

Ur = WUg, tht) — Uy,; (A8)

this derivative should be continuous across L along with a similar derivative of v (Sommer-
feld 1964). Bearing this in mind, we eliminate u,,,v,, from (A7) and arrive, after some
calculation, at the system

. Cthy—G . 1
Upy, = “LTT—I_WTK’

. GP—AC . Cthp -G
Yoo = WA TERTTAT

with A defined by (2.17).

We now take average values of both sides of either equation bearing in mind the continuity
of u,,v,. As we go back to notation (A8) after averaging, we arrive, after some calculation,
at Egs. (2.5) with parameters a, 3,6 defined by Eqs. (2.16). As noted before, we preserve
the original symbols u,v in Eqs. (2.5) to denote the weak limits of the relevant quantities.
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Legend

Figure 1. The caterpillar construction.

Figure 2. The hyperbola £/M = ¢/pu.



