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Abstract

A higherordernumercal method on a moving grid is used to invedigate wave propagaiton througha one-
dimensonaldynami material. Dynamic materials areheterogeneouformaionsasembled from materials which
aredistributedon a microscalein spaceandin time. This conceptwasintroducedin recentresarchof K. Lurie
(1997,1998,1999).1n particular, we condder wave motion througha material whose property value patern is a
piecevise discontinuous fag periodic functon traveling with condant velocity. In theanaltical work of K. Lurie,
it was foundthatby appropriatelycontrollingthedesgnfactorsof adynamiccomposte, itispossibleto selectively
screenlarge domainsin space—timefrom the invasion of long wave disturbancesln this paper we performdirect
numerical simulations which validateL urie’s homogenization resuts, and presem numerical exanplesto illu strate
this screenng effect.0 2001IMA CS. Publishedby Elsevier ScienceB.V. All rightsreserved.

Keywords Discontinuouscoeficients; Wave propagaiton; Composte materials; Finite volume; Dynamic
matrials

1. Introduction

In this paper we numerically simulate wave mation through a one-dimensionaldynamc elastic
conposite.

Dynaric materialsare compositesin which the constituentpropertiesare distributed on a microscale
in time,aswell asin spaceOptimal material designfor static or non-snart applicationsgenerallyresults
in theformation of compositeswherethedesignvariables,suchasmaterial density stiffnessyield force,
andother structuralparangters are positiondependentput invariant in time. The structuresthat result
from thesedesignsare the ordinary composite materials,and their propertiesdependon the individual
propertiesof the constituentmaterialsandthe microgeonetry of the mixture. The effective property of
a dynanic material,howvever, alsodependon the temporal arrangerent, so thatby varying the spatio-
tenporal parangtersin the materialmixture, we caneffect arangeof responses.
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The performanceof structurescanbeimproved by using spatio-tenporal composite materials which
match thetime dependenervironmentof dynamc problens. For materialsexperiencingdynamc loads
andcorrespondingsuigesof stresswaves or undesirablémpulses for exanyple, it isimportantto have a
meansof screeningcertaincrucial parts of the structureor mechanisnfrom the effectsof such surges.
This problemformally reducesto a problem of control of the coeficientsin a hyperbolic systemof
equationsBYy appropriatelycontrollingthe designfactorsof adynarc composite,it is actuallypossible
to selectvely screenarge domainsin space—tira from the invasionof long wave disturbance$13,16].
With anordinarystaticcomposite this screeningsffectis impossible.

Oneway of making adynanic materialis by implementing either aninstantaneousr agradualchange
of thematerialparanetersin differentpartsof thesystemwithoutary relative movement of thoseregions.
We call this processactivation. As anexanple, consideratransnissionline. By mechanicabr electronic
switching, the line may have its inductancel. and capacitance” take one of two admissible pairs of
values (L., Cy) and(L,, C,) ateachpointof (x, r) spaceThe variationin capacitanceanbeeffectedby
theactivationof p—njunctiondiodeswhicharedistributedalongtheline, andtheactivationof inductance
is acconplished throughthe use of a ferronmagnetic material into which the line is embedded.On the
otherhand, in the procedurereferredto as kinetization,we build a dynanic materialby putting parts
of the systeminto actualmotion to displacematerialsin otherregions, resultingin a material whose
propertiesare spaceandtime dependentln mostcasesa spatio-tenporalconmpositecomes aboutthrough
acombinationof theactivationand kinetizationprocesses.

Mathenaticaltreatnentsareinstrunental in understandingheprocessethattake placein acomposite
material underapplied loadingor excitations. The mathematical constructionsallow for the prediction
of propertiesof the material even beforeit is engineeredand consequentlymake it possibleto consider
developing a compositewith optimal propertiesHowever, conplex and truly novel problens often fall
outsidethereachof existing analyticalmethods.We mustrely on soundnumericaltechniquego provide
approxinate solutionsto the variousequationggoverning heterogeneousiedia behaviour. With efficient
andaccuratenumericalalgorithns, we will beableto describeand henceregulatetheresponsef spatio-
tenporalconpositesto impulseloadings.

Our primary purposén this paperis to presenthe simulationtechniqueshatwe usein our preliminary
numerical investigationsof spatio-temporal laminates.The numerical study of this nev material will
() helpverify theexisting homogenizatiortheorydoneby Lurie, (ii) actasaguidefor furtheranalytical
studyof more conplex problens, and(iii) actasanexperimentaland designtool in the constructionof
dynanic materials.

The dynamc materials under current study are laminates whose patterns move with a constant
velocity V. We consideraninfinite, dynamc elastic compositewith discontinuousdensityandstiffness
coeficients, as describedn [13] andin herein Section 2. The governing equationfor wave motion
throughthis medium is describedy the second-ordewave equation

(IOZI)[ - (kzx)x = 0, (1)
with initial conditions

z(x,0) = f(x), z:(x,0) = g(x).
The density p andstiffnessk arefastperiodicfunctionsgiven by

p(x,r)=p(x_€w>, k(x,r>=k(x_€w>, )
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where € is a small parangter. The property patternmoves with uniform constantvelocity V and p(¢)
andk(¢) arel-periodicfunctions At ¢ = 0, the densityandstiffnesshave a periodic pattern,and (2) may
be perceved as this patternbeingactivated,i.e., broughtinto motion with velocity V alongthe x-axis.
Wave propagatiorthroughthe static laminateis a specialcase(V = 0) of the problemabove. This static
problemhasbeenanalyticallystudiedin [2,3,9,2022 23].

Numerical methodsfor hyperbolicPDE’s with continuoudlux functionshave beenwell studied[7,10,
25]. Upwind methodsincorporatehe physicsof the probleminto the nunmericaltechniquedy exactly or
approxinately resolvingthe information carriedalong the characteristicsFirst-orderaccuratenethods
introduce nunerical diffusion into their solutions,so profiles are smearedand thereis a lossin the
resolutionof importantfeaturedik e discontinuities Second-ordeschenescontainmuchlessnumerical
diffusion,sodiscontinuitiesn the solutionare betterresohed. However, thesescheneshave adispersie
propertywhich causespuriousoscillationsin regionsof rapid transition.We canbuild high resolution
methods that are are at least secondorder accuratein snmooth solution regions, while giving non-
oscillatorysharptransitionregions. Thisis doneby modifying the purely secondrdermethodby adding
controlledor ‘limited’ contritutionsfrom afirstordertechnique.

For the wave equationwith discontinuoushut linear flux, we must build schenes that adequately
addresgheissuesf numerical diffusionand dispersionln addition,thereis physicaldispersiomat the
propertyinterfacesresultingin the partialtransnissionandreflectionof incidentwaves,sothe schenes
must be ableto properlyhandletheseeffectsas well.

Direct simulation of the linearizedacousticproblemwith drastically varying material paraneters
was studied by Fogartyand LeVequein [5,6]. In the caseof periodic media, this is essentiallythe
problemgiven by (1) and(2) when V = 0. They usea high-resolutionfinite-volume methodbasedon
the fluctuationsplitting approachpresentedoy LeVequein [11] which has beenimplementedin the
CLAWPACK softwarepackagd 12]. However, the standardimited methodsin CLAWPACK yielded
numericalinstabilitiesfor this problem A new methodof limiting calledtransnission-basetimiting was
introducedasafix.

In this work, we shall not follow the fluctuationsplitting approachof LeVeque. Since the problem
is linear, it is relatively straightforwardto focuson the propagationof the characteristiovariables. The
secondorderversionof the schene relieson reconstructindinear profiles of the characteristioczariables
in eachcomputationalcell, andlimiting theseslopesvia the minmod limiter. With the minmod slope
limiting method,we have not encounteredhe numerical instability referredto in [5,6], and have not
hadto devise a new type of limiting. However, furtherwork needso be donein orderto understandhe
behaiour of limitersin the caseof discontinuouslux coefiicients.

To simulate wave motion througha dynamic (V # 0) laminate,we employ a grid moving with the
property patternspeedV. The material propertieschangeonly acrosscell interfaces.A higherorder
schene is even more necessaryon moving grid adwection problens, sincethe grid velocity contritutes
to the numerical diffusionof the schenes.

In the following section,we describemore preciselythe problemthatwe aresimulating. The details
of the numerical method are given in Section 3. In Section 4, we give the resultsof somre numerical
experimentswhich illustratethe useandpotentialof the method for studying the propertiesof dynanic
materials,and provide some concludingremarks in Sectionb5.
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Fig. 1. Propery patternin — space.

2. Problem formulation

In this section,we presenthe mathenmatical formulation of the problemof wave propagatiorthrough
spatio-terporal laminates We considerthe wave equation(1)

0
andmake the following specift assurptions aboutthe compositemedium:
(a) at eachpoint ,thecontrols and cantake eitherthevalues 1 1 or » 5 ;wereferto
theseas‘materiall’ and ‘material2’;
(b) thesematerialsareplacedwithin alternatingayershaving thesloped d onthe -plane;

(c) the periodof the patternis composedof two successie layersfilled, respectrely, by materials 1
and2, thevolume fractionsof thesdayersbeing ;and , 1 > 0 o 1.
See Fig. 1. The slope is chosenso asto ensurethe regular transition of continuousdisturbance
throughthe interfacefrom onelayer to another For smooth solutions, kinematic and dynanic
conmpatibility conditionsof continuity acrossthe material interfacesare enforced.Theseconditionsare
satisfed if thefollowing relationshipbetweenthe characteristispeed®f the materials ~ ,and
the materialpatternspeed holds[13]:

sgn 1 sgn » )
We arethusableto work in two regimes—asubsonicregime where 1 2 andasupersonicegime
where 1 2. Welimit the presentatiorin this paperto the subsonicregime.

In [13], Lurie usesa standardanalyticalhomogenizationprocedure[1,18] to calculatethe effective
phasevelocities and the governing differential equationsof such a composite when the period of
the medium , is much smaller than the wavelength of the initial disturbance.Using the notation

11 5 pand 12 2 1, we have thefollowing differentialequationfor  , the value
of thedisturbance averagecbver theperiodof thearray:
1, -1 I A T, 1
——s — 2 - — - —T 0 @

2 2
12
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When inequality (3) holds, the equationabove is hyperbolic. Like its uniform material counterpart,
this dynanic material will allow for D’ Alenbert wave solutionstraveling with characteristicohase
velocities. Thesevelocities 1, » arecalculatedfrom the p.d.e. abore. We note that Floquetanalysis
is also applicableto spatio-tenporal conpositesand, in [17], Lurie usesthe theory to reconpute the
wave velocities:
]2_ %_ 1 1 2 12 1 2 - 2 1 1
12 7 =1 (5)

It is possibleto choosethe problemparangters 1 , 1 », 1 sothatsgn 1 sgn ,.The
D’ Alembertwaves which arisewill thustravel in the sane direction relative to a laboratoryframe. This
coordinatedvave motion emergesif either

1 2 2 2 2 - T
T 1 o 2 -
whereit is assumad that ; 2. With the aid of this coordinatedvave motion, it becones possibleto
protectsonme extendeddomainsin space—tim from the invasionof long wave dynamc disturbances.
The generaldisturbancewill thenbecone filteredaccordingto its frequeng spectrum andthe higher
harnmonicsalonewill beallowed into certainregionsin space—tira.

In thecase 0, theeffective mediumequationfor the wave problem(1) is

1 ! 0
yielding effective wave motion with velocities , Where
2 1 1
1

This is awell-known resultandis a specift caseof (5). Note thatthe screeningeffectis impossiblefor
the static problemsincethe effective wave velocitiesare of oppositesigns.
Eg. (1) is equivadent to the system

1
- 0 (6)
0 (7)
which can be decoupledinto two advection equationsin the characteristicvariables ~ and
— - 0 — 0
— 0 — — 0 (8)
The information "~ travels along characteristicsvith velocity ", whereas T
travels along characteristicst velocity =~ . We will use to denotethe material ‘impedances’,
~ . At any point , thevauesof and (denotedby , are conpletely deternined by the
characteristiégnformation arriving there:
L L L L (9)
R R R R (20)
Here, L L Isthevalueof ~thatis constantalongthe characteristioof speed | which

originatesto the left of andwhich reaches through pure material of constanttype | | .
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Similarly, r R R Is thevalueof "~ thatis constantalongthe characteristioof speed g
coming from theright of throughpure materialof constanttype g r . |If is in the interior
of material region( lor2),then | R R . Giventhe kinematic and dynamc
conmpatibility conditionsthat and arecontinuousalongthe materialinterfaces,on aninterfacewith
material 1 ontheleft and material 2 ontheright, say onehas | | 1 1 and R R 2 9

The nunerical technique presentedin this paper relies squarely on the understandingof the
propagatiorof the characteristidata.

3. Numerical method

In this section we describethe numerical method thatwe have designedo approximate the solutions
to (1), (2) on an infinite domain for 0. The coefiicients and arepiecavise constantfast
periodic functionsas describedin the previous section.The methodis a consenrative, finite volume,
upwind methodon a moving grid.

3.1. Grid

We enploy a moving one-dinensionalgrid. The grid pointslie in the centersof grid cells of width

1and , suchthatalayerof material hasa givennumber of cellsof width for 1 2.The
grid centerat time of cell isdenotedby . Thewidthof the th grid cellis andthis
vaue dependson whetherthis cell is in material1 ( 1) or in material2 ( 2). At the
initial time o 0, thegrid is constructedothatthe materialpropertieschangeacrosghecell interfaces
only. They do not changevaluesin theinterior of a cell. The grid pointsmove with the patternvelocity

suchthat 0 Thevaluesof and atthegrid points,denotedoy , Smultaneously
representhe approxinationsto and atthosepoints,aswell asthevaluesof and averagedover
cell

The genericcell volume in space—-tine is a parallelogramwith lateralsideshaving sloped d ,
andbaseandtop attimelevels and ;.Let

12 12 012 0 (11)

denotethe right lateral side of the th space—tira cell volume, where ; ,

3 1 A materialinterfacewill lie alongan 1 ».

NI
[

3.2. Evolution

To obtainthe cell averagedvaluesof and attime 1 in cell , we integrate the consenation
law (6), (7) (or equivaently, (8)) over the space—tire parallelogramvolume associatedavith the th cell.
This yields

—_— 12 12 d
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1
— 12 12 d (12)
1 1
! D 12 12 d
1 1
— 12 12 d (13)
The flux expressions
12 12
where and , bring to mind the importantpaperof Osher[19] in which he

derives a closedform expressiorfor the solutionto the scalarRiemannproblem See[19, Lemma1.1],
andalsothe paperof Sanderq21].

Consenative techniquedistinguishthenseles from eachotherby their approxinations to the flux
integral. Since our equationg8) are linear, we calculatethe valuesof alongthe cell interfacesin a
straightforwardmannerby tracingcharacteristics,e., by solving system(9)—(10).On interface  ; »,

we tracebackto the left within cell andto theright in cell 1. For the characteristianformation
from the th and 1th grid cell a time to reachinterface ; , betweentimes and ,, we
must have
12 1 12 12 (14)
12 1 1 12 32 (15)
where 1 arethe characteristicspeedsn cells and 1. Considering(11) this gives the CFL
restriction
max —— 1
12
allowing usto compute and at 12 for 1.
12 12 (16)
1 12 1 12 1 (17)
Thefirst-ordemethodcomes aboutby reconstructingheprofile to theapproxinmete solutionof
and aspiecaviseconstantincell , and takeonthecell-averagedvaluesof and . For
1 then,thevauesof and alonginterface ;, dependon the quantities
and 1 1. We denotethe interfacevaluesas 1 » 1 2, and conmpute themby solving
system(16), (17):
1
1 = —
12 (18)
1 1 12 1
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The integrals of and along the interfacesin Egs. (12), (13) are thereforeexactly 12 and
12, when and areconstantin eachcell. Thefirstordermethodis, therefore,
1
! - 12 12 - 12 12 (19)
! I 12 12 I 12 12 (20)

It is easyto checkthatsystem(18) is equivalent to

1
 — _

12 1 1
. (21)
1 12 1 1 1 [

1 1
Here , defined as

— — (22)

arethereflectionand transnissioncoeficientsfor awave moving from material to material acrossan
interfacethat is itself moving with speed 1 2 Thus,resolvingthe characteristianformation
arriving at the material interfacesas we do in (16), (17) or (18) is equvaent to formulating our
conpatibility conditionsin terms of transnissionandreflectionof right-goingandleft-goingwaves:

12 1
12 1 - 1 1 -
1 1
12 1
12 1 - 1 1 -
1
Thatis, onewould requirethatthe characteristianformation 1 , Originating at theinterface,
which moves to the right into cell 1 should be composedof the transnitted portion, 1, of
coming from cell which has made its way into cell 1, plus the portion, 1, of
theoriginally left-goinginformation 1 incell 1 thathasbeenreflectedbackinto thatcell.
Similarly, theinformation originatingat the interfacewhich moves leftintocell shouldbe
conposedof thetransnitted portion, ; ,of 1 coming from cell 1 which hasmadeits
way into cell , plus the portion, 1, Of the originally right-goinginformation in cell
thathasbeenreflectedbackinto thatcell.
The calculationof reflection and transnission coeficients for the subsonicproblem 1 oIS

carriedoutin theappendixto this paper Fig. 2 illustratesthe separatiorof an incidentwave intoreflected
andtransnitted portions.We remark that while the coeficientvalues and arethesane in the
stationaryproblem(see[4]) asthey arein the subsonigroblem they are differentin the supersonicase
1 2

To seein detail the featuresof the problemsolutionwithout usinga very fine mesh,onemust usea
schene thatprovidesmorenunericalaccurag thanafirstordermethod.Numerical diffusionsmearsout
the solution profile and it becones difficult to distinguishbetweenthe natural,physicaleffectsproduced
by this new dynamc materialfrom the numericalones For example, the numerical solutionto theinitial
value problemwhen is much smaller thanthe wavelengthof the initial wave disturbanceshaws quite
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Fig. 2. Transnission andreflectionof right goingcharacterisc information 1 atpropertyinterface.

clearly the D'A lembert waveswhich arise as predictedby Lurie. However, the anplitude of thesetwo
waves do not appeato be equalin thedynamic problem as they are in the static version.Is the unequal
anmplitude a physicalresultor anumericalartifact?

If wederive themodified equationgfor thefirst-orderupwind methodfor thescalaradvectionproblens

0 and 0 on a grid moving with velocity
— 1 — o ?
2
— 1 — o ?
2
we seethatfor agiven 0 and , thenumerical diffusionis unequalfor thetwo problens. So,

beforeusingthenumericalresultsto make inferencesboutthewave amplitudesfor our dynanic second-
orderproblem onewould have to take careto notethatthe characteristialatapropagatinggt opposite
speeds, areexperiencingdifferentlevels of diffusiondue,in part,to the useof a moving grid.

Thus, to be able to more efficiently and accuratelyuse nunerical experimentsto study dynamc
materials,it is essentiato build higherorderschenes.

3.3. Higherorder method

Reconstructinghe discretepiecesof characteristidata, , as linearover eachcell, leadsto
asecond-ordeschene. At eachtimelevel , wechooseslopes of the profilesof
in cell sothatthedatais seenas

(23)
(24)
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for 1, 1 »- Thevauesat the cell centers  are still , and theseare aso the cell-
averagedvalues.Reasonablehoicesfor theslope, , for exanple, would be
(a) 1 1 1 1
1 1 1 1
(b) 1 1
1 1
1 1

Oncethedopes arechosemandthedatais reconstructedhe system(16), (17) is solvedto obtainthe
interfacevaluesnecessaryo computetheflux integralsin (12) and(13):

1 1 1
1 1 E 1 1 é 1 1
1 1
; > > (25)
1 1 1
1 1 E 1 1 E 1 1
1 1
L : 5 5 (26)

Second-orderschenes have a dispersve property which producesovershootsand undershootdn
regions of rapid transition of the solution variables.A considerableamount of work has goneinto
developing a remedy for this problem One of the mostimportantstepin reachingthis goal hasbeen
to incorporateinto the numerical schene the analyticalresultthatthe total variation of weaksolutions
to the scalarequationdo not grow in time. This yielded a classof methodsknown astotal variation
diminishing (TVD) [8] schenes. ‘L imiters’ [24] are usedto control the gradientsof the reconstructed
numerical solution so that the variation of the solutionat the subsequentime step is no greaterthan
thatatthecurrenttime level. TVD schenesaresecondrderaccuratén snooth solution regionsand,at
solutionextrema andin regions with steepsolution gradients,they essentiallyrevert to their first order
version. The resultis a higherorder schene with overall accurag greaterthan one, which doesnot
producenunerical oscillations,and which still gives sharp overall resolution.For hyperbolicsystens,
onecanconstructahigherorderschene by reconstructinghe characteristiclataaspieceaviselinear, and
limiting theseslopesso thattheschene is TVD in its characteristioariables.

The dispersve quality of purely secondorder schenes for hyperbolic differential equationswith
discontinuoudlux functionss evidentin thenumericalsolutions SeeFig. 3. However, theseequationglo
not come with much (if ary) supportingtheoryaboutthe behaviour of the solutionsthatcanimmediately
actasaguidein developing ameansof controllingtheappearancef spuriousoscillations.For exanmple,
the total variation of the characteristialataoften grows dueto the partial transnissionandreflectionat
materialinterfaces.See Fig. 4.
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Fig. 3. Numerical disperson arising from second-ordeschemeapplied to the wave problemwith discontinuous
propertes. CFL number 0 8.

Fig. 4. Total varation of the characterstic variabe, , growsin time.

In the teststhat we have conductedso far, we have foundthatthe minmod reconstructeslopegives
a stable, higherorder schene for the problem 0 with piecavise constantproperty
patternof and asdescribeckarlier The minnod functionis definedas
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0 0,
minmod min 0 ,
max 0
Thedope  of theprofile of incell is
minmod ! !
1 1

Thus,theslopeis setto zeroif thecell averageof theassociatedariable  or reacheanextrenmum
in that cell, andis otherwise chosento be the smaller of sope choices(b) and (c) that were listed
earlier Other choicesof slopelimiters, such as the Superbedimiter [24], produceunstableschenes.
In subsequentesearchyve will investigatethe sourceof instability/stabilityof thevariousschenes.

4. Numerical resuts

In this section,we presenthe resultsof conputationalexperiments.For all of our testproblens, the
useof thelimiting techniquedescribedn the previous sectionhasyieldedgoodresults.

4.1. Wave motion througha static laminate

In [22], the authorsuse a Bloch expansionto obtain an effective medium description of wave
propagationthrough a static ( 0) laminatewhich exhibits dispersionfor lamge time. We use our
numerical method to verify this theory for the one-dinensionalproblem A similar investigationhas
beencarriedoutin [5,6]. The problemcontrolsaretakenas

101 11 2 2 33 1 05
where 1 is thevolume fractionof materiall. Both materialshave characteristispeedsqualto 1, and
we choose 2 , S0 thatthe CFL nunmberin eachmaterial region is unity. For alinear first-

ordermethod this impliesthattherewill be no numericaldiffusion,andthatthe problemwith piecavise
constantnitial datais solved exactly by the first-orderupwind method.In particular we take an initial
Gaussiarmprofile, discretizedonagrid with > 000045 A singlematerialpair occupiesaregion
of width 0.02. Thatis, the period is 0.02. We allow this profile to move throughthe laminate,via the
first-ordemethod,andrun the wave problemuntil the solution separatemto two distinct waves moving
with oppositevelocities. We take theright-goingwave solutionas theinitial datafor our experiment. See
Fig. 5. A scaledrepeatedeaviside functionis plottedalong with the solutionto indicatethe microscale
variation of the material paraneters relative to thewavelengthof thedisturbance.

In our experiment, the solution using the first-orderupwind methodwith CFL numbersequalto 1
gives the exact solution. We conpute with the second-ordemethodwith 08 ,i.e,with CFL
nunbers0.8, and comparethe solution of this methodwith the exact solution. Figs. 6 and 7 show the
numerical solution of attimes10 and19, respectiely. The valuesof the averagedsolution  are
obtainedby averagingover sequencesf 40 valuesof

By measuringthe distanceover which the peakof the profile hasmoved from time 0 to time 10, we
seethatthe averagedsolution moves with speedpredictedby the formula for the static problem

1 ! 1 0866
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Fig. 5. Initial profile is aright-going pulsecertered at 0.

Fig. 6. Numericalsdution of  attime 10 as computdby higherorderschemewith 08.
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Fig. 7. Numerical sdution of  attime 19 as computdby higherorderschemewith 08.

We alsoseeclearlythe effectsof dispersionas predictedby Santosaand Symesin [22] for largetimes.
4.2. Wave motion througha dynanic laminate

In a spatio-tenporal compositewherethe uniform propertyspeed is non-zerol urie hasshown [13]
thatcoordinatedvave motion occurswhen

1 , 1
1

where 12 > 1. Theeffective velocities ; ; areof thesane sign, andaportionof thedomain
is screenedrom the effectsof thewave disturbance.

In Figs.8 and9, we seethe resultof propagatingan initial Gaussiarprofile with zeroinitial velocity
througharight laminate(i.e., a dynamc lamnatewith positive effective velocities):

0 e5’ 0 0
(27)
11 11 2 2 109 1 05 08

Thesecontrolssatisfytheconditionfor coordinatedvave motion. In thecomputationaldomain 2
10, thereare 200 property pair layers,so the composite material hasa spatial period of 12 200
0 06. Sincetheinitial disturbancehasa supportof width at least2, the wavelengthof the disturbance
is several timeslarger thanthat of the period of the medium, and the effectsof homogenizationshould
be apparentFrom Eq. (5), the effective velocitiesshouldbe 0 36378913and0 96095791 Fig. 8 shows
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Fig. 8. Detailed and averaged solution at time 8 of initial Gausian profile through right laminate:
11 11 2 2 109 1 05 08.

Fig. 9. Contour plot of averagedsolution at time 8 of initial Gausian profile through right laminate:
11 11 2 2 10 9 1 05 08.
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Fig. 10. Contour plot of averagedsolution at time 8 of initial Gausian profile through left laminate:
11 11 2 2 109 1 % 07.

the detailedand numerically averagedsolutionsat time 8. The peaksof the D’ Alembert waves of the
averagedsolutionstravel distance2 9425  and7 6825 in time 8, putting the velocities from the
numerical computationsat 0 3678125 00075and09603125 00075 Thesenumbersagreequite
well with thetheoreticakpeedspredictedby Lurie.

Fig. 9 isacontourplot shaving the evolution of the averagedsolutionfrom time 0 to time 8. It isclear
thattheregion lisleft relatively undisturbedby the effectsof the original disturbance.

Fig. 10is acontourplot illustratingtheresultsof thenumerical method astheinitial profile propagates
throughaleft lamnate(i.e., adynamc laminatewith negative effective velocities):

101 11 2 2 109 13 07

The numerical results put the effective wave velocitiesin the ranges 09374999875 00075 and

01349999875 00075 eachrespectrely braclketingthetheoreticalave velocitiesof 0 93949637
and 013107872Fig. 10 clearly shovsthattheregion lisleft relatively undisturbedoy the effects
of theoriginal disturbance.

4.3. Comparisonof nurrerical resultswith theory

In this subsectionywe comparethe resultsobtainedvia directnumerical solutionof the propagatiorof
disturbanceshroughdynamc laminateswith thatpredictedfrom analytical study
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Along with the standard homogenizationtechnique[1], the analysis of equation (1) with the

coeficients periodicin the argument canbe carriedout with Floquettheory[3,23]. Whenthe
initial dataisgivenin terns of the primary and dualvariables, and ,
0 0 0 0
the effective solution canbe shavn to be
1 1
E 0 1 0 2 E 5 5 0 2 0 1 (28)
11
upto afirstapproximetion. Here
2 2 i 3
2
v te 2 2 212

andtheeffective speeds ; ; aregivenby (5). The solution(28) solves(4), thelongwave approxination
to alow frequeng passingband.

Figs. 11-13shaw the resultsfor from the direct nunerical solutionon a fine grid with  ;

> 1 240 alongwith the theoreticalsolution(28). The initial datais 0 e5? 0O O
andthe parangter datais givenin (27). The periodof the laminateis 0 05, and the wavelengthof
the initial perturbationis roughly equalto 2. The values of the numerically averagedsolution  are
obtainedby averagingover sequencesf 12 valuesof

In theupperplots, thetwo D’A lembert wave profilesareclearly shovn. The numericalandtheoretical
solutions match quite well—it is almost impossibleto distinguish the two solutions for the faster

Fig. 11. Numerical sdution and thecretical sdution for attime 5. 1 1 11 2 2 10 9,
1 05 08.
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Fig. 12. Numerical sdution and thearetical sdution for attime 15 1 1 11 2 2 109,
1 05 08.
Fig. 13. Numerical sdution and thearetical sdution for attime 20: 1 1 11 2 2 109,

1 05 08.
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moving wave. In the lower plots, we give a closer view of the dower wave. Here, we seethat the
numerical solutionleadsthe theoreticalprofile by at least . By time 15, one bagins to seethe effects
of dispersiorn[22]. This higherordereffectis not capturedoy thefirst-ordertheoreticalpredictiongiven
by (4) and (28).

44. Cornvemgencestudy

Fig. 14 shavs alog—logplot of the , and , errorsin the solution of the wave propagatiorproblem
througha compositewith a spatial period of 0 064. Theinitial datais

0 e5’ 0 0
andthe problemparangtersare
101 11 2 2 44 1 05 0 (29)

We take the exactsolutionto the problemto be the numerical solutionon a refined grid of cell width

0 0005 Sincethewave speedsnthematerialsareequal( 1 > 1), weareableto computewith
aCFL nunberof 1in eachcellto ensurethegreatesaccurag possible Forthecorvergenceanalysis the
solutionis computedon coarsemrids of cell widths0 001 0 002 0 004 and0 008 with a CFL nunber
of 0 9. Werecordthe errorsattime 2 aftertheinitial profile hasconpletely separatedhto left andright
going D’ Alembert waves. We find thatthe 1 orderof accurag is 1.13 andthe , orderis 1.0. On
smooth solutions, onewould expectthe ordersof accurag to be closerto 2 ratherthanto 1. However,

Fig. 14.Log—-logplotof 1 and > normsin the numerical sdution to the initial value problemwith parameters
givenin (29).
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Fig. 15.

thoughtheindividual materialshave the sarre speed theirimpedances ~differ. Asaresult,there
is partialreflectionand transnissionof informationat theinterfacesgiving arapidly varying, non-snooth
solution.

Fig. 15 conparestherefinedsolution with the solution on the coarsesgrid ( 0001).

5. Concluding remarks

In this paper we presentech higherorder finite-volume methodto model wave behaviour through
a one-dinensionaldynamnic laminate. We useda grid moving with the velocity of the property pattern
andusednunerical formula which relied on the resolutionof the propagatingcharacteristidata.Using
the minmod limiter gave a stable,higher order schene which we have successfullyusedto carry out
preliminary computationalinvestigation®f this new material.lt is still necessanhowever, to investigate
the stability andinstability of numerical schenesfor the discontinuougoeficient wave problem

We have beenableto usethenumericalexperimentsto verify theeffective wave velocitiespredictedoy
Lurie, and to illustrateandvalidatehis predictionof the screeningeffect. We also clearly seethemethod
giving long time dispersve wave effectsas follows from the analysisof Santosaand Symes for the static
problem

This form of direct simulation is important as we seekto understandthe physicsthat leadsto
coordinatedvave motion. We arein the processf investigatingboundaryeffectsin seni-infinite and
finite domains,and we areaso studyingthe supersonignaterial( ) which,from ourinitial studies,
denonstrateveryinterestingesults.
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Appendix A. Subsnic reflection and transmission coefficients

Considertheinfinite elasticbarwith stiffness, , and density , given by

1 1 )
2 2

We investigatethe reflectedand transnitted waves that result when an incident wave encounterghe
interface moving with speed 1 2 Theanalysisiscarriedoutfor thecaseof adisturbance
> , initially locatedto theright of the propertydiscontinuity moving throughmedium 2 into the
interface.
Theinitial datais

. 0 0 0 0 for 0 (A.1)

2 0 0 2 for 0 (A.2)

The solution of thewave equationin material2 only, with theinitial dataabove, isawavetraveling to the
left with speed »,, and for small , we assune thatthis is the only disturbancein the region to the right
of the moving discontinuity As increaseshowever, other waveforms ariseas the initial disturbance
encountersheinterface.

The generalsolutionto theinitial valueproblemis

1 1 1 1 1 (A.3)
2 2 2 2 2 (A-4)
FromEgs. (A.1) and (A.2), we have

0 1 0 (A.5)

2 2 0 (A.6)

0 1 0 (A.7)

2 2 0 (A.8)
Differentiating(A.5) and(A.6) yields

0o 1 0 (A.9)

s s 0 (A.10)

Egs. (A.7) and (A.9), thengive ; 0 for 0, hence
1 0 for 0
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andsimilarly,
2 0 for 0
from (A.8) and(A.10). So, from (A.5) and(A.6),

1 0 0 (A.12)
2 0 (A.12)
The matching conditions acrossthe moving interface are continuity of  along interface
1 2 (A.13)
and
— 1 o—= (A.14)

for 0 We notethatthe secondconditionis equivalent to continuity of the dualvariable alongthe
interface.

In terms of thefunctions , theseconditionsare
1 1 1 1 2 2 2 2
and
1 11 1 1 1 11 1 1
2 22 2 2 2 22 2 2
By (A.11)and(A.12)andtheassunption 1 2, Wearrive atasystemof equationsin thefunctions
rand 5:
1 1 2 2 2 (A.15)
11 1 1 2 2 2 2 2 2 2
Here we have used o . We integratethis lastequationwith respecto to produce
11 1 2 2 2 2 2 (A.16)
Solving system(A.15), (A.16) thengives
1 1 2
2 2 2
where
2 2 2 1
2 1 2 1
Therefore,

1

for 0.



SL. Weeles/ Applied Numerical Mathematics 37 (2001)417—-440 439

Introducingtheseresultsinto Egs. (A.3) and (A.4) and using(A.11) and(A.12) gives the solution

) , —= (A.17)
1

2 2 2 — 2 (A.18)

1
Onreachingheinterface theincidentwave produceswo additionalwaves:thereflectedwave moving
to theright backinto material 2, and the transnitted wave traveling to theleft into material 1.  and
arethe reflectionand transnission coeficients that measurethe amplitude of the resultingwaveforns
relative to thatof theincidentone.
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