
Applied Numerical Mathematics 37 (2001)417–440

Numericalcomputationof wavepropagation
in dynamicmaterials

SuzanneL. Weekes
Department
�

of MathematicalSciences,WorcesterPolytechnic Institute, Worcester, MA 01609-2280,USA

Abstract

A
�

higher-ordernumerical method on a moving grid is used to investigate wave propagation througha one-
di
�

mensionaldynamic material. Dynamic materialsareheterogeneousformationsassembled from materialswhich
are� distributedon a microscalein spaceandin time. This conceptwasintroducedin recentresearchof K. Lurie
(1997,
�

1998,1999).In particular, we consider wave motion througha material whose property valuepattern is a
pi� ecewisediscontinuous, fast periodic function traveling with constant velocity. In theanalyticalwork of K. Lurie,
it
�

wasfoundthatby appropriatelycontrollingthedesignfactorsof adynamiccomposite, it ispossibleto selectively
s� creenlarge domainsin space–timefrom theinvasion of long wave disturbances. In this paper, we performdirect
numerical simulationswhich validateLurie’shomogenization results, and present numerical examplesto illustrate
th
�

is screening effect. 2001IMACS. Publishedby Elsevier ScienceB.V. All rightsreserved.
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1. In tr oduction

In
�

this paper, we numerically simulate wave motion through a one-dimensionaldynamic elastic
com� posite.

Dynamic materialsarecompositesin which theconstituentpropertiesare distributedon a microscale
in



time,aswell asin space.Optimal materialdesignfor staticor non-smart applicationsgenerallyresults
in theformation of compositeswherethedesignvariables,suchasmaterialdensity, stiffness,yield force,
and� other structuralparametersarepositiondependent,but invariant in time. The structuresthat result
from
�

thesedesignsarethe ordinarycompositematerials,and their propertiesdependon the individual
properties� of theconstituentmaterialsandthemicrogeometry of themixture. Theeffective propertyof
a� dynamic material,however, alsodependson thetemporalarrangement, so thatby varying thespatio-
tem
�

poralparametersin thematerialmixture,wecaneffect a rangeof responses.
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The performanceof structurescanbe improved by using spatio-temporal compositematerialswhich
m� atch thetime dependentenvironmentof dynamic problems.Formaterialsexperiencingdynamic loads
and� correspondingsurgesof stresswaves or undesirableimpulses,for example, it is importantto have a
m� eansof screeningcertaincrucialpartsof thestructureor mechanismfrom the effectsof suchsurges.
This problemformally reducesto a problem of control of the coefficients in a hyperbolicsystemof
equations.� By appropriatelycontrollingthedesignfactorsof adynamic composite,it isactuallypossible
to
�

selectively screenlarge domainsin space–time from the invasionof long wave disturbances[13,16].
W
�

ith anordinarystaticcomposite,this screeningeffect is impossible.
O
�

newayof making adynamic materialisby implementingeitheraninstantaneousor agradualchange
of� thematerialparametersin differentpartsof thesystemwithoutany relativemovement of thoseregions.
W
�

ecall thisprocessactivation.Asanexample,consideratransmissionline. By mechanicalor electronic
switching, the line may have its inductance� and� capacitance� tak

�
e oneof two admissiblepairs of

va� lues ��� 1 ��� 1 and� !�"
2
# $�%

2
# & at� eachpointof ')(+*�,.- space.Thevariationin capacitancecanbeeffectedby

the
�

activationof p–njunctiondiodeswhicharedistributedalongtheline,andtheactivationof inductance
is



accomplished throughthe useof a ferromagneticmaterial into which the line is embedded.On the
other� hand, in the procedurereferredto as kinetization,we build a dynamic materialby putting parts
of� the systeminto actualmotion to displacematerials in other regions, resultingin a material whose
properties� arespaceandtimedependent.In mostcases,aspatio-temporalcompositecomesaboutthrough
a� combinationof theactivationand kinetizationprocesses.

M
/

athematicaltreatmentsareinstrumental in understandingtheprocessesthattakeplacein acomposite
material underapplied loadingor excitations.The mathematical constructionsallow for the prediction
of� propertiesof thematerial even beforeit is engineered,and consequently, make it possibleto consider
de
0

veloping a compositewith optimal properties.However, complex and truly novel problems often fall
outside� thereachof existinganalyticalmethods.Wemustrely on soundnumericaltechniquesto provide
approxim� ate solutionsto thevariousequationsgoverning heterogeneousmediabehaviour. With efficient
and� accuratenumericalalgorithms, wewill beableto describeandhence,regulatetheresponseof spatio-
tem
�

poralcompositesto impulseloadings.
O
�

ur primarypurposein thispaperis to presentthesimulationtechniquesthatweusein ourpreliminary
num1 erical investigationsof spatio-temporal laminates.The numerical study of this new material will
(i) helpverify theexistinghomogenizationtheorydoneby Lurie, (ii) actasaguidefor furtheranalytical
studyof more complex problems, and(iii) actasanexperimentaland designtool in theconstructionof
dynam
0

ic materials.
The dynamic materials under current study are laminates whose patternsmove with a constant

v� elocity 2 . We consideraninfinite, dynamic elasticcompositewith discontinuousdensityandstif fness
coef� ficients, as describedin [13] and in here in Section 2. The governing equationfor wave motion
through
�

thismedium is describedby thesecond-orderwaveequation3�46587�9:7<;>=�?A@CBED:BGF
0
H I

(1)

wJ ith initial conditionsKML�N+O 0H PRQTSVU)WYX8Z [C\.U�W+Z
0
H ]_^a`cb�dYe8f

Thedensity g and� stiffnessh are� fastperiodicfunctionsgiven byiVj�k+lnm.o_prqtsGuwvyx{z| }�~ �R�)�+~��.�R�r���c���a�{�� ��� (2)
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whJ ere � is a small parameter. The propertypatternmoves with uniform constantvelocity � and� �������
and� ������� are� 1-periodicfunctions.At ��  0

H ¡
the
�

densityandstiffnesshaveaperiodicpattern,and(2) may
be
¢

perceived as this patternbeingactivated,i.e., broughtinto motion with velocity £ along� the ¤ -axis.
W
�

ave propagationthroughthestatic laminateis aspecialcase( ¥§¦ 0
H
) of theproblemabove. This static

problem� hasbeenanalyticallystudiedin [2,3,9,20,22,23].
N
¨

umerical methodsfor hyperbolicPDE’swith continuousflux functionshavebeenwell studied[7,10,
25]. Upwind methodsincorporatethephysicsof theprobleminto thenumericaltechniqueby exactly or
approxim� ately resolvingthe information carriedalong thecharacteristics.First-orderaccuratemethods
introduce



numerical diffusion into their solutions,so profiles are smearedand there is a loss in the
resolution© of importantfeatureslike discontinuities.Second-orderschemescontainmuchlessnumerical
dif
0

fusion,sodiscontinuitiesin thesolutionarebetterresolved.However, theseschemeshaveadispersive
property� which causesspuriousoscillationsin regionsof rapid transition.We canbuild high resolution
methods that are are at least secondorder accuratein smooth solution regions, while giving non-
oscillatory� sharptransitionregions.This isdoneby modifying thepurelysecondordermethodby adding
controlled� or ‘lim ited’ contributionsfrom afirstordertechnique.

For
ª

the wave equationwith discontinuous,but linear flux, we must build schemes that adequately
address� the issuesof numerical diffusionand dispersion.In addition,thereis physicaldispersionat the
property� interfacesresultingin thepartial transmissionandreflectionof incidentwaves,sotheschemes
m� ust beableto properlyhandletheseeffectsaswell.

D
«

irect simulation of the linearizedacousticproblem with drastically varying material parameters
wasJ studied by Fogartyand LeVequein [5,6]. In the caseof periodic media, this is essentiallythe
problem� given by (1) and(2) when ¬y­ 0

H
. They usea high-resolutionfinite-volume methodbasedon

the
�

fluctuationsplitting approachpresentedby LeVequein [11] which has beenimplementedin the
C
®

LAWPACK softwarepackage[12]. However, thestandardlimited methodsin CLAWPACK yielded
num1 ericalinstabilitiesfor thisproblem. A new methodof limiting calledtransmission-basedlimiting was
introduced



asafix.
In this work, we shall not follow the fluctuationsplitting approachof LeVeque.Since the problem

is linear, it is relatively straightforwardto focuson the propagationof the characteristicvariables.The
secondorderversionof thescheme relieson reconstructinglinearprofilesof thecharacteristicvariables
in



eachcomputationalcell, and limiting theseslopesvia the minmod limiter. With the minmod slope
limiting method,we have not encounteredthe numerical instability referredto in [5,6], and have not
hadto devisea new typeof limiting. However, furtherwork needsto be donein orderto understandthe
beha
¢

viour of limitersin thecaseof discontinuousflux coefficients.
T
¯

o simulate wave motion througha dynamic ( °²±³ 0
H
) laminate,we employ a grid moving with the

property� patternspeed ´ . The material propertieschangeonly acrosscell interfaces.A higher-order
scheme is even morenecessaryon moving grid advectionproblems, sincethegrid velocity contributes
to
�

thenumericaldiffusionof theschemes.
In
�

the following section,we describemorepreciselytheproblemthatwe aresimulating.The details
of� the numerical method aregiven in Section3. In Section4, we give the resultsof some numerical
e� xperimentswhich illustratetheuseandpotentialof themethodfor studying thepropertiesof dynamic
materials,and provide someconcludingremarks in Section5.
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F
µ

ig. 1. Property pattern in ¶ –· s� pace.

2.
¸

Problem formulation

In
�

this section,we presentthemathematical formulationof theproblemof wave propagationthrough
spatio-temporal laminates.Weconsiderthewave equation(1)¹�º6»8¼�½:¼<¾>¿�ÀAÁCÂEÃ:ÂGÄ

0
H Å

and� make thefollowing specific assumptionsaboutthecompositemedium:
(a) at eachpoint Æ�Ç+È�ÉËÊ , thecontrols Ì and� Í can� take eitherthevalues Î�Ï 1 Ð�Ñ 1 Ò or� Ó�Ô

2 ÕnÖ 2 × ; we refer to
these
�

as‘material1’ and ‘material2’;
(b) thesematerialsareplacedwithin alternatinglayershaving theslopedØYÙ d0 Ú_ÛTÜ

on� the Ý�Þ+ß�àËá -plane;
(c) theperiodof thepatternis composedof two successive layersfilled, respectively, by materials1

and� 2, thevolume fractionsof theselayersbeing â 1 and� ã
2 ä�å 1 æ�ç 2 è 0

H énê
1 ë>ì 2 í 1î .

See Fig. 1. The slope ï is



chosenso as to ensurethe regular transition of continuousdisturbanceðòñ�ó+ônõ.ö through
�

the interfacefrom one layer to another. For smooth solutions,kinematic anddynamic
com� patibility conditionsof continuityacrossthe material interfacesareenforced.Theseconditionsare
satisfied if thefollowing relationshipbetweenthecharacteristicspeedsof thematerials ÷ùøûúrü ýCþ�ÿ��Yþ , and
the
�

materialpatternspeed� holds
�

[13]:

sgn��� 1 �	��

� ��� sgn��� 2 ������� ��� (3)

W
�

earethusableto work in two regimes—asubsonicregimewhere ����� �"! 1 #%$ 2 and� asupersonicregime
whJ ere &�'
(*)"+ 1 ,%- 2. We limit thepresentationin this paperto thesubsonicregime.

In
�

[13], Lurie usesa standardanalyticalhomogenizationprocedure[1,18] to calculatethe effective
phase� velocities and the governing differential equationsof such a composite when the period of
the
�

medium, . , is much smaller than the wavelength of the initial disturbance.Using the notation/�0214365
1 7 1 8:9 2

# ;
2
# and� <>=6?

1 @ 2
# A:B

2
# C

1, we have thefollowing differentialequationfor DFEHG , the value
of� thedisturbanceI a� veragedover theperiodof thearray:

1J 2
1 K 2

2

LNM
2 O PRQ 1SUTWVYXFZH[]\^\ _ 2

` acb dfe 1gihcjlk 1m 2 nporq�s�tvu^wyx zf{ 1|i}�~�� 2 � 1��� 1�r�����Y�F�H�]���R� 0
H �

(4)
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W
�

hen inequality (3) holds, the equationabove is hyperbolic.Like its uniform material counterpart,
this
�

dynamic material will allow for D’Alembert wave solutionstraveling with characteristicphase
v� elocities. Thesevelocities � 1, � 2

# are� calculatedfrom the p.d.e. above. We note that Floquetanalysis
is also applicableto spatio-temporal compositesand, in [17], Lurie usesthe theory to recompute the
waJ vevelocities:�

1� 2 ����� 2
#
1 � 2
#
2 � �W� 1 r¡R¢�£	¤ 1¥�¦ 2 §©¨«ª	¬

1 ­ 2 ® ¯�° 1±r²�³µ´©¶ 2 · ¸�¹ ºf»½¼©¾ 2 ¿�À 1Á�ÂiÃ©Á2Ä 1ÅrÆRÇ]ÇÈ 2
# É ÊÌË

1Í�ÎiÏ Ð (5)

It is possibleto choosethe problemparameters Ñ 1 Ò�Ó 2
# Ô%Õ

1 Ö%× 2
# Ø�Ù

1 Ú�Û so that sgnÜFÝ 1 Þàß sgnáãâ 2
# ä . The

D’Alembertwaves which arisewill thustravel in thesame direction relative to a laboratoryframe. This
coordinated� wavemotion emergesif either

1å�æ 1çrè�éiê:ë 2
# ì"í

2
#
1 or� î 2

#
2 ï	ð 2

# ñ òRó 1ôöõi÷
wJ hereit is assumed that ø 1 ùûú 2. With theaid of this coordinatedwave motion, it becomes possibleto
protect� some extendeddomains in space–time from the invasionof long wave dynamic disturbances.
T
¯

he generaldisturbancewill thenbecome filteredaccordingto its frequency spectrum, andthe higher
harm
�

onicsalonewill beallowed into certainregionsin space–time.
In
�

thecaseüþý 0
H
, theeffective mediumequationfor thewave problem(1) isÿ��������	��
�
�
��

1������� 1 ���	������� 0
H �

yielding� effective wavemotionwith velocities �! , where" 2 #%$ 1&�')(+* 1 ,�-�.+/ 1 0
This is a well-known resultandis a specific caseof (5). Note that thescreeningeffect is impossiblefor
the
�

staticproblemsincetheeffective wave velocitiesareof oppositesigns.
Eq. (1) is equivalent to thesystem132�4 157698;: 0

H <
(6)=9>@?BA�CED�F 0

H G
(7)

wJ hich can be decoupledinto two advection equationsin the characteristicvariables HJI�K3L	M NPO and�Q�RTS3U	V W9X :Y[Z;\T]E^`_ aPbcJd�eEf`g hPikjmlonqpsrut v�w`x 0
y

0
y z {�|`}J~��[�;���3�	� �9��J���3�	� �9���[�;��� 0

y
0
y �B� (8)

The information ���T�3�	� �9� tra
�

vels along characteristicswith velocity �u  ¡�¢`£ , whereas¤J¥�¦E§̀ ¨ ©Pª
tra
�

vels along characteristicsat velocity « ¬�­	® . We will use ¯ to
�

denotethe material ‘impedances’,° ±P²
. At any point ³̀ ´µ·¶¹̧ º�» , the values of ¼ and½ ¾ (denotedby ¿ ÀÂÁÄÃ Å , are completely determined by the

characteristicÆ informationarriving there:Ç ÈJÉËÊ Ì3Í	Î
L Ï�Ð L Ñ�Ò L Ó`Ô L Õ (9)Ö ×;ØÚÙ Û3Ü	Ý
R
Þ ßáà

R
Þ âTã

R
Þ ä`å

R
Þ æ (10)

He
ç

re, è L éáê L ë	ì L is



thevalueof íJîðï3ñ`ò ó9ô that
õ

is constantalongthecharacteristicof speedö L wh÷ ich
originatesø to the left of ùú andû which reachesüþýÿ�� ���� through

õ
pure material of constanttype ��� L 	�
 L � .
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Similarly, 
 R
Þ ���

R
Þ ���

R
Þ is the valueof ��������� ��� that

õ
is constantalongthe characteristicof speed� R

Þ
com ing from the right of !" through

õ
purematerialof constanttype #%$ R &(' R ) . If *�+,�-/.0�1 is

2
in the interior

ofø material 3 region ( 465 1 or 2), then 7%8 L 9(: L ;6<�=%> R ?(@ RA�B�C%DFEHG(IJE%K . Given the kinematic anddynamic
com patibility conditionsthat L andû M areû continuousalongthematerialinterfaces,on an interfacewith
mN aterial1 on theleft andmaterial2 ontheright, say, onehas O%P L

Q R(S
L
Q TVUXW%Y

1 Z�[ 1\ andû ]%^
R
Þ _(`

R
Þ acbXd%e

2
f g�h

2
f i�j

T
k

he numerical techniquepresentedin this paper relies squarely on the understandingof the
propagationl of thecharacteristicdata.

3.
m

Numerical method

In this section,wedescribethenumericalmethodthatwe have designedto approximate thesolutionsnpo%q�r(sut to
õ

(1), (2) on an infinite domain for vxw 0
y
. The coefficients z and{ | are{ piecewiseconstant,fast

periodic} functionsas describedin the previous section.The methodis a conservative, finite volume,
upw~ ind methodon amoving grid.

3.
�

1. Grid

W
�

e employ a moving one-dimensionalgrid. The grid points lie in the centersof grid cells of width���
1 and{ ���

2
f suchthata layerof material � has

�
a givennumberof cellsof width ����� for

� ���
1 � 2.
�

The
grid� centerat time ����������� of� cell � is denotedby �J ¡ . The width of the ¢ th

£
grid cell is ¤�¥�¦ and{ this

v§ alue dependson whetherthis cell is in material1 ( ¨�©�ª�«­¬�® 1)
¯

or in material2 ( °�±�²�³�´�µ 2).
¯

At the
initial
¶

time · 0¸ ¹ 0
y
, thegrid is constructedsothatthematerialpropertieschangeacrossthecell interfaces

only� . They do not changevaluesin theinteriorof a cell. The grid pointsmove with thepatternvelocityº
suchthat »J¼½�¾À¿ 0

¸Á�ÂXÃ�Ä�ÅÇÆ The values of È and{ É at{ thegrid points,denotedby ÊFËÌÇÍÏÎ ËÌ , simultaneously
representthe approximations to Ð and{ Ñ at{ thosepoints,aswell asthevaluesof Ò and{ Ó a{ veragedover
cellÔ Õ .

T
k

he genericcell volume in space–time is a parallelogramwith lateralsideshaving slopedÖJ× dØ ÙÛÚÝÜ
,

and{ baseandtop at time levels Þ�ß and{ à�áHâ
1. Let

ã�äHå
1æ 2f ç%èêé�ëíìJîïHð

1ñ 2f òôóöõ%÷ùøûú�üþý�ÿ�� 0
¸���

1� 2f ���
	���
�� 0¸ ��� (11)

denote
Ø

the right lateral side of the � th
£

space–time cell volume, where ������ 1� 2f ������! 1
2 "$#&%('�)�*+�, 1 -

1
2 .0/&1�2 1 3 A materialinterfacewill lie alongan 465�7 18 2f .
3.
�

2. Evolution

T
k

o obtain the cell averagedvaluesof 9 and{ : at{ time ;=<�> 1 in
¶

cell ? , we integrate the conservation
law (6), (7) (or equivalently, (8)) over thespace–time parallelogramvolume associatedwith the @ th

£
cell.

T
k

his yields

ACB�D 1E FHGJIKML 1N$O&P 1Q�R S TVU 1WX Y[Z]\_^V`ba�c 1d 2f egfihkjlfnmporq_sVt6uiv
1w 2x y�zi{k|lzn}6~ d

Ø �
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� 1�$�&����� �V� 1�� �[�������6��� 1� 2 �g�n�k���������¡ �¢6£�¤ 1¥ 2 ¦g§n¨k©�§�ª6« d
Ø ¬®­

(12)

J̄°�± 1² ³µ´J¶·¹¸ 1º0»&¼¾½ ¼À¿ Á�Â 1ÃÄ ÅÇÆ�È�É=ÊbË�Ì
1Í 2 ÎgÏiÐ�Ñ�ÏnÒ�Ó�Ô�ÕVÖb×�Ø 1Ù 2 ÚgÛnÜkÝ�Û�Þ®ß d

Ø à
á 1â0ã&ä�åçæ è�é 1êë ì[í]î_ïVð6ñiò

1ó 2x ô�õiök÷lõnøpùrú�û=ü6ý�þ
1ÿ 2x ���������	��
 d

Ø ��

(13)

Theflux expressions���������������
1� 2 ������ ��	!#"%$'&)(�*�+�, 1- 2 .�/�0�1�/	2�3

wh4 ere 57698�:<;>=@? and{ ACB�D�EGF9H�I@J>KMLONQP>R , bring to mind the importantpaperof Osher[19] in which he
deri
Ø

ves a closedform expressionfor thesolutionto thescalarRiemannproblem. See[19, Lemma 1.1],
and{ also thepaperof Sanders[21].

C
S

onservative techniquesdistinguishthemselves from eachotherby their approximations to the flux
integral. Sinceour equations(8) are linear, we calculatethevaluesof T<U>V along{ thecell interfacesin a
straightforwardmannerby tracingcharacteristics,i.e., by solving system(9)–(10).On interface WYX�Z 1[ 2x ,
w4 e tracebackto the left within cell \ and{ to the right in cell ]C^ 1. For the characteristicinformation
from
�

the _ th
`

and a�bdc 1e th` grid cell at time f�g to
`

reachinterface hYi�j 1k 2x betw
l

eentimes m�n and{ o�p�q
1, we

mur st haves�t�u
1v 2 w�x�y�z 1 {}|�~��Q�������������� 1� 2x �O������ 1� 2x ��� (14)�����
1� 2 ������� 1  ¢¡¤£�¥�¦ 1 §�¨ª©�«­¬�®¯�° 1± 2 ²�³�´µ·¶ 3̧ 2¹>º (15)

wh4 ere »�¼�½O»�¼�¾ 1 are{ the characteristicspeedsin cells ¿ and{ ÀCÁ 1. Considering(11) this gives the CFL
restriction

maxÂÄÃ
1Å 2x Æ�ÇÉÈ'Ê�ËÍÌ�ÎÐÏÒÑÔÓ

ÑÔÕ�Î Ö 1 ×
allo{ wing usto compute Ø and{ Ù at{ Ú�Û�Ü·Ý

1Þ 2x ßáà·â�ãOà·â for ä�åçæÄè�é�ê�è�é·ë 1 ì :í�î�ï¤ð�ñóòõô�ö�÷�ø�ù�ú
1û 2x ü�ý�þ�ÿ�ý��������	��

���������������

1� 2x ������ "!$#&%('�)"*,+.-0/1*,+.2&3 (16)4�576980:<;>=�?
1 @�A�B�C�D 1E 2 F�G�HJIKGMLON�P�Q7RTS
U�V�W�X 1 Y&Z�[.\�] 1̂ 2 _(`�acb�d$e�f 1 g�hOikj,lnmJoKj,l�p$q (17)

T
r

hefirst-ordermethodcomesaboutby reconstructingtheprofile to theapproximatesolutionof sut�vxw1y,zn{
and{ |u}�~x�1�,�J� as{ piecewiseconstant.In cell � , � and{ � tak

�
e on thecell-averagedvaluesof ���� and{ �0�� . For�	�����,�&�1�,���

1 � then,
�

the values of � and{ � along{ interface �.��� 1� 2� depend
Ø

on the quantities�
� ¢¡¤£0¥¦
§<¨ ¦
and{ ©
ª«�¬

1 ­¯®
°±�² 1 ³<´>µ�¶ 1. We denotethe interfacevaluesas ·
̧�¹ 1º 2 »�¼�½�¾ 1¿ 2, and computethemby solving
system(16), (17):ÀÁÁÂ 1 Ã 1Ä>Å

1
1Æ>Ç�È

1

ÉJÊÊËÍÌÏÎ0Ð�Ñ 1Ò 2�Ó�Ô�Õ
1Ö 2 ×ÙØ

ÚÛÛÜ Ý
ÞßÏàâá
ãäå äæ ãä�ç 1 èêé0ëì�í 1î>ï�ð
1

ñJòòóõô (18)
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The integrals of ö and÷ ø along÷ the interfacesin Eqs. (12), (13) are thereforeexactly ùûúMü
ý�þ 1ÿ 2� and÷�������	�
1
 2, when � and÷ � are÷ constantin eachcell. Thefirstordermethodis, therefore,
���� 1� �������� �������� 1�! "$#�%�& 1' 2 (*),+�- 1. 2 /10 2�32�4�5�687:9<;�= 1> 2 ?A@<B�C 1D 2E,F (19)GIH�J 1K LNM<OPRQ SUTSUV�WYX W�Z:[<\�] 1̂ 2

� _A`<a�b
1c 2� dfe g�hg�i�jlknm$o�p�q 1r 2� sut�v�w 1x 2� y,z (20)

It
{

is easyto checkthatsystem(18) is equivalent to|}}~ 1
1���

1 � 1�����
1

���������<��� 1� 2�,���
1� 2� ���������$���	� 1 �� �¡ 1¢¤£¥ £$¢¤£�¦ 1 §©¨	ª 1«¤¬Y­ ®¯° ±<²�³µ´,¶· ¶¸ ¶�¹ 1 º¼»,½�¾ 1¿�À�Á

1

Â�ÃÄÆÅ (21)

Here Ç�ÈÊÉ�Ë�Ì�Í�ÈÊÉ¤Ë , defined asÎ©ÏÊÐ¤ÑlÒÔÓÖÕ�×AØ�ÙØÖÚÜÛ*Ý�Þàß áIâÊã Þlä 2å�æå�æÜç*è�éàê (22)

are÷ thereflectionandtransmissioncoefficientsfor awavemoving from material ë to
ì

material í across÷ an
interfacethat is itself moving with speed îðïòñôó�õ 1 öø÷ 2 ù Thus, resolving the characteristicinformation
arri÷ ving at the material interfacesas we do in (16), (17) or (18) is equivalent to formulating our
comú patibility conditionsin termsof transmissionandreflectionof right-goingandleft-goingwaves:ûIü	ý

1þ 2 ÿ�� ��� 1� 2�����	
1


���
���
��
1

������������ ���! #"%$'& 1(*),+�-�.'/ 1 021�3'4 15�6�7
1 8:9;�<�=

1> 2? @BA�C�D 1E 2F�G HJILK�M�K�N 1 O�P�QSRUT�VW V
XZY\[^]'_

1̀*a,b�c�d'e 1 f2g�h'i 1j�k�l
1 m:n

T
o

hat is, onewould requirethat thecharacteristicinformation prqtsJu�vxwSy'z 1 { , originating at the interface,
w| hich moves to the right into cell }�~ 1 should be composedof the transmitted portion, ��������� 1, of�r �������^�����

com� ing from cell � w| hich has made its way into cell ��� 1, plus the portion, �%��� 1�*� , of
the
ì

originally left-goinginformation ���������x S¡'¢ 1£ in cell ¤�¥ 1 thathasbeenreflectedbackinto thatcell.
Similarly, theinformation ¦�§©̈\ª�«x¬S­̄ ® originating° at theinterfacewhich moves left into cell ± shouldbe
com� posedof thetransmitted portion, ²^³'´ 1µ*¶ ,of ·�¸º¹¼»�½x¾S¿'À 1 Á com� ing from cell ÂÄÃ 1 which hasmadeits
way| into cell Å , plus the portion, Æ%Ç�È*Ç'É 1, of theoriginally right-going information Ê�Ë:ÌÎÍ�ÏxÐSÑ̄ Ò in cell Ó
that
ì

hasbeenreflectedbackinto thatcell.
The calculationof reflection and transmissioncoefficients for the subsonicproblem ÔÖÕ�×ÙØÛÚ 1 ÜÞÝ 2 is

carried� out in theappendixto thispaper. Fig. 2 illustratestheseparationof an incidentwave intoreflected
andß transmitted portions.We remark that while the coefficientvalues à^áãâ*ä andß å%æãç*è areß thesame in the
stationaryproblem(see[4]) asthey arein thesubsonicproblem, they aredifferentin thesupersoniccaseéÖê�ëíìïî

1 ðÞñ 2.
T
o

o seein detail the featuresof theproblemsolutionwithout usinga very fine mesh,onemust usea
schemethatprovidesmorenumericalaccuracy thanafirstordermethod.Numerical diffusionsmearsout
the
ì

solution profile and it becomes difficult to distinguishbetweenthenatural,physicaleffectsproduced
by
ò

thisnew dynamic materialfrom thenumericalones.Forexample, thenumericalsolutionto theinitial
vó alue problemwhen ô is much smaller thanthewavelengthof the initial wave disturbanceshows quite
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Fig.
õ

2. Transmissionandreflectionof right goingcharacteristic information ö©÷ùø^úüû 1 atý propertyinterface.

clearly� the D’A lembert waveswhich arise as predictedby Lurie. However, the amplitude of thesetwo
wa| ves do not appearto beequalin thedynamic problem, as they are in thestatic version.Is theunequal
amß plitudeaphysicalresultor anumericalartifact?

If wederivethemodified equationsfor thefirst-orderupwind methodfor thescalaradvectionproblemsþÙÿ��������	� 0 a



nd ����
������	� 0



on a grid moving with velocity � :�����������	� �! 
2

"$#&%('*),+
1 -/.!0.!132$46587*9

:�;�<=<?>
O
@ ACB!D 2EGF

H�I,JLK�M�N	OQP!R
2
S T$U6V8W*X,Y 1 Z/[!\[!]3^$_&`(a*b

c�d�e=e?f
O
@ gCh!i 2jGk

w| eseethatfor agiven lnmo 0

 prq!stp

andß u!v , thenumericaldiffusionisunequalfor thetwo problems. So,
before
ò

usingthenumericalresultsto makeinferencesaboutthewaveamplitudesfor ourdynamic second-
order° problem, onewould have to take careto notethat the characteristicdatapropagatingat opposite
speeds,wyx�z areß experiencingdifferentlevels of diffusiondue,in part, to theuseof amoving grid.

Thus, to be able to more efficiently and accuratelyuse numerical experiments to study dynamic
m{ aterials,it isessentialto build higher-orderschemes.

3.
|

3. Higher-order method

Reconstructingthediscretepiecesof characteristicdata, }�~������r������ , as linearover eachcell, leadsto
aß second-orderscheme.At eachtime level ��� , wechooseslopes�������� of° theprofilesof ���������r�� �¡¢¤£¦¥¨§©�ª�«
in
¬

cell ­ sothat thedataisseenas®�̄!°(±�²r³�́¶µ�·�̧¤¹=º�»tµ,¼¦½$¾�¿�À�ÁÃÂ¶ÄÆÅÇÂtÈÊÉ(Ë�ÌÍ�ÎÐÏ*ÑÓÒÕÔ×Ö�ØÙrÚGÛ (23)Ü�Ý	Þ8ß�àrá�â¶ã�ä�å¤æ=ç�ètã,é¦ê$ë�ì�í�îÃï¶ðÆñÇïtòÊó(ô�õö�÷Ðø*ùÓúÕû×ü�ýþrÿ�� (24)
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for ������ 1� 2? 	�

�������� 1� 2? . The values at the cell centers���� areß still �������� �� , and theseare also the cell-
aß veragedvalues.Reasonablechoicesfor theslope,�! "$#&% , for example,would be

(a)

')(*�+
1,&-/.�0213�4 15&67�89�:

1 ;
<�=>�? 1

@ ACBEDGFIH�JLK�MN�O
1 P�QSRETVUXW�Y[Z�\]�^ 1_�`a�b
1 c
d�ef�g 1 h

(b)

i)jk$l&m/n�o2pq�r
1s&tu�vwyx{z�|}�~

1

���S���V�I���L��������S�E�G�X���[������ 1����y�{������
1 �

(c)

 )¡¢�£
1¤&¥/¦�§2¨©$ª&«¬�­®�¯

1 °{±�²³ ´ µS¶�·V¸I¹�ºL»�¼½�¾
1 ¿�ÀCÁ�ÂGÃXÄ�Å[Æ�ÇÈÉ ÇÈ�Ê 1 Ë{Ì�ÍÎ Ï

O
@

ncetheslopesÐ!ÑÒ areß chosenandthedatais reconstructed,thesystem(16),(17) is solvedto obtainthe
interf
¬

acevaluesnecessaryto computetheflux integralsin (12)and(13):ÓÕÔ×Ö Ø[Ù�Ú
1ÛLÜÞÝ�ß[à�á

1 âäã2åæ�ç 1è&éëê 1

2
S ìîíðï�ñ 1 ò!óô�õ 1ö&÷2ø 1

2
S ùûú�ü!ýþ�ÿ 1� �������	� 1 
���
 �� ������������	� 1 ����� "!$#&% 1

2 '�(�)+*-,)".0/21 1

2 35476-89":0;-<�=�>�?�@BADCFE (25)GIHKJ L�MNL�M	O
1P�Q�R�S�T	U

1 V�W�XY	Z 1[$\2] 1

2
S ^�_�`	a 1 b-cd	e 1f0g&h 1

2
S i5j7k-lm	n 1o0prq�s�tDu 1 v�wBxDyz {�|+{�|	} 1~��������D�

1 �"�&��"�0��� 1

2
S �5���N����"�0��� 1

2
S �5�D�-��"�$�r���� �¡�¢¤£D¥F¦ (26)

Second-orderschemes have a dispersive property which producesovershootsand undershootsin
re§ gions of rapid transition of the solution variables.A considerableamount of work has gone into
de
¨

veloping a remedy for this problem. One of the most importantstepin reachingthis goal hasbeen
to
©

incorporateinto the numerical scheme the analyticalresultthat the total variation of weaksolutions
to
©

the scalarequationdo not grow in time. This yielded a classof methodsknown as total variation
dim
¨

inishing(TVD) [8] schemes.‘L imiters’ [24] areusedto control the gradientsof the reconstructed
numerical solutionso that the variation of the solutionat the subsequenttime step is no greaterthan
that
©

at thecurrenttime level. TVD schemesaresecondorderaccuratein smoothsolution regionsand,at
solutionextrema andin regions with steepsolutiongradients,they essentiallyrevert to their first order
vª ersion. The result is a higher-order scheme with overall accuracy greaterthan one,which doesnot
produce« numerical oscillations,and which still gives sharpoverall resolution.For hyperbolicsystems,
one¬ canconstructahigher-orderschemeby reconstructingthecharacteristicdataaspiecewiselinear, and
limiting theseslopesso thatthescheme isTVD in its characteristicvariables.

T
­

he dispersive quality of purely secondorder schemes for hyperbolic differential equationswith
discontinuous
¨

flux functionsis evidentin thenumericalsolutions.SeeFig.3.However, theseequationsdo
notcomewith much(if any) supportingtheoryaboutthebehaviour of thesolutionsthatcanimmediately
act® asaguidein developingameansof controlling theappearanceof spuriousoscillations.For example,
the
©

total variation of thecharacteristicdataoftengrows dueto thepartial transmissionandreflectionat
material interfaces.SeeFig. 4.
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F
¯

ig. 3. Numerical dispersion arising from second-orderschemeapplied to the wave problemwith discontinuous
propert° ies. CFL number± 0

² ³
8.
´

Fig. 4. Total variation of the characteristic variable, µ-¶¸·º¹N» ,¼ grows in time.

In
½

the teststhat we have conductedso far, we have foundthat them¾ inmod reconstructed§ slopegives
a® stable,higher-order scheme for the problem ¿�ÀÂÁÄÃÆÅ	Ã�ÇÉÈ�ÊÌËÄÍ+Î	ÍBÏ 0

Ð Ñ
wÒ ith piecewise constantproperty

pattern« of Ó and® Ô as® describedearlier. Them¾ inmod functionis definedas
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minmodÕ�ÖØ×ÚÙÜÛÂÝßÞà á 0
Ð â ãåäçæ

0,
Ð

miè n é�êØëÚìÜíÄë 0
Ð îðïØñóò

,
max ô�õØöÚ÷ÜøÄö 0

Ð ùðúØûóü
.

Theslope ý-þ of¬ theprofile of ÿ��������	��

� in cell � is������ minmod
����������

1 � �
!"$#% "'& 1 (*),+ -/.'0
124365�78�9 1 :;,<>=	?,@�A
1 BDC

Thus,theslopeis setto zeroif thecell averageof theassociatedvariable E�F or¬ G�H reachesanextremum
in
I

that cell, and is otherwise chosento be the smaller of slope choices(b) and (c) that were listed
earlierJ . Other choicesof slopelimiters, such as the Superbeelimiter [24], produceunstableschemes.
In
½

subsequentresearch,wewill investigatethesourceof instability/stabilityof thevariousschemes.

4.
K

Numerical results

In
½

this section,we presentthe resultsof computationalexperiments.For all of our testproblems, the
useL of thelimiting techniquedescribedin theprevioussectionhasyieldedgoodresults.

4.
M

1. Wavemotion througha static laminate

In [22], the authorsuse a Bloch expansion to obtain an effective medium description of wave
propagation« througha static ( NPO 0

Ð
) laminatewhich exhibits dispersionfor large time. We useour

numerical method to verify this theory for the one-dimensionalproblem. A similar investigationhas
been
Q

carriedout in [5,6]. The problemcontrolsaretakenasRTS
1 UWV 1X$Y�Z 1 [ 1\�] ^T_ 2` acb 2

` d$e�f 3 g 3h�i j 1 k 0
Ð l

5
m n

whÒ ere o 1 is
I

thevolume fractionof material1. Both materialshave characteristicspeedsequal to 1, and
wÒ e chooseprq 1 sutrv 2 wuxry , so that theCFL number in eachmaterial region is unity. For a linearfirst-
order¬ method,this impliesthattherewill benonumericaldiffusion,andthattheproblemwith piecewise
constantz initial datais solved exactly by thefirst-orderupwind method.In particular, we take an initial
G
{

aussianprofile,discretizedonagrid with |~} 1 ���r� 2
` � 0

Ð �
0005
Ð

. A singlematerialpairoccupiesaregion
of¬ width 0.02. That is, theperiod � is 0.02. We allow this profile to move throughthe laminate,via the
fi
�

rst-ordermethod,andrun thewaveproblemuntil thesolutionseparatesinto two distinctwavesmoving
wÒ ith oppositevelocities.Wetake theright-goingwavesolutionas theinitial datafor ourexperiment.See
F
�

ig. 5. A scaled,repeatedHeavisidefunctionisplottedalongwith thesolution to indicatethemicroscale
vª ariation of thematerial parameters,relative to thewavelengthof thedisturbance.

In
½

our experiment, the solution using the first-orderupwind methodwith CFL numbersequalto 1
gi� ves the exact solution.We computewith thesecond-ordermethodwith �r��� 0

Ð �
8 �r�,� , i.e., with CFL

numbers0.8, andcomparethe solution of this methodwith the exact solution.Figs.6 and7 show the
num� erical solutionof ����� at® times10 and19, respectively. The valuesof the averagedsolution ����� are®
obtained� by averagingover sequencesof �����r ,¡£¢ 40 valuesof ¤�¥¦ .

B
§

y measuringthedistanceover which thepeakof theprofile hasmoved from time 0 to time 10, we
seethattheaveragedsolution moveswith speedpredictedby theformula for thestatic problemª̈©¬«

1­¯®±°³² 1 ´�µ�¶'· 1 ¸ 0
Ð ¹

866º
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Fig. 5. Initial profile isa right-going pulsecentered at 0.

Fig. 6. Numericalsolution of »½¼¿¾ atÀ time 10 ascomputedby higher-orderschemewith Á�ÂÄÃ£Á�Å�Æ,Ç 0
² È

8.
´
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Fig. 7. Numericalsolution of É½Ê¿Ë atÀ time 19 ascomputedby higher-orderschemewith Ì�ÍÄÎ£Ì�Ï�Ð,Ñ 0
² Ò

8.
´

W
Ó

ealsoseeclearlytheeffectsof dispersionas predictedby Santosaand Symes in [22] for largetimes.

4.2. Wavemotion througha dynamic laminate

In
½

aspatio-temporalcompositewheretheuniformpropertyspeedÔ is
Õ

non-zero,Lurie hasshown [13]
that
©

coordinatedwavemotion occurswhenÖ×ÙØ
Ú1Û>Ü ÝßÞ 2
` à 1áâ�ãåä1æ¯ç£è�é

whê ere ëìríßî 1 ï 2 ð ñ 2 ò 1. Theeffective velocitiesó 1 ôWõ 2 areö of thesamesign, andaportionof thedomain
is
Õ

screenedfrom theeffectsof thewave disturbance.
In
½

Figs.8 and9, we seetheresultof propagatingan initial Gaussianprofile with zeroinitial velocity
through
÷

a right laminate(i.e., adynamic laminatewith positive effective velocities):øúùTûýü 0Ð þ$ÿ e� � 5
� � 2 � ���	��
��

0
Ð 
��

0
Ð �

(27)���
1 ��� 1����� 1 � 1��� ��� 2

`  "!
2
` #�$�% 10& 9' (�) *

1 + 0
Ð ,

5
m - .0/

0
Ð 1

8 2
T
3

hesecontrolssatisfytheconditionfor coordinatedwavemotion.In thecomputationaldomain 4 2
5 687:9

10, thereare200 propertypair layers,so the compositematerial hasa spatial period of ;=< 12> 200 ?
0
Ð @

06
Ð

. Since the initial disturbancehasa supportof width at least2, the wavelengthof the disturbance
is
Õ

several timeslarger thanthatof theperiodof themedium, and theeffectsof homogenizationshould
be
A

apparent.From Eq. (5), theeffective velocitiesshouldbe 0 B 36378913and0 C 96095791
' D

Fig. 8 shows
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Fig.
¯

8. Detailed and averaged solution at time 8 of initial Gaussian profile through right laminate:EGF
1 HJI 1 KMLON 1 P 1QSRUTWV 2 XZY 2 []\O^ 10_ 9` acbed 1 f 0

² g
5
h iUjlk

0
² m

8.
´

Fig. 9. Contour plot of averagedsolution at time 8 of initial Gaussian profile through right laminate:nGo
1 pJq 1 rMsOt 1 u 1vSwUxWy 2 zZ{ 2 |]}O~ 10� 9` �c�e� 1 � 0

² �
5
h �U�l�

0
² �

8.
´
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Fig.
¯

10. Contour plot of averaged solution at time 8 of initial Gaussian profile through left laminate:�G�
1 �J� 1 �M�O� 1 � 1�S�U�W� 2 �Z� 2 �]�O� 10� 9` �c�e� 1 � 1

3 �¡ l¢O£ 0
² ¤

7.
¥

the
÷

detailedand numerically averagedsolutionsat time 8. The peaksof the D’Alembert waves of the
aö veragedsolutionstravel distances2 ¦ 9425

' §O¨
andö 7 © 6825

ª «O¬
in time 8, putting thevelocities from the

numerical computationsat 0 ­ 3678125® 0
Ð ¯

0075
Ð

and0 ° 9603125
' ±

0
Ð ²

0075
Ð ³

Thesenumbersagreequite
wê ell with thetheoreticalspeedspredictedby Lurie.

F
´

ig. 9 isacontourplot showing theevolutionof theaveragedsolutionfrom time0 to time8. It isclear
that
÷

theregion µ:¶¸· 1 is left relatively undisturbedby theeffectsof theoriginal disturbance.
Fig. 10 is acontourplot illustratingtheresultsof thenumericalmethodastheinitial profilepropagates

through
÷

a left laminate(i.e., adynamic laminatewith negative effective velocities):
¹�º

1 »�¼ 1½�¾�¿ 1 À 1Á�Â Ã�Ä 2
` Å"Æ

2
` Ç�È�É 10Ê 9' Ë�Ì Í

1 Î 1
3 Ï Ð0Ñ�Ò 0

Ð Ó
7
Ô Õ

The numerical resultsput the effective wave velocities in the ranges Ö 0
Ð ×

9374999875
' Ø

0
Ð Ù

0075
Ð

andÚ 0
Ð Û

1349999875Ü 0
Ð Ý

0075
Ð

, eachrespectively bracketingthetheoreticalwave velocitiesof Þ 0
Ð ß

93949637
'

andö à 0
Ð á

13107872. Fig. 10 clearlyshows thattheregion â:ã 1 is left relatively undisturbedby theeffects
of� theoriginal disturbance.

4.3. Comparisonof numerical resultswith theory

In thissubsection,wecomparetheresultsobtainedvia directnumericalsolutionof thepropagationof
disturbances
ä

throughdynamic laminateswith thatpredictedfrom analyticalstudy.
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Along with the standard homogenization technique [1], the analysis of equation (1) with the
coefå ficientsperiodic in the argument æèçêéìë canå be carriedout with Floquettheory[3,23]. Whenthe
initial
Õ

dataisgivenin terms of theprimary and dualvariables,í andö î ,
ï]ð�ñ�ò 0Ð ó�ô¸õ

0
ö ÷�øúù�û üM÷�ø�û 0Ð ýÿþ��

0
ö �������

the
÷

effective solutioncanbeshown to be

	�
���
������ 1

2

���
0
ö �������

1���! #" 0
ö $�%'&)(

2
` *�+�,�- 1

2

./
1 0 1 132 2

` 4
2
` 576 0

ö 8:9';�<
2
` =�>@?#A

0
ö B�C�D�E

1F�GIHKJ (28)

upL to afirstapproximation. Here

M�NPO Q 2
1 R#S 2

2 T 2
5 UWV

1X 2 Y Z\[^] _a`�bc`d 2 egf 2hji kmlon
2
1 p#q 2

2
r

2
5 s

1 t 2 u
andö theeffectivespeedsv 1 wyx 2 areö givenby (5).Thesolution(28)solves(4), thelongwaveapproximation
to
÷

a low frequency passingband.
F
´

igs. 11–13show the resultsfor z:{}| from
~

the direct numerical solution on a fine grid with ��� 1 ����
2 � 1� 240� alongö with the theoreticalsolution(28). The initial datais ���:��� 0� ��� e� ��� 5

� � 2 �����������
0
� ���

0
�

andö the parameter datais given in (27). Theperiodof the laminateis � � 0
� ¡

05
�

, and the wavelengthof
the
÷

initial perturbationis roughly equal to 2. The valuesof the numerically averagedsolution ¢:£}¤ are¥
obtained¦ by averagingover sequencesof §�¨�©«ªc¬®­ 12 valuesof }̄°± .

In theupperplots, thetwo D’A lembertwaveprofilesareclearly shown. Thenumericalandtheoretical
solutions match quite well—it is almost impossibleto distinguish the two solutions for the faster

Fig
²

. 11. Numerical solution and theoretical solution for ³µ´·¶ at¸ time 5: ¹�º 1 »I¼ 1 ½¿¾ÁÀ 1 Â 1ÃÅÄ'Æ�Ç 2 ÈIÉ 2 Ê¿ËÁÌ 10Í 9Î Ï ,ÐÑ
1 Ò 0

Ó Ô
5
Õ Ö¿×ÙØ

0
Ó Ú

8.
Û
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Fig
²

. 12. Numerical solution and theoretical solution for ÜµÝ·Þ at¸ time 15: ß�à 1 áãâ 1 ä�åçæ 1 è 1éÅê�ë�ì 2 íIî 2 ï�ðòñ 10ó 9Î ô ,Ðõ
1 ö 0

Ó ÷
5
Õ ø¿ùÙú

0
Ó û

8.
Û

Fig
²

. 13. Numerical solution and theoretical solution for üµý·þ at¸ time 20: ÿ�� 1 ��� 1 ���	� 1 
 1�
����� 2 ��� 2 ����� 10� 9Î � ,Ð�
1 � 0

Ó �
5
Õ ���! 

0
Ó "

8.
Û
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moving wave. In the lower plots, we give a closer view of the slower wave. Here, we seethat the
num# erical solutionleadsthe theoreticalprofile by at least $ . By time 15, onebegins to seethe effects
of% dispersion[22]. This higher-ordereffect is not capturedby thefirst-ordertheoreticalpredictiongiven
by
A

(4) and (28).

4.4. Convergencestudy

F
´

ig. 14 shows a log–logplot of the & 1 and' (
2
r errors� in thesolution of thewave propagationproblem

through
÷

acompositewith a spatialperiodof )+* 0
, -

064
,

. Theinitial datais.0/21�3 0, 465 e� 7 5
� 8 2 9 :<;>=2?�9

0
, @BA

0
, C

and' theproblemparametersareD2E
1 FHG 1I6J	K 1 L 1M<N O2P 2 QSR 2T6U	V 4 W 4X<Y Z 1 [ 0

, \
5
] ^ _a`

0
, b

(29)

W
c

e take theexactsolutionto theproblemto bethenumericalsolutionon a refinedgrid of cell widthdfehg
0
, i

0005
,

. Sincethewavespeedsin thematerialsareequal( j 1 kml 2
r n 1), weareableto computewith

a' CFL numberof 1 in eachcell to ensurethegreatestaccuracy possible.Fortheconvergenceanalysis,the
solutionis computedon coarsergridsof cell widths0 o 001

, p
0
, q

002
, r

0
, s

004
,

and0 t 008
,

with a CFL number
of% 0 u 9v . We recordtheerrorsat time 2 afterthe initial profile hascompletely separatedinto left andright
goingw D’Alembert waves.We find that the x 1 order% of accuracy is 1.13 and the y 2 order% is 1.0. On
smooth solutions,onewould expect theordersof accuracy to be closerto 2 ratherthanto 1. However,

F
z

ig. 14. Log–log plot of { 1 and| }
2 n~ orms in the numerical solution to the initial value problemwith parameters

gi� ven in (29).
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Fig. 15.

though
�

theindividualmaterialshave thesamespeed,their impedances���m� ��� dif
�

fer. Asaresult,there
is
�

partialreflectionandtransmissionof informationat theinterfacesgiving arapidlyvarying,non-smooth
solution.

F
�

ig. 15comparestherefinedsolution with thesolution on thecoarsestgrid ( ���h� 0
, �

001
,

).

5
�
. Concluding remarks

In this paper, we presenteda higher-order finite-volume methodto model wave behaviour through
a' one-dimensionaldynamic laminate.We useda grid moving with the velocity of the propertypattern
and' usednumerical formula which reliedon theresolutionof thepropagatingcharacteristicdata.Using
the
�

minmod limiter gave a stable,higher order scheme which we have successfullyusedto carry out
prelim� inarycomputationalinvestigationsof thisnew material.It is still necessary, however, to investigate
the
�

stability andinstabilityof numericalschemesfor thediscontinuouscoefficient waveproblem.
W
c

ehavebeenableto usethenumericalexperimentsto verify theeffectivewavevelocitiespredictedby
L
�

urie, and to illustrateandvalidatehis predictionof thescreeningeffect.Wealso clearlyseethemethod
giw ving long timedispersive waveeffectsas follows from theanalysisof SantosaandSymes for thestatic
problem� .

This form of direct simulation is important as we seek to understandthe physics that leadsto
coordinated� wave motion. We arein the processof investigatingboundaryeffects in semi-infinite and
fi
�

nite domains,andwearealsostudyingthesupersonicmaterial( ����������� )� which,fromourinitial studies,
dem
�

onstratesvery interestingresults.
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A
¡

ppendix A. Subsonic reflection and transmission coefficients

C
¢

onsidertheinfiniteelasticbarwith stiffness,£ , and density, ¤ , given by¥2 ¦B§S¨�©6ª¬«®­2¯1 °H± 1²<³µ´·¶m¸f¹ ,º2»
2
r ¼H½

2
r ¾<¿µÀ·ÁmÂfÃ .

W
c

e investigatethe reflectedand transmitted waves that result when an incident wave encountersthe
interfaceÄhÅ	ÆfÇ moving with speedÈ�É�Ê�ËÍÌ 1 ÎSÏ 2 Ð Theanalysisiscarriedout for thecaseof adisturbanceÑÓÒÕÔ×ÖÙØ

2 Ú>Û , initially locatedto theright of thepropertydiscontinuity, moving throughmedium 2 into the
interf
�

ace.
The initial dataisÜ

1 Ý2Þ�ß 0, à6á 0
, â ã0ä 1å0æ�ç2è�é 0, ê6ë 0

, ì
for
í î®ï

0
, ð

(A.1)

ñ
2
r ò2ó�ô 0, õ6öm÷Óø2ùûúýü þ0ÿ 2��������� 0, 	�

�

2
r ����������� for

í ���
0
, �

(A.2)

Thesolutionof thewaveequationin material2 only, with theinitial dataabove, isawavetraveling to the
left with speed� 2, and for small � , we assume that this is theonly disturbancein theregion to theright
of% the moving discontinuity. As � increases,

�
however, otherwaveforms ariseas the initial disturbance

encounters theinterface.
T
!

hegeneralsolutionto theinitial valueproblemis

"
1 #�$�%'&)(+*-, 1 .�/1032 1 465+798 1 :�;=<?> 1 @6A�B C�D9EF@GB (A.3)H
2 I�J�K'L)M+N-O 2 P�Q1R3S 2 T6U+V9W 2 X�Y=Z?[ 2 \6]�^ _�`9aF\Gb (A.4)

From Eqs. (A.1) and (A.2), wehave

0
, ced

1 f�g�hji9k 1 l�m�n�o m�p 0
, q

(A.5)rts�u�vxw-y
2 z�{�|j}9~ 2 ������� ��� 0

, �
(A.6)

0
, �e���

1 ���������j�1 ������� ��� 0
, �

(A.7)�����������-���� 
2
r ¡�¢�£+¤9¥§¦

2
r ¨�©�ª�« ©�¬ 0

, ­
(A.8)

D
®

ifferentiating(A.5) and(A.6) yields

0
, ¯e°�±

1 ²�³�´+µ?¶j·1 ¸�¹�º�» ¹�¼ 0
, ½

(A.9)¾�¿�À�Á�Â�Ã-ÄÆÅ
2
r Ç�È�É�ÊÌËjÍ

2
r Î�Ï�Ð�Ñ Ï�Ò 0

, Ó
(A.10)

E
Ô

qs. (A.7) and (A.9), thengive Õ§Ö1 ×�Ø�Ù�Ú 0 f
,

or ÛÝÜ 0
,
, hence

Þ
1 ß�à�áãâ 0 f

,
or ä�å 0

, æ
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and' similarly,ç
2 è�é�ê�ë 0 f

,
or ì�í 0

, î
from
í

(A.8) and(A.10).So, from (A.5) and(A.6),ï
1 ð�ñ�ò�ó 0

, ô õ�ö
0
, ÷

(A.11)ø
2 ù�ú�ûãü
ýtþ�ÿ���� ÿ�� 0

, �
(A.12)

T
!

he matching conditions acrossthe moving interface �	��

� are' continuity of � along' interface�����
� :�
1 �����������! #" 2 $�%'&�(�&�)�( (A.13)

and' *,+
1 -,. 1/,0214365 1 7,8 19,:�;=<�>
?A@B?DCFEHGJI 2 K,L 2M,N2O4P6Q 2 R,S 2T,U�V=W�X'Y�Z�Y�[�Z (A.14)

for
í \^]

0
, _

W
c

e notethat thesecondconditionis equivalent to continuityof thedualvariable ` along' the
interf
�

ace.
In terms of thefunctions acbDd�efb , theseconditionsareg

1 h�i�jlknm 1 o�prqts 1 u�v
wyxtz 1 {D|F}�~ 2
r ���'�����

2
r ���r���

2
r �����y���

2
r �D�

and' ���
1 �t�6� 1� 1 �����1 ���� �¡�¢ 1 £�¤�¥�¦4§�¨ 1 ©4ª6« 1¬ 1 ­�®y1̄ °�±�²´³tµ 1 ¶�·�¸¹�º¼»

2
½ ¾�¿ÁÀ

2
½ Â

2
½ Ã�Ä�Å

2
½ Æ�Ç�È�É�Ê 2

½ Ë�Ì�Í�ÎÐÏ�Ñ
2
½ Ò4Ó6Ô

2
½ Õ

2
½ ÖD×ÙØ

2
½ Ú�ÛDÜ�Ý�Þ 2

½ ß�à�áãâ
By (A.11)and(A.12)andtheassumption äæåèçêé́ ë 1 ìBí 2, wearriveatasystemof equationsin thefunctionsî

1 andï ð
2:ñ

1 ò�óDô´õtö 1 ÷�ø�ùûútü 2
½ ý�þ�ÿ�� �

2
½ �����	��

���������

2
½ ������� (A.15)�

1 ��� 1 ���! �"$#1 %�&('*)�+ 1 ,�-�.0/21 2 3�4 2 5�687:9<;2 =�>�?�@2A 2 B�C�DFE�G 2 HJI 2 KML8N�OQP�R�S�T�UWV 2 X(Y�Z\[
He
]

rewe have used ^�_�` acbed�fhgji�k\lnm . We integratethis lastequationwith respectto o to
p

produceq
1 r 1 s�t�u*vWw 1 x�y�z<{}| 2 ~ 2 ��������� 2 �����	��� 2 �
�(���*�W� 2 ������� (A.16)

Solving system(A.15), (A.16) thengives�
1 ���(�*�W� 1 �����<���F�
 (¡�¢�£�¤ 2 ¥�¦�§�¨©
2 ª�«�¬�­2® 2 ¯(°�±<²�³µ´
¶�·(¸*¹Wº 2 »�¼�½¿¾

whÀ ereÁ Â 2
Ã Ä

2
½Å

2 ÆWÇ 1 È ÉËÊÍÌ 2
½ Î�Ï

1Ð
2 Ñ�Ò 1 Ó

T
Ô

herefore,Õ
1 Ö�×ÙØ
Ú�ÛÝÜ Þàßâá(ã�ä�å 2 æç(è�é�ê

1 ënìµíî
2 ï�ðòñôó�õµö
÷àøúù�û�ü}ý 2 þÿ������

2
� � �
	

for �
� 0.
�
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Introducingtheseresultsinto Eqs.(A.3) and (A.4) and using(A.11) and(A.12)gives thesolution�
1 �����������������! �"$#&% 1 ')(+*�,.-0/ 2

� 12�3.405
1 687
9 :<;�=?>@9 (A.17)A

2 B�C�D�E�F�GIHKJ�LNM&O 2 P�QSR�TVU�W!XZY\[^] 2 _�`ba�c.d�e 2 fg�h.i�j
1 kml$n o\pIq?r@s (A.18)

O
t

n reachingtheinterface,theincidentwave u producesv two additionalwaves:thereflectedwavemoving
to
w

theright backinto material 2, and thetransmitted wave traveling to the left into material 1. x andy z
arey the reflectionand transmissioncoefficients that measurethe amplitude of the resultingwaveforms
relati{ ve to thatof theincidentone.
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