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Abstract

In this paper, we present some recent advances in the
theory of dynamic materials or spatio-temporal com-
posites. We discuss the technique used to determine
the set of invariant characteristics of material mix-
tures in one spatial dimension and time, in the con-
text of electrodynamics of moving dielectrics, versus
the relevant results in traditional electrostatics. En-
ergy transformation in spatio-temporal laminates is
discussed. We also present some results on dynamic
materials with a rectangular microstructure. Some
special features of dynamic materials demonstrated
through material design are given as well. Among
them, we mention the possibility to eliminate the
cut-off frequency in the waveguides with activated
dielectric filling.

1 Dynamic Materials

This paper considers special material formations
termed dynamic materials. Dynamic materials (DM)
are defined as composites assembled from conven-
tional materials distributed on a microscale in space
and time [1, 2, 3]. Through such formations, there
propagate modulated waves which are high fre-
quency wave carriers filling low frequency envelopes.
We are interested in the propagation of the low
frequency envelopes; those envelopes perceive the
composite medium as a uniform substance with its
own particular material properties which we refer to
as effective material parameters. Such parameters
are detected mathematically through homogeniza-
tion. A discussion of these effective properties, along
with the special features that dynamic materials con-
tribute to material design, is the central objective of
this work.

Dynamic materials are encountered far more often

in real life than one may first expect. A television
screen on which a movieis projected represents a DM
- a plane with reflection properties that are quickly
varying in space and time. The human mechanism
of vision implements a spatio-temporal averaging of
a rapidly alternating pattern of picture waves, i.e.
modulated scanning lines, and it thereby implements
homogenization to reveal the real-time “slow mo-
tion” picture show.
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Figure 1: A discrete version of a transmission line

A similar example of a DM is given by a transmis-
sion line with variable linear inductance and capaci-
tance. Its discrete version may be interpreted as an
array of connected LC-cells (Fig. 1). Assume that
the properties in each cell can be switched between
(L1,C1) and (L2, C3). If the cells are densely dis-
tributed along the line, then, by due switching, the
linear inductance L and capacitance C of the line
may become almost arbitrary functions of the spa-
tial coordinate z and time ¢. In particular, we may
produce a periodic LC-laminate assembled from al-
ternating (L1, C1) and (Lg, C2) segments (Fig. 2).
This figure shows the case when the switching occurs
so that the pattern of such segments moves along the
z-axis at velocity V creating the laminar structure in
space-time. We refer to an (L;, C;) segment as ma-
terial 5. The pattern velocity V should either be less
than the least phase velocity of waves in both mate-
rials, or exceed both of such velocities; we take these



precautions in DM to avoid the formation of shocks.
It is essential that the motion is confined to the pat-
tern alone: materials 1 and 2 themselves remain
immovable relative to a laboratory observer. From
this remark it becomes clear that some restrictions
should be imposed on the microgeometry of DM to
avoid strong discontinuities in dynamic disturbances.
We will term the relevant microstructures admissi-
ble; for such microstructures, conventional compati-
bility conditions of kinematic and dynamic type hold
across the interfaces separating one material in the
assemblage from another.
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Figure 2: A moving (LC)-property pattern-an acti-
vated composite

After we apply homogenization to an admissible lam-
inar construction, we reveal a uniform material with
the effective properties depending on all of the pa-
rameters involved, such as the volume fractions of
participating constituents, and the velocity V of a
property pattern.

This is an example of what we term an activated
spatio-temporal composite - one out of two major
categories of DMs. Another type of dynamic mate-
rials, called kinetic dynamic materials, involves the
relative motion of the original constituents in a mi-
crostructure. An example is given by an air column
in the form of a pipeline assembled from identical
sections separated by toroidal chambers [4]. By ma-
nipulating compressions in the chambers, one may
produce a velocity pattern within each section, and
such patterns may vary, from section to section, both
in magnitude and direction (Fig. 3). The waves that
are long compared to the length of a section, will
propagate along the pipeline as if it were a uniform
medium with some effective density and compress-
ibility. Both types of dynamic materials appear to
be formations endowed with internal (hidden) mo-
tion, be it the motion of the property pattern or of
material fragments themselves.
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Figure 3: A pipeline construction

2 Mixing in Space-Time vs. Mixing in Space

The mathematical theory of DM reveals some resem-
blance with a conventional theory of composites built
in space alone. This resemblance is, however, lim-
ited because there are features unique to dynamic
formations in the sense that they have no analogs
in ordinary composites. One thing is universal: to
maintain spatio-temporal variability of properties in
a material assemblage with a dynamic process de-
veloped in it, one should generally arrange a flow of
energy and momentum between the material and its
environment. In other words, a DM is a thermody-
namically open system.

By comparing the electrodynamics of moving di-
electrics with traditional electrostatics, we can per-
ceive the resemblances and contrasts between dy-
namic materials and ordinary composites. In both
cases we start with two base tensor entities: the elec-
tric displacement D and the electric field E in elec-
trostatics, and the skew-symmetric electromagnetic
tensors f and F' in electrodynamics. These entities
are related via the constitutive relations involving a
material tensor e of dielectric constants in the first
case, and a material tensor s of dielectric and mag-
netic constants in the second. The base tensors sat-
isfy the relevant fundamental equations given by the
Maxwell’s theory. The main difference is that elec-
trostatics is about purely spatial phenomena asso-
ciated with the Euclidean group of rotations, while
electrodynamics is about spatio-temporal phenom-
ena associated with the Lorentz group, which has
as its elements Lorentz transforms, as well as Eu-



clidean rotations. In particular, any dielectric which
is isotropic in a conventional sense (i.e. with re-
gard to Euclidean rotations) is at the same time
anisotropic in space-time (with regard to Lorentz
transforms); the only exception from this rule being
vacuum. This difference is substantial; in electro-
statics we have a variational principle of minimum of
the stored energy, while in electrodynamics we only
have a principle of stationarity of the action den-
sity. Accordingly, Euler’s equations become elliptic
in electrostatics and hyperbolic in electrodynamics.

In spite of said differences, homogenization detects
the effective properties of composites in both sce-
To illustrate, consider an example related
This notion

narios.
to a formation termed a polycrystal.
is common to electrostatics: to produce a polycrys-
tal, we must have an originally anisotropic pater-
nal material (a monocrystal) and, in space, intermix
its fragments turned by different angles relative to a
laboratory frame (Fig. 4). In other words, a tradi-
tional Euclidean rotation is responsible for the differ-
ence in the material properties of individual samples.
When the polycrystal is two-dimensional (i.e. it lies
in an (z, y)- plane), then homogenization shows that
the determinant of its material tensor e is preserved
through the mixing [5]:

A1dg =det eqp; = det e = €163 .
Here, €; and e; represent eigenvalues of the paternal

material, whereas A; and A; denote eigenvalues of
the effective tensor eczy.

A similar result holds for electrodynamics of moving
dielectrics. To be specific, consider a kinetic laminate
- a periodic array of samples of one and the same
isotropic dielectric with properties ¢ and p; these
samples will be distributed along the z-axis, and each
sample brought into material motion along it with in-
dividual velocity V. A discontinuous velocity pattern
may be implemented through the use of the follow-
ing feasible construction [6]. Assume that we have
a linear arrangement of caterpillars placed one after
another along the z-axis (Fig. 5). The tracks that
are moved by caterpillars become electrically con-
nected when they belong to the z-axis, and stay dis-
connected otherwise. The z-axis will then become
occupied by material fragments moving each at its
own horizontal velocity, and the electric current will
flow along the z-axis through the assemblage of elec-
trically connected tracks. With this construction,
the performance of the electromagnetic field will be
controlled directly by an appropriate specification of
the velocity pattern. Because every conventional di-
electric is anisotropic in space-time, and because a
material motion represents rotation in space-time by
an imaginary angle i¢, tanh¢ = V/e, we arrive
at what may be termed a spatio-temporal polycrys-
tal (Fig. 4). This formation represents a DM - an
isotropic dielectric-with the effective properties £, M
found through homogenization. We obtain that

E/M =det scpp = dets = ¢/p,

in complete analogy with a similar electrostatic sit-
uation [2]. To translate this result into the language
of transmission lines, we may say that the effective
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wave impedance of the line assembled from the mov-
ing parts with the same wave impedance is preserved
through spatio-temporal mixing.

Figure 5: “Caterpillar” construction

There is, however, a substantial difference between
the two situations. Both identify the sets of eigen-
values of the effective material tensors as hyperbolas
in the relevant planes (Fig. 6); these hyperbolas ob-
viously pass through points related to the monocrys-
tallic materials. However, in electrostatics, not all of
the points on the hyperbola are attainable; all possi-
ble constructions lie within the segment of the hyper-
bola between the original material and the diagonal.
This is understandable because an ordinary polycrys-
tal cannot become more anisotropic than the original
monocrystal. This follows basically from the mini-
mum variational principle intrinsic in electrostatics.

on the hyperbola may create, by forming polycrys-
tals, any other material on it (except the vacuum).
In other words, electrostatics displays a paternalistic
performance when it comes to the mixing in space,
whereas in electrodynamics, with a spatio-temporal
mixing, we have no such performance. Clearly, the
reason is because the minimum principle is not valid
with respect to a full Maxwell’s system.

The effective parameters themselves describe the
group velocity of propagation of low frequency en-
velopes through a dynamic material. These veloci-
ties, however, are not immediately characterized in
terms of averaged energy density and averaged en-
ergy flux, where the averaging occurs over the period
of the laminate. We show that, for a special case
of activated laminates in space-time, the (effective)
group velocity appears to be a ratio of the averaged
energy density flux to the averaged energy density
measured in a special coordinate frame, namely the
“boost” frame that is moving at the velocity of the
property pattern itself [7].
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Figure 6: Effective properties of spatial and spatio-
temporal polycrstals

On the contrary, in electrodynamics, a spatio-
temporal hyperbola is attainable at all points but
one, namely, the point on the diagonal related to vac-
uum. The reason is because, to attain this point, one
should apply infinite energy for particles of non-zero
proper mass. We conclude that, in electrostatics, the
minimum variational principle generates an hierar-
chy of materials with respect to mixing: an original
monocrystallic material may create only those poly-
crystals that lie on the hyperbola closer to the diag-
onal. In contrast, in electrodynamics, any material
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3 Energy Densities and Negative Energy
Waves

In the boost frame, the material interfaces remain
at rest, and the substance moves through them with
velocity V. An incident wave propagating through
a moving heterogeneous substance initiates dipoles
concentrated on material interfaces and vibrating at
the wave frequency. When the speed V' of motion
becomes superluminal (V' > a1, a2, but still V < ¢)
within each original material, the interfacial dipoles
emit Cherenkov radiation that carries energy away
from the wave. This energy originally comes from



the kinetic energy of the moving substance, and to
maintain uniform velocity V, we should pump en-
ergy into the system. If we formally do not account
for this supplemental energy in our equations, then
the energy of radiation comes entirely from the wave
energy in a boost frame; as a consequence, this en-
ergy may become negative [7]. If we, however, pump
additional energy into the flow, then the ultimate en-
ergy density in a system “wave plus flow” will again
become positive.

Waves of negative energy are known to arise in me-
dia moving at velocities that exceed the character-
istic velocity of small disturbances. This has been
demonstrated by P. W. Sturrock back in 1960 for
waves of arbitrary physical nature. The waves of
negative energy play a substantial role in travelling
wave tubes (TWT) where they arise within a moving
electron beam and stay coupled with waves of posi-
tive energy that propagate along a transmission line
surrounding the beam. In our situation, the dynamic
laminate may, in a certain range of parameters, start
functioning like a beam to the effect that it may gen-
erate waves of negative energy. When such waves
become coupled with waves of positive energy in a
standard transmission line surrounding the dynamic
laminate, then a mechanism of power generation sim-
ilar to that in a TWT comes into effect. The differ-
ence between this and a standard TWT situation is
that now we have two D’Alembert waves of negative
energy instead of one such wave in a uniform electron
beam.

Coupling between waves of negative and positive en-
ergy is accompanied by instability that is actually
responsible for the power flow from the negative to
the positive energy waves. Through such a coupling,
both waves increase in their amplitude.

This instability manifests itself also through the ma-
terial mixing. As mentioned above, the waves of neg-
ative energy arise in a boost frame for a special range
of structural parameters. If we remain in this range
and go to the reference frame that is proper for our
mixture, then, in this frame, we will register negative
values of the effective material properties. These val-
ues are Lorentz invariant, so they characterize our
mixture as a material with negative parameters in
a boost frame as well. For a standard transmission
line, the material constants are positive. Since the
coupling is essentially similar to mixing, the instabil-
ity that may arise through coupling reflects the in-
stability that may be produced through mixing when
we assemble, in space-time, a composite from one
dielectric with negative € and u and another dielec-
tric with positive values of these constants. Depend-
ing on structural parameters, such a mixture may

demonstrate the effective £ and M of opposite signs,
that is, it may become unstable.

4 Rectangular Microstructures in
Space-Time

Most of the results announced so far are related to
laminates in space-time. An exception is given by
the conservation law for wave impedance in one-
dimensional wave propagatioin — this law applies to
any admissible microstructure in one spatial dimen-
sion and time.
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Figure 7: A rectangular spatio-temporal microstruc-
ture

Some results are also known for rectangular spatio-
temporal microstructures. The structure represented
in Fig. 7 is doubly-periodic in z and %, with re-
spective periods § = £y + 43 and 7 = t; + t3. The
rectangles 1, 2, 3, 4 in the basic cell of periodic-
ity are occupied, respectively, by uniform dielectric
(1),i = 1,2,3,4, having dielectric permittivity &)
and magnetic permeability p(;). These dielectrics are
assumed immovable in a laboratory frame z,%, and
the periods §, 7 are of the same order of magnitude:
§/7 = O(a), where a = 1/,/ep denotes the phase

velocity of waves through the material involved.
We consider solutions of the wave system

EUL = Vg, U, = [y,

in such a structure. The analysis has been carried out
for the case of separation of variables when £ and p
in each material appear to be products of functions
that depend on the single variable z and the single
variable ¢ alone:

e=e1(2)e2(t), g = pa(2)pa()-



4.1 Separation of Variables

Assume now that each of the two pairs of functions
€1, 41 and €3, po takes different values in the relevant
base intervals of periodicity —4; < z < £3, —t; <
t <ty

£1, 11 = €11, K11, - <2z2<0,
1, B =
’ €12, H12, 0 <2z <4y,
S €21, 21, -t <t <0,
2, B2 =
’ €22, K22, 0<t <ty

In other words, we have the following characteriza-
tion of materials 1,...,4 (see Fig. 7).

Material 1:  g(1) = €11621, (1) = B11M21,
Material 2:  g(2) = €12621,  p(2) = B12H21,
Material 3:  g(3) = €11622,  K(3) = B11M22,
Material 4:  g(4) = €12622,  p(4) = P12p22

Note that the €;; and p;; have the dimensions of the
square root of € and p.

By applying the standard technique of separation of
variables, we conclude that a general solution is a
combination of modulated waves with envelopes

ekziwt‘

In the case of low frequency,

w= <i><#i> k= yf(e)m (01}

and the group velocities are defined as +w/k. The
factors w and k represent the Floquet exponents gen-
erated by the periodic dependency of the property
pattern. The “double Floquet” behavior is a conse-
quence of the ability to separate the variables in our
problem.

We also examine another case of wave propagation
through a rectangular material structure in space-
time. Specifically, we choose a checkerboard assem-
blage made up of two materials having the same wave

impedance: y(1) = Y(2), V(i) = V€(i)/B)-

4.2 Checkerboard

We consider here a rectangular structure introduced
in Fig. 7. If material 3 is the same as material 2
and material 4 is the same as material 1, then the
we call such a layout a ‘checkerboard’. In addition
to that, we assume that materials 1 and 2 have the
same value of wave impedance. Therefore, waves do
not split across material interfaces. The Riemann
invariant u — v/ satisfies the first order equation

(u—v/7) +a(u—v/y). =0; (1)

solutions remain continuous. This equation is related
to waves propagating in the positive z-direction.
Waves propagating in the opposite direction allow
for a similar analysis.
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Figure 8: Stable limit cycles in the checkerboard struc-

ture with a3y = 0.6,a2) = 1.1,m1 =
0.4,n; = 0.5.
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Figure 9: Evolution of a disturbance through a struc-
ture with m; = 0.4,n; = 0.5,a(;) = 0.6, and
a(z) =1.1.

We desire to study propagation of waves through a
checkerboard assemblage reproduced in Fig. 7. To
do this, we study a few material arrangements. The
units of space and time in the following examples are
chosen so that the periods of the assemblage along
the z and t axes are both unity, that is 6 = 7 =
1. The symbols m;, mg,n1, n2 denote the volume
fractions m; = ;/8 = l;,n; = t;/7 = ti,1 = 1,2
When m; = 0 or my; = 1, this is a temporal laminate;
if n; = 0 or 1, then this is a static laminate.



First, we consider the structure with parameters
my = 0.4,n; = 0.5,a(1) = 0.6, and a3y = 1.1. Fig.
8 represents the paths of waves related to different
points of origin on the horizontal z-axis of this struc-
ture; time is measured along the vertical axis. The
vertical and horizontal lines give the checkerboard
arrangement. The group of paths in Fig. 8 sepa-
rates into two distinct arrays that very rapidly (after
a few periods) converge each to its own limiting path
(“limit cycle”). Such cycles are parallel to each other
and have a common average slope equal to 1. Each
cycle is stable; it attracts trajectories which originate
on the initial manifold at the left and the right of the
point of origination of the cycle itself. In the exam-
ple given, the cycles originate around z = 0.5 and
z = 1.5 at time 0, and are indicated by the paths in
bold.

This convergence phenomenon manifests itself
through concentration of the initial disturbance, and
is illustrated in the solution profile sequence of Fig.
9. The profiles were computed with a finite volume
numerical approximation to the governing wave sys-
tem. The vertical axis is u, and z is on the horizontal
axis. The initial disturbance is a Gaussian; we may
consider its support to be on [0.5, 1.5]. As the distur-
bance travels through the checkerboard material, the
information that was initially spread over the region
[0.5,1.3] has, by time 3, concentrated within the nar-
rower region [3.5, 3.65]. The rest of the information,
originally contained in [1.3,1.5], is at time 3 spread
over a larger interval [3.65,4.5]. The speed of the
disturbance is seen to be 1.
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Figure 10: Low frequency pattern in trajectories
through structure with m; = 0.4,n; =
0.1,a(;)y = 0.6, and g(;) = 1.1.

Next, we consider the structure with the same val-
ues of a;, m; as before but with n; = 0.8. Unlike the
first structure, the paths in Figs. 10 and 11 do not
demonstrate stable convergence to isolated asymp-
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Figure 11: Closer view of wave trajectories through
structure with m; = 0.4,n; = 0.1,a¢1) =
0.6, and a(3) = 1.1.

totic routes. Instead, the trajectories engage in a
regular pattern of drift towards and then away from
would-be limit cycles. This trend is periodic, and the
wavelength of this pattern is about 10 times the pe-
riod of the structure itself. From the trajectories, we
compute that the average speed of the disturbances

is roughly 0.9.
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Figure 12: Structure with m; = 0.4,n; = 0.1,ap) =
0.6, and a(3) = 1.1

If we reduce n; to 0.1, we see very little remnants of
the existence of limit cycles. The wave trajectories
more or less occupy the entire strip. See Fig. 12. The
average asymptotic speed of these paths is roughly
0.77.

The four parameters a(1), a(2), n1, m1 determine the
checkerboard material, and hence determine the
manner in which disturbances travel through such
structures. In the three examples presented above,
a(1), a(2) and m; were fixed, and by only varying



the value of ni, we were able to see different tra-
jectory behaviour and different average velocities.
In Fig. 13, we plot graphs of velocities versus n;
for a sequence of m; values; define the speed in
the structures as f(mi,n1). Notice that f(z,y) =
f(1 — 2,1 —1y). This is so because each period of
the structure with volume fractions (z,y) is made
up of an z x y and an (1 — z) x (1 — y) rectangle
of material 1, and the rest is filled with material 2.
Thus, the checkerboard structure with volume frac-
tions (z, y) is the same as that with volume fractions

(1-—2,1—y), thus f(z,y) = f(1 —z,1—y).
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Figure 13: Wave speeds as a function of m; and n;.

In several of the plots, we see intervals of n; for which
f(m1,n1) is constant for a given m; value; we call
these “plateaux”, and we refer to a structure as “be-
ing on a plateau”. By inspecting the plots in Fig.
13, it is seen that for a(;) = 0.6 and a(z) = 1.1, there
are always plateaux corresponding to a speed equal
to unity. In the first example of this section where
we observed the existence of stable limit cycles, we
had (mq,n1) = (0.4,0.5). The propagation speed in
such a structure is 1=(0.4,0.5), and this material
puts us on the plateau of the fourth plot of the se-
ries shown in Fig. 13. The other structures shown
in Figs. 11 and 12 are not on a plateau and also do
exhibit limit cycles.

Fig. 14 gives portions of trajectories which orig-
inated on [0,1] at time 0 in twelve checkerboard
structures distinguished only by their values of n;.
The other parameter values are a(;) = 0.6,a(2) =
1.1, m; = 0.4. By comparing the values of n; which
yield limit cycles with the location of the plateau in
the corresponding velocity-n; graph given in Fig. 15,
we propose the following hypothesis: A structure is
on a plateau if and only if the structure yields stable
limit cycles.

In Figs. 16 and 17, we see how speeds vary with n;
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Figure 14: Trajectories in material with a) =
0.6,a3y = 1.1,m; = 0.4 and n; as indi-
cated on the plots.
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Figure 15: Speed in material a;) =
1.1,my = 0.4.

for distinct values of a(3), with a(;) = 0.6, m; = 0.4.
Note that a(3) = 1 is a crucial case, for there will al-
ways be a trajectory that moves with constant speed
1 = &/7 because it passes through the corners of
the checkerboard so as to remain always in mate-
rial 2 and never be deflected by entering material 1.
Furthermore, when a(1),a(2) < 1 there are no limit
cycles with speed 1.

The limit paths are called cycles because the trajec-
tory pattern cycles or repeats. The limit path to
which an array of trajectories converges is such that
if it passes through the point (z,t) in the z-t plane,
then it also passes through the point (z + ¢é,t + pr)
for some integers p, g. We take the speed of travel to
be l(f—_). So, in our computed examples, the speeds

p . .
should be rational numbers. These observations are



in accordance with Poincaré Theorem indicating the
existence of the average speed termed the rotation
number in Poincaré’s formulation. It is known [8]
that this speed is rational if and only if the phase
curve of the differential equation

dz

E_a,

is closed on the torus. At the same time, this ratio-
nal value of rotation number persists over a range of
structural parameters giving what we call plateaux.
This range can be wide enough, thus securing stabil-
ity of rational rotation numbers.
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Figure 16: Wave speeds as a function of az) and n;.
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Figure 17: Wave speeds as a function of a(z) and ni.
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Figure 18: Contour plot (z versus time) of averaged
solution of initial Gaussian profile moving
through a right laminate.

5 Control and Design via Dynamic Materials

We want to mention some of the special effects pro-
duced by dynamic materials as they become elements
of material design. When we create DMs, we control
the geometry of characteristics of the relevant hyper-
bolic equations. By due mixing, we may direct all of
the waves to travel in one and the same direction rel-
ative to a laboratory observer. Such a phenomenon
is termed coordinated wave propagation. Along with
homogenization techniques, we also use direct com-
putation of wave motion through spatio-temporally
heterogeneous material constructions to capture the
overall behaviour of the medium. In the presence
of a successful homogenization procedure, the nu-
merical and analytical results agree. In [9], using a
finite volume numerical method, we are able to il-
lustrate the evolution of a disturbance undergoing
coordinated wave motion through a one-dimensional
dynamic laminate; see Fig. 18.

Control of wave propagation can be arranged by the
generation of coordinated wave motion. Consider
two one-dimensional spatio-temporal material lam-
inates; in one of them, waves travel from left to right
only (“a right material”) as in Fig. 18, and in the
other from right to left (“a left material”). Place a
right material to the right of the origin z = 0 on the
z-axis, and the left material to the left of it. This
structure will demonstrate a screening property [10];
an initial state will be split into waves travelling away
from the origin, and never entering an extended re-
gion in between. This region will never be invaded
also by the waves generated at the ends of the seg-
ment of the z-axis we consider because the charac-
teristics will avert such waves away from the required
direction.



Through dynamic material activation, we can elimi-
nate the cut off frequency in waveguides. A waveg-
uide filled with an appropriately activated laminate
allows for all waves much longer than a spatial period
of lamination to propagate without damping through
the waveguide, thus eliminating the cut off frequency.
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