Bilinear Element: Quadrilateral.
4 straight element sides with 4 nodes - 1 at each corner.
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Note: m 1s used instead of lowercase L to eliminate confusion with number 1.

Nj = (ajx + bj)(ciy + dj)
=04 + Bijx + yjy T 0jxy Note the Bilinear term.

aj =bidj; Bi=ajdj; yi=Dbici; i = ajci

As with triangles: Nj =1 atnode i

= 0 at nodes j, k, m.

Solve for coefficients:

Loxy oy xyi| | o4 1
x5 y; xyj| | Bi
I X ye Xyi| |7V
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1 Xm Ym X¥m 6i

Permutate for 1, j, k, m in CCW order.
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Consider an irregularly shaped linear quadrilateral:

In general one wants to evaluate:
V-(KVU)+V:-VU+ fU=g
or, numerically

ON. oW ON. oW ON .
<-K( ’6W’+ ’aW’)>+<(Vx 4
ox Ox Oy Oy ox

ON;
+VyE)Wi>+<ijWi> {Uj}

{< g, >}~ [KVUnwdS
S

However this j ( )dxdy over each element E will present problems due to the
irregular geometry.

SOLUTION: Transform x, y space to local coordinates
(&, m) and integrate numerically.

A Bilinear Basis function implies that for any constant x or y the function is

linear in the other direction.
let x = X¢ = constant

then Nj = A; + Biy where  Aj = (0 *+ Bixc)
Bj = (vi + dixc)
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Examine a Bilinear local coordinate system:

n=1

g=-1 | " g=1

g

n=-1
AE=An=2; £=n=0 atcenter of element.
N;j=1/4 (1 + &;E)(1 +nin) which is the bilinear solution of local system.

o) 1)
Coefficient
0
< P b =4
Matrix Y 0
| _|13) 0)
Note: for 1 = local node 1
N1 =14 (1+-D(-1)A+-1)(-1)) =1 atE=-1,n=-1
=1/4 (1+(-1)(-1))(1+(-1)(1)) =0 at§=-1,n=+1
=1/4 (1+(-1)(1))(1+(-1)(1)) =0 atE=1,n=1
=1/4 (1+(-1)(1))(1+(-1)(-1)) =0 atE=1,n=-1

We need coordinate transformation => use trial function approach.

X:Zxk\pk(i,n) y = ZYka(E.un)

1

with (X, y) being any point within the element and xk, yk being the nodal
coordinates in (x, y) space. However, yy is formulated in (&, n) space.
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CONSTRAINTS:
1.) 1 : 1 mapping of nodes between 2 coordinate systems.
2.) linear variation in x and y along sides of (&, n) element.

=> x=a;tb&+cm+di&n
y = ay T by& +com +dyén

Note that solution of yj yields the basis functions Nj

when the transformation (mapping) function = basis function
the element is an [soparametric element

when transformation function is of higher degree than
basis function => Superparametric and

when transformation function is of lower degree than
basis function => Subparametric.

v, ]
We need terms such as: L 0x 0x

o)

1.e express ox or Oy in terms of &, n.

Use chain rule:

ON(g,n) _ ON(c.n) ox | ON(c,n) Oy
0& ox 0F  dy OF

ON(c,n) _ON(c,n) Ox  ON(c.n) Oy
on ox 0n oy 0n

or:
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N — —_—

ON ox 9y |[ oN)

o0& 0 0§ O0X
ON ox 0y ON

LodnJ) Ldn onJl dy )

ON ON
0 0
. = [J] 8 [J] = Jacobian transformation m atrix.
ON ON
on oy
now, ]
What we need for evaluation of: L 0X 0X 1S:
(N (N
ox -1l ¢
PeLoLg] s
ON ON
[ Oy L on J

Recall: Nj = 1/4 (1+ &;E)(1+ nin)

ON . 0N,
o0&  onm

" [J]:S—x,etc:?

= mnmo problem
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Choose any side; Ex.: n =1 =top side in (§,n) = left side (x,y)
1.e. node 1 in (x,y) does not need to be lower left.

Nj = 1/4 (1+€ig)(1+nj(1))

= Aj *Big
ON;
2—2 = Xiﬁ_ﬁl = Constant
ON;
2—2 = Z“a_gl = Constant

y
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Lines of constant

g

//(\/ N

Lines of constant 1

Along any line: n = constant => dx/dy = constant and & = constant => same.

20) 20 [ oy —ay ][ 20

0 x :[J]_l o8 | _ 1 on oE o€

20 20| 1[J]Izex  ax || 20
oy on . O ot || on
0 ( _ 1 [ay o) o0y 6()}
0 X J 0 n 0 & 0 & o
0 ): 1 [_ 0 X 8()+ 0 X 8()}
dy J on 0§ o0& 0

b od
For integration: j j () dx dy= jl Il () | J‘ dg dn
a J¢c -1 J—1

and

I ON; ON;
in% Z:}’iai
Z ZYI an

[J] -
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