Stability: Fourier Method (Von Neumann)

Let U represent the solution to the PDE (or any finite difference
approximation). Any function (U analytic, U numeric, or
any form of error, be it a small perturbation introduced or the
difference between Unymeric-Uanaiytic) €an be represented by a
Fourier series. If the function is finite (i.e. point to point),
then the Fourier series is finite too.

e Assume a separable solution U= Ae™e* j=~—1

* Plug into PDE will result in a dispersion relation
between a. and o

 Synthesize Solution (Linearity, Superposition)

Uy, ) =) Ae*'e™
]

Since we are only interested in finding any harmonic that goes
unstable, the index (i) can be dropped from the formulation.

Recall: ozz—f 2h <L <

= 0<GS%

Distributed System (PDE)

=~ =D =|a=-Do

- Stable system (o < 0 time amplifier)
.. solution smooths over time
- Longest waves (L or f(1/c)) decay slowest



Lumped Systems: Spatial Discretizations, O.D.E.

du; D 2 D
d_tl =2 &Ui =12 (Uisg = 2U; + Uiy
Recall: U = Ae”e* = 82U, =™ -2+ U,
= 2(cos(ch) — 1) U,

Then
aU; = Zh—? (cos(h) — 1) U,
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o =—D0o Gzhz
\ J
Y

Effect of Lumping (FD in y)

Use series expansions for transcendental functions (like exp,
trig., etc.) to see where the finite difference approximation
deviates from the PDE.
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Introduce the Propagation Factor, v

Expressing U as: U = Ae*e™* j=+-1
Distributed System: o = —Do*

(ch)’
Lumped System o' = —DGZ{l — 32 n }
. _ DAt Ut+AD _ ant _
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Discrete System: e.g. as a function of 6

2 k+l .k
%ZDGLZJ %2225)(2Ui Ui U| _ [25)(2Uik+9
ot OX dt h At h
Distributed Lumped Discrete




Where Uik+6’ — HlJik+l + (1_0)Ulk

Ut -Uf =r[0(U,, 20, +U, )" + (- 0)(U,, ~ 20, +U )]

Uik+1 . I’6’(Ui+1 _2Ui _|_Ui_1)k+l :Uik + r(1—0)(U _2Ui +Ui_1)k

i+1
U —2r@(Cos(ch) -DU* =UF + 2r(1-0)(Cos(ch) —1)U |

U(t + At) _ eam =y
Using U

7,[1—2r8(Cos(ch)-1)]=1+2r(1-6)(Cos(ch) -1)

~1-2r(1-6)(1-Cos(ch))
70 = 114 2r0(1— Cos(oh))]

For stability 70l <1 7o <1 Always

Therefore, the question is:
~1-2r(1-6)(1-Cos(ch)) o1
®  [1+2r0(1-Cos(ch))]

for  stability

1-2r(1-60)(1-Cos(oh)) > -1-2r0(1—Cos(ch))
—r(1-60)(1—Cos(ch)) > -1-rd(1—-Cos(oh))

1
(1—Cos(oh))

—r1-20)1-Cos(ch))>-1 o F(d-20)<



For 6 < %4 the quantity For 6 > % the quantity

(1-20) is positive (1-20) is negative
1 1
r< r>
(1-260)(1-Cos(ch)) (1-260)(1-Cos(ch))
1 1

r<—— r>———
2(1-20) 2(1-26)
Conditional Stability Unconditional Stability

r > (negative number)

What happens in multiple spatial dimensions?

U = Aexp(at)exp(jox)exp(]fy)

022—” 2h<L, and/or L, <oo ,3:2_”
L

Uik,}rl _Uilfj = r‘g(Um,j
+r(1-6)U
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U - U, = 2r0(cos(oh) ~)U K + 2ro(cos(Bh) ~1U
+2r(1-6)(cos(ch) 1)U | +2r(1-6)(cos(ph)-1U ilfj



Ut =U{, =2rf(cos(ch) - 1)U + 2ré(cos(Bh) ~1U*
+2r(1-6)(cos(ch) — U, + 2r (1-6)(cos(Bh) DU,

k+1

= exp(aAt) =
Note that: U, Plaat) =y has not changed.

¥y —1=2r0[(cos(ch) 1) + (cos(ph) -1) 7,
+2r(1-6)[(cos(ch) —1) + (cos(Bh) —1)]

7| 1-2r0[(cos(ah) -1) + (cos(Bh) -1)] | =
1+2r(1-6)[(cos(ch)—1) + (cos(ph) —1)]

or

7| 1+ 2r0[(1-cos(ch)) + (1-cos(sh))] | =
1-2r(1-8)[(1—cos(ch)) + (1—cos(sh))]

0<C =[(1—cos(ch))+(1—cos(sh))| < 4 non — negative

¥, [1+2roC]=1-2r(1-6)C

_1-2r(1-6)C| 1

— < for Stabilit
70 TLvarec] | ’
7, <1 always

_1-2r@-oC is the question
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1-2r(1-6)C > -1-2r6C
~2r(1-26)C > -2

1
or r(l-20)<—
( )C

Stability constraints will occur most when C=4

For 6 < Y% the quantity For 6 > Y the quantity
(1-20) is positive (1-26) is negative
1 1
r< r>
4(1-20) 4(1-26)
r. = rl_D
. Unconditional Stability

More severe r > (negative number)
conditional stability

Consider a three-level time stepping scheme:

k+1 _k—l
S = S =2 (- cos(ah)U/
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(1+4r(1- cos(ah)g)%2
+4r(1—cos(ch))(L-6)y,

+(=1+4r(1-cos(oh) g) =0

or ay:+by,+c=0



