L ast time we examined Poisson’ s Equation on arectangle
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The computational molecule that we apply to the discretized
region is based on the finite difference expression of the PDE.
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The interior computational molecule - valid at all interior nodes
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Bottom boundary

Right boundary
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Top boundary (nodes 9-12)
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Basic Rule:
Type | Boundary : Do not use the PDE
Typell or 111 Boundary : Use PDE plus B.C. together

Solution Strategies
A.) Direct :
Exact algebraic solution in finite # of steps
non-repetitive
Complicated coding
Exploit sparse/ banded structure
Node numbering dictates the band structure
LU Decomposition is popular
- preserves the bandwidth
- The back substitution step is fast relative to the
decomposition step. Therefore numerous solutions
to the same coefficient matrix can be gotten
cheaply.
For this example, the following matrix would be constructed:
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B.) Iterative Solution Strategies

- Exact algebraic solutions only after ¥ # of solutions
- Monotonoudly repetitive
- Coding ssimple; proceeds directly from Molecule
- Banded structureisirrelevant
- Retain double subscripts U,
- Node numbering is important
- Dictates the order in which iteration proceeds

-\ Can determine convergence properties
- “Point” versus “Block or Line” methods

Point Iterative Methods
Elliptic Equation

TegWUo, Tafus U, U . _

"Xy WYy .ty

2

b = 0 the coefficient of ﬂX.”y; a>0, c>0; f<Othef
statement adds stability (more later on that topic)

Consider the previous Poisson’ s Equation

AW =y
L g+ B.C.'s
let the coefficients in the computational molecule be
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A has diagonal dominance
{aii>0 a;£0 i1
a;® Slai ; rictinequality for some i

=1

A is symmetric ajj = a;i and salf-adjoint d=e=0
irreducible when all Viimpact all Ui

The Jacobi point iterative method is :

unit =- BLO[Blqu,j +ByUip + BgUi sy + ByU, 11 - (gh? + B.C)]

where n isthe iteration index

Partitions /Al P (Rl +[D] + [S]
below diagona above

Then [AlU={V,

[REU" +[DEU™ +[ShUn ={v;

= -[DY[R + Giur Dy,

Jacobi Iteration Matrix (Gl

The Jacobi iterative method expresses the n+1 values
exclusively in terms of the iteration values.
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The Gauss - Saldel Iterative method uses the n+1 iteration values
as soon as possible, i.e.

upt = - Bio[Bluﬂl,j + BoUMY + BaUMN.g + B4UME - (h2g + B.C.)}

or
[R+DJu™ = - [Sfun +v;
with Gauss Iteration Matrix
[Gg] =-[R+DJ*[€]

The SOR iteration, successive over-rel axation method introduces
an acceleration (or relaxation) factor w where

0<w<2. Forw = 1the SOR method ° Gauss-Seidel method.

Uj** = - 2L [B1Ufky; + BT + ByUfjuy + BUT1 - (g + B.C.)]
0

Gauss Seidel Estimate +(1 - WU
D +wR[{U™ =[(1- wD - wS{U" + WV,
With the SOR iterations matrix defined as:

Gy =D +wR[¥(1-wD - we]
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These iteration methods will converge if and only if the spectral
radiusof G< 1

"G <1 for convergence
wherer isthelargest (abs. value) eigenvaue of [G]

If [A] isdiagonally Dominant the J and G-S Converge.
is Symmetric and Positive Definite P (X TA}X; >0
then J,G-S, and SOR convergefor 0 <w <2

Generally: If Jconvergesthen G-S converges faster and SOR
will be optional for some w.

Each of the iterative methods can be written as
UL = [GlrUT +V,

The exact analytic solution to the algebraic Eqn
Uni =[GJ{UAI +{Vi

Theerror ek in the k™ iterationsis
ek=Up-U"
(Ups - (U™ =[G]Up - U™ + 0

ekl =[G] ek
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o= (GG aqlCPe
ek = [G}W ek-m
ek =[G« e0

The system will converge iff

lime =0

k® ¥
since U initial, hence €0 is arbitrary

lim [Gx=0
k® ¥
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BARE ESSENTIALS OF ITERATIVE METHODS
Lynch, D.R,, ‘83

L et us express the collection of FD equations as
(AU =V (1)
We wish to solve this by an iterative method
= [GRum™ +{ry 2)
Where [G] istheiteration matrix. Since we require that
(U =[G} +{r' and substituting U = [A™kV;, we obtain the
requirement that

n=[-GIA Y (3)

a) Errors. We define the error vector at the end of iteration
nto be

N = -l = - [ARY; (4)
Since

" =[GRum™ + (5)
and

(U =[Gl +{r) (6)
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we obtain by subtraction the recursion relation for the errors:

&' =[Cke™ (7)
or equivalently
e"=|Glne’ (8)

Thisrelationship is utilized in proofs of convergence, etc.; in
computational practice it cannot be used since by hypothesis the
array {u} (the exact algebraic solution to the FD equations) is
unknown. Note that\&" as defined here is unrelated to the

differences between the exact analytic solution and the exact
algebraic FD solution.

b) Increments. The increment to the solution vector which
occurs during the nth iteration is

LN — o (o N-
<\d> - <\wn - K\ u[}n ! (9)
.. . s S nn-1
Writing equation (2) for 'U" and also for {U}"

{u}” =[GH{u}"" +{r}
{u™ =[c{u}" " +{r}

and subtracting yields the recursion relation for the increments;
(W~ {d" =1e1({u" - U )+ ()~ {1)
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or

[

d"=[Gld™ (10)

While the errors{€ cannot be measured, the \d' can and thus
provide useful computational information on the progress of an
iterative method.

c) Residuas. Another measurable factor isthe residual of
the algebraic system after the nth iteration; which must vanish as

n® ¥.

RT=[ALUT - (V) (11)
or, taking advantage of equation (4),

R"=AI@G" - AT = (A" (12
Use of the recursions for .€'", eq. (7,8), yields

R =[A[Glg™ =[A[G]AYR™  (13)
and

(R =[A[GTA{R?° (14)

d) Convergence. Theiteration (2) convergesif and only if
the spectral radius " of the iteration matrix [G] is less than unity.
By definition, ' isthe largest (in absolute value) eigenvalue of
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[G]. Noting that the eigenvalues of [AIGIA™ are the same as
those of [G], we have in the limit of the large n:

(e @r{e™t
)(d>ﬂ o' -1
" @rid)
(R" @i Ry™

The second and third of these are useful in estimating . For
example,

wheretheHdH notation indicates the Euclidean norm (length) of a
vector of length M:

%/I .1/2
=g o7
9

i=1
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Other norms of the form

s o
al=ga "
i=1 4]
are aso useful, the most common being N = 1 and the limiting
case N = ¥;
ldl = max g,
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