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axercises 1-3, use L{f{t —a)U(t — a)} = e ¥ F(s) with (iv) Verify that your solution satisfies the differential equa-
sppropriate choice of f to find the Laplace transform of the tion within each interval of continuity.

; '-e:zrf:(n(cnorg) 8.y ~6y =g(1), y(0) = 4,
¢ =

0, 0<t=2
glt) =
12 —-300U( - 2) 2, 2<t<oo
0, 0<t=<a 8.y +2y =g, y(0) =0,
Q’I'he isolated pulse g(t) = {1, a<t<b ) = 2t -1, 0<t<?2
0, b<t g = 3, 2<f<0
sexercises 4.—7, . o . 10, y" + 4y = g(£), y(0) = 0, y'(0) = -2,
(i) Rewrite the given function in terms of the unit step —2, O0<t<4
function 4. . ety =14, d<it<8
(i) Use that expression and L{f{t—a)l{(t —a)} = 0. 8<t<mo
e F(s) to find the Laplace transform of the given ' =
function. 1LiP" —0.015P = —E(r), P(0) = 8,
4, 0=r=7 0209, O0=<t<4
i = ’ - = E(t) = -
he(0) 0, T<t<oo ® 0, 4<t<oo
(This is the Irish potato-famine emigration model with
5 () = mr, 0<r=b population P in millions and time ¢ in years measured from

0, b<t<x 1847. In this form, emigration stops in 1851, See equation

(2.10), page 46, of section 2.2.)

- In exercises 12-13, assume that the Laplace transform of the
be(t) =q1r-2, 2=<1<4 solution of each initial-value problem exists. Find the trans-
6, 4 <t <00 form of the solution of the initial-value problem working di-

rectly from the differential equation.

_ 1, 0=<t=lr 12. 2y — 5y = g(r), y(0) = 3, where g(¢) is the isolated pulse
Lgt) = {cost, 2m <t <Tm/2 of exercise 3,
0, /2=t <o 0, 0<t<a
dexercises 8-11, o ) gity=41, a<t=<b
(i} Grraph the forcing term and write it in terms of the unit 0 be<t

step function 4.
(i) Solve the initial-value problem using Laplace trans- 13.Y" —ky = r(t), y(0) = y;, where k is a constant and r(z)

forms, is the ramp function of example 25,

{iii) Give the interval(s) within which the highest deriva- f D<r<l]
tive of the solution appearing in the equation is con- r{t) = ==
. . I, 1<t<oo
tinuous.
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560 CHAPTER 10 ®m The Laplace Transform

10.5.1 Exercises

@Fma .

@Solve ¥ +ky =480 — 6), y(0) =2,

3. Invert the transform

{8} Consider the heat-loss model 77+ (Ak/cm)T = b5 (1 —a),
T(0) = 0. Solve this initial-value problem. Use your so-

S T

The forced model (5.13-5.14), page 210, of section 5.1 applies with the
position h(z) of the upper end of the spring given by k(1) = H(1 — a) - h(p)
for some H, The model is

mx'+kx =kH8(t —a), x(0)=x;, x(0)=uv. &

To grasp the physical meaning of an equation such as mx” + ... =
kH§(t — a), informally integrate both sides. Then the relation is s’ +oez
kH. The quantity on the left, mx’, is the change in the momentum of the mass,
and k H represents that change. Since mx” is a force (mass times acceleration),
kHS(t — a) is an impulsive force of brief duration and sufficient magnitude to
produce a change in momentum of X},

Closing a switch at time = a in a series RLC circuit can cause a
step function change in potential, E{t) = V(s — a). The current model
Li” 4+ R’ +i/C = E’'(t) becomes

1
Li" + Ri + Ei = Vi ~a),

where the impulse V8(z — a) is the consequence of a step increase V' in poten-

tial at ¢t = a. The time integral of V8(t — a) is the magnitude V of the voltage
change. ~

£

s—2

4, Sketch a graph of the solution P(1) = Pe*' —
Re*"914(t—a) of the population model P’ = kP —R§(¢~
a}, P(0) = P, considered in example 29. Explain the sig-
nificance of the jumps in the graph,

lution to explain the significance of the parameter b. Of
what physical situation might this initial-value problem be
a model?

6. Solve the initial-value problem
mx” 4+ kx =kH3{t —a), x(O)=x;, x(0)=uv,

developed in example 30. It models a spring-mass system
in which the upper end of the spring is jerked suddenly.
Consider x; = v; = 0. Use your solution to explain the
significance of the parameter H.
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