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SECTION 10.2 B [fuerse Transforms and Initial-Value Problems 521

At the end of the last section, we found the transform of the solution of
the initial-value problem y'+ky = ¢=¥, y(0) = 4. We begin with an example

ARG Bl | which inverts that transform.

A WA
‘ B EXAMPLE 6  Find the inverse transform
(n—ﬁ*{ : + 4}
Y& = G+OG+3)  s+k|
A Y
S
Y Since L is linear, £7! is linear as well. The inverse transform can be

computed term by term, and constant factors can be brought outside the oper-
ator £~!, much like an antiderivative,

{

e < ]
(s +k)(s +3) s+k

1
4471 .
{s+k}

To invert the second expression, search table 10.1 for a transform that
looks like 1/(s + k). Entry 3 with —a = k is the obvious choice. Since

ym=zﬂ

1
E*l
{u+m&+a]+

TS
£{e }_s—&%)“s+k

C_l { -:‘_k] - e*kt'
5

The first term in the inverse is more of a problem, for we find nothing in
the right-hand column of table 10.1 of the form

we have

?e?la:cc with o # -

Don't (iLe 'péémma(r:r “.4@1“?

1
(s+k)(s+3)

But we could invert the factors 1/(s + k) and 1/(s + 3) if they stood alone.
(We just found e* for the inverse of the first, and the second is the same with
5 k=3

‘. An expression such as 1/(s + k) (s + 3) can be separated into its compo-
-+ nent fractions using partial fractions. (See appendix A.7.) For some unknown
constants A and B, write

1 A B
@+H@+&)—s+k+s+3
_A(s+3)+ B(s +k)
T G+ RGE+3)

Rartial-fraction decomposition

d ;




522 CHAPTER 10 B The Laplace Transform ‘, 1

Since the first and last numerator must be identical, we have

1= A(s +3) + B(s + k).
|4 . Equations for A and B result from equating coefficients of like powers
2 of §:
. s%: 3A+kB=1,

Equate powers of§. ol . A+ B =0.

Solving this pair of simultaneous equations yields

Solve for partial fraction ' A= 1 B— 1
numerators. 3_k’ k-3

Using these values of A and B, the inverse transform is

. 1 _ et J _1{ 1]
¢ {(s+k)(s+3)}_A£ {s+k}+B£ s+3

=Ae_k‘-|—Be_3f
emkt _ e—Sr

= e —s (10.3)

Combining the inverse transforms of the two individual terms, we obtain
the desired inverse transform. The solution of y' + ky = =3, ¥(0) =4, is

1 1
Inverse transform, the solution of y(t) = L7 {—H_.—} 4+ 401 [ }
the initial-value problem (s +k)(s +3) s+k
7 —kt =3
e e
= 4 —kt
-k k=3 %
4k — 13)e H 4 o=
o k)"B"'"e , k£3. m

As this example illustrates, we can use Laplace transforms and their
inverses to solve linear differential equations with constant coefficients. The
steps are as follows:

LAPLACE TRANSFORM 1. Transform the entire differential equation, using any initial values that
SOLUTION PROCESS are given. Solve for the transform of the solution.

2. Invert the transform to find the solution of the differential equation or
initial-value problem.

Unfortunately, step 2 is easier said than done!
B EXAMPLE7  [llustrate these steps by solving the initial-value problem

Y +ky=e%, y(0) = 4.

ransform differe

ind solve for ¥ (s

{vert Y (s) to fin
Ihe initial-value p

iransform differe

blve for X (s).

vert X (s).
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