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Laplace transform pairs

Properties of Laplace Transforms

F(s)=Lf(1), G(s)=Lg(r)

1
: s Transform of a derivative:
n=12, ;:z LU} = sF(5) — £(0)
1 LU (D)) = s F (s) — sf(0) ~ f'(0)
Pl .8 > a
§—a Convolution theorem;
. a ) t
snat 52+a2’s>0 L’{f f(r)g(twr)dr} = F(s)G(s)
N 0
5
cosat EEpribEal Shifted transform:
at — F _
sinh ar LT Lle" f()) = Fs — a)
§c—a
cosh at —é—s—;, S >a
ta Transform of a periodic function of period T
5(t —a) e a0

. 1 T _
E{f}=—1—_-ﬁf0 e~ f{t) dt

Derivative of a transform:

L{—tf(t)) = F'(s5)
LE=0"fD}=F"), n=1,2, ...

Transform of an integral:

L[frf(r)dr] - B
fi} 5

Integral of a transform:

ﬁ[%@}“—:[mF(r)dr

Transform of a shifted function using unit step function i/:

LUt —a)UU(t —a)} = e "F(s), a=>0



518 CHAPTER 10 B TheLaplace Transform
In exercises 1-5,

(i) Use the definition (1) to find the Laplace transform of
each of the following functions. Give the values of s
for which each transform is defined.

(ii) Use the linearity of the Laplace transform and the ap-
propriate entries in table 10.1 to verify that the trans-
form you obtained from the definition is correct. In-
dicate explicitly those steps which depend upon the
linearity of the Laplace transform. Identify by num-
ber each entry from table 10.1 that you use.

{iii) Compare each result with the transform expression
given by DELAB.

@4 — Qg4
2. 3¢% (Hine: Integrate by parts.)
@7 4+

4. cos e {Hinr: Integrate by parts twice as in exampie 4.)

@2; -5

[

In exercises 6-13, use the linearity of the Laplace transform
and the appropriate entries in table 10.1 to find the Laplace
transform of each of the following functions. Indicate explic-
itly those steps which depend upon the linearity of the Laplace
transform. Identify by number each entry from table 10.1 that
you use. Compare each result with the transform expression
given by DELAB.

@14

7.28%
8. 14— 24

@r + 2e¥

10, 5¢* 4 3sin 2s
@A sinwt, A, w constants
12. 2 sindt — 9 cosh 67

13. Z:=1 nt"

In exercises 14-17, assume that the Laplace transform of the
solution of each initial-value problem exists,

(1) Find the transform of the solution of the initial-value
problem working directly from the differential equa-
tion.

(ii} Solve each initial-value problem by a method of your
choice. Compute the transform of the solution you find
and show that it is the same as the one you obtained
directly from the differential equation in part (i). Con-
firm both the solution and the transform using DELAB.

14,y — 4y = sin2t, y(0) = 3
15,2y + Ty =5t 4+ 7%, y(0) = —1

16.x" —2x = * ~3cosmt, x(0) = 3

17. ' ~ky = ae™, y(0) = ¥i, k, o constants

In exercises 1825, use the definition of Laplace transform to
derive the indicated entry from table 10.1,

@Eutx’y 1; of what other entn'e§ is this a special case?

19. Entry 2 forn = | L 51 ? = {:;

20. Entry 2 forn = 2 o )

21. Entry 2 for n an arbitrary nonnegative integer (Use mathe.
matical induction.)

22. Entry 5

23. Entry 6 (Hint: Use the definition of the hyperbolic sine
function, entry 3 in table 10.1, and the linearity of the
Laplace transform.)

24. Entry 7 (See the preceding hint.)
25. Find L{sinhat + cosh at) using entry 3.

In exercises 26-27, use the indicated entry from table 10,2 to
find the Laplace transform of the given function, If the trans-
form can be evaluated by a second method, do so to verify the
accuracy of your answer, If a transform does not exist, explain
why.
26. Use L{f'(D} = sF(s) — S(0) with an appropriate choice
of f to find the Laplace transform of
(a) 4e*

(b) 342
(c) —acosat

27. Use L{f"()} = s*F(s) — sf(0) — f'(0) with an appro-
priate choice of f to find the Laplace transform of

(a) —a®sinar
(b) azear
{c) 6t

In exercises 28-29, use the definition of Laplace transform

to derive the indicated entry in table 10.2. In each case,

Fs) = £{f(t)}, and all transforms are assumed to exist.

28. L{f'(D)} = sF(s) — f(O) (Hint: Integrate the definition
of Laplace transform by parts using dv = f/(t)dt.)

29. L{f"(0)} = S*F(s)—sf (0)— f'(0) (Hint: Apply the result
of exercise 26 to the function g'(1), where g(1) = f'(1).)

Int exercises 30-31, use the definition of Laplace transform
find the transform of the given function, Sketch the graph of
each function before you attempt to find its transform.

4, 0=
g(f)= 0, 9

1, 0
glt) = ycost, Z

0, 7
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