The Penrose dodecahedron revisited
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This paper gives an elementary account of the “Penrose dodecahedron,” a set of 40 states of a
spin- particle used by Zimba and Penrdsstud. Hist. Phil. Sci24, 697—-720(1993] to give a

proof of Bell's nonlocality theorem. The Penrose rays are constructed here from the rotation
operator of a spir-particle and the geometry of a dodecahedron, and their orthogonality properties
are derived and illustrated from a couple of different viewpoints. After recalling how the proof of
Bell's theorem can be reduced to a coloring problem on the Penrose rays, a “proof-tree” argument
is used to establish the noncolorability of the Penrose rays and hence prove Bell's theorepss ©
American Association of Physics Teachers.

[. INTRODUCTION proof-tree approach is useful in proving noncolorability in
more complicated situations where an inspired proof of the

Some years ago Zimba and Penfo&P) gave an inge- Penrose type may prove more elusive. .
nious proof of Bell's nonlocality theorem using a special set The succeeding sections of this paper are organized as
of states of a spif-particle. Because these states have Jollows. In Sec. Il we show how to construct the 40 Penrose

direct connection with the geometry of a dodecahedron, thi&yS from t?e ré)t?jtion hmgtrix cc‘va sr;])ii‘]particle_al?d hthe I
argument is sometimes referred to as the “Penrose dodec eometry of a dodecahedron. We show especially how a

hedron.” A popular account of the Penrose dodecahedro e orthogonalities among the rays, summarized in the tetrad

presented as a puzzle to whet the appetite of the intellige ?ble of Fig. 5, follow from this treatment. To illuminate the

layman in the mysteries of the quantum theory, was given b rthogonalities from another perspective, we obtain the com-
L ! ' . nents of the Penr r in a “natural” is affor
Penrose in his booBhadows of the MinflA more technical ¥)o ents of the Penrose rays in a “natural” basis afforded by

. N .three explicit rays and one implicit ray. We show that in this
account of th'e Penrose_ dodecahedron, including its role if,qis the Penrose rays take on an extremely simple form
proofs of Bell's nonloczihty thegrei’rqnd the Bell-Kochen—(rig 4 from which their orthogonalities may be determined
Specker(BKS) theorent, was given in the article by ZP. 1y inspection. In Sec. Ill we show how the proof of the two
The core of the Penrose dodecahed(Biy. 1) is a con-  Be|l theorems can be reduced to the purely mathematical
stellation of 40 special states of a sgiparticle. Twenty of  problem of demonstrating the impossibility of coloring the
these states, termed “explicit rays” by ZP, are the spi  Penrose rays according to a simple set of rules. In Sec. IV we
projections of the particle along the 20 directions from theuse our proof-tree approach to demonstrate the noncolorabil-
center of a regular dodecahedron to its vertices. The remairnity of the 40 Penrose rays, as well as a critical subset of 28,
ing 20 states, termed “implicit rays” by ZP, are chosen to and thus complete the proofs of the Bell theorems. The ma-
complete orthogonal tetrads whose other members are triaderial in Secs. 1l and IV is our “poor man’s version” of the
of explicit rays. Penrose presumably arrived at his faysZP paper. The argument in Sec. Ill is based freely on the
through an impressive feat of geometrical imagination, aideddeas of ZP and others and is included to make the paper
by a deep understanding of the quantum theory of angu|a§elf—conta|ned, since in its absence the reader may be left
momentum. Whatever the genesis of the Penrose rays, 2pondering why one bothers to undertake the rest of the ex-
deftly manipulated a geometrical picture of quantum spinsSrcise.

due to Majoranfito deduce all the properties of the rays they 't IS appropriate to say a few words about the broader
needed in their proofs of the Bell and BKS theorems. context in which the present problem arose. Beginning in the

The purpose of this article is to revisit the ZP paper anolate 80s, several new proofs of the Bell and BKS theorems

derive some its central conclusions in other ways. There arglr?)roefsglovrepectmitcgleresir?:trllgrr r,:ol;en dcnigrﬁellgge:?ﬁqh?;i rrltlae_r
two motivations we have for doing this. In the first place, theP Y pler. hap

Majorana picture of spin, while very elegant and also re_gard was the work by Greenberger, Home and Zeiliriger,

kabl ical for th bl t hand. is still unf which a proof of Bell's nonlocality theorem was given with-
markably economical for he problem at hand, 1S Stf unta-q ,, inequalities. Soon after this, Petgmve some ingenious
miliar to the vast majority of physicists. We therefore felt it

. noncoloring proofs of the BKS theorem that were much sim-
worthwhile to demonstrate how the Penrose rays could b8jar than any of the earlier proofs. A later review article by
constructed, and all their essential properties deduced, frofermint© presented some spectacular proofs of the BKS

standard angular momentum theory. Our second purpose ffeorem based on simple arithmetic contradictirather

to present a somewhat different argument from that of ZP foghan noncoloring argumentand also revealed a close kin-
the noncolorability of the Penrose rays. Our argument is preship between the Bell and BKS theorems. The Penrose
sented in the form of a “proof tree(see Fig. 6 that dem-  dodecahedron seems to have been stimulated in part by the
onstrates the noncolorability of the rays directly from theirwork of Peres, or so one gathers from an amusing incident
tetrad table(Fig. 5. This method, while not as concise as recounted in Ref. 11. This brief history has only touched on
Penrose’s vertex coloring argumeértias the virtue of being  some highlights and makes no claim to completeness. A
easy to apply and making no demands on one’s geometricahore authoritative survey may be found, for example, in the
ingenuity. Further, as we have demonstrated elsewhére, book by Pered?
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(j,mlexp(=id-ko)|j,m’"), is discussed in many texts on
quantum mechanics.We obtain the rotation operator for a
spin3 particle in a form that is particularly useful in the
calculations below. We begin by observing that the rotation
operator for a spiry-particle can be written in the form

exp(—iJ-kf)=cyl +cod-k+cy(3-K)2+c,(3-K)3, (2

where| is the identity operator and,,...,c, are suitable
constants. This form follows if one expands the exponential
operator in an infinite power series and notes, from the iden-
tity (J-k—3)(3-k—3)(3-k+2)(I-k+2)=0, that all powers

of J-k higher than the third can be expressed in terms of the
third and lower powers. The constants,...,c, can be de-
termined by noting that2) continues to be valid if-K is
replaced by any of its eigenvalues. On successively replacing
J-k by 3 1 —1 and -2 in (2) and solving the resulting
simultaneous equations, one finds that

_Fig. 1._The Penrose dodecahed'ron. Shown is a _regular dodecahedron with ¢, = %[9 CO&{%G) — Cog(gg)],

its vertices Iab?’elled\ throughU (with the letterO omitted. The 40 Penrose

rays of a spins particle are associated with the vertices of this dodecahe- 9 1 1: i3

drzn as folrl)ovssr.) The 20 explicit rays are the eigenstdfes+ 3) whose Co=— 3l Sin(26) + 13l sin(26), ©)
quantization axes are the 20 directions from the center of the dodecahedron 1 3 | L Lo 3

to its vertices; these rays are labellp&),|B),... after the corresponding C3=3[cog30) —cog30)], c4=isin(36)—3isin(30).
vertices. The implicit rays are also associated with the vertices and are . .

labelled|A’),[B'),... . Theimplicit ray associated with any vertex is the Equations(2) and(3) are the desired form of the spinro-

unique ray that is orthogonal to the explicit rays associated with the thredation operator.
neighboring vertices. We turn now to the Penrose rays of a spiparticle. The
20 explicit rays are the eigenstatgs+ 3) whose quantiza-
tion axes lie along the 20 directions from the center of a
Il. THE PENROSE RAYS AND THEIR dodecahedron to its vertices. All the explicit rays may be
ORTHOGONALITIES obtained from any one by the application of suitable rotation
operators. To illustrate this in detail, we introduce the two
special rotation operatorB;=R(Kk,,27/3), representing a
. . . counterclockwise rotation bys#3 about the axis through the
lar eigenstate referred to the axis These eigenstates are | o tox A, andR,=R(Kk,, ), representing a half-turn about

relatgd to each other by the rotation operator eaip(l?@) the axis through the midpoint of the ed4& (Ro andlZl are
=R(k, #) according to the equation the unit vectors along these rotation axest |A) denote the
explicit ray corresponding to the vertex Then 9 of the

Let |j,m); denote a spin eigenstate of a spiparticle
referred to the quantization axisand let|j,m); be a simi-

[ myar=exp(—13-k6)|j,m)s. @) other explicit rays may be obtained by the actionRgfand
The rotation operator contains the spin operdtof the par- R; on |A) as follows:
ticle (in units of ﬁ) and the ?X'S'ku gnd anglg,ﬁ, pf IF)=Ry|A), [BY=RsR,|A), |E)=R2R,|A),
any rotation that will take the directiof into the direction
A" (see Fig. 2 The evaluation of the rotation ILY=R,R3R,|A), |C)=R3R,R3R,|A),

operator exp{iJ-k6), or the equivalent rotation matrix 19)=(RERYZ/A),  |G)=(R,R)?R,|A) (4)

ID)=R3(RyR5)?R,|A),  |K)=R3(R:R5)?R,|A).

The product of rotations applied {8y in each case is just
that required to send the vertéxinto the vertex of the de-
sired explicit ray, while maintaining the overall invariance of
the dodecahedron. Replacing the “seed” {Ayby |T) in (4)
yields the remaining 9 explicit rays; for example, the relation
|B)=R3R,|A) goes over into the relatiojty) = R3R,|T) be-
tween the corresponding antipodal rays.

We now define the implicit ray corresponding to any ver-
tex as the unique ray that is orthogonal to the explicit rays of
the three neighboring verticéthis is always possible, since
the explicit rays concerned clearly span a three-dimensional
Fig. 2. lllustrating the axisk, and angle,6, of the rotation operator Hilbert spacg The implicit ray corresponding to verteX,
exp(—iJ-k6) that transforms the eigenstat¢,m); into the eigenstate Which we denotgA’), can thus be obtained as the ray or-
|j,m)a according to Eq(1) of the text. thogonal to the ray#), |B), and|E). Similarly the implicit
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i Ty | [ I ] r Iy ] with its axis in thex—z plane and at an angléto z. These
0 \/33 jg jg two states are connected by the rotation opera{gr, 6) that
1 Tq_l Tq‘s 3 ’ performs a rotation through the angfeabout they axis.
|4) = 0 |F)= N |B) = B |E) = NG Using the standard basis and setting the overlap of these
0 ER EN =31 states equal to O leads to the conditi@gy(y,6)=0 on the
an qu Lq diagonal element of the rotation matrix, which is satisfied
L3z ] L3 ] 307 ] only if @is equal tor or arccos(1/3). The latter angle is just
) that subtended by two next-to-adjacent vertices of a dodeca-
( Iy hedron at its center.
B 0 _ﬁr 3 Rule II. Explicit rays corresponding to antipodal vertices
3’ 0 3 ﬁq_l of the dodecahedron are orthogonal. The same is also true of
|4) = 0 |7)= 1 17y = 0 Q)= 35 5 implicit rays. The first part of this rule is illustrated by the
A3 0 V3 39 (trivial) orthogonality (T|A)=0. The second part is illus-
3 3¢ Lq-IJ trated by the less obvious res¢T’|A’)=0.
L3z Rule lll. The explicit and implicit rays corresponding to
adjacent vertices of the dodecahedron are orthogoinhis
__1+45 g=c rule, illustrated by(A’|F)=0, is actually a direct conse-
2 : quence of the definition of the implicit rays.

Rule 1IV. The explicit and implicit rays corresponding to
the same vertex of the dodecahedron are orthogortak is
illustrated by the orthogonalityA’|A)=0.

Rule V. The explicit and implicit rays corresponding to
ray |T') can be obtained as the ray orthogonal to the raysntipodal vertices of the dodecahedron are orthogofiis
|U), [N), and|S). The relations in(4), which hold with ex- s illustrated by the orthogonalityA’|T)=0.
plicit rays replaced by their implicit counterparts throughout, Rule VI. The implicit rays corresponding to next-to-next-to
can then be used to calculate all the remaining implicit raysadjacent vertices of the dodecahedron are orthogofials
We prefer to calculate the implicit rays through rotationsis jllustrated by the orthogonalityA’|Q’)=0. As remarked
rather than orthogonalizations because the latter operation lfy ZP, this rule can be deduced from the earlier ones and so
generally difficult to carry out. The orthogonalizations g separate proof of it is not really necessary.
needed for the “seed” rayfA") and|T’) are, however, very  We have established the ZP rules above by looking at
simple. particular rays. However it is clear, from the symmetry of the

To obtain numerical values for the components of thedodecahedron, that these rules hold for all similarly related
rays, we must choose a coordinate system and also a suitalylgirs of rays. A systematic application of these rules shows
basis for the rays. We choose a right-handed coordinate syghat the Penrose rays form the 40 sets of orthogonal tetrads
tem with thez axis passing through the vertex of the  shown in Fig. 5. This set of tetrads is “complete” in the
dodecahedron and the-z plane chosen so that the ed§E  sense that every orthogonality between rays is represented in
lies in it (see Fiigé 1 We also choose the standard angularit. This may be confirmed by noting that each fayplicit or
momentum basts in which the explicit raysA and T are  implicit) is orthogonal to exactly 12 other rays and, further,
represented by the column vectqi®,1,0,0 and (0,0,1,0, that each ray occurs in exactly 4 tetrads whose remaining
respectively, and the spin operatals, J,, andJ, by the  members are all the rays it is orthogonal to. The complete-

usual 4x 4 matrices. The unit vectd}o occurring inRs lies  N€SS of the tetrad table implies that it contains all the neces-

. . ~ L o sary information(and in fact the only relevant informatipn
along thez axis and the unit vectdt; occurring inR; liesin - ¢ the noncoloring arguments of Sec. IV

the x—z plane and at an angle of arccas() to thez axis, An alternative view of the ray orthogonalities may be ob-
wherer=(1+1/5)/2 is the golden mean. With these conven-tained by switching to the “natural basis” provided by the
tions, Egs.(2)-(4) may be used in the manner indicated rays|F), |B), |E), and|A’). In other words, we represelft),
above to obtain numerical components for all the 40 Penrosg>, IE), and|A’) by the column vector$l,0,0,0, (0,1,0,0,
rays. _ (0,0,1,0, and(0,0,0,, respectively, and work out the com-
We do not actually display all the Penrose rays, but only,onents of the remaining rays in this basis. If we recognize
as many as are required to illustrate the 6 orthogonality rulegyat the normalization and overall phase of the rays is unim-
of ZP. Figure 3 shows the components of some selected ejortant, we find that the rays take on the simplified form
plicit and implicit rays. These results were obtained with theghown in Fig. 4: The nonvanishing components of the rays
help of the computer algebra programpLE, which allowed Q.‘re now pure phases of the foetf whered is some integer

Fig. 3. Expressions for some of the explicit and implicit rays.

us to avoid pages of tedious algebra by means of a few wefl inje of 60°. The orthogonalities between the rays are
chosen keystrokes. We now discuss how the rays in Fig. ow very easy to pick out.

illustrate the 6 orthogonality rules of ZP. These rules, in the We end this section with a comment. Having constructed
numbering of ZP, are the followmg._ . the Penrose rays and deduced their properties using conven-
Rule 1. Explicit rays corresponding to next-to-adjacentjona| angular momentum theory, we must admit that the
vertices of the dodecahedron are orthogoniahis rule is  paiorana method, as exploited by ZP, is definitely superior.
illustrated by the orthogonalitie§F|B)=0 and(B|E)=0. gy approach, while elementary, seems to use too much
This rule can a(_:ttéally be deduced directly from the formgcaffolding to get at essentially geometric properties of the
(2)-(3) of the spin3 rotation operator. Consider two €igen- rays that can be made to reveal themselves very clearly
states|3,+ 3), the first with its axis along and the second through the Majorana approach. An even bigger virtue of the
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20 Explicit Rays in the FBEA' Basis
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Fig. 4. Penrose rays in the “natural basis” provided by the i&)s |B), |E), and|A’): (a) explicit rays, andb) implicit rays.

Majorana approach is that it seems to have hinted at th&ther good references are the review article by Metthin

existence of the Penrose dodecahedron in the first place. and the book by Peréé We confine ourselves here to dem-
onstrating that a hidden variables mo@&hether noncontex-

IIl. REDUCTION OF BELL’S THEOREM TO A tual or loca) of a spi'nez-3 particle must bg able to color each of

COLORING ARGUMENT f[he Penrose rays either red or green in §uch a way that there
is exactly one green rajand three red raysn each of the 40

The object of Bell's nonlocality theorem is to rule out the tetrads formed by the rays; the impossibility of such a color-

existence oflocal) hidden variables theories that make defi-ing (demonstrated in Sec. )\then constitutes a proof of the

nite predictions in situations where quantum mechanics preiwo Bell theorems.

dicts only probabilitied? We assume, for the purposes of We proceed to the desired result in three steps. First, we

this discussion, that the reader has some knowledge of thenalyze some aspects of the measurement process according

nature and scope of hidden variables theories. A clear digo orthodox quantum mechanics; specifically, we introduce

cussion of such theories may be found in the article bythe notion of compatible projection measurements and derive

Greenbergeret al® that appeared earlier in this journal. an important constraint on their outcomes. Next, we outline
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turned upon measurement the system has answered “yes” to

Natural Tetrads AT";‘::::' Te;:’::‘::s"'" our question, and if 0 is returned it is has answered “no.”
FBEA[[LASK| AATT (AT aw We next consider multiple measurements. According to
ALKF|[GHSM| [BEBUU| [APRH QM, if the operators corresponding to a set of observables
AGCBIICMNHI |[CCQQ |BK r s commute, then it is possible to measure these observables in
ADJENDPN L I2D e BERE the same context. What this means is that if we are given a
BLMG|IKRUQ| [FEFENN| [CC T T single copy of the system in an arbitrary state, then we can
BODHC|[RMTS| [6GPP| [DKGT conceive of an experimental arrangement that would allow
L "3 'JD,' '; C') o *l* *If “ g Eu 8 us to determine the eigenvalues of all tteemmuting ob-
FJAKI[SNUT| [TTFMM [FoNG servables in that state. Now the projectors associated with

two or more mutually orthogonal states commute with each
Fig. 5. The 40 tetrads of mutually orthogonal rays formed by the Penros®ther, hence, according to QM, they represent a set of
rays. Explicit and implicit rays are denoted by unprimed and primed Iettersyes_no questions that can be asked in the same context. It
respectively. The 20 “natural tetrads” each consist of an implicit ray asso-t,rns out that there are some important constraints on the

C|at‘ed Wlth_a vertex and“thg explicit rays ’tassou_ated with the_three nglghanswers the system can give to such questions, which we
boring vertices. The 10 “antipodal tetrads” consist of the explicit and im- .
pow proceed to derive.

plicit rays associated with antipodal vertices. And the 10 tetrahedral tetrad ’ ] .
consist of implicit rays associated with the 10 tetrahedra that can be in- Consider the projectors associated withmutually or-

scribed in a dodecahedrdthese tetrahedra can be obtained by first inscrib- thogonal states. The sum of the@®mmuting projectors is

ing five cubes in a dodecahedron and then picking out alternate vertices ithe jdentity operator, from the completeness relation. The

each cube to obtain a pair of mutually reciprocal tetrahedra last statement implies that if the yes—no questions corre-
sponding to these projectors are posed in the same context,
exactly one will receive the answer yes and the remaining

the contrasting attitudes of quantum mechar(@) and N-—1 will receive the answer no. This constraint is a direct
hidden variables theorig#lVTs) to the results of the projec- consequence of Mermin's principfewhich states that if a
tion measurements, and particularly to one’s ability to pre-Set of commuting observables obeys a certain identity, their
dict these results in advance. And finally we show how themeasured eigenvalues in an arbitrary state also obey that
position of the HVTSs, in the case of a spjmparticle, requires  identity; thus the identityP;+P,+---+Py=1 obeyed by
them to color the Penrose rays in the manner stated abovéhe projectors translates into the constraig+A,+---

Our argument is patterned closely on that of ZP, but differs+ \ =1 satisfied by their eigenvalues, from which the de-
in some minor details. sired result follows.

We first take up the subject of measurement. Consider an The above constraint is usually stated in the form of two
N-state quantum systefsuch as a spipparticle, for which  separate constraintsi) If the projectors corresponding to
N=2j+1). A simple measurement that one can carry out onwo orthogonal states are measured in the same context, they
this system is a so-called “projection measurement.” A pro-will not both be found to have the eigenvalue(d) If the
jection measurement amounts to asking the system the quegrojectors corresponding td mutually orthogonal states are
tion: are you in the statgl)? (where|¥) is some arbitrary measured in the same context, they will not all be found to
normalized state The system answers this question with ei- have the eigenvalue 0. This slightly more flexible formula-
ther a yes or a no. From the viewpoint of standard QM, th&jon covers the case in which less thdrcommuting projec-
projection measurement amounts to measuring the projectio@rs are measured in the same context. Although the con-
operator(or “projector”) P=|W)(¥| on the system. The straints (i) and (i) have been derived here from the
projector is Hermitian P'=P) and idempotent®?=P), so  formalism of orthodox QM, it should be added that they are
its only eigenvalues are 0 and 1. If the eigenvalue 1 is reeonfirmed by all known experiments.

Al
|
I | ]
| ALKE | | ALKFE | | ALKE ]
[FGRU]| [FGRL] [FGRL]| [FGRL IBLMG| [BLMG']
| [ I T | i
[EciD']|[ECID| [BLMG]| |[BDHC] |ECID | [EKPY
] ] I
[paTu] [sNuUT| [sNUT|]|JIUP | [KrRUQ]| [B'KTS]

Fig. 6. Noncolorability of Penrose’s 40 rays. One begins by assuming that a coloring exists and shows that this leads to a contradiction. The argument is
presented in the form of a “proof tree” that proceeds from the root, at the top, down through the various branches to the contradictions at the bottom. Rays
colored green are shown in boldface and those coloredalethe rest in ordinary type. Any ray that is underlined has its color assigned to it as a matter of
choice while any ray that is not underlined has its color forced. A forced red ray always results ffomea or unforceflgreen ray in an earlier step, while

a forced green ray is always forced by its three red companions in the same stéptt@mpted coloring begins by assigning the color green to theAay

There is no arbitrariness involved in this step since the existence of the tetrahedral (feigadsimplies that at least one of the implicit rays must be green

and, from the dodecahedral symmetry of the problem, we can always arrange for this ra&’toTie argument then proceeds down the different branches

of the proof tree, corresponding to the varigowitually exclusive and exhaustivehoices of green rays at the second and third steps. All six branches of the
proof tree eventually lead to completely red tetrads, which establishes the noncolorability of the Penrose rays.

635 Am. J. Phys., Vol. 67, No. 7, July 1999 J. E. Massad and P. K. Aravind 635



A
|

|
| FBEA |

——
[LeMg[[LBMG]
1 I
[HHkk] [1IECD |
1 |
[1tECD'| [cNMH

[LasRrR| [DD'RR]|

|
| EBEA |

[lEcp'] [1ECD]
1 1
[cePP| [JUIP ]

I 1
[aFJK'] [HHKK]

B
|

|
| EBEA |

——
|LBMQ|hBMQ]
|DURWHJU|P|
MGTE]@DRM

]
| lECD |

[cNMH] [cNMH]
] I
[AATT| |QFJK|

[GG'PP||PDNI|

]
I IECD |

[PoNE]| [PONI]
] I
[Juip | [aFJk]

[HHKK| [cePP|

1
| IECD! |

——
ICNM4HCNMﬂ|
ILQSRﬂlJuﬁﬂ
IAﬁTTHANT?]

(HH'KK]| | PKEJ]

l LEcD |

Al
[ i |
| lECD | | LECD ]
[LeMg]| [LBMG] [PONT] [PDNI]
] ]

I
DDR@HCNMM

[7KETHDUR3J

[UKGTHHHKM

[
[ILBMG| |[QFJK']

|
IDD'RR| |GG PP|

[cCNMH] [CNMH]|
| ]
IlLemac| [PDNI|

1

]
laFJK | [QFuK]|

Fig. 7. Noncolorability of the 28 Penrose rafs-U, A’, D', G’, H', K', P’, R’, andT'. This set consists of all the explicit rays and the 8 implicit rays
corresponding to one of the cubes that can be inscribed in the dodecahedron. The demonstration again proceeds by assuming that a coloring exists and
showing that this leads to a contradiction. The initial ray to be colored green can be(&jtherexplicit ray whose implicit partner belongs to the @g.,

A), or (2) an explicit ray whose implicit partner does not belong to the(seg., B), or (3) an implicit ray in the sefe.g.,A’). From the overallcubic

symmetry of this configuration it does not matter which ray we pick in each set, so we chpBsandA’. The impossibility of a viable coloring resulting

from each of these choices is demonstrated above. The notational conventions are identical to those of Fig. 6.

This concludes our brief review of measurement theory. How can one put these daringr merely reasonablg?
We now contrast the abilities of QM and HVTs to predict the claims of the HVTs to the test? Here is one way, suggested
results of the projection measurements in advance, given dsy/ the previous discussion. We present a HVT with a list of
complete a description of the state of the system as eagfes—no question§rojectorg pertaining to a quantum sys-
deems possible. QM maintains that, for an arbitrary state ofem. The HVT is then obligated to give an unambiguous
the system, it is generally impossible to predict the answeranswer to each questidibecause it represents an objective
to the yes—no questions in advance. In fact, it goes eveproperty of the state under consideraji@nd to do so in
further and says that the answers do not exist before theonformity with the requirement§) and (ii) stated above
guestions are asked and only come into being when the quetsince it would otherwise be in conflict with both QM and
tions are actually asked.e., the projection measurements experiment If the HVT fails to pass this test, it is untenable
made. The HVTs claim, on the contrary, that the answersand must be rejected.
given by the system reflect objective properties of its physi- Let us now specialize the discussion to the case of a
cal state that exist prior to any act of measurement and thapin- particle. Suppose we choose the questions to be pro-
merely reveal themselves upon measurement. The HVTs fujectors based on the Penrose rays and present a HVT with the
ther charge that the inability of QM to give definite answers40 questions based on the 40 Penrose rays. Suppose further
to the questions stems from the incomplete description of #ghat a yes answer to a question is taken to imply that the
physical state provided by the wave function. corresponding ray is colored green and a no answer that it is
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(1) Ray A Deleted requirement in this case because there are no orthogonalities

e Antipodal Totamoara Pae(;w&een the rays beyond those already contained in the tet-
Tetrads Tetrads . . .

FEEA|[LQSR| AATT| [Arawm ~ There is, however, an objection to the above argument,
ALKF|llcAsM BRUUl [APRHE first pointed out by Belf. Let us again specialize to a
AGCB|[ICMNH| [Ccaq| [Brx T s spin= particle and consider the two sets of questiShK F’
ADJE|lDPNTI| [DDRR| [ JNR and AGCB' that have the questioA in common(we take
FerLU||[JIUP| [EEsSS| [cPPs the questions to be synonymous with Penrose rays and the
BLMG|[KRUQ| [FENN| [CL I T question sets with tetrads of Penrose jay¢e have required
BDHCc|[RMTS| [ PP [DKGT that a HVT give the same answer to questiowhether it is
ECID|[HI TN| [HHKK| [DFEMU asked as a part ALKF’ or AGCB'. But this is an unrea-
EKPJ|I|IPQTUY |1 I LLU [ELHY sonable requirement because the two question sets can never
FJQK||SNUT] |JJLJMM EGNQ be posed in the same context, and the sought for consistency

can never be tested in practiteHVTs that give the same
answer to a questiofprojectoy no matter which question set

2) Ray B Deleted o
(2) Ray B Delete it is asked as a part of are known as noncontextual HVTSs,

Natural Tetrads Antipodal Tetrahedral and the task of demolishing such HVTs is_ the province of the
Tetrads Tetrads Bell-Kochen—-Specker theorem. Bell himself downplayed

FBEA|ILQSR| [AATT| [Arawm the importance of this theorefnbut Mermin has recently
ALKF|[GHsM| [BBUU| [APRH given a powerful argumehtin support of noncontextuality
AGCEB|ICMNH| (iccQQ| BK I S that underscores the continuing interest of this theorem.
ADJE[IDPNI| IDDRR| [BJNR We now discuss how the above argument can be rescued
FGRLUI|JITUP| |EESS| |CEPS from Bell's objection, and that brings us to Bell's nonlocality
BLMG|[KRUQ| [FENNI (L JT theorem. The strategem suggested by ZP involves a pair of
BDHC|[RMTg| [GGPP| [DKGT spin- particles in a singlet state that fly off in opposite di-
ECID|HI TN |[HHKK| [DEMUY rections(left and righ} from a common source. Each particle
EKPJIIPQTUY |l I LL [ELHUY is intercepted by an observer who can ask any of the 40
FJQK|{[SNUT| |J S MM EGNQ questions(based on the Penrose raythat we have been

discussing. Moreover the two observers have their dodeca-
hedra perfectly aligned and similarly labelled, so that all the

3) Ray A’ Deleted K
() Ray axes of one are parallel to the corresponding axes of the

Natural Tetrads Antipodal Tetrahedral other. Now, the singlet state_of a pai.r of sgiparticles has
Tetrads Tetrads the following remarkable anticorrelation property: If the ob-

FBEA|[LQSR| AATT| |[AlaM servers ask questions corresponding to antipodal Penrose
ALKF[|[GHSM| [BBUU| |[APRH rays (with both rays being explicit or implicif they always
AGCB|[I[CMNH| j[ccaq| IBK ! & receive identical answers. We proceed to show how this an-
ADJE|[DPNT!I| [DDRR| |[BJNR ticorrelation property can be used to justify the noncontextu-
FGRLU|{JITUP| |[EESS| [cEFPYS alist labelling of the Penrose rays associated with either par-
BLMG|IKRUQ| [FENN| [cLJYT ticle.
BDHC|[RMTS| |GG PP| [DKGT We begin by supposing that there exists a coloring of the
ECID|I/HI TN| [HHKK| [DFEMLU rays on the left that could be context dependér., the
EKPJ||lPaTU [l ILL [ELHUY color of a ray might depend on the other rays it is considered
FJQK||[SNUT| |[yJMM| [EGNQ together with. If we fix a particular context for any ray on

the left and then measure the antipodal ray on the right, the

anticorrelation rule mandates a definite color for the latter.
Fig. 8. Criticality of ZP’s 28 rays. Deletion of even a single ray from the set However the locality assumption implies that the context on
of 28 considered in Fig. 7 leads to a colorable set, as demonstrated here. Tfige left can have no influence on the outcome on the right,
deleted ray can bél) an explicit ray whose implicit partner belongs to the and so the inescapable conclusion is that there exists a defi-
set(e.g.,A), or (2) an explicit ray whose implicit partner does not belong to nite coloring of the rays on the right that is quite independent
the set(e.g.,B), or (3) an implicit ray in the sete.g.,A’). From symmetry .. .
it suffices to consider just a single example from each of these three classeg,]c any conditions on the left. To see that the COIOrmg on the
and we choosg, B, andA’. The above tables show viable colorings for the Mght is noncontextual we note, to quote ZP, that “the anti-

remaining 27 rays in each of these cases. Note the three-part code for raygorrelation rule is phrased without reference to the measure-
green rays are indicated in boldface, red rays in ordinary type, and uncolment context.” In other words, the color mandated by the
ored rays in ordinary type with underscoring. Tetrads containing uncoloregntjcorrelation rule for any ray on the right is independent of
rays are sho_wn to cpnflrr(ma the absence of more than one green ray in the other rays with which this ray is measur@d colored.
them) that this is a viable coloring. . . - .
This establishes the noncontextuality of the coloring on the
right and, by symmetry, the same must be true of the color-
ing on the left as well.

The argument of the previous paragraph used the anticor-
colored red. Then we arrive at just the requirement stated atlation property of the singlet state, together with the as-
the beginning of this section: A viable HVT must be able tosumption of locality, to justify the questionable assumption
color the Penrose rays red or green in such a way that ther& noncontextuality made earlier. This argumémhen com-
is exactly one greetand three redsn each of the 40 tetrads. pleted by the demonstration of noncoloring in Sec) tén-

The requirementsi) and (ii) can be collapsed into a single stitutes one example of Bell's nonlocality theorem, whose
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purpose is to rule out HVTs based on the locality assumpto be understoodand perhaps even solveldy a smart high
tion. Bell's nonlocality theorem is generally regarded asschool student, although understanding why it proves Bell's
more powerful than the BKS theorem because locality is aheorem is a much harder task. The Penrose dodecahedron
testable assumption while noncontextuality is not. For a furhas a wide appedltto physicists, philosophers, laymen,...
ther discussion of the meaning of the Bell and BKS theo-and can be enjoyed at a variety of levels. Inasmuch as one
rems, see Refs. 8, 10, and 12 already cited. can profit by examining an ingenious device, or a breathtak-
ing magic trick, in more than one way, it is hoped that the
IV. NO-COLORING PROOFS FOR PENROSE RAYS present exposef the dodecahedron will be welcomed by
, . . , . physicists looking for an alternative explanation of its inner
_Figure 6 uses a “proof tree” to demonstrate the impossi-machinery. Though we now understand how this trick works
bility of coloring the 40 Penrose rays green or red in such or think we dg, we still continue to be amazed by it and

Way_that the_re is only one green ray in each t_etrad. Thgyould like to applaud the magicians who performed it.
caption to Fig. 6 lays out the argument, so nothing further
need be said here. We point out that the only input needed tq

. . . .. . *J. Zimba and R. Penrose, “On Bell non-locality without probabilities:
make this argument is the tetrad table of Fig. 5. To assist iny, ‘" ous geometry,” Stud. Hist. Phil. S@4, 697—720(1993.

visualizing this argument, we have writtemBASIC program  2g penroseShadows of the Min@xford U.P., New York, 1994 Chap.
that displays the 40 Penrose tetrads and asks the user to pick.

and color any ray he wishes. The user can repeat this process. S. Bell, “On the Einstein—Podolsky—Rosen paradox,” Phygicmg
as often as needed, and in this way he can follow an entirelsland City, NY) 1, 195-200(1964. Reprinted in J. S. BellSpeakable
branch of the proof tree down to the contradiction at the and Unspeakable in Quantum Mechani@ambridge U.P., Cambridge,

“l - NY, 1987).
bottom. We have found that such a “live demonstration 4J. S. Bell, “On the problem of hidden variables in quantum mechanics,”

Can, be qu"te heIpfuI In arousing the interest of a general Rev. Mod. Phys38, 447-52(1966); reprinted in the book quoted in Ref.

audience in Bell's theorem. 3; S. Kochen and E. P. Specker, “The problem of hidden variables in
As explained in Sec. lll, the noncoloring argument of Fig. quantum mechanics,” J. Math. Mech?, 59-88(1967.

6, when interpreted suitably, serves to prove both the Bell®A ray is a physical state without regard to its normalization or overall

and BKS theorems. However, a purist may find this pI’OOf a phase. Many differ_ent states correspc_)_nd to the same ray. Since we will b_e

little unsatisfying because it involves coloring both the ex- concerned only with the orthogonalities between the Penrose states, it
. . L . suffices for us to deal entirely with the corresponding rays.

plicit a_nd the Imp||C|-t (ays. A projection ,measuremem corre- o Majorana, “Atomi orientati in campo magnetico variabile” Nuovo Ci-

sponding to an explicit ray may be readily made by means of mento9, 43-50(1932.

a suitably oriented Stern—Gerlach magnet and a detector ifip. K. Aravind and Forest Lee-Elkin, “Two non-colorable configurations in

the spin—l—% exit channel. However, projection measurements four dimensions illustrating the Kochen-Specker theorem,” J. Phy&LA

corresponding to implicit rays are not so readily made. If one 9829-98341998. N . ,

wishes to avoid measurin@r coloring implicit rays alto- ~ D: M- Greenberger, M. A. Horne and A. Zeilinger, “Going beyond Bell's

gether the vertex coloring argument of Pen?oim/olving the_orem, in Bell's Theorem, Quantum Theory and Conceptions of the

v J . Universe edited by M. KafatogKluwer, Dordrecht, 1989 p. 73; D. M.

only explicit rays must be invoked. However, if one I’_egal’ds Greenberger, M. A. Horne, A. Shimony, and A. Zeilinger, “Bell's theo-

the Penrose argument as a thought experiment and is uncornrem without inequalities,” Am. J. Phy&8, 1131(1990; N. D. Mermin,

cerned with matters of practical realization, the argument of “Quantum Mysteries Revisited,id. 58, 731(1990.

Fig. 6 certainly suffices. °A. Peres, “Two simple proofs of the Kochen—Specker theorem,” J. Phys.
ZP pointed out that the 40 Penrose rays gontain Severq‘!A 251‘ t/IY:r;nllr?g(ll-?zgen variables and the two theorems of John Bell,”

subsets of 28 rays that'_cannot be co_Iored in accordance wit ev. Mod. Phys65, 803-815(1993,

the qonstralntsil) and (l_l)_ stated earlier. Er_;\ch such_sub_setu Sci. Am. (Int. Ed) SCAMAC, p. 12, Feb. 1993.

consists of all the explicit rays together with the 8 implicit 12z, peres, Quantum Theory: Concepts and Methotigluwer, Boston,

rays corresponding to one of the cubes that can be inscribedi993, Chaps. 5-7.

in the dodecahedroffive such subsets can be constructed,"*See, for example, J. J. Sakurbipdern Quantum Mechaniogddison—

corresponding to the five cubes that can be inscribed in aWesley, New York, 19940r A. R. EdmondsAngular momentum in

dodecahedron The proof tree of Fig. 7 demonstrates the ,,Quanum Mechanicgrinceton U.P., Princeton, NJ, 1960

| bility of fth bsets of 28 In followi “This statement, while convenient for our purposes, is perhaps too narrow.
noncolorability of oné or (né subsets o rays. In 10lloWINg 1, 3 recent article in Physics Tod#&pril '98), Sheldon Goldstein writes,

the argument of Fig. 7 it is important to keep in mind that «rhe implications of his(Bell's) work have been widely misunderstood as
although the 28 rays form only 14 tetrads among themselves,demonstrating the impossibility of hidden variables rather than the inevi-
all 40 tetrads need to be kept in view during the coloring tability of nonlocality.” Even Bell declared that what was proved by im-
process in order to ensure that the constrdiptis never lSEIOSDSItIJ\I/IIIty P_foofgls “|Ia(ﬂ|( C_:(f. I?igmat;on't; Maior No-tidden Variabi

; gt ” . D. Mermin, “Simple Unified Form for the Major No-Hidden Variables
violated. ZP refer to the 28 rays as a “critical set” because Theorems,” Phys. Rev. Lett65, 3373—-3376(1990. “Mermin’s prin-

the deletion of any one ray from this set leads to a colorable ciple” is laid out in Egs.(1) and(2) of this paper. The justification of this

set; this fact is demonstrated in Fig. 8. principle is direct: If a set of commuting observables obeys a certain
functional identity, the expectation value of this identity in a simultaneous
V. CONCLUSION eigenstate of the observables implies a similar identity among their simul-

taneous eigenvalues; but a measurement of these observables in an arbi-

The Penrose dodecahedron is an ingenious toy that can beary state of the system always collapses it into one of the simultaneous
used as the centerpiece of thought experiment that estabgeigenstates. This principle is evidently very old and well known.
lishes both Bell's nonlocality theorem and the Bell— 16A. PeregRef. 12 character_izes‘the requirement tha_t a HVT gi\(e the same
Kochen—Specker theorem. The charm of the demonstrationgnz"‘g;rnt%faaysefc_;fn?e“r?;;ﬂgf’ Jcicéogart'i%imitfer which compatible set it
lies in the fact that the proof of th_ese deep and subtle th_eOHSee Ref. 10, Sec. VII. The first sentence of the fourth paragraph of this
rems can be reduced to a coloring problem on a familiar section has a rather obvious typographical error: the word “contextual” is
geometrical object. The coloring problem is simple enough used where the word “noncontextual” was intended.
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