CONVERGENCE ANALYSIS FOR THE NUMERICAL BOUNDARY
CORRECTOR FOR ELLIPTIC EQUATIONS WITH RAPIDLY
OSCILLATING COEFFICIENTS

MARCUS SARKIS* AND HENRIQUE VERSIEUX'

Abstract. We develop the convergence analysis of a numerical scheme for approximating the
solution of the elliptic problem

o 0
Leue = —Tmaij(x/e)gjue =fin ©Q, ue=0 on 99,

where a(y) = (a;;(y)) is a periodic symmetric positive definite matrix and = (0,1)2. The major
goal of the numerical scheme is to capture the e-scale of the oscillations of the solution ue on a mesh
size h > € (or h >> €). The numerical scheme is based on asymptotic expansions, constructive
boundary corrector and finite element approximations. New a priori error estimates are established
for the asymptotic expansions and for the constructive boundary correctors under weak assumptions
on the regularity of the problem. These estimates permit to establish sharp finite element error
estimates and to consider composite materials applications. Depending on the regularity of the
problem, we establish for the numerical scheme a priori error estimates of O(h? + €3/2 + €h) on the

L? norm, and O(h + €1+8) for the broken H!'-norm where 6 € (—%, 0].
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1. Introduction. This paper develops the convergence analysis of the numerical
scheme proposed in [46] to approximate the solution of the following problem:

0 0 .
(1.1) Leue = —a—%(aij(a:/e)%jue) =fin Q, wu.=0 on 0N

Here, € is a small scale and a(y) = (a;;(y)) is a periodic symmetric positive definite
matrix with period ¥ = (0,1)%, and = (0,1)*. We assume that a;; € Lye,(Y), i.e.,
a;; is Y-periodic and a;; € L*(R?), and that there exists a positive constant v, such
that v, [|€]|? < aij(y)&&; for all € € R? and y € Y. Throughout the text we consider
the the Einstein summation convention, i.e., repeated indices indicate summation,
and domains are always considered open.

We note that standard finite element methods do not yield good numerical ap-
proximations when the mesh size h > ¢; see [27]. To overcome this, recently new
numerical methods have been proposed for solving the problem (1.1) such as the
multi-scale finite element methods [22, 26, 4, 15, 23], the residual-free bubble function
methods [13, 6, 5, 39, 14], and the generalized FEM for homogenization problems
[40]. There are also related methods for the case in which the homogenized equation
is not known; see the heterogeneous multiscale method [18, 19, 1] and [20, 21]. The
numerical method considered here, opposed to the methods in [6, 26, 39, 4, 13], is
based strongly on the asymptotic expansion of u.. We also explore the periodicity of
the matrix a to obtain a very efficient numerical method for approximating u..
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A theoretical tool commonly used to treat this problem is homogenization theory
[8, 9, 10, 11, 16, 28, 37] where for instance, a first order term expansion for u. plus
a boundary corrector term are considered. Based on such theory, [45, 46] propose
numerical schemes to approximate such terms. These numerical methods were de-
signed to work with a mesh size h > € (or h >> ¢€), however, they also work for the
case h < e. In [45] is presented a numerical algorithm for the case the domain Q is a
rectangular region, while [46] generalizes the method to the case where the domain 2
is a convex polygon with rational boundary normals.

The convergence analysis for the numerical method is performed in two parts.
In the first part we estimate the error between u. and ug + eu; + e¢ in L? and H!
norms, where ¢, is a constructive approximation for the boundary corrector term
0c; see [3, 35, 36]. To estimate this error, we first estimate the error between u. and
ug+ e +€f, on the H! and L? norms, see Propositions 3.1 and 3.4, and then estimate
the the error between ¢, and 6.; see Propositions 3.2 and 3.3. The Propositions 3.1 and
3.4 extend some results of [3, 35] using less regularity requirements. More specifically,
the Proposition 3.1 gives the same error estimate of Theorem 2.2 [3], however, here
we assume ug € W*P(Q) and x? € W)4(Q) for 1/p+1/q < 1/2 and for Lipschitz
domains 2 C R%3, while in Theorem 2.2 [3] it is assumed that ug € W°°(Q2) and
X € H;ET(Y), for Lipschitz domains @ C R?, d a natural number. We also note
that the Propositions 3.1 and 3.4 generalize respectively, the Propositions 2.1 and 2.3
of [35]. In the Proposition 3.1 we assume that a;; € L32.(Y), up € W?(Q) and
X! € Whi(Q) for 1/p+1/q < 1/2, and Q C R*? a Lipschitz domain, while in the
Proposition 2.1 [35] it is assumed that a;; € Cp(Y), up € H*(Q) and Q C R? a

smooth domain. The Proposition 3.4 assumes that a;; € L5, (Y), ug € W3P(Q),

per

X/ and x¥ € WLa(Q) for 1/p+1/q < 1/2, Q C R?3 a Lipschitz domain, while the

per

Proposition 2.3 [35] assumes that a;; € CL2(Y), ug € H3(Q) and  C R? smooth.

per

The importance of considering a theory that handles the case a;; € Lye,.(Y') comes
from applications to composite materials where the coefficients a;; are often piecewise
constants; see also the Theorem 1.1 [31] which gives conditions on the discontinuities of
the functions ag; so that x7 and x* € W:2°(Y'). We also observe that the Proposition
2.1 [35] is used in the convergence analysis of the numerical methods presented in
[22, 27, 39], and therefore, the analysis presented here can be used to extend the
analysis of these numerical methods with less regularity requirements on a, ug or €.
To the best of our knowledge, the Propositions 3.2 and 3.3 have not been considered
in the literature, however a technique developed in [35] is used in part of the proof of

the Proposition 3.2.

In the second part of this paper we develop the finite element analysis to estimate
the a priori error estimates due to the finite element approximations. One difficulty
lies in the fact that we need a discrete approximation for dyug to define the Dirich-
let boundary condition for the discrete boundary corrector problem; if ul is a finite
element approximation for ug, then 9,ufi does not necessary belong to H/2(9),
i.e., the space required to define the boundary corrector terms. To overcome this, we
introduce a Lagrange multiplier space to approximate 0,uo and to develop error esti-
mates between 0pup and its discrete approximation p, using fractional-order Sobolev
norms. The Lagrange multiplier plays an important role to obtain convergence rates
under weak assumptions on the regularity of ug and /.

We now introduce some norms and semi-norms. Let B C R?32 be a Lipschitz
domain and define
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[lv]lm, 00,8 = max {ess. sup |0%(z)|} and |[v|m,00,B =
|a|<m rEB

max {ess. sup |0%v(z)|},
af al=m

la| reB

and for 1 < g <

1/q 1/q

[0llmgs = / S Douftdr | and folmgs = / S [Deftds
B B

lal<m laj=m

We also define the non-conforming norms related to a partition 7, = Ky, Ko, ..., Ky
of B by

lollos = | 32 1002 i

KjETh

Throughout this paper when we do not make reference to the domain B or to the
norm ¢, is because B = () or ¢ = 2, respectively. In what follows ¢ denotes a generic
constant independent of € and mesh parameters.

This paper is organized as follows: we devote Section 2 to introduce the asymp-
totic expansion of u. and to describe the continuous approximation for the boundary
corrector terms; in Section 3 we develop the main results and proofs associated to
error estimates due to the asymptotic expansion approximation. In Section 4 we
consider the numerical algorithm introduced in [46] for the case Q = (0,1)?, while in
Section 5 we analyze the discretization errors due to the finite element approximation.
In Section 6 we test numerically the numerical schemes, and in Section 7 we make
some conclusions.

2. Periodic Homogenization and Asymptotic Expansions.

2.1. Asymptotic Expansions. Consider the following anzats
(2.1) ue(x) = uo(z, /€) + eus(x, x/€) + ug(x, 2/€) + - - -,

where the functions w;(z, y) are Y periodic in y. Using (2.1) in the equation (1.1) and
matching the terms with the same order in €, one may define functions u; such that
uo(w,x/€) + eus(z, z/€) + €2ua(x, z/€) approximates u, as

Jue(x) — uo(x, z/€) — eur(w,z/€)|1 < ce'/?|lug|l2,00,

where ug € C?(Q2) and x?/ € WH>(Y), and the constant ¢ depends only on a, x’
and Q C R?3 a Lipschitz domain. These terms are defined in detail below; for more
details, including the proof of the above inequality, see [11, 28].

Let x/ € Héer(Y), ie, x) € H. (R?3) and Y-periodic, be the weak solution with
zero average over Y of

, 0
(2.2) Vy-a(y)Vyx! =V, -a(y)Vyy; = 95 % (y),
and define the matrix
1 0 .0 )
2.3 A,:—/ m () =—(yi — X' —x)dy.
(2.3) I= W) (y)ayl(y X)aym(yg X’ )dy
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It is easy to check that the matrix A is symmetric positive definite. Define ug € Hg ()
as the weak solution of

(2.4) —V.AVuyy=f in Q, wuy=0 on 09,
and let
(25) w2 = 0 (2) 20 (a)

e €/ Ox;

Note that ug + eu; does not satisfy the zero Dirichlet boundary condition on 9€). To
overcome this, the boundary corrector term 6. € H'(Q2) is introduced and defined as
the solution of

(2.6) —V-a(z/e)VO. =0 in Q, 60.=—u(z, f) on 0f.
€

Hence, we have that ug + eu; + e € HE(Q). The Propositions 3.1 and 3.4 provide
error estimates between u. and ug+eu; + €6, in the norms ||-||; and || - ||o, respectively.
We also define the term wus, see (2.8), which is used in the proof of the Proposition
3.4. Set
ox? 0 ,
X + —(amixj)

bij = —ai; + Ui gt By
m m

and observe that b;; = A;;, where bjj = [} bi;dy. Define x € H},.(Y) as the weak
solution with zero average over Y of

(27) Vy . aVyXij = bij — bij
and let
T oz 0Puyg
2. IY= W (2 )
(2.8) u2(@, € ) X (e) 02,0z (z)

Note that ug + eus + €6, + €2us does not satisfy the zero Dirichlet boundary condition
on 99 and to overcome this the boundary corrector term . € H'(Q) is introduced
as the weak solution of

(2.9) V- a(z/e)Vpe =0 in Q, and @(x) = —us(z,z/e) on ON.

2.2. The Boundary Corrector Terms. When dealing with constructive bound-
ary corrector terms, we assume that Q = (0,1)2, although the same theory holds for
the case Q = Hle(ai,bi), a; < b; € R or convex polygon or polyhedrom domains
with rational boundary normals, see [46, 44].

The coefficients a;j(x/€) and the Dirichlet boundary data —u;(x, £) in the equa-
tion (2.6) are highly oscillatory, thus it is not a trivial problem to obtain a good
discrete approximation for .. We consider an analytical approximation for 6., de-
noted by ¢., which satisfies the oscillating boundary condition and is suitable for
numerical approximation; see [3, 35]. Analytical and numerical approximations for
e will not be considered here in this paper.
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Denote 7 as the unity outward normal vector to 9 and let dyup be the unity
outward normal derivative of ug on 9. In order to define the approximation ¢, for
0., we first introduce a decomposition for . = 6. + 6. as

(2.10) ~V-a(z/e)VO. =0 in Q, 6. = (xj(g)nj —X")0yup on 0N
€

and

(2.11) ~V-a(z/e)VO. =0 in Q, 0.=x"0uy on 09,

where x*Ir, = X%, k € {e,w,n, s} are properly chosen constants defined in Subsection
221, and T, = {1} x [0,1], Ty, = {0} x [0,1], T, = [0,1] x {1}, and T, = [0, 1] x
{0} are the edges of the domain Q = (0,1)2. In Remark 2.1 we show that x*8,uo
and X7 (2)n;0,uo belong to H/2(9<2), therefore, the problems (2.10) and (2.11) are
well posed. Later in this section we define the functions <;~55 and ¢., which are the
approximations for 6. and 6, respectively, and define ¢. = ¢ZE + ¢.

REMARK 2.1. Let Q C R? be a convex polygon and assume ug € H?(Q)N HE(Q).

We have by Theorem A.2 [38] that Onuolp, € Héf(l"k) and ||877u0||H1/2(
00

therefore,

T'k) < C||’LL0||2;

1" Bnuoll /2 (60 < emax [xgl|luoll2,

where |x;| can be bounded by cmax; ||x7||1,2,y; see the proof of Lemma 4.4 [3]. Note

. o J . 2
also that ui(x, £) = =7 (£) §2(x) and G2 = — (557) 32 — X (g ). 1f we
assume ug € W*P(Q) and x7 € Wpa(Y) for % —I—% < 3,2 < pg < oo, then

ur € HY(Q). In addition, using that ug € H}(Q) and density arguments we also have
1/2
u1|r, € Hoo™ (Tk)-

2.2.1. Calculating the Constants x;. We now define properly the constants
X; in order to make the function be to decay exponentially to zero away from the
boundary 02 and to satisfy the Dirichlet boundary condition (;NSE(SE) = —ui(z, L) —
X Opuo(x) for x € 09Q.

For k € {e,w,n, s} let Gy = I} x I%, where I} = I? = (—00,0), I2 = I2 = (0,1),
Il =1I? = (0,00) and I} = I! = (0,1). Associated to each side I', of Q define the
function v as the solution of

~Vy - a(y1,y2)Vyvr =0 in Gy,
and Oy, vpexp(y(—1)"*yn,) € L*(Gr) i=1,2,

where ny = 1if k € {e,w}, npy =2if k € {s,n}, mi =1if k € {e,n}, and my, =2 if
k € {w, s}. For each k € {e,w, s,n} we impose the following boundary conditions
0e(0,2) = X' (1/€,y2) for 0 <ya <1, 0w (0,92) = —x"(0,42) for 0 <y <1,
ve(y1,-) [0,1]-periodic for —oo < y1 <0, vw(y1,-) [0,1]-periodic for 0 < y; < o0,

vn(y1,0) = x3(y1,1/€) for 0 <y <1, vs(y1,0) = —x3(y1,0) for 0 <y <1,
(

Un(+,y2) [0, 1]-periodic for — oo < yz <0, vs(-,y2) [0,1]-periodic for 0 < y2 < oco.

These boundary layer problems have been studied by several authors, see [30, 32,
28, 35]. Theorem 10.1 in Section 10.4 [32] guarantees existence and uniqueness of the
v and xJ.
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2.2.2. Approximating f.. We note by Remark 2.1 that (u1(z, £)=x*Opuo)lr, €
Hég2(Fk). Thus, we can split 6, = ke {eswns) 0% where

e ik | —ui(z, L) —x50pue  on Ty
(2.12) L7 =0 in Q, and 6= { 0 on 90\ Ty,
We propose to approximate % by
~ x—90 L\ Ou
(2.13) OF (w1, 22) = i (21, 2) <Uk(Tk) - Xk) %—9(5817562),
i

where 6. = (1,0), 6, = (0,1), d,, = (0,0) and §; = (0,0). The cutting-off functions
¢k are nonnegative smooth functions satisfying oy (z1,22) = @r(z1) for k € {e, w},
or(x1,2) = pr(x2) for k € {n, s}, and

1 if se[2/3,1] 0 if se[2/3,1]
‘Pe(s):‘p"(s):{ 0 if se0,1/3], %(S)Z‘ps(s):{ -1 if s€[0,1/3].

Therefore,

(2.14) $e= D &

ke{e,w,n,s}

approximates 6, with ¢, = 6. on the boundary of €.

2.2.3. Approximating .. The boundary condition imposed on the equation
(2.11) does not depend on €. An effective approximation for . is given by ¢ € H'(£2)
the weak solution of

(2.15) ~V-AVé=0 in Q, ¢=x"0puo on 09,

where Remark 2.1 guaranties the well posedness of this problem.

2.2.4. Approximating u.. We finally define the analytical approximation for
Ue aS Ug + €U + €, where

(216) Ge = Qze =+ Qg

Note that ¢c|oa = 0¢|sq, therefore, ug + eus + € = 0 on 99.

3. Convergence Results of Asymptotic Expansions. We now prove the
propositions that are used in the proof of the Theorems 3.1 and 3.2.

The following Proposition 3.1 generalizes the Theorem 2.2 [3]. Here we assume
that a;; € L2, (Y), up € W*P(Q) and x/ € W,4(Q) for 1/p 4+ 1/¢q < 1/2, while

per

the Theorem 2.2 [3] assumes that a;; € L2 (Y), ug € W2>°(Q) and x? € H},,.(Q).

per per
The Proposition 3.1 also generalizes the Proposition 2.1 [35], where it is assumed that

ai; € CLE(Y), ug € H*(2) and Q C R? is a smooth domain. We also refer the

per
Theorem 1.1 [31] for results associated to sufficient conditions on a;; in order to have

X} € Whee(y).

per
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Proposition 3.1. Let Q C R?, d = 2,3 be a bounded domain with Lipschitz
boundary. Let ue be the solution of the problem (1.1) and ug, uy and 0. be defined
by the equations (2.4), (2.5) and (2.6), respectively. Assume a;; € Ly, (Y), ug €
W2P(Q) and x? € WLI(Y) for 1/p+1/q < 1/2,2 < p,q < 0o. Then there exists a

per )
constant c, independent of ug, X’ and €, such that

(3.1) lute(+) = uo (") — eus (/) — ebe()]lx < cemax 1 11,0, Ilol|2,5-
In addition, if p,q > d then
(3.2) lue = uollo < cemax 1 11,4, l[wo]|2,p-

Proof. Define

: 8uO

(3:3) wo(2,y) = a(y)Vauo(x) + a(y)Vyur (z,y) = a(y)(Vyy; — Vyx’ (y))%j(w)-

From the definition of x7, see (2.2), we have
| (a)es =, 0) = Ae)) Vyoluddy = 0. V0 € Hyy (1),

Since the vector a(y)(e; — Vyx’(y)) — Ae; is Y periodic and has zero average entries
over Y, then the Lemma 3.1 guaranties the existence of a ¢;(y) € H,,,.(Y') with zero
average over Y and such that

(34) a(y)(Vyy; — VX’ (y)) — Aej = —curly¢; (y).
Let

8u0
(3.5) o, y) = &; (y)%j(aﬁ)-

For the case d = 2 define

vi(z,y) = —curlyd(z,y)

B ( ~05(0) 555 (2) )
bi(y) 2t (x) )

and note that |curly¢;lo,q = |¢;]1,4- Since x/ € Wjd(Y) and ¢; have zero average
over Y, we apply a Poincaré inequality to obtain

[9ll1,4,y < cleurlygjlo,q,y < C(HXlHl,q,Y + ||X2||1,q,Y)-

For the case d = 3, the Remark 3.11 [24] guaranties the existence of ¢; € WL4(Y)3.

per

Since x7 € WLi(Y) and ug € W2P(Q) for 1/p+1/q < 1/2, we obtain v, (z,z/€) €

L2(Q) and is estimated by [jvi]o < CZ?:l I 1.4, luoll2,p, d = 2,3. Moreover, by
Lemma 3.1, we have

(36) vw * U1 (xa y) = Oa
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and using elementary calculations we obtain

vy + U1 ($7 y) = vy ~eurly ((bj (y)anuO(x))
= —V, - curly (qu(y)azj uo(a:))
(3.7) ==V - vo(,y) — f.

Let
ze() = ue(x) — up(x) — eur(z,x/e)
and
(3.8) Ne(x) = a(z/e)Vue(x) — vo(z, x/€) — ev1(z, z/€).
We have

a(x/€)Vze(x) — ne(z)
= a(z/e)Vue(x) — a(z/e)Vyuo(r) — ea(x/€)Vpui(x, x/€)
—a(z/e)Vyui(z,z/€) — a(x/e)Vue(x) + vo(z, x/€) + evi(z,z/€)
= e(v1(z,z/€) — a(x/€)Vui(z, z/€)),

and using the notation a¢(z) = a(x/€) we obtain
(3.9) 1a°Vze = nello < €flva(-;-/€) = a*(-)Vaua (-, -/€)llo-
Given g € L*(Q), let w. € H} () be the solution of

(3.10) /Q a(z/€) V. () Vb (z)da = / g(@)(@)dz, Vo € H(Q).

Q

Hence, using (2.6), we obtain

/ 9(ze — €l)dx = / a*Vwe - V(ze — €b,)dx
Q Q

(3.11) / a*Vwe - Vzedr — e/ a*Vw, - VO.dx = / a*Vwe - Vzdx.
Q Q Q
Now observe that

(3.12) / a*Vwe - Vzedr = / a*Vwe - (Vze — ne)de +/ Ne - Vwedz.
Q Q Q

In order to estimate the second term on the right-hand side of (3.12) we apply the
definition of 7, see (3.8), to obtain

/ Ne - Vwedr = /(a(x/e)VuE(x) —wvo(x,x/€) — evi(x,x/€)) - Vwe(z)dx
Q Q
(3.13) = /waedx — /Q(vo(a:,a:/e) —evi(z,z/€)) - Vw(x)dz.
We note that

/Qvl(x,x/e) - Vwe(z)dr = /QV cv1(x, ) €)we(z)dx =

(3.14) /Q(Vw +1/eVy) - v1(2,Y)|(y=a/ewe(x)dz = 1 /Q(Vw v + flwedz,

€
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where we have used (3.6) and (3.7) to obtain (3.14). Using the definition of vy, see
(3.3), we have

dug

| volez/e) - Fuaras = [ atefe)ie; = Vo /) G ) - Tule)is

and by the chain rule we obtain

319) [ wloa/o) - Toade = [ ate/ole; = V0a/) - ¥ (Gulo)) o

— [ a@wfere; - Vi@ - (0 VLR (@)) da.
/ (w9 ge)

In this paragraph we evaluate the first term on the right-hand side of (3.15).
Let (%K)i:17,,,7im be a finite set of translated cells of £Y, coverlng Q, and consider
a partition of unity p;, such that suppp; C Y“ Where =Y; denotes the cell 26Y
centered at §Yi. We note that

(3.16) supp(p;w.) C %Yi NQ CeY;
thus,
; 8u0
[ atafote; = Vi (@/e) - V(5w ez =
Q J
8’11,0 -
CUNEY) [, a@ote; = /) - Vo5 oun(mdz =0

Here we have used that for Lipschitz domains, the function ug defined in (2.4) has
a stable extension to W2P(R9), see [43], which we have also denoted such extension
by ug. We also note that from (3.16) it follows that the function p;0,,uow. is well
defined and vanishes outside of . In addition, since 1/p + 1/q < 1/2, we have
PiO0z; UoWe € W' (R?) for 1/¢' =1—1/q. In addition, x7 € Wd(Y) and (2.2) imply
that

/ a1 (80 (X — 93y =0, V1 € WL (V).
Y

Therefore, since p;0, ,Uowe has a compact support contained in the interior of €Y}, see
(3.16), then p;0,, upwe € W4 (€Y;) and (3.17) follows.

per
For the second term on the right-hand side of equation (3.15), we use the definition

of vy, see (3.3), and 1/p+1/q < 1/2, to obtain

- [ atafae; ~ Vi a/0) (wevg—g@) o= [ Vo walon /o)

Hence,

(3.18) /Qvo(a:,a:/e) Vw,(x /Vz vo(z, z/€)we (v)dw

From the equations (3.13), (3.14) and (3.18) we obtain

/ Ne - Vwedxr = 0,
Q
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and from (3.12)

(3.19) / a*Vw, - Vzedr = / a(Vze —ne) - Vwe)dz.
Q Q

Also from the equations (3.11) and (3.19) we have
< cllaVze = nelol|wellx

/Qg(zE —€b.)dx
< ellvi(-s-/e) —aVaur(,-/€)lollgll-1 by (3.9).

Dividing by |lg||-1 and taking the supremum for g # 0, the estimate (3.1) follows
since

|ze(x) — €01 < cel|vi(-,-/€) — a“Vaur(:,-/€)llo < ce mJ‘dx||Xj||17q7Y||U0||27p-

We now prove the estimate (3.2). The proof is based on the maximum principle;
see also [7] for a proof based on LP boundary data. Since ug € W2P(Q) and p > d
we have d,,ug € C(Q2), and since x7 € W4(Y) and ¢ > d we obtain x? € C(Y); see

(2.5) and (2.6). Using a Sobolev embedding theorem we obtain

lu1lo,00,00 < CmJax||Xj||07<>o7Y||U0||17<>o < ij‘dx||Xj||17q7Y||U0||27pa

and using the maximum principle in [42], we have

(3.20) [10cllo < cllfcllo,00,00 = cllutllo,c0,00 < cmax 1 11.0.v lluoll2.p-

The estimate (3.2) follows from (3.20) and (3.1).

a
The following remark is used in the proof of the Proposition 3.5.
REMARK 3.1. Assume that the solution ug of

—V.AVuy=f in Q, wy=g on 09,
belongs to W2P(Q). And let ue € H*(Q) be the weak solution of
Lue=f in Q, u.=g on 0.

Then it is easy to see that the Proposition 3.1 extends immediately to the nonhomo-
geneous Dirichlet boundary condition case. o

The Proposition 3.2 estimates the H' norm of . — ¢, in terms of a parameter r;
see Remark 3.2 for the discussion on r. The Proposition 3.2 is used in the proof of
the Theorems 3.1 and 3.2.

Proposition 3.2. Let Q = (0,1)? be the unit square. Let uo, 0. and ¢ZE be defined
by the equations (2.4), (2.10) and (2.14), respectively. Assume that a;; € Lye,(Y) and
ug € W2P(Q). Let the functions vy be defined as in Subsection 2.2.1. Assume that
exp(—yy1)Vve € LI(Ge) and exp(—yy1)(ve — X5) € LI(G.), and similar conditions
also for the other functions v, k € {w,n,s}. Let 1l be defined by % + % +1=1,
1<p,Gg<o0. Let r be any number such that r > 2. Then, there is positive constant
c=c(v,l,r) and § =6(p,l,r) = —}—17 + L such that

Ir

[0 = el < c€® max (|| ezp(—yy - 1")Vorllog.c.

+ llezp(—=vy - n*)or — XillLa.6x) [woll2.p-
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In addition, when p,q = oo then 6 = %, when % + % < 1 then there exists an r > 2
such that 6 > 0, and when %—i—% < % then there exists anr > 2 such that § > —1—1) —l—%.

Proof. By definition

10 — @ell1 < Z 165 — 611

ke{e,w,n,s}
Consider the case k = e, the other cases are treated similarly. Denote a(z) = a(z/e),
let v&(x) = ve (=1, £2) and take g € H(€). Then applying the definition of ¢¢ and

62, see (2.13) and (2.12) respectively, we obtain

/ 0 V(B — 3¢) - Vgdr = / —aV ((0f — x)pe 29 . Vgda
Q Q 5;101

Aug Oug
.21 — . — € € . _ € _ * € . —— . .
(3.21) = /Q (gp 6x1a Vve> Vgdzx /Q ((ve X:5)aV (cp 3961)) Vgdz

We note that due to the Sobolev embedding Theorem 5.4 [2], the integrals above are
well defined. For estimating the first term on the right hand-side of the equation
(3.21) we let

/ (@e%aEVUE) -Vgdx =
Q 8331

(3.22) /aEVvé-V cpe%g da:—/aEVv;-gV cpe% dx.
Q 0x1 Q o0x1

We now estimate the first term of the right-hand side of (3.22). Let I; = {(i —
1)e/6—€/6 < x3 <i€/6+€/6,}, imaz = 1+sup;en(i3/€ < 1), and consider a partition
of unity p; of €, subject to (0,1) x I;. Let If be the interval centered in I; with
|If| = €. Since supp(p;g) C [0,1] x If we have

€ € 8’11,0 o
(3.23) /Qa Vo -V <<pe o, g) dr =

1
g / / a*Vue -V <pigpe%g) dxodz = 0,
0 < 8331

1=0max

where to arrive to (3.23) we have used the definition of v, and arguments similar to
the ones given to obtain (3.17).

For estimating the second term on the right-hand side of the equation (3.22) we
apply Holder’s inequality to obtain

/ a*Vug -V <<pe%) gdx
Q 8331

Ty
exp(—y

<

(3.24)

33‘1—1

(v/€) exp(y——)g

A\

€

l[alloc e Vuo|1p

€ 0,1

0,4 \7
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where 1/l =1—-1/p—1/q. Taking y; = (1 — 1)/€ and y2 = x2/¢, and exploring the
[0, 1]-periodicity of ve(y1,-) we have

1 0 1 i
< <(— +1)/ / IeXp(—Wyl)VyveISezqdygdy1>
0,G € —1/eJo
(3.25) < cela ™V [lexp(—y41) Vyve|

Q=

Ve

)

€

0,3,Ge-

Now let g, € C§°(Q) such that g, — g in H', and let I, = (0,1) N |gn| > 0.
Using integration by parts in x; we obtain

1
xr1 —1
= (/ / zexp(h ! )|gn|ldx1dxg)
0,1 o Jr, € €
1 !
1 1‘1—1 8|gn|
2 = = -
(3.26) ( /O/Inlexp <17 . ) 0, dxidxs

1/1

x1—1
H(’V/E)”lexp(vlT)gn

1/1

1 9 1/1
Tl — -1 In
3.27 < l "
( ) <ec < exp < aé c ) o Hg HO,s(l—l) ‘8331 0)
1/(rl
(3.28) < (sl — 1)V S o |9n]1
— ’]"l’y b

where we have used a Hoélder’s inequality with 1/s + 1/r = 1/2,s < oo to obtain
(3.27). To obtain (3.28), we use the following inequality used in the proof of Lemma
5.10 [2], i.e., there exists 1 < ¢ < 2 such that

2t -t

" L < o=/t
lgnllora—1) < 5 ¢

) lgnlli,e, for 2t/(2—1t) =s(l—1)

2t—t
< 2t-D/t <—2 : ) vol(Q) /1712 g, ||1, by Theorem 2.8 [2]

2t -1
<c <ﬁ) lgn|1, by a Poincaré inequality.

Hence, (3.28) follows from (3.27). Now taking the limit n — oo in (3.28), we obtain
the inequality (3.28) for g. Thus, using (3.22), (3.23), (3.24), (3.25) and (3.28), it
follows that

ou _
| oGtz Vade < )50~ D)€ sl Vol

(3.29) llexp(—vyy1) Ve

00,6191,

where § = — 147 When p,§ — oo and thenr — 2, then (s(1—1)) =D/ (¢/ (rly))Y D —
€'/2/(2v). Also it is easy to see that % + % < 1 implies that there exists r < 2 such
that § = —1—17 + L >0, and % + % < 3 implies that there exists 7 < 2 such that
§=—245> 1

For estimating the second term on the right-hand side of (3.21), we apply a
Hoélder’s inequality to obtain

e w\ e Aug
/Q(Ue - Xe)a \4 (‘Pe aiCl) nga:
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auo xr1 — 1 xr1 — 1
< [lallo,00 P (ve — Xz )exp(—y ) exp(y )
Tll1p € 0,d 0,1
1.1 Oug
(3.30) <c(y)er ?llallooo |Per—| l(ve —x2)exp(—vy1llo 5. 91,
0x1 1p 9

andwenotethat5<—%+%sinceog%gland2<r.

Taking g = 0~§ - J)ﬁ and using the ellipticity of a, we obtain

10 = €y ) < 70! /Q(aev(éi —90)) - V(0 — ¢)dx

< ce[lallo,cole Vo] 1p (IIV (ve = xE)exp(—yy1)llo.g.c.
+ [[(ve = x2)exp(=vv1ll 4.0.)-

O

REMARK 3.2. When r — 2 then §(p,l,r) = % — % increases to % — % We
note however that r — 2 implies that s — oo and therefore, the a priori constant
c(v,l,r) — oo if Il # 1; see the term (s(l — 1))(”1)”(%71)% in (3.28). The optimal
choice of v (denoted by r*) to minimize this term depends on €, | and weakly on ~.
When I — 1 then r*(1) — 2, therefore, § — —% + % Also, it is easy to see that when
€ — 0 then r* — 2. Hence, for the worst case, i.e. p =2 and § = oo, when € is very
small then § is very close to —%,

We next prove the last proposition used in the proof of the Theorem 3.1. The
Proposition 3.3 estimates the H' norm of ¢ — 6.

Proposition 3.3. Let Q = (0,1)? be the unit square. Let the functions ug, 0.
and ¢ be defined by the equations (2.4), (2.11) and (2.15), respectively. Assume that
aij € L2, (Y) and ug € H*(). Then there exists a positive constant c, independent
of €, ug, and X7, such that

¢ — el < cmax I [|1,2,v [|uo]2-

Proof. Using that (¢ — 0.) = 0 on 9 we have

/CLE 8((;5_56) 8(¢7)_é€)d$: / ae 8(;5 8($_é€)dx
Q Q

K 8331 833j K 8331 8.11j

1/2 1/2
< llallosey (/ |w>|2dx) (/ |v<¢—oe>|2dx) ,

and from the ellipticity of a and using Remark 2.1 we obtain

50y < 102 gy, < G0 sy
a a

The proposition follows from a Poincaré inequality.
0

The following proposition generalizes the Proposition 2.3 [35], where it is assumed
that a;; € CRP(Y), up € H*(Q) and Q C R? is a smooth domain.

Proposition 3.4. Let Q ¢ R%, d = 2,3 be a bounded domain with Lipschitz
boundary. Let u. be the solution of the problem (1.1), and let X7, ug, u1, 0c, X7, us
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and . be defined by the equations (2.2), (2.4), (2.5), (2.6), (2.7), (2.8) and (2.9),
respectively. Assume that a;; € L2, (Y), ug € WP(Q), x7 and x" € WpA(Y) for
1/p+1/q < 1/2. Then there exists a constant c independent of ug, €, X’ and x such
that

lue(-) = uo(-) = eur(:;-/€) = €be(-) = us (-, /e) — o ()l <
CeQ(mJax X l0,q,v + max 15 11,4, 1ol 3,p-

In addition, if p,q > d then

l[ue(-) = uo() — ewr(:,-/€) = efe(-)llo < cez(mjax X7 llo.q + max X [11.0) 1wolls.p-

Proof.
Define the field v, by
- 0%ug Y 0%y
- . J
(3.31) (vi(z, )k = —ari(y)x 92,00, (z) + an(y) dyr 9,0, z),
then
(3.32) a(y)Veur(z,y) + a(y)Vyus(z,y) = vi(z,y).

Let q(y) = ¢(y), where ¢ is defined by the equation (3.5), and let ¥;; € WSé‘% (Y)
such that

j 1j _ 1
—a11x? +audix’ — ¢y

é) 2

curlyprj = @le = —anx? + andx — <Z5j — €y )
—az1x? + az 0 xH + ¢§2) —ci;

—a12x + andx® + ¢\ — C3;

curlyio; = @j = —agox? + andix* — C%z; )
—az2x? + az x> — ¢j1) —c3;
and
y —ai3x? + aydx*i — ¢§2) — i
curlytbsj = s; = | —assx? + andx® + ¢} — 2,

]

, 4
—azzx! +az 0 x>’ — c3;

Here the constants céj are chosen so that each entry of the vectors @[Njij has zero value

integral over Y; for instance, c%j = [y —a11x? + audx™’dy. It is easy to check that

Vy - @[Njkj = 0, hence, the existence of such functions 1y; is guaranteed by Lemma 3.1,
and by the Remark 3.11 [24]. We then obtain

(3.33) ki 11.a < e llo.g + 1 ]11.0)-
Define
82
(3.34) p(,) = Vp; (y) e ()

axkaxj
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and let
va(z,y) = —curlzp(z,y).
An elementary calculation gives
(3.35) Vy-va==Vz-v1, Vz-v2=0
and
lo2(cs+/e)llo < elluolls p maxltnsllr,q v
(3.36) < clluollap (X llo.g + 1X*[[1,4) Dy (3.33).
Define
V() = uc(z) — uo(x) — eur(z, z/€) — ug(x, /e

and

£(2) = a(z/€)Vue(x) — vo(z, z/€) — evy(z, 2/€) — 2va(x, 2 /€),

where vg is defined by (3.3). Then

a(x/€)Vipe — & (x) = a(x/e)Vue(x) — alx/€)Vug(x) — ea(x/e)Vuy (z,x/€)
—ea(x/e)Vua(z,z/€)
—a(z/€)Vue(x) +vo(z,2/€) + evi(x,2/€) + 2va(x, 2 /€)
= —a(z/e)Vyuo(z) — ea(x/e)Vyui(x, x/€) — alx/e)Vyui(x, z/€)
—e2a(x/€)Vuz(x, v/€) — ea(z/e)Vuz(z, 2 /€)
+vg(z, x/€) + evi(x, z/€) 4+ 2vo (2, 2 /€)
= e (va(w,x/€) — a(x/e)Viua(z,z/€)), by (3.3) and (3.32).

Using (3.36) and the definition of uz, see (2.8), we obtain

(3.37) la(z/€)Vipe — Ecllo < c€®[luol|s.p H;j;.X(lejllo,q + 11X [|1,q)-

Given g € L*(Q2), let w. € H'(Q2) denote the solution of

(3.38) /Q a(2)€) V. (&) Vi (z)dz = /Q (@) b(@)de, Vo € HAQ).
Since ¥, — € — €2, € H&(Q) we obtain
/ g(wﬁ — €l — 62906)dx = / a(fv/ﬁ)(vdfe — eV — 62V(,06)vw6 (:E)d(E
Q Q
(3.39) = / a(z/e)Vip.Vw,(x)dz,
Q

where we have used the definition of 6, and ¢, to obtain (3.39). We observe that

(3.40) / a*Vi - Vwdr = / (Ve — &) - Vwdz + / & - Vwedr,
Q Q Q
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and we estimate the second term on the right-hand side of (3.40) as follows:

/ ¢ - Vwedr = / (a(z/e)Vue(x) —vo(z,x/€) — ev1(x, x/€)
Q Q
—e*vy(x, x/€)) - Vwe(x)da
= [ r@uela) + V. - wiazfepu. @)
(3.41) —evy(z,x/€) - Vwe(x) + eV (2, z/e)we(x)dz,

where we have used the definition of u., (3.18), integration by parts, and (3.35) to
obtain (3.41). Using (3.31) we have

P 6 ()
. — _ J
[ ot T = [ (<ot (o)
. OXY 9%y Ow,
dy; Oxj0x; x > Oz (w)dz.

(3.42) + ay,;

Considering the partition of unit p; defined in the proof of the Proposition 3.1, we
obtain

. OXY 9%y Bw6 B i O BPug Ow.
/ @i oy 8@63;1 oz, ()dw = 21:/5 . @i oy pi O0x;0x; Oxy, du
—i/ 0 (@)) = 0ty D (@)= (2
ki ayl 8xk "0x,01; ¢ H Dy, 9z \"" 92,01,
i _ 5)( 0%uyg
_ 1 “Ae . e
Z/ < ’L ’Lk a + AU) Pi 833]8331 We

(0 0%uyg 9%y ow,
e il Y (. O7Ug
ThiXe <8 (pl Ox;0x; (x)) we(z) + pi O0x;0z; (z) O, (x)) du

T
OxY 0 0%

4 — =

(3.43) /Clkl o we(x )axk (39@6@) dx
82
- /Qefl <V“””°axg; (z) — f) we(x)dx
J %
: 8 UQ 6w6

3.44 —/aéixg /Vm v dz.

( ) o k or Jaxz s 1

Here, we have used the definition of X% to arrive to (3.43). From (3.41), (3.42) and

(3.44) we obtain
/ & - Vwe(z)dr =0,
Q

and therefore, from (3.37) and (3.40) we obtain

< laVepe = &)llollwel|1

/ 9(% — €l — 62‘;06)613:
Q

s l0.qy + X |1,¢,7)llgll-1-

< ceQHu0|
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Dividing by ¢g and taking the supremum over g, (3.31) follows since

[ue — 1o — eur — ebe — uz — |1 < ce?|luolls,p ng(lllelo,q F 11X [l1q)-

The remaining of the proof uses the same arguments given to prove (3.2).
O
The following proposition estimates the L? norm of ¢ — 0, and it is used in the
proof of the Theorem 3.2. o B
Proposition 3.5. Let Q = (0,1)? be the unit square. Let ug, X7, 0. and ¢ be
defined by (2.4), (2.2), (2.11) and (2.15), respectively. Assume that a;; € L32.(Y),

per

up € W3P(Q) and x? € WLI(Y) for 1/p+1/qg<1/2,2 < p,q < oco. Then we have

per

16 — @llo < ce max X 11,2,y o]l 3,p-

Proof. Using the arguments given in Remark 2.1 we have

(345) > erxiVuo - mkll2p < cmax [xg||[uollsp < cmax 7 111,2,v llwoll3,
k

where we have used that |x;| < cmax; ||x7||1,2,v; see the proof of Lemma 4.4 [3]. By
assumption, ug € HE(Q) N W3P(). Using a trace theorem and the Remarks 2.1 and
5.1, we obtain that

Blon =D wrxiVuo - koo
k

1
belongs to WQ_%’p(I‘k)ﬁWJO_;’p(Fk), k = {e,w,n, s}. Following Chapter 5 [25], when
Q2 is a is a polygonal convex domain then the problem is W2P () regular, and there-
fore, the solution of (2.16) belongs to W2 () and satisfies ||¢||2, < cmax; ||x?||1,2,v ||uol3,p-
From the Remark 3.1 and (3.2) we obtain

16 = @llo < cemax X7 2 @l

and the proposition follows.

O
The following proposition is used in the proof of the Propositions 3.1 and 3.4.
Lemma 3.1. A function v e L2, .(Y)?, (v e L2.,.(Y)?) satisfies

(3.46) V.-v=0,

and [, vidy = 0 iff there exists a function ¢ € H),.(Y) (¢ € H,,,.(Y)?) such that:

(3.47) v = curlp.

Proof. The proof is similar to the proof of Theorem 3.4 [24], where here we use
discrete Fourier transforms rather than continuous Fourier transforms, see [44]. O

The following theorems provide error estimates between u. and ug — eu; — €@, on
the H' and L? norms.

Theorem 3.1. Let Q = (0,1)? be the unit square and u. be the solution of
the problem (1.1). Let ug, ui, ¢c be defined by equations (2.4), (2.5) and (2.16),
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respectively. Assume a;; € L2 (Y), ug € W2P(Q), and x? € Wpi(Y) for 1/p+
1/q < 1/2. Let the functions v be defined as in Subsection 2.2.1. Assume that
exp(—yy1)Vve € Li(G.) and exp(—yy1)(ve — Xx7) € LiU(G.), for % —l—% < %, and
similar conditions also for the other functions vy, k € {w,n, s}. Define § = min{0,4},
0 defined by the Proposition 3.2 and Remark 3.2. Then there exists a constant c
independent of € such that

[ue() = uo(-) — eur(-,-/€) = ede(-)|l1 < e Jlug]l2,p-
In addition, if%+%<% then<§>—%+i, andif%+%<lth@n5:0.
Proof. By the triangular inequality we have

|ue — up — €ur — €pelr < Jue —ug — eur — €fefy
+€|95 - ¢e|1 + €|95 - ¢|1a

and applying the Propositions 3.1, 3.2 and 3.3, and the Remark 3.2, the theorem
follows.
a

REMARK 3.3. Theorem 1 [34] guaranties that x7 € Wpd(Y), for all ¢ < oo. See
also Theorem 1.1 [31] for conditions on a;; in order to have x? € W);*(Y). The
following proposition gives higher error estimates when more regularity is assumed.

Theorem 3.2. Let Q = (0,1)% be the unit square and u. be the solution of the
problem (1.1). Let ug, u1, ¢e be defined by the equations (2.4), (2.5) and (2.16),
respectively. Assume ug € W3P(Q), ¢ € W?P(Q), x? and X7 € WLi(Y) for
1/p+1/q < 1/2, p,q > 2. Let the functions vy be defined as in Subsection 2.2.1.
Assume that exp(—~yy1)Vue € L=(G.) and exp(—yy1)(ve — x5) € L=(G.), and sim-
ilar conditions also for the other functions vg, k € {w,n,s}. Then there exists a
constant ¢ independent of € such that

lue(-) = uo(-) = eur(:,-/e) = €be()lo < ce®? o]l 5.

Proof. Use a triangular inequality similar to the one used in the proof of the
Theorem 3.1, use a Sobolev embedding theorem to have ug € W?2°(Q), and then
apply the Propositions 3.4, 3.2 and 3.5. We obtain the factor O(e%/?) rather than
the (¢2) as in Proposition 3.4 since || — ¢c|o is O(e!/?); see the Remark 3.2 and the
Proposition 3.2.

d

REMARK 3.4. Note that if a;; € O;éé(Y) 6 > 0, then from regularity theory we
have X7 € CLE, v. € CP and V(ve — x})eap(—yy1) € L>(Ge); see Theorem 15.1
[29] and Remark 6.4 [35]; see also Theorem 3 [30] for related issues.

4. Finite Element Approximation. For the Sections 4 and 5 we assume that
A, x?, v and x* are computed exactly. We now describe the finite element approxi-
mations for ug, u1, ¢ and ¢.

o Let Vh(Q) be the P; or the )1 conforming finite element space on the mesh

Th () and let V(Q) = V(Q) N H(Q). Define ult € V{*(Q) as the solution
of

(4.1) / AVl - Volde = / foldz, Wl e V().
Q Q
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o We now introduce the discrete approximation for d,ug. Note that dyug is
used on the boundary condition imposed for problem (2.15). In order to
approximate 0,uo we define Y* = V"(Q)|sq, Y = Y"|r, and YO’?,C ={\'e
Y AP =0 at 0T }. For all ¢" € V(Q) and ¢"|po\r, = 0, let Al € YO},Lk be
defined as the solution of

(4.2) /F Mhdo = /Q AVul - Vohdr — /Q fohdr;

see [48]. Later in the Lemma 5.3 we show that )\Z is a good approximation
for AVug - i on I'y, hence, we approximate 9, uo by p" where

1 if k=ec,w
(4.3) P ey = AR/ Al e = { 2 if k=n,s.

e We note that we use p" as the approximation for Onuo in the equation (4.7).
Therefore, in order to guarantee that the final numerical approximation for
ue satisfy the zero Dirichlet boundary condition, we define the approximation
for Vug as

(4.4) U = Vaul + Z Bl (ph — Vul - nF)nk.
ke{e,w,n,s}

Here E'(-) denotes the trivial zero non-conforming discrete extension of u" —
Vul - n* in Q. More specifically, Ef (u" — Vul - n¥)(z) = 0 if z is nodal point
of Tn,(Q)\ Tk, El(u" —Vub -nk) = p —Vul-n* on Ty, and EP (u — Vul-n*)
inside each element K; € 75 (Q) belongs to Vj,(K;) := V" (Q)

K;-

e Define

(4.5) uff (¢, x/e) = =W)X (z/e).

Note that this leads to a nonconforming approximation for uq in 73,(12).
e Define

(4.6) gr=> "

ke{e,w,n,s}
where

N -1
(21, 33) = @o(w1, 22) <ve (‘”1 @> _ x:> v,

€ €

see (2.13) and (4.4), and the others terms @1 are defined similarly.
e Let ¢" € V3,(Q) be the solution of

(4.7)/ AV - Volde =0, W' e VP(Q), and é" =x*u" on 0Q.
Q

The well posedness of (4.7) follows from Remark 4.1.
e Approximate ¢, by ¢! = ¢ + ¢" and finally define the numerical solution
for the equation (1.1) as

(4.8) ul = ul 4 eul + eql.

REMARK 4.1. By construction u" vanishes at the corners of Q, therefore, x*u" €
HY2(0Q). This implies that the equation (4.7) is well posed. In addition, x*u" €
V" aq, hence, we can look for a numerical solution of the equation (4.7) in V().
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5. Finite Element Error Analysis. The main results of this section are the
Theorems 5.1 and 5.2 which provide the a priori error estimates between the exact
solution u. and its numerical approximation u”. The Theorem 5.1 provides the a
priori error estimates on the broken H'-norm, while the Theorem 5.2 provides on the
Lo-norm.

In this section we recall few results on discrete Sobolev norms and spaces, prove
the propositions and lemmas required in the proofs of the Theorems 5.1 and 5.2, and

then we close the section proving the Theorems 5.1 and 5.2.

5.1. Preliminaries. We first review general finite element results that are used
later in this section. Let up and u? be the solutions of the problems (2.4) and (4.1),
respectively. We consider Py or Q; finite elements spaces for approximating ug. We
assume that the domain 2 is a convex polygon, therefore, the problem (2.4) is WP
regular for some 2 < p; see [25]. Standard finite element analysis provides

(5.1) o — ugll1p < chllull2p, for 2 <p < oo,
(5.2) o — wllloy < ch?uglla,p, for 2 < p < o0
and

(5.3) o — ugll2.p.n < clluollzp, for 2 < p < oo;

see the Corollary 7.1.12, the inequality (7.5.4) and the Theorem 4.4.20 [12] to obtain
(5.1), and standard duality arguments to obtain (5.2). To obtain the stability result
(5.3) we first introduce the interpolation operator Z", i.e., the usual local point-wise
interpolation P; or Qp in 7;(Q2). Then, for each element K € 75,(Q2), we have

(5.4) o — ugl2p, i < |uo =T uol2p, i + |T"u0 — uglo,p,xc,

and using an interpolation error estimate, see Theorem 4.4.20 [12], we obtain
(5.5) |uo —Ihu0|s7p7h < ch2_5|u0|27p7h, for 1 <p< oo, for 0 <s<2.
Now apply an inverse inequality, see Lemma 4.5.3 [12], to obtain

(5.6) 1Thuo — ullop i < ch | T"ug — ul||1 p i, for 1 <p < oo,

and hence, (5.3) follows from (5.4), (5.5), (5.6) and (5.1).

In order to estimate the L?— and the broken H'— norms of u; — u?, see the
Proposition 5.1, we apply Hélder’s inequality on u; — u? = (O, u0 — \I/?)xj to obtain
0.01x 0,45
for - + 2 < § and. Hence, it requires estimating the error between ¥" and Vuo on

ur — ullln < efl0zyu0 — W1 pallX ll1q and]lur — ufflo < ¢f| 0z, uo — W)

the LP-norm and the broken W!P-norm; see the Lemma 5.4. The Lemma 5.4 requires
estimating the errors between AVug-n and A\, see (4.2), over I'y, using fractional-order
Sobolev norms.

REMARK 5.1. Here, we review some facts about fractional-order Sobolev norms
and spaces that are used throughout the text; see [25, 85].

Case 2 < p < oot Since Wlf%’p(Fk) — O%Ty), we define the spaces
1
I/Vol0 PP ={p € W17%7P(Fk); w0 =0 on 0Ty} equipped with the norm

I- ”wéo_%'p(rk) =1 HW“%"p(Fk)'
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_1
Case p =2: We set Wol0 " (1) = HééQ(l"k) equipped with the norm
. — . . o 1/2
I ||W010_%,p(rk) = | ||Héé2(Fk)’ see [33] for the definition of Hyy"(T'y).
1
Case 1 < p < 2: We define I/VolO »P(ry) = Wlf%’p(ljk) equipped with the norm

[
W,

00 p’p(Fk) B ” ' ”Wl_%’p(rk).

1

We note that for Lipschitz domains, we have that WJO_E’p(Fk) are also equivalent
to [LP(T'y), W(Jl’p(Fk)]l,l/p7p, i.e., via real interpolation theory on Banach spaces; see
[25]. This property is used throughout the text to establish stabilities and a priori error
estimates results. )

The spaces W(J10757p(l"k) have also the following important feature. Denote by @
the extension by zero to N\ Ty of a given function ¢ € Wolofl/p’p(I‘k). Then, by the
Trace Theorem and the Lift Theorem 1.5.2.8 [25] there exists a function 1, € WHP(L)
such that Y,lon = ¢ and

(5.7) 61||¢||W1_%,p ) < Wellip < clloll -z, o) = C3||<P||W1-1

00 ( k ( 00 ;Yp(rk).
_1 /
The dual space of I/Vol0 »P(1},) is denoted by Wltep (Tk), where 1—17 + 1% =1.

5.2. Finite Element Convergence Analysis. We now prove the lemmas and
propositions required to complete the proof of the Theorems 5.1 and 5.2.

The following inverse inequality is required in the proof of the Lemma 5.3.

Lemma 5.1. Let 1 < p < 0o and v € YO’?,@. Then

(5.8) [0

Wi ) < Ch71||vh||w—1+i »
00

PP

Proof. Considering the inverse inequality given by the Theorem 4.5.11 [12] fol-
lowed by the real interpolation method, see the Proposition 12.1.5 [12], we have

(5.9 |v"|ls.q.00 < ch V0400, Y'Y 1<p<ocand0<s< 1.

Given v" € Y{y, let 0" € Y be the extension of v" to 9Q\ T by zero. Using (5.7)
and (5.9) we obtain

h < ~h
o <",

1—%,17
00 k

141~ 141
(510) S Ch 1+P ||’Uh||Lp(ag) = Ch 1+P ||Uh||Lp(Fk).

1
7B (00)

Let Po . denote the L? projection on Y, and assume that v" € Y. Then

Uh7¢ Uh,P k¢
th”LP(Fk) = sup # = sup w_
peL’ (Ty) 1Ml zo r) el (Ty) el e 0y

We also have by Theorem 1 [17] that

(5.11) [P0kl Lo (1) < Clldllporryy 1 <P < o0
Thus,
h
v 1+ L, P _ »’
n 1y s g WPOAON e
[v"[|Le(r,) < e sup
$eLv’ (Ty) [P0kl Lo (1)

5.12 < eh T ot
.12 <ol I g
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where on the last inequality we have used (5.10). Combining inequalities (5.10) and
(5.12) we obtain (5.8).
d

The following lemma provides stability and approximation results associated to
Po.k, i.e., the L? projection on YO},I]C' These results are required in the proof of the
Lemma 5.3.

L . —14+1.p h 2

emma 5.2. Letl < p < oo and Poy : W »P(Ty) — oy be the L

projection on YO}?I@' Then we have

1-1
(5.13) [Possll 1,  <ellgll 1,  Vée Wy (k)
Woo P Fk) Woo P (Fk)
1 1-%,
G14) 116 = Posdllirwn k' FIG ag V6 E Wo PT(TL),
0 k
1l oy
(5'15) ||P07k¢||w—1+%,p’(Fk) < C”QS”W—H%@’(F” VoeW P (Fk)
and
_1 ’
(6:16) = Posdll it S b IO, V6 E LY (Th).

Proof of (5.13): Observe that Py : LP(I'y) — YO}fk is stable in L? and W,
1 <p < oo, ie., [Poxdllre,) < cllélliray) Yo € LP(Ly), and [[Poxdllwrrr,) <
clollwirr, Vo € W, P(T'y), respectively; see Theorems 1 and 2 of [17]. Since
Wolofl/pm(ljk) is equivalent to [L?(T'y), Wol’p(Fk)]l,l/p@, the stability of Py in the

norm WOI0 1/pp (Tk) follows from the real interpolation method; see the Proposition
12.1.5 [12]. The inequality (5.13) then follows.

Proof of (5.14): Let Q" : LP(T}) — V"(Q)|r, denote the P; or Q; Clement
interpolation operator defined by (2.13) in [41]. Then we have

16 = Poidll oy < 6 — Q" ll Loy + [Pos(d — Q") oy
< cll¢p — Q" || o(ry), by (5.11)

_1
(5.17) < TE(gll La,
Woo © (Tk)

where to obtain (5.17) we have used the Theorem 4.1 and the Lemma 4.1 [41] followed
by the real interpolation method.
Proofs of (5.15) and (5.16) It follows from standard duality arguments, the prop-

erties of the Ly projection Py and the estimates (5.13) and (5.14), respectively.

(I

The following lemma estimates the error between A = AVug -7 and its numerical
approximation A" defined by the equation (4.2). This lemma is used in the proof of
the Lemma 5.4.

Lemma 5.3. Assume that ug € W?P(Q). Then we have

k) 3P
00 k) 00 k

618 IV g AN g, S cluoly or 25p <00,
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(5.19) 1A — /\hHW_HFl”p(Pk) < ch|ugll2,p for 2<p < occ.
and
(5.20) 1A= Nl Lory) < b7 [lugllzp for 2<p < oo,

Proof of (5.18): From Remark 2.1 and a trace theorem we have

(5.21) ML 2mx < clluollz,p.
Wyo © )

00 k

In order to prove the inequality (5.18) observe that

(5.22) A=, <M s, I s,
Woo P (Fk) Woo P (Fk) Woo P (Fk)
and
A ¢
||)\h||W1_%,p = sup ||¢||<—1>
00 k) ¢€W71+5’p,(f‘k) W71+5’p,(1‘k)

Since A" € Y{, then (A", ¢) = (A", Py x¢), and using (5.15) we obtain

<ec sup <)\h7 PO,k¢>
quW_H—%’p/(Fk) ”P(),k(b”w—u%,p’

5.23 N s
(5.23) | ”W;Oé"’(m

(Tx)

Let E : W57 (9Q) — WP (Q) be a stable lift extension and let Qy, see
[41], be the modified Clement Ls-quasi-projection satisfying the discrete boundary
condition. Then Ej, = Q,E : Y" — V(Q), see (5.5) in [41], satisfies

1Englhe < ellgll ez o0

for g € Y". Hence, if g € Yoifk and §" denotes the extension of g” by zero to 9Q\ I'y
it follows

(5.24) 1Bhg" 1 < cllg™ 2
WOO ’

(Fk).

Let ’ﬁo,kqb denote the discrete extension of Py ¢ to 9\ I'y, by zero. From the
definition of A\, see (4.2), the inequalities (5.1) and (5.24), and the inverse inequality
(5.8), we obtain

(A" Posd) = (A Poid) + /Q AV (ult = uo) - V (ExPo nd)da

SV

" k)||P0,k¢||W—1+%,p’

oy TchllwollzplPordll 1o
k) %%

00 ¥ T'k)

(

(5.25) < (||A||W1119,,,(F )+c||UO||2,p> okl —sedr g

00 k

The inequality (5.18) follows from (5.23), (5.25), (5.22) and (5.21).



24 M. SARKIS AND H. VERSIEUX

Proof of (5.19): We observe that

A=A\ )
A=A ) = sup <—,
| e (Tv) U ([
EWpo ¥ (M) Woo P (k)
(A= N, Poso) D= A" 6 = Posd)
526 S sup c s —+ sup C s
(5.26) S TPordl L L 2
PpEWy, ¥ k) Woo 7 (Tx) PEW,, P (Tk) Woo ¥ .

In order to estimate the first term on the right-hand side of (5.26) we use the definition
of A and A", and the inequality (5.24) to obtain

(A — AP Py ) = / AV (il — ug) - V(EnPosd)da
Q
2plPordll -1,

Woo * T'k)

’

(5.27) < chluol

For estimating the second term on the right-hand side of (5.26) we use (5.18) and
(5.16) to obtain

A= gp—P <IA=M s —P il
( ¢ —Poxd) < | ngg i’p@k)w 0.kl 1420 o)
(5.28) < chlluollzplloll 1 a0

Woop (Fk)

and the inequality (5.19) follows from (5.26), (5.27) and (5.28).
Proof of (5.20):

Case 2 < p < co: We have

A=A ¢ — A=A
(5.29) 1A= AM||Lory) < sup < ¢ — Poxd) + A= A" Pord)
peLP (T) HQS”LP/(F/@) peLr' (Ty) H¢||Lp/(1‘k)

The first term on the right-hand side of (5.29) is bounded as follows:

A=A s - P o,
sup </\ _ /\h,d) _ PO,k¢> < e H ”Wolo ;Yp(Fk)”¢ O,k¢||W 14+ 4.p ()
perrry) ol T peLr' (Ty) 181l L ()
(5.30) < ch' 7 |uglla.p.

Here we have used (5.16) and (5.18) to arrive to (5.30). In order to estimate the
second term on the right hand-side of (5.29) we use the definition of A and A" to
obtain

(A= M Po ko) Jo AV (uo — uf) - V(EnPo,r¢)de
sup —7———— < c sup
peLr (T'y) ||¢||Lp’(1‘k) ¢eLr’ (T'y) |‘P0,k¢||LP’(Fk)
woll2,plPokdll -1, .
%% P
<ch sup 00

SeL?’ (Ty) 1Po,k®ll Lo (1)
< ch"" 7 ||ugl|2.p, by (5.10).
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Case p = oo: Let z € 'y, then
(5.31) IA(2) = A" (2)] < [A(2) = PosA(2)] + [N (2) = PosA(2)].

To estimate the first term of the right-hand side of (5.31), we use that the L? projection
is stable in any L? norm, 1 < p < co; see Lemma 3.5 [47].

To estimate the second term on the right-hand side of (5.31) we use the techniques
developed in [47]. Let E, C T}, denote an edge of an element K, € 7"((2) such that
z € E,, and define §, as the polynomial of degree 1 on E, such that

/ 0, (s)v(s)ds = v(z), for any v polynomial of degree 1.
E.

Regard 8. as extended by zero to T'y \ E. and denote by 6" € V"(Q) the extension
by zero of Py 1,0, to 2. Then we have

MNo(2) = Pos(z) = | Por(\' = N)d.ds = jf (A" — NPy x6.ds

Tk Ty

(5.32) = / AV (ug — ult) - Vohdx
Q

where we have used the definition of A" to obtain (5.32). From (5.1) and (5.32) it
follows that

" (2) = PosA(2)] < chlluoll2,cc 18]

1,1-

Using an inverse inequality followed by a discrete Sobolev inequality for trivial exten-
sions, we have

16211 < ch™ 0%

0,1 < ¢||Po,k0|

0,1,0%-

01,1, < ¢, see Lemma 3.5 [47], to obtain (5.20).

Finally, we use the fact that ||Po 9|

0

The next lemma estimates the error between Vug and its numerical approximation
W". This proposition is required in the proof of the Proposition 5.1.

Lemma 5.4. Let ug and W be defined by the equations (2.4) and (4.4), respec-
tively. Assume that ug € W2P(Q) for 2 < p < oo. Then

(5.33) [(Vug — ") - vlo,, < chlluollap, Vv eR? with v =1
and
(5.34) [(Vug — \Ilh) V1pn < cllugllz,p, Vve R? with |v| = 1.

Proof of (5.33): From the triangular inequality we have
(5.35)  [[(Vuo — ") - vllop < [[(Vuo — Vug) - vllop + [(Vug — ") - vo,p-

The first term on the right-hand side of (5.35) is estimated by (5.1), while for the
second term we use (4.4) to obtain

[(Vug = 8") - vlop <c D> B = Vug -1")]op-
ke{e,w,n,s}
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Consider the case k = e and Q; conforming finite elements for approximating ug;
the other cases, i.e., k € {w,n, s} or P; conforming finite elements, can be treated

h
similarly. The function E” (uh — g%) is piecewise linear in the x; direction and

equal to zero for z; < 1 — h; see the definition of E” in (4.4). Hence, using a discrete
Sobolev inequality for trivial extensions we obtain

1 .
||E£(Mh - vug : nk)HO;P < h¥» ||8$1u8 - MhHo,p,pc ) if 2 < p <o

or
1B (1" = Vug -0 )lo,co < (|00, ug — 1"|]g o p, s if P =00
Case 2 < p < co: The triangular inequality gives
(5.36)  ||On,uf — #hHo@re < |0y uly — 3f1“0||o7p7re + |0y u0 — #hHoMe .

In order to estimate the first term on the right-hand side of (5.36), let K be an element
of 75,(92) containing an edge E C I'y,. Applying a trace theorem we have

<

19216 = Oz, oly 1 <

S

(5.37) ¢ (W7 Onsuly = Ouyuolly , o + B 00y — Dol 1)

From (5.37), (5.1) and (5.3) we obtain

_1
< ch' "7 fugl|2.p-

(5.38) 102y ug — Ouyuol . <

We now estimate the second term on the right-hand side of (5.36). Let A = AVuq -7
and ), and pp defined by (4.2) and (4.3), respectively. Using that the tangential
derivate of ug vanish on 02, we obtain

(539) 8r11,I,0 — uh = All(/\ — /\h)
hence, from (5.20) we have
opr. < ch' 77 uolz,.

(5.40) 10z, w0 = 1" [lo,p,r. < Antl|X = N

From (5.36), (5.38) and (5.40) we obtain
1Be(p" = Vug - 1) lop < chlluollz,

and thus the estimate (5.33) holds for 2 < p < occ.
Case p = oco: We have

Haz1u8 - 'uhH07oo7Fe < ||8961u8 - 8I1u0||0,007Fe + ||8I1u0 - :uh”(),oo,Fev
and applying (5.1), (5.39) and (5.20) we have

< chlluo|2,00,

10,0 = 1"l o, <
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and hence, estimate (5.33) follows for p = co.
Proof of (5.34): We have

1(Vug —0") - v]op < el (Vao — ") - vllop + [[(Vuo — Vug) - Vo,
(5.41) < ch|uoll2,p, by (5.1) and (5.33),

and from an inverse inequality, see Lemma 4.5.3 [12], it follows that
(5.42) (Vg = ") vl pn < clluollz.p-
Since
(Vo = 9") - vll1pn < e (I(Vug = Vo) - vl pn + |(Vug = ¥*) - vl1pn),

we obtain (5.34) from (5.3) and (5.42).

O

The following proposition is required in the proofs of the Theorems 5.1 and 5.2.

Proposition 5.1. Let uy and u? be defined by (2 5) and (4.5), respectively.
Assume that ug € WP(Q) and x7 € Wpa(Y), f07“ = —|— <31, 2<pqg<oco. Then
there exists a constant ¢ independent of € and h such that

h2 1/2 )
(5.49 =l <o (B 41) gl
and
(544 o — o <

Proof of (5.43): We have

(5.45) |u1 —uy |1 n S

2 3 [ ST (@0 = W00 () + (/) - 0 (00— V)P

KETh(Q 1€1,2

For the first term on the right-hand side of (5.45) we have

> / (0w, w0 — W) 00, X7 (+/€)) dw < |0, u0 — VI3 ,1102,X7 (/)5 4

KeT,(Q2)

(5.46) < € 20z,u0 — UIIE LI 1T 4y < ce 202 ||uoll3 |

Xj”iqﬁfv

where we have used (5.33) to obtain (5.46).

For the second term on the right-hand side of (5.45) we use a Holder’s inequality
to obtain |70, (9, w0 — W2 < |23 g1, w0 — W2,

Proof of (5.44): It follows from a direct apphcatlon of the Holder’s inequality
and the approximation error estimate (5.33).

O

The next proposition is required in the proofs of Theorems 5.1 and 5.2.
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Proposition 5.2. Let ¢. and qi;? be defined by the equations (2.14) and (4.6),
respectively. Let the functions vy be defined as in the Subsection 2.2.1. Assume that
up € W2P(Q) and vy, € WH4(Gy,), for % + % <1, 2<p g<oco. Then

~ ~ hQ 2
(5.47) o=t <e (% +1) mpx ol gl
and
(5.48) 16 = é¢llo < chmax o — Xillo.g.6. [woll2p-

Proof. From definition of ¢, and é? we have

e —olhn < D [@F — @i,

ke{e,w,n,s}

and using the arguments similar to the ones given in the proof of the Proposition 5.1,
the proposition follows.
d
We now prove the last proposition used in the proof of the Theorems 5.1 and 5.2.
Proposition 5.3. Let ¢ and ¢" be defined by the equations (2.15) and (4.7)
respectively, and assume that ug € H*(Q). Then we have

(5.49) ¢ — "l < clluoll2
and
(5.50) 6 — " llo < chljug|l2.

Proof of (5.49): Consider the triangular inequality

16— "l < 16" = ¥l + |6 — DI,
where 1) € H(Q) is defined as the weak solution of
(5.51) ~V-AVY =0 in Q, and = x*u" on Q.

We note that the problem (5.51) is well defined since x*u” € H'/2(052); see Remark
4.1. From regularity theory, (5.18), (5.39) and Remark 2.1 we have the following
estimate

(5.52) il < Ekjcnx*uhHH;g%pk) < clluoll2-

Note also that x*u" belongs to Y". Hence, using (5.52) and standard finite element
analysis for conforming finite element discretizations we obtain

6" — ¢l < clluol-
Finally, from regularity theory, (5.39) and (5.20) we obtain
|6 — vl < X" = x*Onuoll g2 (o0
< I = X Oyl e, < cllualz
k
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Proof of (5.50): From the triangular inequality
16— ¢"llo < cllé = llo + 16" = llo,
and from standard finite element analysis and (5.52) we obtain

16" —llo < chllvllr < chllugll2.
Finally, from Theorem 6.1 [38], (5.39) and (5.19) we obtain

16— wllo < e I Byuo — X" 1" 217200
k

< chl|uollz by (5.19).

|

Finally, we prove the Theorems 5.1 and 5.2.

Theorem 5.1. Assume the same conditions of the Theorem 8.1 and let u, be
defined by (4.8). Then there exists a constant ¢ independent of €, ug and h such that

(5.53) e —ul1p < e(h+ €79)|ug|2,p
and
(5.54) [ue = ullo < (B2 + €"F9) ug||2.p-

Proof. From the triangular inequality we have

e — ul |y n < Jue = uo — w1 — @els + Juo — ug |y + €elur — uffyn
+elge = 07 Tun + eld = d"1,
and (5.53) follows from Theorem 3.1, the approximation error (5.1), and the Proposi-
tions 5.1, 5.2 and 5.3. Using similar arguments and (5.2) the estimate (5.54) follows.
O

Theorem 5.2. Assume the same conditions of the Theorem 3.2 and let u, be
defined by (4.8). Then there exists a constant ¢ independent of €, ug and h such that

e = ulllo < e(h® + €2 + eh) | uoll3.p-
Proof. Repeat the proof of the Theorem 5.1 and use the Theorem 3.2.

6. Numerical Results. The objective of this section is to compare the differ-
ence between u, and u” on the L?-norm and on the broken H'!-semi-norm. We note
however that an explicit formula for u. is not known, hence, we replace u. by a regu-
lar P; conforming finite element solution of the problem (1.1) on a very fine uniform
mesh of size h¢; denote this numerical solution by .

We note we have assumed in the Sections 4 and 5 that the cell and boundary
layer problems were solved exactly in order to define x, A, vy and x*. In [44, 46] we
have developed an accurate numerical algorithm for approximating these values, and
as a result, the errors between u” and u? do not depend if the approximated or the
exact values were used or not. We now describe how to approximate x, A, vy, x* and
¢ZE and display only the changes that should be made in the algorithm in the Section
4 in order to obtain the numerical results of this section.
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e Replace x’ by the finite element solution of the problem (2.2) using P; or Q;
conforming finite element method on a partition 7; (Y").

o Replace Aij by 7 [y aim(y) 2 (vi — X') 5o (y; — X7)dy; see (2.3).

e Let 7 be a positive integer and G7 = {y € R?; —7 <y; <0and 0 < yo < 1},
Using a P; or Q; conforming finite element, replace v, by the finite element
solution associated to the following problem:

—Vy - a(y)Vyve =0 in GI,

ve(y) = x*(1/€,92) on {y € GL,y1 =0},
Oyve =0 on {y € GI; y1 = —7},

and ve(y1,0) = vg(y1,1) for —7 <y <0,

and replace x} by fol Ve(—T, y2)dy2. We replace éi by

~ x1—1 T2\ _ * h . _
Qf(mlaﬂb):{ (()Ue( e e) Xe)\IJ if 1 >1—e€r

otherwise.

The other cases k € {w,n, s} are treated similarly.
In the numerical experiments we use P; conforming finite element with a uniform
meshiLzl—;8 and 7 = 2.
For the first test of experiments we consider a smooth coefficient a(y1,y2) case,

see [26], where

a(y) = 2 4 1.8sin(27y1)
~ \ 2+ 1.8cos(2mys)

2 + sin(2mys)
2 + 1.8sin(27myy)

) IQ)(Q, and f(l‘) =—1.

The Table 6.1 shows the errors between u? and ul*. We see that for e << h the errors
are of order h? and h on the L?-norm and the on broken H'-semi-norm, respectively.
We can see that when we fix h and decrease € then the errors change very little. This
is an evidence that the dominant error are related to h, not to e. Also looking at the
diagonal values of the Table 6.1 we see that the numerical errors are in agreement
with the theoretical convergent rates of the Theorems 5.1 and 5.2.

TABLE 6.1

u¥ —ul||o error, hy = 1/2048
€ € f

€l h—]1/8 1/16 1/32 1/64

1/16 2.7085e-04 | 7.7993e-05

1/32 2.6300e-04 | 6.6246e-05 | 1.7773e-05

1/64 2.5388e-04 | 5.8069e-05 | 1.6020e-05 | 1.2137e-05
[ul — ul|y ), error,hy = 1/2048

1/16 0.0097 0.0067

1/32 0.0086 0.0051 0.0036

1/64 0.0086 0.0044 0.0025 0.0018

The Table 6.2 shows the level of approximation when each term of ue = ul +eul +
€p" + ep! is taken into account separately. We can see that the numerical boundary
layer treatment ¢" is very effective on the Ly-norm rather than on the broken H '-semi-
norm. The improvement on the L? norm is an evidence that we were able to obtain,
through the proper calculation of x*, the L? asymptotic behavior of the boundary
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TABLE 6.2

€=1/64, h=1/32, hy =1/1024

Il llo |- 1n
ul —ul 0.0287 0.0215
ut —uf — eul 0.0213 0.0026
uf —ul — eult — ed” 5.0450e-05 | 0.0026
ul —ul — eult —e(o" + ¢P) | 5.1865¢-05 | 0.0025

corrector 6, in the interior of the domain 2. We also see from the Table 6.2 that the
term ¢, (¢" and ég) forces the final approximation u” to satisfy the zero Dirichlet
boundary condition without deteriorating the L2-norm (broken H!-semi-norm).

The second test of experiments, reported in Table 6.3, consider the discontinuous
coefficient a(y1,y2) case

2 i2/5<y1 <3/bor2/b<ys<3/5 -
aly) = { 1 otherwise. and f = —1,
and we obtain the same behavior as above.
TABLE 6.3

|luz — ul||o error, hy = 1/2000
el h—|1/10 1/20 1/40
1/20 4.8318e-04 | 1.3043e-04
1/40 4.7578e-04 | 1.1954e-04 | 3.0805e-05
1/64 2.5388e-04 | 5.9446e-05 | 1.4414e-05

luf — ul]y 5, error, hy = 1/2000
el h—|1/10 1/20 1/40
1/20 0.0180 0.0092
1/40 0.0179 0.0090 0.0046
1/64 0.0086 0.0045 0.0026

Although the convergence analysis presented here is not intended for the quasi
periodic case a;j(x,x/€), the numerical approximation presented here can be gener-
alized for this case. This would be done by approximating the matrix a(z,z/€) by
EK,-eTh(Q) aj(x/e)Ik,(x), where aj(x/e) = ﬁfzeKj aj(z,xz/€)dz, and Ik, is the
characteristic function of K;. In such case, it is required to solve a cell problem for
each element Kj;.

7. Conclusions. We perform the convergence analysis for the proposed numer-
ical method for approximating the solution of the equation (1.1). The error estimates
obtained in the numerical experiments agree with the theoretical error estimates from
the Theorems 5.1 and 5.2. The numerical method presented here is strongly based on
the periodicity of the coefficients a;; and on the construction of computable bound-
ary correctors. For this reason the method has relative low computational cost with
optimal error convergence rates.

We generalize results in the literature for estimating the error between u. and its
first and second order asymptotic expansion under weak assumptions on the regularity
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of the solutions of the cell problems and the homogenized equation. We also develop
and analyze constructive boundary correctors. Such analysis, permit us to develop
finite element error estimates with very weak assumptions on the regularity of a(y),
including composite materials applications.
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