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Abstract

We present a computational fluid dynamics (CFD)-based linearized method for the frequency analysis of three-dimensional fluid/
structure interaction problems. This method is valid in the subsonic, transonic, and supersonic flow regimes, and is insensitive to the
frequency or damping level of the sought-after coupled eigenmodes. It is based on the solution by an orthogonal iteration procedure of
a complex eigenvalue problem derived from the linearization of a three-field fluid/structure/moving mesh formulation. The key
computational features of the proposed method include the reuse of existing unsteady flow solvers, a second-order approximation of
the flux Jacobian matrix, and a parallel domain decomposition-based iterative solver for the solution of large-scale systems of dis-
cretized fluid/structure equations. While the frequency analysis method proposed here is primarily targeted at the extraction of the
eigenpairs of a wet structure, we validate it with the flutter analysis of the AGARD Wing 445.6, for which experimental data is
available. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Numerical methods that rely on a simplified linear flow theory for computing the mode shapes, natural
frequencies and damping levels of a ““‘wet” structure are often restricted to critical subsonic and supersonic
flow speeds [5,18,24]. They can neither predict the negative/positive damping of an aeroelastic system away
from the flutter speed or in the transonic regime, nor compute non-flutter mode shapes that may be re-
quired for design and/or control purposes. Some of these methods have been extended to produce a more
complete set of solutions [10]. However, the range of applications of these extensions usually excludes the
transonic regime where nonlinear effects can be significant. In this paper, we describe a computational fluid
dynamics (CFD)-based numerical method for computing a few complex eigensolutions of a given three-
dimensional fluid/structure interaction problem that is valid in all flow regimes. This method is based on the
linearization around an equilibrium point of the three-way coupled formulation of nonlinear transient
aeroelastic problems first presented in [14,21,23], and the solution by an inverse orthogonal iteration
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algorithm [16] of the corresponding generalized complex eigenvalue problem. Unlike classical approaches,
it does not assume a harmonic motion, and therefore is applicable independently from the frequency
content or damping level of the target aeroelastic modes.

In [22], the authors have presented a preliminary version of the method proposed herein, which em-
phasizes the reuse of existing unsteady flow solvers for solving coupled fluid/structure eigenvalue problems.
In this paper, we re-examine the key discretization and algorithmic issues of this method in order to im-
prove its computational efficiency. More specifically, we derive an explicit expression of a second-order
approximation of the flux Jacobian matrix rather than using the Adifor software package for this purpose.
We also tailor the restricted additive Schwarz (RAS) domain decomposition method [3,27] to the solution
of the systems of equations that arise during the inverse orthogonal iterations. We show that both mod-
ifications improve significantly the overall computational performance of the method proposed for the
frequency analysis of fluid/structure interaction problems. Finally, we validate this method with the flutter
analysis of the AGARD Wing 445.6 in the subsonic, transonic, and early supersonic regimes — for which
experimental data is available.

2. The three-field formulation

As stated earlier, our starting point is the three-field formulation developed in [14,21,23]. In order to
keep this paper as self-contained as possible, we begin with an overview of this nonlinear formulation of
fluid/structure interaction problems.

2.1. Governing equations

In many aeroelastic applications, some of the fluid domain boundaries undergo a motion with a large
amplitude. In such problems, it is necessary to solve the flow equations on a moving and possibly deforming
grid. Such a grid is commonly referred to in the literature as a dynamic mesh. Several approaches are
available for solving fluid/structure interaction problems on dynamic meshes, among which we note the two
closely related arbitrary Lagrangian—Eulerian (ALE) [8,14] and dynamic mesh [2] methods. These methods
can be used to formulate the fluid/structure problem of interest as a three-field problem [21]: the fluid, the
structure, and the dynamic mesh that is often represented by a pseudo-structural system. For example, in
the case of the ALE method, a fluid/structure interaction problem can be described by the following
coupled partial differential equations:

o(Jw) o\
3 £+JVX~ <F(W)aw> =JV,-R(w),
Qu . _ 1
sa — div(os(es(us)) =, (1)
,527)26 div(E : €(x)) =0

The first of Eq. (1) is the ALE non-dimensional conservative form of the Navier—Stokes equations. Here, ¢
denotes time, x(#) denotes the time-dependent position or displacement of a fluid grid point (depending on
the context of the sentence and the equation), ¢ its position in a reference configuration, J = det(dx/d¢&), w
is the fluid state vector using the conservative variables, and F and R denote, respectively, the convective
and diffusive fluxes. The second of Eq. (1) is the elastodynamic equation where ug denotes the displacement
field of the structure and py its density, os and es denote, respectively, the stress and strain tensors, and b
represents the body forces acting on the given structure. The third of Eq. (1) governs the dynamics of the
fluid moving grid. It is similar to the elastodynamic equation because the dynamic mesh is viewed here as a
pseudo-structural system. A tilde notation is used to indicate that p is a fictitious density, and E is a fic-
titious tensor of elasticities [11]. The various Dirichlet and Neumann boundary conditions intrinsic to each
of the fluid and structure problems are omitted here for simplicity.
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The first and third of Eq. (1) are directly coupled. If ur denotes the ALE displacement field of the fluid
and p its pressure field, o5 and of the structure stress tensor and the fluid viscous stress tensor, I" the fluid/
structure interface boundary (wet boundary of the structure), and # is the normal at a point to I', the fluid
and structure equations are coupled by the interface conditions

os-n=—-pn—+op-n onl,
o ot ’

The first of these two transmission conditions states that the tractions on the wet surface of the structure are
in equilibrium with those on the fluid side of I". The second of Eq. (2) expresses the compatibility between
the velocity fields of the structure and the fluid at the fluid/structure interface. For inviscid flows, this
second equation is replaced by the slip wall boundary condition

Gup o aus
E cn = or n onl. (3)

The equations governing the structure and dynamic mesh motions are coupled by the continuity conditions

x=us onl,
Ox  Ous 4)
afg on I.

In this paper, we consider only inviscid flows.

2.2. Semi-discretization

The spatial approximation of the ALE non-dimensional conservative form of the Euler equations by
finite element or finite volume schemes leads to semi-discrete equations that can be written as

S~

(A(x)w) + F(w,x,x) =0, (5)

where a bold font designates the discrete counterpart of a field variable, and a dot represents a time de-
rivative. In the case of a finite volume semi-discretization, A is the diagonal matrix of the cell volumes and F
is the numerical flux approximating the integral of the physical flux function over the cell interfaces.

The semi-discretization of the structural equations of dynamic equilibrium by finite elements leads to '

Mg +fim(lls,ils) =" (ug,w), (6)

where M is the finite element mass matrix, us the displacement vector, f™ the vector of internal forces, and
" is the vector of external forces induced by the fluid on the structure.

If the subscript i is used to designate the grid points located in the interior of a computational domain
(structure or dynamic mesh), and the subscript & is used to designate those located at the fluid/structure
interface I', and if the dynamic mesh is assimilated with a quasi-static pseudo-structural model, the semi-

discrete equation governing the evolution of the dynamic mesh can be written as
IN(iixi = —IN(ibxzn x, = Uug,, (7)
where K is the fictitious stiffness matrix resulting from the finite element semi-discretization of the third of

Eq. (1) [11], and U is a transfer matrix. If the fluid and structure meshes have compatible interfaces, U = I.
If not, U is given by the finite element discretization of the second of the interface conditions (2) [13].

! This specific expression assumes that the rotational inertia forces are negligible.
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3. Linearization of the semi-discrete equations

Given a structure and a set of flow conditions, we wish to compute the mode shapes, frequencies, and
natural damping of the wet structure. A numerical method that addresses this problem is useful because: (a)
it can be used to determine whether a fluid/structure system is stable or unstable in a given configuration,
(b) it can be used as the building block of a sweeping strategy for determining the flutter envelope of an
aeroelastic system, and (c) it provides the essential ingredients for designing an efficient active controller.
An important characteristic of fluid/structure stability problems is that they can often be analyzed by
linearizing the governing equations around an equilibrium point, and investigating the response of the
target aeroelastic system to a small perturbation around that point. For this reason, we linearize the
governing semi-discrete equations with respect to the variables w, w, x, X, ¥, us, #ts, and #ig around an
equilibrium configuration (wy, W, Xo, Xo, Xo, Us, , s, , ils, )

w=wy+ow, W=wy+ow, x=x5+0x, X=2%x+0k, X=2=Xx+0X, us=us + ous,

is = ilso + dug, Gy = ﬁS@ + duig.

The first term in Eq. (5) can be expanded as follows:

(AGEIW) = ACE) -+ (ACE))w = A+ = ACP 3 o, = ()i + (), (8)
k k
where
aa,--
ey = ax;: Wj- ©)

Hence, its linearization is given by the following expression:
. 04 ) . . oE . )
A(xo)Wwo + aéx wo + A(x0)ow + E(wo)xo + a—wéw xo + E(wo)ox,

where (OF /Ow)dw is a matrix with coefficients

(2—55w> = ZZZ ow;. (10)
Let
Ay = A(xo), Ey=E(wy), Fo=F(wo,x0,%), Hozg—i(wo7xo7ko)> .
G = a—F(Wo,x07xo)7 Co= 6_{“<w07x07x0). ()
Ox ox

The linearization of the second term in Eq. (5) around the equilibrium position (wy, xo, Xo) can be written

asz

F(w,x, %) = Fo + Hodw + Goox + Cydi. (12)

Therefore, the complete linearized fluid equation is

A E
0 0

2 This linearization assumes that the flux function is differentiable at (wo, X0, Xo), which is not true for some flux functions used in
CFD.
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If K, and D, denote, respectively, the finite element stiffness and damping matrices of the structure at the
equilibrium point, the linearization on the left-hand side of the structural equation of motion (6) can be
expressed as

Miis, + M iis + ™ (us, , its,) + Dodits + Kodus. (14)
The linearization of the external forces f*' is given by
S (s, w) = £ (us,, wo) + K 1, 6us + Pyow, (15)
where
afcxt afcxt
Ky, = a—”s(usm W), Po =2 (s, wo)- (16)

Hence, the complete linearized structural equation of motion can be written as
M Siis + Dodirs + (Ko — K ,)dus = £ — Miis, — fi* + Podw. (17)

By definition, the equilibrium point (wo, Wo, Xo, Xo, Xo, #s,, its,, iis,) satisfies the governing Egs. (5)-(7), as well
as the following steady-state conditions:

~ ~ da;;
Wy =0, Fo=0, =0, & =0 Kx,=-KyUus is =0, x“(aif) =0. (18)
0

It follows that

0A4 Oa;;
Aoy + Egito + Fo = 0, (—55:) o = 0, x0<ﬂ> Sw; =0,
Ox 0 6xk 0

OE . . in X
(%5w>0x0 =0, Mis +f" =f3"

Therefore, the linearized flow equation can be re-written as

Aoow + Hyow + Goox + (Ey + Cy)ox =0 (19)
and the linearized structural and mesh motion equations simplify to

M diis + Dyoits + K ous = Pyow, (20)
where

K, =K,- K,
and

I~(,-,-5x,- = —I~(l-bU5u5b. (21)

We note that the adjusted structural stiffness matrix K, is not guaranteed to be positive definite. When it is
not, the aeroelastic system exhibits divergence.

In the sequel, we drop the subscript 0 and the prefix J to simplify the notation. This should not cause any
confusion because in our subsequent analysis, all matrices are evaluated at the equilibrium point, and all
vectors are perturbation quantities.

Finally, we group Egs. (19)—(21) to obtain the following representation of the linearized equations as-
sociated with the three-field formulation of fluid/structure interaction problems:

i A (E+C) 0\ [w H G 0 w
x|+l0o o of{x]|+[o0o K, -K,||x]|=0, (22)

12

00 O
00 0
0 0 M Us 0 0 D Us -P 0 KS Us
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where

= _(Ki O = _ (0 —KuU
K, = i d K, = i 23
ii (0 O) an ib (0 0 ) ( )

and the above matrix partitioning is that corresponding to the partitioning of the unknowns into interior
and I'-boundary ones.

4. The fluid/structure generalized eigenvalue problem

Let
K-k (24)
From Eqgs. (22)—(24), it follows that
x=K'ug, x=K"is. (25)

Next, we introduce the variable y = is, and reduce the second-order coupled system (22) to the following
first-order form:

A 0 0 W H (E+CK" GK*\ [w
0 M 0 y |+ -P 0 Ks y | =o. (26)
0 0 -1 Us 0 1 0 Us

This first-order system of differential equations can be re-written as

q=Ng, (27)
where
w ~A'H —-AYE+C)K —A4'GK"
g=|»y )|, N=| m'pP 0 ~-M'Ks |. (28)
Us 0 1 0

The corresponding generalized eigenvalue problem is
(N —4il)g; =0, (29)

where /; is an eigenvalue and ¢, is an eigenvector.

One can reasonably argue that the generalized eigenvalue problem (29) is valid in all flow regimes — i.e.,
subsonic, transonic, and supersonic — as long as the viscous effects are not important, because it is derived
from the linearization of the Euler equations. This eigenvalue problem has in general complex solutions. It
is of great interest in aeroelasticity because the sign of the real part of each eigenvalue /; determines whether
a given fluid/structure system is stable or not. Our main objective in this paper is to present a fast numerical
algorithm for solving the generalized eigenvalue problem (29). For this purpose, we focus on the eigen-
solutions that are the least stable — that is, for which R(/;) is the largest negative number, or is positive.

5. Evaluation of the flux Jacobian matrix

In Eq. (22), only the semi-discrete flux Jacobian matrix H requires special attention. In general, the
numerical solution of the generalized eigenvalue problem (29) entails the evaluation of matrix-vector
products of the form Na, which in turn incur matrix-vector products of the form Hb. Here, a and b denote
generic vectors of appropriate dimensions.

The matrix H arises almost in every flow computation, in one form or another. Many if not most flow
solvers compute only a first-order approximation of the flux Jacobian matrix (and in many cases only an
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incomplete first-order approximation) because depending on the chosen semi-discretization method, (a) the
construction of a second-order matrix H (or even a complete first-order approximation of this matrix) may
be a challenging task, and (b) a second-order matrix H is in general more ill-conditioned than a first-order
counterpart, (c) overall second-order accuracy can still be achieved by the flow solver using a defect/cor-
rection algorithm [7]. However, a straightforward defect/correction approach cannot be used for linearized
problems such as those arising in this work.

With the advent of automatic differentiation tools such as Adifor [4], generating a second-order ap-
proximation of the flux Jacobian matrix has become an easier task. Unfortunately, Adifor is not partic-
ularly efficient for evaluating matrix-vector products of the form Hb because when asked to generate the
differential of a function with respect to a parameter, this software package generates both the function and
its sought-after differential with respect to the specified parameter, which almost doubles the computational
cost. Furthermore, automatic differentiation is prohibitive when applied to the evaluation of matrix-vector
products of the form H'b, which can arise in other applications, because in that case it requires an “‘ex-
ecution tape” to be executed backward. For these reasons, we derive here “manually” a second-order
approximation of the Jacobian flux matrix that incurs the same computational cost for evaluating Hb and
H'b. More specifically, we focus on the case where the flow equations are semi-discretized by the finite
volume method and the Roe upwinding scheme [25].

5.1. Finite volume semi-discretization

From Eq. (12), it follows that

a_F
ow

H(Wo,XmX()) = (W(),X(),x.()).
The solution method presented in this paper is independent from the scheme chosen for semi-discretizing
the fluid equations. For this reason, we discuss only the case where these equations are semi-discretized by
the finite volume method on a tetrahedral mesh from which a dual mesh defined by control volumes or cells
is derived, and where the Roe upwinding scheme is used as a Riemann solver.

Hence, at an interior vertex point of the fluid mesh we have

[F(w07x0>x0 Z mes 6Cl/ WI7W]7 )7 (30)

jex(i)

where because xp = 0 (Eq. (18)), @ is the numerical function for the usual Roe flux
s LR . 1 4
D(wi, w, 1) = 5 [F(Wi) iy 4 F(wy) - ”i/} B ‘ARoe(Wi»Wh”fj) - (w —wi), (31)

where w; is the fluid state vector at vertex i, k(i) the set of vertices connected by an edge to vertex i, C; the
control volume centered at vertex i, and 0C;; is the segment of the boundary of C; that intersects the edge
(i), and #,; is the unitary outer normal to 0C;;.

At the wall boundary, we compute the flux as follows:

¢WALL(W” ) (0 pift, 0) (32)

and at the far-field boundary, we approximate the flux by a non-reflective version of the flux-splitting of
Steger and Warming [28]

Do (Wi, Woo) = AT (i, B)w; + A (Wy, ) W, (33)

where A (w, 71) (4~ (w, 7)) is constructed from the Jacobian matrix 4(w, #) of F(w)i, by taking into account
only the positive (negative) eigenvalues of 4(w, 7).

Egs. (30)—(33) specify a first-order semi-discretization of the fluid equations. We denote by H'" (), the
corresponding flux Jacobian matrix.
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To achieve second-order spatial accuracy for the semi-discretization of the fluid equations, we adopt the
monotonic upwinding scheme for conservation laws (MUSCL) [6,20] interpolation procedure equipped
with a slope limiter. In this case, the numerical flux at an interior vertex point can be written as

[F(w, x0)] Zmes 0Cy)P(wij, wis, 1), (34)

jex(i)

where w;; and wj; are two interpolated and limited fluid state vectors. The treatment of the wall and far-field
boundaries is not modified. We denote by H'® (w) the flux Jacobian matrix associated with this second-
order spatial approximation of the fluid equations, and discuss the key steps for evaluating H® (wy) in the
two subsequent sections.

5.2. The MUSCL procedure
Next, we summarize the basic steps that combine the numerical flux function of Roe @, a MUSCL in-

terpolation procedure, and the limiter of van Albada [1], in order to achieve second-order space accuracy.
Transform the fluid state vector from conservative variables w to primitive variables w

p p
P (%1

w=| pv | Sw=| 1|,
pU3 U3
E p

where p, vy, 12, v3, p, and E denote, respectively, the density, three velocity components, pressure, and total
energy per unit mass of the fluid.
Compute the nodal gradients as follows:

N = 1 mes(
G,(w) = V', = mes(C) > { ZWJVN }

TjeT JJET

where T denotes a tetrahedron connected to vertex i and j a generic vertex in tetrahedron 7, and N; denotes
the shape function associated with vertex j.

For each edge (ij), compute the second-order state vectors (w;;, w;) component by component as fol-
lows:

1 — 1-=2
U, = 0 — 2l(vli = Ui, Uy — U — 4 |:ﬁ§)vli S+ Tﬂ(vl/ - Uli)} >7
(35)

1 — 1-2
vy, = vy, + zl(vl, — vy, 0, — v, —4 {ﬂvw, T+ Tﬁ (o1, — Ul,-):| )
where f is an upwinding parameter that can be varied between 0 and 1, and / is the limiter function given by

a(b* +¢) + b(a* +¢)

if ab >0
a’+ b2+ 2¢ thao >0,

l{a,b)=< ¢ a+b .
’ _— fab=0
2a% 4+ b2+ 2¢ na ’
0 otherwise,

where ¢ is a specified small number (i.e., ¢ = 107'%). Eq. (35) can be also written in compact form as

— =. —

Wy = L (Wi, W), Vi, 1), Wy = L (Wy, wi, Vwy, ji). (36)
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Transform the fluid state vector back to the conservative variables and evaluate @ using the second-order
state vectors

D(wi, i, i) = S(U (W), U (1), 1iy) = (g, Wy, Ty

5.3. Linearization of the second-order semi-discretization

From Eq. (34), it follows that

oF -
|:aw :l Z mes @C,, ( (Wi/,W]‘i,l/ll:]*)) -b (37)
i jex(i)
oF 0P . owy 0P L. oWy
= [a }_ j; mes(0C;;) ( - (Wi, Wi, 7)) - a—w’(w) b+ 6~/, (Wij, Wi, i) - a—uf,(w) -b).
(38)
From Eq. (36), we obtain
ow;; _63 —. 0 0 —
By (9) B = 5 (00 U 0,), (U ), T) 5 00) b (U 0w), AL ,), 5,0 (), )
oU 07 —. 09, oU
oy 09) b+ S () A ,) G (U (). 5) - 52 (VW) - 5 () -

where U(w) is the operator built from % on vectors of size 5ng. A similar expression can be derived for
(030 /w) (w).

From the above expression, it follows that the evaluation of the flux Jacobian matrix H can be obtained
from the linearization of the basic steps outlined in Section 5.2

Linearization of the transformation of the state vector from conservative to primitive variables

1 0 0 0
1
_a - 0 0 0
p p
Uy 1
ou 2 0 - 0 0
) 0 0 1 0
p p
02+02+02
(v—l)% —~(p—=Doy —(y=1Dvy —(ry—Dvs y—1

linearization of the gradient interpolation

0%,

S () b = %,(b)

linearization of the interpolation-limitation procedure
(v —1—5171) = vy, + 0y, + o (0vy, — ovy,) + B V5171 7,

(v + 51)1)][ = vy, + vy, + o (0v1, — Ovy,) + ﬁj,ﬁ)évlj . i_j>,
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where
%; :%(la — (4B —1)1y) <Ul, — 1, V1, — Uy, — 4[13?01, 0+ 1 —22ﬁ (01, — Ulf)Da
By = 2Py (Ul,- — 1, V1, — Uy, — 4[ﬁVvl i+ - Zﬁ (vi, — Uu)])
o = —%(za — (48 — 1)zb)< — vy, 01, — Oy, — 4[/3%1 : ;2/? (vy, — uli)D,

74 1 -
ﬂji = _Zﬁlb (Uli — U, 0, — Uy — 4|:ﬁv1.71 / ( ;= Uli):|>

and

(b* + &) (b* — a* + 2& + 2ab)

l.(a,b) = 5 if ab >0,
(@> + b* + 2¢)
1(B2+6) (B2 —a? +2 .
lu(a,b) = OO a1 20) it ab =0,
2 (@+b+2)
l,(a,b) =0 otherwise

and /, is obtained by exchanging a and b.
Linearization of the transformation of the state vector back to conservative variables and the evaluation
of the numerical flux function; note that the conservation property satisfied by @ implies

¢(W,,ﬁ/j,ﬁ) == —@(ﬂ/j7w,‘, —ﬁ)
and therefore

oo oo

o (Wi, w;, 1) = —a—WJ(WI,W,, —7).

Hence, we need to compute only 0@ /0w;. The explicit computation of this matrix is detailed in Appendix A.
At the wall boundary, we have

0 0 0 0 0
¢WALL(W1' —+ 5W,-, ﬁ) = @WALL(W,-, ﬁ) —+ (’V — 1) %(D% + U% —+ U%)ﬁ 71)117 702}71' 71)3]_1' ﬁ 5W,~. (40)
0 0 0 0 0

At the far-field boundary, we use the software Adifor to construct the 5 x 5 matrix associated with the
linearization of ®...

6. Solution of the generalized eigenvalue problem
6.1. Model reduction for the structure

Let ng denotes the number of structural degrees of freedom and ng denotes the number of fluid un-
knowns. The coupled fluid/structure eigenvalue problem admits 2ng + ng solutions. However, an analyst is
in general interested only in a relatively small number of eigenpairs. For example for flutter analysis, the
eigenvalues of interest are those corresponding to a low frequency or a small damping. Furthermore,
the eigensolutions of practical interest involve only a subset of the “dry”” (uncoupled) modes. For all of the
above reasons, it is reasonable, but not mandatory, to represent the structure by its first m dry modes, and
therefore to switch from the displacement variable ug to the modal variable (or generalized coordinate) ug,
defined by

us = \PmuSma (41)
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where W, is an ns x m matrix storing the m lower dry eigenvectors ¥,. These eigenvectors are solution of the
generalized structural eigenvalue problem

Ky, = o My,.

In general, m is relatively small compared to ng, say 10 <m <30, and therefore the reduced mass and
stiffness matrices

M,=¥Y'M¥Y, K,=W¥Y K¥,
and the reduced matrices
K =K%Y, P,=Y'P

have all small sizes.
Hence, the representation (41) reduces the generalized eigenvalue problem (29) to

(Nm - :ull)qm, = 07 (42)
where
w
q}’ﬂ = ym (43)
us,

and

-A"'H -A(E+C)K, —-A'GK:
N, = | M,'P, 0 -M,'K,, | (44)
0 I 0

6.2. Inverse orthogonal iteration

We are most interested in the extraction of the complex eigenvalues of N, (and their corresponding
eigenvectors) whose negative real parts are the closest to zero. These eigensolutions can be computed by a
generalization of the inverse power method known as the method of inverse orthogonal iteration [16].
However, rather than operating directly on N,,, we choose to operate on (I — hN,,), h > 0, for reasons that
will become clearer in the sequel. The matrices V,, and (I — 2N,,) share the same eigenvectors, and if v; is an
eigenvalue of (I — AN,,), then

I —v;
= — 45
W= (45)
is the corresponding eigenvalue of N,,.

The convergence rate of the inverse orthogonal iteration is governed by the ratio

Virt| L= hpa|  [(1/h) — i

A e T N (VORI
where || denotes the module of a complex number. This ratio is furthest from 1 when 1/4 is small. Hence, /
is chosen relatively large to accelerate the convergence of the inverse orthogonal iteration.

Let » = 2m + np. Given an r-by-p matrix T with p <m orthonormal columns, the following inverse
orthogonal iteration procedure generates a sequence of matrices T™ € 27 whose ranges Range(T"))
converge to the subspace spanned by the p eigenvectors associated with the smallest eigenvalues of
(I —hN,):

Fork=1,2,...

Solve (I — hN,)Z% = 1",
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Orthonormalize Z%) using a Q—R factorization TWR® = Z® .

Declare convergence if | Z* — T®V|, <||T7|,.

The p x p real matrix product 7% A converges to an upper triangular matrix with either 1-by-1 or 2-
by-2 diagonal blocks. These diagonal blocks lead to the smallest complex eigenvalues v; from which one can
deduce the smallest complex eigenvalues y,;. A good approximation of the eigenvectors ¢, , i = 1, ...,p,can
then be obtained by computing the complete set of eigenvectors S, of the p-by-p matrix T 7®) , and
setting Q,, = T® S,.

6.3. Linear equation solver

The most computationally intensive kernel of the inverse orthogonal iteration outlined in Section 6.2 is
the solution of a linear problem of the form

BZ"Y = (I —hN,)Z"® = T*V. (46)

We propose to solve the above problem, which arises at each inverse orthogonal iteration with a different
right-hand side, by a pre-conditioned iterative algorithm equipped with a carefully constructed initial
guess.

6.3.1. Construction of the initial guess
At the kth step of the inverse orthogonal iteration procedure, Z*~Y is readily available, and the objective
is to solve p systems of the form
(I — hN,,)z" = ¢*Y.

1

A good initial guess for zgk) can be constructed by the following Rayleigh—Ritz procedure. First, we select

the initial guess in the subspace spanned by Range(Z*~1)

0 _ 700,
Then, we compute 4 as to minimize the two-norm of the initial residual ||t5k71) — (I = hN,)Z%*V}]|,. This
leads to

d _ )7 (k1 (k=1)T (k=1
(lTTkZ TU-2 5 _ 9 T2, )+t £ >>:0
di f '

Given that T%~? is an orthogonal matrix, it follows that the solution of the above equation is

=T D),

1

Hence, the proposed initial guess for z,(k) is

0" = ZU N,

In order to minimize storage requirements, we do not store the r x p matrix Z*" while performing the

inverse orthogonal iteration. Instead, we store the smaller p x p matrix R*"V. We reconstruct at each it-

()

eration of the eigensolver Z*~1 = R®=DT*=1 and therefore compute the initial guess z; ' as follows:

zl(k)“” _ RU=1 1) T(kfz)Ttl(k—l).
In summary, we initialize the solution by an iterative algorithm of each problem of the form given in (38) by

ZP = RV U 2 ),
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6.3.2. Elimination of the structure unknowns
Let AZW = ZW — ng) and AT® = T¢ — BAZ(()k>. Problem (46) can be re-written as

BAZ" = AT®, (47)

The above system of linear equations with multiple right-hand sides can also be written as p linear 2 x 2
block systems of the form

(BFF BFS) Az _ AP
Bsr  Bgp Az(sk) At(sk) ’
where
Brr =1+ hA™'H, Bps= (hA'(E+ C)K;, hA"'GK}),
_(-mM,'P, (0 mM,'K,
BSF( 0 > BSS(_hI 0 >

and where the subscripts F and S refer to the fluid and structure unknowns, respectively.
It follows that

Az(sk) — 5! (At(sk> — BSFB;éAt@) )
and

Az = BeiAt! — BiiBrsAzg, v
where

S = Bss — Bsy By Brs. -

Note that S is a 2m x 2m matrix that needs to be computed only once, and can be stored. Hence, the main
computational cost associated with the solution of the problems (48) and (49) is that corresponding to the
solution of problems of the form

Brpx =g, (51)

where g is either a At(sk) vector, or a column of Bgs. Such problems can be solved approximately, but at the
price of a slower convergence of the inverse orthogonal iteration procedure. Hence, the overall efficiency of
the proposed eigensolver calls for a balance between solving accurately the system of equations (51), and
optimizing the convergence rate of the inverse orthogonal iteration method.

Finally, we note that

AByr = A+ hH.

Hence, if / is identified with a time-step A¢, the above linear operator becomes nearly identical to the one
that arises at each Newton step of an implicit unsteady flow solver, which shows that the proposed fre-
quency analysis method can re-use a significant amount of existing flow solver technology. This is essen-
tially the reason why we have reformulated the original generalized eigenvalue problem N,gq, = j.q,. as
(I - th)qmi = viqnz,'

6.3.3. Pre-conditioned iterative algorithms
Next, we turn our attention to the solution by pre-conditioned iterative algorithms of the problems of
the form

BFFX =g (52)

that arise in Eqs. (48) and (49). Here and throughout the remainder of this paper, Byr = I +hA 'H is
based on the second-order flux Jacobian matrix H'®.
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Such algorithms compute a sequence y°, y', ..., y* for which x* = R*y* converges to x [26]. Convergence
is usually monitored by

IL* (Brrx* — g)ll, <Ol|L°g],- (53)

The linear operators L* and R* are the left and right pre-conditioners, respectively, and 6 > 0 is a pres-
elected tolerance.

We present three such pre-conditioned algorithms that share the same left pre-conditioner L* = L = D' —
and therefore the same stopping criterion (53) — but differ in the choice of the right pre-conditioner R*. Here
ar(lg in the sequel, D is a block diagonal matrix constructed from the 5 x 5 diagonal blocks of the matrix
By, where

By =I+hA'HY. (54)

We remind the reader that H'V is the first-order approximation of the flux Jacobian matrix. Hence, in all
three solvers that we describe next, Bgr is left pre-conditioned by the diagonal blocks of its first-order
counterpart.

Next, we specify these three different iterative solvers.

6.3.4. The JAC-JAC algorithm

The first method we describe here, labeled JAC-JAC, is a two-level iterative method with outer and inner
iterations. It is easier to implement and requires less memory than the two other methods that we describe
in the following two sections. However, it is less robust and less computationally efficient than both of
them. The outer iteration of the JAC-JAC algorithm is the following block-Jacobi scheme y° = 0 for
k=0,1,...

yk+l :yk _ D*l(BFFRkyk _g)

The right pre-conditioner R* is also chosen as the block-Jacobi iterative scheme. Since the number of block-
Jacobi iterations can vary with the pre-conditioning step, it follows that the right pre-conditioner can
depend on k, which explains the superscript k. More specifically, the right pre-conditioning step computes
x* = Ry* via the solution of the auxiliary problem ngxk = Dy* by the block-Jacobi iterative algorithm
xf=0forj=0,1,...

J

— 1
X, =xi-D 1<B§;gxf - Dyk). (55)
We monitor the convergence of the above inner iterations by
1 A
|Brix} — Dy, <l Dyl

where n > 0 is a specified tolerance. Moreover, we note that for large CFL numbers — that is, for large
values of / (see Section 6.3.2) — the iterative algorithm (55) may not converge. For this reason, we impose a
limit on the maximum number of iterations defining this right pre-conditioner. Global convergence is
reached when the outer iterations converge to the solution of problem (51).

6.3.5. The JAC-RASI algorithm

The second solution method we present, labeled JAC-RASI, differs from the previous one only in the
choice of the right pre-conditioner. Here, we define R as the RAS pre-conditioner that was introduced in
[27]. The RAS algorithm is a variant of the classical additive Schwarz pre-conditioner (AS) [9] that was
shown to deliver a superior performance on both sequential and parallel computational platforms. Here, we
outline its basic steps in order to keep this paper as self-contained as possible.

Let

B=D"'B!) (56)
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and let /" denote the set of nodes in the fluid mesh, and A7, i=1,...,N a partition of this set into N
overlapping set of nodes

N
N = U/V,
i=1

To obtain a non-overlapping node-based mesh partition, we identify a unique subdomain as the sole owner
of each interface node (see Fig. 1). Hence, for each ./";, we construct .4 EO) C ; such that

N
UJV',(.O):JV and m§°>ﬂm§°>:® for i # j.

i=1

Let n be the total number of nodes in .4". For each subdomain ./"?, we define a restriction operator I{. In
matrix terms, I? is a 5n x 5n block subidentity matrix where each 5 x 5 diagonal block is set to the identity
matrix if the corresponding node belongs to /Y, and to zero otherwise. Similarly, we construct ; for each
;. We also define

Bi == IIBIZ

Although B, is not invertible, we can invert its restriction to the subspace L;

B =(8),) .

where L, is the restriction of %" to A; extended by zero outside ./;. In the numerical experiments reported
in this paper, B;' are obtained by the incomplete factorization ILU(0) and stored in 5 x 5 block diagonal
compressed row format.
We introduce the RAS operator as follows:

Reas = 1LB'IY + - + IyB,' I,

and define the right pre-conditioning step x* = R*y* as the solution of the auxiliary problem Bglix" = Dy
by the RAS pre-conditioned GMRES iterative algorithm. We monitor the convergence of the resulting
inner iterations by

| Brxs — || <nllpA L

where n > 0 is a specified tolerance.

Fig. 1. A two-subdomain mesh partition. A" '§0) contains all the ‘®’ nodes, A" '(20) contains all the ‘O’ nodes, and <,4/"§0) (a4 ';0) = 0. ,/V%”
contains all the nodes inside the solid curve, and A’”gl) contains all the nodes inside the dotted curve.
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6.3.6. The JAC-RAS?2 algorithm
The two algorithms JAC-JAC and JAC-RASI described above have two things in common:
e both contain inner and outer iterations;
. bo(‘gl left and right pre-conditioners of both algorithms are based on the first-order flux Jacobian matrix

H".

Hence, in both JAC-JAC and JAC-RASI algorithms, few matrix-vector products of the form Bggx are
performed compared to matrix-vector products of the form B(FIF)x. It follows that both of these algorithms
can afford performing the matrix-vector products of the form H'»x by using Adifor, which is convenient if
an explicit formula of H®x is not available, but less efficient as discussed in Section 5.

Here, we present a third algorithm for solving problem (51) labeled JAC-RAS?2 that:

e does not contain inner iterations;
o will be shown to have superior convergence properties than both algorithms JAC-JAC and JAC-RASI;
e but require the availability of an explicit expression for matrix-vector products of the form H?x (see

Appendix A) as it performs mostly matrix-vector products of the form Bggx.

This algorithm consists in solving problem (51) by the block-Jacobi pre-conditioned GMRES algorithm.
In other words, JAC-RAS?2 solves problem (51) by applying the GMRES method to the solution of

D 'BirRrasy = D'g

and outputting at convergence x = Rras).

7. Application to the flutter analysis of the AGARD wing 445.6

Here, we validate the proposed frequency analysis method and illustrate some aspects of its computa-
tional performance.

7.1. Validation
We consider the flutter analysis of the AGARD wing 445.6 [29]. This wing is an AGARD standard

aeroelastic configuration with a 45° quarter-chord sweep angle, a panel aspect ratio of 1.65, a taper ratio of
0.66, and a NACA 65A004 airfoil section (Fig. 2). The model selected here is the so-called 2.5 ft weakened

Fig. 2. The AGARD wing 445.6.
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model 3 whose measured modal frequencies and wind-tunnel flutter test results are reported in [29], and for
which computational aeroelastic data can be found in [17,19].

We construct an undamped finite element model of the wing with 800 triangular composite shell ele-
ments and 2646 degrees of freedom, using the information given in [29]. This model yields natural mode
shapes and frequencies that are similar to those derived experimentally. More specifically, the frequencies
associated with the first four natural modes of this finite element model are, respectively, 9.83, 39.54,
50.50, and 96.95 Hz. They differ from the experimental ones by only 2.5%, 3.6%, 4.5%, and 5.9%, re-
spectively.

We also generate a three-dimensional unstructured tetrahedral CFD Euler mesh using GHS3D [15]. This
mesh contains 22 014 vertices only.

We apply the eigensolution method proposed in this paper to the prediction of the flutter speed index
as a function of the Mach number, using the second-order approximation of the flux Jacobian matrix.
More specifically, we represent the structure by its first 10 dry modes (m = 10), and employ six trial
vectors to initialize the method of inverse orthogonal iteration. For each target Mach number, we set the
freestream density as in [29], and vary the freestream pressure until we observe the onset of flutter
characterized by a vanishing real part of a computed eigenvalue. We report our results in Fig. 3 and
compare them with the experimental data published in [29], and the computational results published in
[17,19]. Note that the flutter envelopes reported in [17,19] are derived from the solution of nonlinear
transient aeroelastic response problems where the unsteady flow computations are performed using an
Euler solver.

The results reported in Fig. 3 show that in the range 0.499 < M, <0.960, the flutter speed indices pre-
dicted by our computational methodology compare favorably with the experimental data, and with both
nonlinear computational results published in [17,19]. In the supersonic regime, our results compare more
favorably with experimental data than those of [19], but less favorably than those of [17]. Indeed, in the
supersonic regime our computational results validate those of [19]. However, the results reported in this
work as well as those reported in [17,19] correspond to Euler flow solutions, and as stated in [19], the
modeling of the flow physics by the Euler equations is incomplete for the AGARD wing 445.6 in the early
supersonic regime.

0.55 ; : : . .
Yates (Experimental) —

Lee-Rausch and Batina ---- |

Gupta ----- I

Proposed eigensolver o/

0.5 ,

0.45

0.4

Flutter Speed Index

0.35

0.3

025 1 1 1 1 1 1
0.5 0.6 0.7 0.8 0.9 1 11
Mach Number

Fig. 3. Flutter speed index (AGARD wing 445.6).
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7.2. Performance results

All computations discussed in Section 7.1 have been performed on a three-processor origin 2000, and
were parallelized using the mesh partitioning paradigm and the TOP/DOMDEC software package [12].

In general, we have observed that for this mesh with 22 014 vertices, a matrix-vector product of the form
H" (wy) - b requires 0.27 s when using the manual derivation presented in Appendix A, and 1.10 s when
using Adifor. On the other hand, a matrix-vector product of the form H"(w) - b consumes only 0.14 s.
These observations justify the concern formulated in Section 5 about using Adifor for this application.
They also justify the design of algorithms JAC-JAC and JAC-RASI for the event where for convenience, a
software package such as Adifor must be used for generating matrix-vector products of the form H%x.

First, we report in Table 1 on the performances of the JAC-JAC and JAC-RASI algorithms for the
solution of one instance of the right pre-conditioning problem, which can be written in both cases as
B(FIF)x = Dy. Note that this right pre-conditioning problem is similar to problem (51) when constructed with
a first-order flux Jacobian matrix. We summarize both the outer iteration counts and CPU results (between
parentheses), for various CFL numbers. In all cases, we set the tolerance of the convergence criterion
governing the inner iterations to # = 10~'. We remind the reader that (a) / can be identified with the time-
step of an existing unsteady flow solver (see Section 6.3.2) and therefore varying s can be achieved by
varying the CFL number for a flow solver, and (b) the higher is the CFL number the faster is the expected
convergence of the eigensolver (see Section 6.2). The reader can observe that in all cases, the JAC-RASI1
algorithm outperforms significantly the JAC-JAC solver. More importantly, the reader can also observe
that the RAS pre-conditioner is almost insensitive to /# or the CFL number. This is important because the
larger is the value of 4, the better is the expected convergence rate of the eigensolver, but the more ill-
conditioned is the matrix By = I + hA™'H.

In Table 2, we report on the performances of all three solvers for the solution of one problem of the form
Brrx = y. The CFL number is fixed to CFL = 9000, and the number of inner iterations is varied by varying
the parameter 1. The reader can observe that (a) in the case of the JAC-RASI solver, the right pre-con-
ditioning auxiliary problem does not need to be solved very accurately to ensure a good performance, and
(b) all solvers perform more iterations than in the case of a first-order flux Jacobian matrix, which high-
lights the well-known difference in conditioning between first-order and second-order space accurate
Jacobian matrices, and (¢) the JAC-RAS2 performs less iterations than the JAC-JAC and JAC-RASI
algorithms whose numbers of iterations are given by the product of the number of inner iterations and the
number of outer iterations.

Table 1
Performance results for the solution of Blyx = Dy

CFL n=10"
100 1000 10000 100 000
JAC-JAC 7 (1.05 s) 26 (3.78 s) 50 (7.12 s) 65 (9.27 s)
JAC-RASI 2 (0.66 s) 3(1.03 s) 4 (1.255) 5(1.67 s)
Table 2
Convergence of the outer iterations for Bgpx =y — CFL=9000 — § = 1073
JAC-JAC JAC-RASI JAC-RAS2
Outer Inner Outer Inner Outer
17 32 13 8 -
29 16 15 4 -
46 8 23 2 -
Diverge 4 35 1 27
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Table 3
Performance of the inverse orthogonal iteration — CFL =9000, p = 2, and t = 1073
JAC-JAC JAC-RASI JAC-RAS2 JAC-RAS2-Adifor
CPU 7650 s 2345 s 1002 s 3562 s

Table 4
Performance results of the inverse orthogonal iteration equipped with JAC-RAS?2 for different values of p — CFL =9000, t = 1073
)4 CPU Iteration counts
2 1002 s 44
4 3020 s 82
6 5860 s 160

The overall performance results reported in Table 3 for the eigensolver and the case of two eigensolu-
tions (p = 2) also show that the JAC-RAS?2 solver is significantly faster than the two other solvers. These
results also highlight the importance of using the explicit expression of H® x given in Appendix A rather
than using Adifor.

Finally, we report in Table 4 on the performance of the eigensolver equipped with the JAC-RAS2 al-
gorithm, for different numbers p of target eigensolutions. The reported results show that, for this problem,
the number of iterations of the eigensolver grows linearly with p, but its solution time grows superlinearly
with p.
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Appendix A

The objective of this appendix is to evaluate the quantity

Gl
ai‘/vi(whwjvﬁ)v

where w; is the restriction to vertex i of the fluid state vector expressed in terms of the primitive variables,
and @ is the flux of Roe. In conservative variables, this flux can be written as
o 1ra Lz 1 q
D(wi, Wy, 7i) = 5 [F(Wz‘) -7+ F(w)) n} = 5 Aroe (Wi, W, )| - (w; — w),

where 7 is a unitary vector.

In primitive variables, this flux becomes

(W, W), 1) = % (ﬁ(fv,-) A F(W) - ﬁ) — = PNl (Wi, W), ) - | A (M (Wi, ;) )|
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where
pv -7
pv\U - H+ pn
FWw)-i= | puyd-ii+pny |,
pU3T - i + pns
pHV - H

where ¥ is the flow velocity vector, # the total specific enthalpy given by

—_—

P 2 2 2
H =———F+z(]F+0v5+0
p('))*l) 2(1 2 3)

and ./ is the averaging function associated with the flux of Roe.
| Vit P ]

NN

. 1
M) = o g | VPR
i J \/P—iv3: + \/,’07173‘,

NN

2! is the matrix whose columns are the right eigenvectors of the Jacobian matrix of F.

i 1 1
np ny ns 202 202
v +cn v —cn
vin Uihy — N3 Uiny +ny 22 202
vy + 13 Va1 vans — Lo b
P (W, i) = ) ; 2c2 2¢2
v3+cny 3 —Chny
V3N — Ny Ushy +my U3n3 22 22
) 12 12
af s Lo\ o (L oY o (1B L L\ L ptcld p—cti
—Nn—nxXv|-é —HN—HXUV|-é |——H—Hxv]- & L 5 L 5
2 2 2 2c 2c

¢ is for the speed of sound

c=,/2
p

and &, @, and &, define a basis of #°. We denote by r,(W, 1), the column vectors of 9’”(%/, 7).

Matrix A is the diagonal matrix of the eigenvalues of the Jacobian matrix of F

0
0
0 ©-7 0
“H+c

0
0
0
0
0 0 0 v-7—

Cc

oS O o O
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o
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and 2 is the matrix whose lines are the left eigenvectors of the Jacobian matrix of F

P(w, i) =
I il ) v, v
@_bngﬁ+ﬁX®,a m(y =13 mtm(y =13 —mtm@-=1)5
2 " y v
(’7* U 7+ 7 6) & mmtm(-13 mO-1)3 m+m(y—1)3
(’7* U= 5+ 7 x 6) & mAmy—-DY%  —mAm-1D% m@-1D4
(y—l)”é”z—cﬁﬁ eny — (y — Doy ceny — (y — Dy eny — (y— D
(y=1) ”32”2 +c?-i —em—(y—Dvy  —em—(y—1Dva  —cny — (y— Dvs

In the sequel, we denote by /] (w,7) the line vectors of 2(w, 7).
Hence, the differentiation of @ gives
ow 6w,-

1
-b—§<
1

- P (M (W0, W), 1) - (W — W) — 537*1 (M (Wi, ;) 77)

/4
oW

0! - ol

0o (M (i 0,), ) -

ow;

(ﬂ/l‘, ﬂ/j, ﬁ) N b -

(%%%Q%%MMMﬂ%%—M

1 0P oM
——@_l(ﬂ(ﬂ/l—,ﬂ/j),ﬁ) NAA (Wi, W,),00)| - | == (A (Wi, W)), 1) - —— (Wi, W;
2 ow 0 i
1
+§9*1(//(w1,wj),ﬁ) A (Wi, W)), 1) | - P(M(W;,W;), 1) - b,
where
[ v-n pny pny pn3 0 1
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and
o7t ory ,_ . Ory,_ . Or3,_ . Orqg,. . . Ors,_
o (w, ) - b= ﬁ(w,n) -b%(w,n) -b%(wm) -bﬁ(w,n) -b%(w,n) b
with
[0 0 0 0 0]
5 0 m 0 0 0
a—rj (wid)=[0 0 m o o,
W
0 0 0 ny 0
L0 vimy vyny +n3 ving—ny 0
K 0 0 0 07
5 0 ny 0 0 0
a—g wi)=|0 0 - o o,
0 0 0 "y 0
L0 vimy —n3 vy vsmy+ny 0
[0 0 0 0 0]
5 0 ns 0 0 0
a_:; wi@)=|0 0 ny 0 0],
0 0 0 ny 0
_O viny +ny vyny —np U3N3 O_
_ ! ) -
0 0 0 -
2yp 2yp?
U1 n 1 2] np
St e S | 0 - _ -t
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ory ) ny 1 (%) ny
4 - |2 +2 90 — 0 -2 _=
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U3 nj 1 U3 n3
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The differentiation of |A] is given by the differentiation of the eigenvalues 4;

0
ni
041, -
a—ﬂi(w,n): n |,
ns
_0 -
Fc
2p
ni
04 .
= n
aw( ’n) 2 I
ns3
c
L 2p |
S
2p
ni
oA
a—vg(w,ﬁ)z n
ns
c
L 2p

and the differentiation of the absolute value is performed as

|x + ox| — |x| + ox if x >0,
0 if x=0,

|x + x| — |x] = ox if x <O0.
Furthermore, we have

o T
6—%}(w,n)~b

on .
a—é(w7n)~b

RIS ar
aw . %(Wﬂ’l)b ’

ol ,_
%(w,n)-b
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where

ol,

(w, 1)
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—_%B'ﬁ (= Do +em (p = Doa +emy - (y = Doy + emy zipﬁ-ﬁ'
% -y =1 0 0 _%1

%(W’ﬁ): Z_I:f 0 - -1 0 _"’2_’;2 :
7 ’ 0 -w-y -

L 0 0 0 0 0

which concludes the evaluation of aa—(? (Wi, W), 7).
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