FETI and BDD Preconditioners for
Stokes-Mortar-Darcy Systems

Juan Galvis* Marcus Sarkis*!

October 31, 2009

Abstract

‘We consider the coupling across an interface of a fluid flow and a porous
media flow. The differential equations involve Stokes equations in the fluid
region and Darcy equations in the porous region, and a coupling through
an interface with Beaver-Joseph-Saffman transmission conditions. The
discretization consists of P2/P1 triangular Taylor-Hood finite elements
in the fluid region, the lowest order triangular Raviart-Thomas finite ele-
ments in the porous region, and the mortar piecewise constant Lagrange
multipliers on the interface. We allow for nonmatching meshes across the
interface. Due to the small values of the permeability parameter x of
the porous medium, the resulting discrete symmetric saddle point system
is very ill conditioned. We design and analyze preconditioners based on
the Finite Element by Tearing and Interconnecting (FETI) and Balancing
Domain Decomposition (BDD) methods and derive a condition number
estimate of order C1(1 + %) for the preconditioned operator. In case the
fluid discretization is finer than the porous side discretization, we derive
a better estimate of order Ca( #ﬁ))z) for the FETI preconditioner. Here
hP is the mesh size of the porous side triangulation. The constants C;
and C> are independent of the permeability x, the fluid viscosity v, and
the mesh ratio across the interface. Numerical experiments confirm the
sharpness of the theoretical estimates.
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1 Introduction

We consider the coupling across an interface of a fluid flow and a porous media
flow. The model consists of Stokes equations in the fluid region, Darcy equations
for the filtration velocity in the porous medium, and an adequate transmission
condition for coupling of these equations through an interface. Such problem
appears in several applications such as well-reservoir coupling in petroleum en-
gineering, transport of substances across groundwater and surface water, and
(bio)fluid-organ interactions. There are works that address numerical analysis
issues of this model. For inf-sup conditions and approximation results associ-
ated to the continuous and discrete formulations for Stokes-Laplacian systems
we refer [14, 15], for Stokes-Darcy systems we refer [29, 37, 2], for Stokes-Mortar-
Darcy systems we refer [39, 25], and for DG discretizations [11, 39]. For studies
on preconditioning analysis for Stokes-Laplacian systems we refer [12, 13, 16, 17,
and for Stokes-Darcy systems we refer [3]. In this paper, we are interested in
Balancing Domain Decomposition (BDD) and Finite Element by Tearing and
Interconnecting (FETT) preconditioned Conjugate Gradient methods for Stokes-
Mortar-Darcy systems. For general references on BDD methods we mention
[21, 33, 34, 38, 40] and for FETT methods [21, 23, 28, 35, 40] for FETT methods;
see also [18, 22, 30, 31, 32, 41, 42].

In this paper we both extend some preliminary results contained in [24] and
introduce and analyze new methods. We note that the BDD-I preconditioner
introduced in [24] is not effective for small permeabilities (in real applications
permeabilities are very small) while the preconditioner BDD-II in [24] requires
constructing interface base functions which are orthogonal in the Stokes inner
product (this construction is very expensive and impractical because it requires,
as a precomputational step, solving many Stokes problems). Here in this paper
we circumvent these issues by introducing a dual formulation and considering a
FETI based methods. We propose and analyze Finite Element by Tearing and
Interconnecting (FETI) methods and present numerical experiments in order to
verify the theory. We note that the analysis of the FETT algorithms for Stokes-
Mortar-Darcy problems is very challenging due to the following issues: 1) The
mortar map from the Stokes to the Darcy side has a large kernel since the Stokes
velocity space is in general richer than the Darcy velocity space on the interface;
2) The trace space of the Stokes velocity (H'/?) is more regular than the trace
space of the Darcy flux (H~1/2), and due to a priori error estimates, see [29, 39,
25], the Stokes side must be chosen as the master side; 3) The energy associated
to the Darcy region is much larger than the energy associated to the Stokes
region due to the small value of the permeability. Such issues imply that the
master side must be chosen on the Stokes side and where the energy is smaller
and velocity space is richer. The mathematical analysis under this choice is very
hard to analyze even for simpler problems such as for transmission problems
with discontinuous coefficients using Mortar or DG discretizations [21, 19, 20].
For problems where both the smallest coefficient and the finest mesh are placed
on the master side, as far as we know, there are no optimal preconditioners
developed in the literature for transmission problems, and typically there is a
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condition to rule out such choice.

The rest of the paper is organized as follows: in Section 2 we present the
Stokes/Darcy coupling model. In Section 3 we describe the weak formulation of
this model. In Section 4 we introduce a finite element discretization. In Section
5 we study the primal and dual formulation of the discrete problem. Section
6 is dedicated to present a complete analysis of the BDD-I preconditioner in-
troduced in [24]. In Section 7, we design and analyze the FETT preconditioner;
see Lemma 3 and Theorem 4. In particular we obtain the condition number
estimate of order C1(1 + 1) for this preconditioner and also prove Theorem 7
which gives a better estimate of order C’Q(%) for the FETI preconditioner
in case the fluid discretization is finer than the porous side discretization; the
case where the Stokes mesh is not a refinement of the Darcy mesh is also dis-
cussed; see Remark 8. In Section 7 we also consider more general fluid bilinear
forms by allowing the presence of a tangential interface fluid velocity energy,
see Remark 10, and also translate the FETI results to analyze certain BDD
methods; see Remark 9.

Here h? is the mesh size of the porous side triangulation. The constants C;
and C5 are independent of the permeability &, the fluid viscosity v, and the mesh
ratio across the interface. In Section 8 we present numerical results that confirm
the theoretical estimates concerning the BDD and the FETI preconditioners.

2 Problem Setting

Let Qf, QP C R"™ be polyhedral subdomains, define Q := int(ﬁf U Q’) and
I := 09 N OOP, with outward unit normal vectors n* on 9, i = f, p. The
tangent vectors on I' are denoted by 71 (n = 2), or 7, = 1,2 (n = 3). The
exterior boundaries are I'" := 90/ \ T, i = f, p. Fluid velocities are denoted by
u’: Q' — R", i = f,p, and pressures by p' : Q' = R, i = f,p.

We consider Stokes equations in the fluid region Qf and Darcy equations for
the filtration velocity in the porous medium P. More precisely, we have the
following systems of equations in each subdomain:

Stokes equations Darcy equations
V. -Tf,pf) =f in@Qf uP = —-2VpP in QP
V-ul =g/ inQf V-uP =gP in Q7 (1)
uw/ =h' onI/ uP-npP =hP on I'P.

Here T'(v,p) := —pI+2vDwv, where v is the fluid viscosity, Dv := (Vv +VoT)
is the linearized strain tensor and x denotes the rock permeability. For simplicity
on the analysis, we assume that x is a real positive constant. We impose the
following conditions:

1. Interface matching conditions across T'; see [14, 15, 16, 29] and references
therein.
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(a) Conservation of mass across I': uf -nf +uP -n? =0 on T.
(b) Balance of normal forces across T': pf — 2vmfT D(uf)nf = pP on T.

(¢) Beavers-Joseph-Saffman condition: This condition is a kind of em-
pirical law that gives an expression for the component of the Cauchy
stress tensor in the tangential direction of T'; see [4] and [27]. Tt is
expressed by:

N

uw T = —72?7fTD(uf)7'z l=1,n—-1; onT.
67

2. Compatibility condition: The divergence and boundary data satisfy (see

[25]),
<gf7 1>Qf + <gp’ 1>QP - <hf . 'r]f7 ]->Ff - <hp, ]->FP =0.

3 Weak Formulation

In this section we present the weak version of the coupled system of partial
differential equations introduced above. Without loss of generality, we consider
h! =0, g/ =0, h? =0 and g* = 0 in (1); see [25].

The problem can be formulated as: Find (u,p,A\) € X x My X A such that
for all (v,q,p) € X x My x A:

a(u,v) + b(v,p) + br(v, A)
b(u, q)
bF(u7 /’6)

f(v)
0 2)
0

)

where X = X7 x X? := H}(Q/,T)" x H(div, Q?,T?) and My is the subset
of M := L?(QF) x L?(QP) = L?(Q) of pressures with zero average value in €.
Here H}(Qf,T'¥) denotes the subspace of H*(Q2/) of functions that vanish on
I'/. The space Hg(div, P, T?) consists of functions in H(div, QP) with zero
normal trace on I'?, where

H(div, Q) := {v € L*(Q")" : divw € L*(Q)} .

For the Lagrange multiplier space we consider A := H'/2(T). See [25] for a
discussion on the choice of the Lagrange multipliers space A and how to derive
the weak formulation (2) and other equivalent weak formulations; see also [29)].

The global bilinear forms are

a(u,v) = al ,(w!,0f) + a?(u?,0?) and b(v,p) = b (v],pT) + (07, pP),

af
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with local bilinear forms af; ;,bf and bP defined by

n—

1
!
aif (’u’f?vf) = QV(Duf’va)Qf + Z 7 <u'f : Tg,’l)f ! T€>Fa ufavf € Xfa

=
(3)

a?(uP, o) = (CuP v, uP,vP € X7, (4)

K
bf(vfaqf) = 7(qfav'vf)Qf, vf GXf, qf erv (5)
W (vP,pf) =", V-vP)ar, v e XP, pP e MP?, (6)

and with weak conservation of mass bilinear form defined by
br(v,p) == (v - e+ @ 0P e, v= (v, vP)e X, uec A (7)

The second duality pairing of (7) is interpreted as (v? - n?, En»(u))oqr. Here
Enp is any continuous lift-in operator from H'/2(T") to H'/2(00P); recall that
' C 9OP and v € Hy(div,QP,TP). It easy to see that this duality pairing is
independent of the lift-in operator Eyp. This duality pairing is an extension of
the L?(T") inner product when v? - n? and u are L*(T") functions, see [25].

The functional f in the right hand side of (2) is defined by
f(v):= f(vh) + fP(v?), forall v = (v o) € X,
where fi(v') := (f',v%)12(q: for all v’ € X', i = f,p.

The bilinear forms a‘li 1, b are associated to Stokes equations and the bilinear

forms aP,b? to Darcy law. The bilinear form ai ; includes interface matching
conditions 1.b and 1.c above. The bilinear form br is used to impose the weak
version of the interface matching condition 1.a above. We have the following

lemma that addresses the well-posedness of the problem.

Lemma 1 (See [25, 29]) There exists 3 > 0 such that

inf sup bv,q) +br(v, 1) >p3>0. (8)

wmeris  aoe Tollx (ol + alla)

(g,1)#0 VH£0

where ||v|% = H'vf||§1&(9f)2 + H”pH%{(dw,Qp)' This inf-sup condition, together

with the fact that aif is X1 x H (dir”, QP)-elliptic and a}if , b and br are bounded,
guarantees the well-posedness of the problem (2).
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4 Discretization

From now on we consider only the two dimensional case. We note that the ideas
developed in the following can be easily extended to case of three dimensional
subdomains.

We assume that QF, i = f,p, are two dimensional polygonal subdomains.
Let ’Z;f(Ql) be a geometrically conforming shape regular and quasi-uniform
triangulation of Q° with mesh size parameter h', ¢ = f,p. We do not assume
that these two triangulations match at the interface I'. For the fluid region, let
X{-Lf and M}{f be P2/P1 triangular Taylor-Hood finite elements; see [7, 8, 10].
More precisely,

X{Lf = {u ex/: VK EA 7;‘];<Qf>luK = UKo FKI} ﬂCO(ﬁf)Qa 9)
and @i € Py(K)?

where ui := u|x and
! _ . 1 _
M, = {p e 12y : 7K € Tl b =pice Fie }OCO(Qf).
and px € P;(K)
Denote M}Ct cM ,{ ; the discrete fluid pressures with zero average value in Q.
For the porous region, let X%, C X? and M}, C L*(QF) be the lowest order

Raviart-Thomas finite elements based on triangles; see [7, 10]. Let M, C M o
be the subset of pressures in M}, with zero average value in QP.

Define X, := X/, x X?, € X and My, := M}, x M}, C L*(Q/) x L*(P).
Note that in the definition of the discrete velocities we assume that the bound-
ary conditions are included, i.e., for v}:f S X{Lf we have vif =0 on I'/ and for
vh, € X%, we have that v} - n? =0 on I'?.

Let 7,5, (') be the restriction to I' of the porous side triangulation 77, (QF).
For the Lagrange multipliers space we choose piecewise constant functions on I'
with respect to the triangulation 7}, (T'),

App = {A : /\|65 = Aer s constant in each edge el of Th’;(f‘)} , (10)

i.e., the master is on the fluid region side and the slave is on the porous region
side; see [5, 6, 21, 43]. The choice of piecewise constant Lagrange multipli-
ers leads to a nonconforming approximation on Ap» since piecewise constant
functions do not belong to H/?(I'). For the analysis of this nonconforming
discretization and a priori error estimates we refer to [25].

5 Primal and Dual Formulations

In order to simplify the notation and since there is no danger of confusion, we
will denote the finite element functions and the corresponding vector represen-
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tation by the same symbol, i.e., when writing finite element functions we will
drop the indices h’. Recall that we have the pair of spaces (X, M},) associated
to the coupled problem and spaces associated to each subproblem: (X £ M ]{ )
and (X7,,MF,). We will keep the subscript h’, i = f,p, in the notation for

local subspaces X{Lf,M}{f,XfL,, and M7,

Since we are interested in preconditioning issues we assume of = 0 in the
definition of the fluid side local bilinear form ai ; in (3). We denote af = af.
See Remark 10 for the case af > 0.

With the discretization chosen in Section 4 we obtain the following symmet-
ric saddle point linear system

AT BIT | 0 0o | ¢fT uf I

Bf 0 0 0 0 p! gf
0 0 [ Ar BrT[—CrT ub | = | f? (11)
0 0 | B> 0 0 PP gP

cr o0 [-cP 0 0 A 0

with matrices A%, B!, C* and columns vectors f*, ¢, i = f,p, defined by

a(ul, v —  viT Ayt
bi(ul, q') — ¢T B,

(ui : nfa :u)F = /LTCiui7 (12)
fi(') = vTf,

9'(q") = ¢y

Matrix A7 corresponds to v times the discrete version of the linearized stress
tensor on /. Note that in the case af > 0, the bilinear form aif in (3) includes
a boundary term; see Remark 10. The matrix AP corresponds to v/k times a dis-
crete L?-norm on QP. Matrix —B? is the discrete divergence in %, i = f,p, and
matrices C¥ and CP correspond to the matrix form of the discrete conservation
of mass on I'. Note that v can be viewed as a scaling factor since it appears in
both matrices AT and AP. Therefore, it is not relevant for preconditioning issues.

Consider the following partition of the degrees of freedom: For i = f,p, let

u’ Interior displacements + tangential velocities on I,
D7 Interior pressures with zero average in 07,

Up Interface outward normal velocities on T,

41'

P Constant pressure in 7.

Then, for ¢ = f, p, we have the block structure:

} i iT _ i iT _ N
A’{iﬁ j;{] BZ[BGU g%}and ci=[0 0 & 0].
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Note that the (2,1) entry of B? corresponds to integrating an interior velocity
against a constant pressure, then it vanishes due to the divergence theorem. We
have the following matrix representation of the coupled problem in (11):

Al BT AT oo o o 0| o (u][#
By o B o |0 0o 0 0] o0 p! gf
aly BT Al BT o 0 0 o [ O | uf || A
o o B o]0 o 0 0] o P g’
0 0 0 0 [AY, By AT 0 | 0O o=
o 0 0 0 [By; 0 Bp 0] 0 Py 91
0 0 0 0 | AR, By AR BYT| -CPT || Wb 2
0 0 0 0 ] o 0 B 0] 0 P’ g’

0 o ¢ oo 0 -C*» 0] o AL o]

(13)

Following [21, 38], we choose the following matrix representation in each
subdomain Q?, i = f,p,
Ay B | A 0
e HEAaAy
Aty B | A BT | LEN TR
0 0 | B® 0

5.1 The primal formulation

From the last equation in (13) we see that the mortar condition on I' (using
the Darcy side as the slave side) can be imposed as u} = (C’p)*lé’fu{: = Hulj:,
where II is the L?(T") projection on the space of piecewise constant functions
on each subinterval e? € T, (T'). We note that C? is a diagonal matrix for the
lowest order Raviart-Thomas elements.

Now we eliminate u%, pi, i = f,p, and A, to obtain the following (saddle
point) Schur complement

u{i br
S ij — lzf . (15)
74 bP
Here S is given by
st BT o]  [Sh o0 BT
S: = B o of+0"] 0 0 0 |I
0 0 0 B 0 O
Ty
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S{+UTSAI | BT 1T BT

- Sr BT
= B’ \ 0 0 =B o |
B | 0 0
where
i Im o o B )
m:=|0 1 0|, BT:=[BT n'pr. (16)
0 0 1
Here, we have denoted
i St BIT 0 o [sk oo BT
Sh=1 B 0 o0 and SP:=T1"| 0 0 0 |IL (17)
0 0 0 B 0 0

The local matrices S{ and B? and the local Schur complement S® are given by

s[5

. . . —1 1 .
B0 :|::K12F_K11‘I(K12“F) KiT, i=p.f (18)

The right hand side of (15) is given by

br [ fL ;i T F
= K, [ K, I
g_)f — gf _ Il ( FF) g{ +
bP | 0 0
o’ fr ~1
()fF — 17 Kty (Ktr) [ fp }
L 9 0

We note that the reduced system (15), as well as the original system (13),
is solvable when b/ + b” = 0, and the solution is unique when we restrict to
pressures with zero average value on €.

From now on we only work with functions defined on I' and extended inside
the subdomain using the discrete Stokes and Darcy problems. It is convenient
to define the space

Vr = {Up = (v}, vP) vl = SH(v/ - nf|p) and V2 = DH(v” - np|p))} (19)
and

Mé’ = {q e M" : ¢' = piec. const. in Q¢,i = f,p, and fm q + fm q® = 0}‘
(20)
Here SH (DH) is the velocity component of the discrete Stokes (Darcy) har-
monic extension operator that maps discrete interface normal velocity u{: €

H&éQ(I‘) (respectively ul. € (HY/?(T"))’) to the solution of following problem:
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Find u’ € X%, and p' € Mlh such that for all v* € X¢, and ¢° € M;, i=f,p,
we have:

o (SHu! 07) + 1 (0 pT) =0
o (SHu! ¢/) =

SHu! -nf =ul onT (21)
SHu! =0 on I/,
and
aP(DHu ,v?) + bP(vP,pP) =0
bP(DHuP,q?) =0 (22)

DHuP -m? =ul onT
DHuP -mP =0 on I'P.

The degrees of freedom associated with SHu/ - 7f on I' are free. This corre-
sponds to imposing the natural boundary condition TTD(SHUf)’f]f =0onl
which is the the expression for interface condition of Beavers-Joseph-Saffman
with af = 0.

For ¢ = f, p, define the normal trace component of X ﬁl by
Zj ={v"n'lr :+ v eX)i}. (23)

Associated with the coupled problem (13) we introduce the balanced subspace
Veg = {v{j e Z}{f : (vf:,vaf) € Vr, and /vf: My = 0}, (24)
r

with Vi defined in (19); see [38]. Observe that Vi 5 = KerB, where B is defined
in (16) and (18). Then for v{: € Vp,p we have Bv‘l’: = 0. We will refer to functions
U{: € Vv p as balanced functions. If v} = va: and vf: is a balanced function then
we also say that v} is a balanced function or the pair (UI’:, Hv{i) is balanced.

5.2 Dual formulation

In the system (13), we first eliminate the unknowns u}c,;D}c and uf,pf. We

obtain

S BT o 0o | CIT uf.

Bf 0 | 0 0] o0 ' v/

0 0 | S BT-07 ||| =| Y, (25)
0 o0 | B> 0| o0 j7d 0

croo [-c» o | o )
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where right hand side of (25) is given by

f
- fr _ it ! I
bf [ gf Ky, (Kl"l") g{
bP = 11“) P p \—1 11)
S| 7| L s [

Here Sk, K, and Kip, i = f,p, are defined in (18) and (14).

Let N; = [ ct 0 ] and consider S%, i = f,p, defined in (18). Then the
matrix in the left hand side of (25) can be rewritten as
st o | NIT
0] s» | -NPT
NTT-NP] 0

Now we eliminate the unknowns ufi, p! and ul, pP. We end up with the reduced

system
F)l=c, (26)

where the operator F' is defined by
F .= N/(SH7IN/T 4 NP(SP)~I NPT, (27)

and the right hand side c is given by

c=NI(sh)! { [ f;; } ity (k) { g } } .

i ([ 8] s ]}

Note that F' is positive semidefinite and since a discrete Lagrange multiplier
in Ap» does not have necessarily zero mean average value on I', then, the op-
erator F' has one simple zero eigenvalue corresponding to a constant Lagrange
multiplier. The above linear system, as well as the original linear system (13),
is solvable for zero mean right hand side, i.e., for ¢¥ - (1,...,1) = 0.

6 BDD Preconditioner

In this section we design and analyze a BDD type preconditioner for the Schur
complement system (15); see [9, 21, 40] and also [1, 20, 33, 38, 41]. For the sake
of simplicity on the analysis we assume that I' = {1} x (0,1), Qf = (1,2) x (0, 1)
and QP = (0,1) x (0,1). We introduce the velocity coarse space on I' as the
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span of the normal velocity vg = y(1 — y) (with vy also denoting its vector
representation). Define:

T
Ro=| % Y | Sy:=RSRT and Qy:=RIS!Ry.  (28)
0 Iax2

The system (15) is solvable when the right hand side satisfy b/ 4+ ? = 0
with uniqueness of the solution in the space of vectors with pressure component
having zero average value on ). Then, we have that Sy is invertible restricted
to vectors with pressure component in M{ defined in (20). The low dimension-
ality of the coarse space (which is spanned by vy and a constant pressure per
subdomain Q¢ i = f, p,) and the fact that the functions vy is independent of the
triangulation parameters imply stable discrete inf-sup condition for the coarse
problem.

Denote Sy := vd Spvg and S := BuySy 'vd BT. We can write (see (16) and
(25)) o
S, = §0 (BUO)T
0 Buy 0 :

A simple calculation using the formula for the inverse of a saddle point matrix
gives

Qp = [ voSy ol —UOSO L BTS~1BupSy 'l voSy ol BTS1 ]
0— )

S- 130050 o S-1

and using (16) we obtain

voSg g Sr = voSy Lvg BTS 1 BugSy g Sr +voSy i BTSTIB 0
QOS == SilB’U()S()_lv(?SF - S*lB I

or QoS [ } Here, we have defined
( OSO ’UO Sr — 1}050 BTS’_l.BUoSalUgSF) + Uogal’l)gBTg_lg
G = S7'B- S BuyS; vl Sr.
. . . I-P 0
With this notation we have that I — QyS = G R Elementary cal-

culations show that P? = P and B(I — P) = 0, hence I — P is a projection
and its image is contained on the balanced subspace defined in (24); see also [38].
Given a residual r = [ gt ]T, the coarse problem Qor, with Qo defined
n (28), is the solution of the coupled problem (13) with one velocity degree of
freedom (vg), and a constant pressure per subdomain ¢, i = f,p, with mean

zero in ) = int(ﬁf U QP). Note that the matrix Sy defined in (28) can be
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computed easily and in order to ensure zero mean pressure on {) we can use a
Lagrange multiplier.

For balanced functions v{: and u{:, the Sp-inner product is defined by (see

(16)):

(ul, vf)sr = (Sruf, of) = uf" Spof.
Recall that Bulj::O when u{: is balanced. Then, on this subspace of balanced
functions, the Sr inner product coincides with the S-inner product defined by

f f f1t f T _
<;’§ o > i | sl =[S B ]
S I ‘ q B 0 p ]’
q’ N q’ pr
where p = [ p? p* ]T. Consider the BDD preconditioner operator given by
Syt = Qo+ (I = QuS) (SN (I - SQu), (29)

where S/ is defined in (17); see [21, 38]. The notation (S7) stands for the
pseudo-inverse of S/ i.e.,

(SHt = [ (Sfo)_l 8 } 7

with S/ defined in (18). The preconditioned operator is given by
SY'S = QoS+ (I—QoS) (SIS (I—QoS)

(53] (57 Sl [ TS o

f
Note that applying (S/)~! to a vector [ Lg ] is equivalent to solving the

linear system

T T
A%:I B{I A§I 0 wf 0
Bi; 0 By 0 st Of
T _ =
AljiI B{F A}F BIT w; up
0 0 Bl 0 s/ P’

f
It u{: is balanced, so is balanced the velocity component of (Sf)~! [ g}? ] . Then

using elementary calculations with the matrices in (30) we obtain that

(S;,ls[ lg } ; [ qu ]>s = ((SL) " Srur, vr)s;.,
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for up,vr € Range(/ — P). In order to bound the condition number of the
preconditioned operator S](,lS, we only need to analyze the condition of the
operator (Sfj)’lsp. Note that

-1
c<u{"u1{>sr < <(Sf) Sru{‘7uf‘>sr < C<ulf“7u1]i>sr
is equivalent to
c<Sfu1’:,uf> < (Spufi,uf:> < C’(Sfuf:,u@. (31)

The next theorem shows that the condition number estimate for the BDD
method introduced in (29) is of order O(1 + +), where £ is the permeability
of the porous medium; see (1).

Theorem 2 If uIJ: is a balanced function then
, , 1 -
(stufuf) < (sedafy < (14 1) (Sful. )

Proof.The lower bound follows trivially from Sg and S being positive on the

subspace of balanced functions. Next we concentrate on the upper bound.
Let v{ be a balanced function and o2 = Tlvi.. Define v» = DHwE; see (22).
Using properties of the discrete operator DH | see [36], we obtain

v
(SPwP b)Y = aP (vP, vP) = E||v§\|?H1/2)/(F).
Using the Lo-stability property of mortar projection II, we have
0By < IRty = 0By =< N

With SH defined in (21), define v/ = Svaj. Using properties of SH, see [38],
we have .

vllof e gy < o (07, 07)
and then )

(SEvP o) < ;(Sfu%c,uf>. (32)

This gives the upper bound and finishes the proof. ]
Recall that we consider the preconditioned projected conjugate gradient

method applied to the Schur complement problem (15). We have written the
algorithm in Figure 1.
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1. Initialize

20 = Qob+w
d® = p— 52

with w € Range(I — QoS). Recall that all vectors have three components, for

ar br
instance, z = | zf andb=| & |.

zP b
2. Iterate k = 1,2,... until convergence
Precondition: z(*=1) = (§f)igk—1)

Project: y(+—1) (I — QoS)zk—1)

pr = (D dR) (k=) g(km) [ = 0]
rk) = k=1 4 g(R) (k) [(1) = ¢(0)]
alk) = <y(k—1)7d(k—1)>/<d<k),Sr(k)>
k) = (k=1 4 o (B)p(R)
dk) = qk=1) _ (k) gp(k)

Figure 1: Implementation of the projected preconditioned conjugate gradient
algorithm for the system (15) involving the BDD preconditioner (29).

7 FETI Preconditioner

In this section we analyze a FETI preconditioner for the reduced linear system
(26); see [9, 21, 40] and also [23, 28, 35]. Recall the definition of F' in (27). We
propose the following preconditioner

(NP (S7) (V)T (33)
where (N?)' is the pseudo-inverse (N?)T = [ (C?)=' 0 |.

Note that after computing the action of (Sf)~! and (S?)~!, in the ap-
plication of F' to a zero average Lagrange multiplier, we end up with bal-
anced functions. Therefore, in order to apply the preconditioned operator
(NP)T(SP)(NP)TF to a zero mean Lagrange multiplier, we do not need to solve
a coarse problem at the beginning of the CG, neither inside of the CG iteration.

The FETI preconditioner in (33) can be considered as the dual precondi-
tioner of the BDD preconditioner defined in (29); see the proof of Lemma 3
below.

Recall the definition of S% i = f,p, in (18) and the definition of space of
balanced functions Vr = VFf x V¥ in (24) and (23). We prove the following
result.

Lemma 3 Let A\ € Ay» N LE(T) be a zero mean Lagrange multiplier. Then

1
(NT(ST)TINTTX A) < —(NP(SP)"INPTX \).
K
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Proof. Consider a zero mean Lagrange multiplier A. Define t = (Sp)_%NpT)\
and wf = N/TX. Then it is enough to prove that

IS5~z > < e
Since w/ is balanced, i.e., w/ € V{/, we have that

((87)2wf, 2F)?

1
(s~ 2w/|* = sup
N
_ <’u}f,’l)f>2
vfbalanced ||(Sf)%vf||2
(A, NTvl)?

vfbalanced ||(Sf)%'0f||2
((SP)"3NPA, (SP)= (NP)"INFol)?
= su .
vfbalanced I (Sf)%vf||2

Then using the Cauchy-Schwarz inequality and (32) in the proof of Theorem 2,
we have

{t, (SP)% (NP) I NTwT)?

I(s7) 2wl P = ;
vfbalanced H(Sf)ifoQ
SPV3 (NPY- LNy f2
< s NNV
vl balanced ||(Sf)§vf||2

1
< =t

K

Using Lemma 3 we can derive the following estimate for the condition num-
ber of the FETT preconditioner defined in (33).

Theorem 4 Let \ be a zero mean Lagrange multiplier. Then
—1 /T 1 —1arpT
(NP(SP)" N, M, A) < (FAN) < (1 + ) (NP(SPYT-NPEXN).
K

The condition number estimate O("TH) can be improved in the case where
the fluid side triangulation is finer than the porous side triangulation. This
case has some advantages when k is small. In order to fix ideas and simplify
notation we analyze in detail the case where the triangulation of the fluid side
is a refinement of the porous side triangulation. In particular, in Theorem 7,
we will prove that the condition of the FETI preconditioned operator is of order
O(ﬁﬁ,)z) in this simpler situation. The analysis that we will present to prove
Theorem 7 can be extended easily for the case where the fluid side triangulation
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is finer than (and not necessarily a refinement of) the porous side triangulation;
see Remark 8.

We assume that the fluid side discretization on T', Thff (Q)|r, is a refinement
of the corresponding porous side discretization, 7,5, (Q”)|r. That is, assume that
h? = rh? for some positive integer 7. We will refer to this assumption as the
nested refinement assumption. For j = 1,...,mP, we introduce the normal fluid
velocity ¢; as the P2 bubble function defined on 7, (QP)|r and with support
on the interval ¢f = {0} x [(j — 1)h?, jh?]. Recall that we are using P2/P1
Taylor-Hood discretization on the fluid side. Under the nested refinement as-

sumption we have that ¢Jf € Z}’:f with Z}{f defined in (23). Denote Z}{f}b as the
f

ir o &s the subspace

of Z}J:f spanned by functions with zero average on all edges e?, j=1,...,mP.

subspace of Z,{f spanned by all gzﬁf, j=1,...,mP and set Z

Note that Z}{fﬁ and Z}{f,o form a direct sum for Z,’:f and the image HZ;ZfVO is
the zero vector.

Before deriving the condition number estimate of the FETI preconditioner
under the nested refinement assumption we first prove a preliminary lemma.

Lemma 5 Assume that h? = rh', where r is a positive integer. If vf:’b € Z,{ff b

and vf:’b is a balanced function then

(W

(Stol vt y) < moss (SEIT], T ).

Proof. Let U{:’b = Z;n:pl ﬂjgbf € Z}{f » C Z}{f and note that since the basis

functions ¢; ,j=1,...,mP? do not overlap each other on I', they are orthogonal
in L?(T") and also in H}(T"). Then

||U'1):,b||%2(1“) = Zﬁf“#“%?(r) =hr>y 5, (34)
j=1 j=1
and
mP 1 mp
|Ug,b|§{1(1") = Zlﬂf\éf’fﬁfé(e;) = e Z;ﬂf (35)
i= j=

Using (34), (35) and a interpolation estimate we see that

mP

1
||U1J:,b||:;{éé2(r) = Zﬂf = ﬁHUg,bH%%r)-
j=1
Note also that

(8Tvhyvhy) < of (SHVEy SHULL) = wllod 1500 -
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Denote by 2., = Z;nzpl PiXer the unique piecewise constant function such that

Hv{%b = 21.,- Observe that [p;| < [B;, j = 1,...,mP. We obtain

v v
(Sfot vty =< gl yliam) = 75 laRlEe (36)
v K
W||Z§,b||%Hl/2)’(F) = W@?'Z?bﬂg,b% (37)

where we have used an inverse inequality for piecewise constant functions. m

We now translate Lemma 5 in a result concerning to our dual preconditioner.

Lemma 6 Assume that h? = rhf, where r is a positive integer and let \ be a
zero mean Lagrange multiplier. Then

@WP(SP)ANPTA,» < (NT(SHTINITX N).

Proof. We proceed as before. Let ¢ = (SF)"2 NfT)\ and w = NPX. Then

{(57) 2w, 27)?

1
I(S")"2w|* = sup
127112

f
szth

(38)

{w,v!)?
o7 balanced ||(SP)2vP |2
(A, NPyP)?
o balanced [|(SP)z 0P|
w“ (N, NTu])?
of tatanced [(57)F (N?) "IN Fof 2
(S TINITA (ST)50))
of tatmnced1(S7)E(NP)INTof |2
2 sup IEETAk
of balanced [|(S7)% (N?) LN o] |2

1%,

IN

(hP)?

<

where the last step follows from Lemma 5. ]

From Lemmas 3 and 6, the next theorem follows.

Theorem 7 Assume that h? = rhf, where r is a positive integer. Let \ be a
zero mean Lagrange multiplier, then

(1+ B8 ) vmsmy o) < (Bay < (14 1) vo(sm e,
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We solve the system (26) using preconditioned conjugate gradient. We have
written the algorithm in Figure 2.

Remark 8 Theorem 7 can be extended for the case where hf < 2hP. We only
need to extend the argument given in the proof of Lemma 5. The basic idea in
the proof of Lemma 5 is to associate a bubble function qbf € Z,’:f to each porous

side element e?, j=1,...,mP, in such a way that we can construct a one to

one and continuous map v{: y > 2h,. The bubble functions qﬁf, j=1,...,mP,

can be chosen orthogonal in L*(T') and in H}(T'). This can also be done when

h! < hP. The smaller the h', the closer is the size of the support of the bubble (b]f-

to the size of the element 6? since more and more elements e/ can be associated
to only one element eP. This construction can also be carried out in the case
h? < hf < 2hP where non-orthogonal Taylor-Hood basis functions must be used.
This last situation leads to the appearance of an additional constant that depends
on the non-orthogonality; see Section 8.

Remark 9 We note that Lemma 5 can be used directly to obtain a bound for
the balancing domain decomposition preconditioner similar to the one presented
in Section 6 but with SP instead of ST in (29); see Proposition 2 of [24]. In
this case an additional variable elimination is needed. We have to eliminate

the component of the normal fluid velocity in the space Z}{f o and work with

the Schur complement with respect to the space Zf{fAb' This is rather difficult
to implement (we can use Lagrange multipliers in this case). Then passing
to the dual preconditioner permit us to take advantage of the case where the
fluid side discretization on T is a refinement of the corresponding porous side

discretization.

Remark 10 Theorems 2, 4 and 7 are also valid for the case of > 0 in (3).
To see this we need to compare, for different values of af, the energy of dis-
crete extensions for a given normal velocity defined on I'. Given the outward
normal velocity vf: on T, let SHaf'Ul’: denote the discrete harmonic extension

in the sense of (aif,bf), that is, the solution of problem (21) with af replaced

by aif. Recall that of = aé, where ag = a,s when of = 0, and therefore,

SHU%C = SHovf:. Note that in (21) we have imposed the natural boundary con-
dition TTD(SHUf)T]f =0 onI'. Now we define another extension denoted by

gﬁvljj. Given the outward normal velocity vfj on T, let 37\{1)1]: be the (af,bf)-
discrete harmonic extension given by the solution of (21) with the boundary
condition 37\{1)1{ -7 =0. For both SH and SH are imposed essential boundary
condition v{: for the normal component on I'. The difference between them is in
how the boundary condition is imposed for the tangential component on I'. For
the SH is imposed homogeneous natural boundary condition, while for SH is
imposed homogeneous essential boundary condition.

Both extensions, SH.s and SH, satisfy the zero discrete divergence and bound-
ary conditions in (21). Using this fact and the minimization property of the
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1. Initialize

z©® = 0  (No coarse problem)
A0 = ¢
2. Tterate k = 1,2, ... until convergence

Precondition: y(*—1) (NP)t(5P)(NPT)Fq(k—1)

b = (gD k) /o) gDy (50 = g
r) = k=) L g(R) (k) [1(1) = 4(0)]
ak) = <y<k71)7d<k71)>/<d(k>7Fr('c))
2B = g(k=1) 4 o (k)p(k)
dk) =  qk=1) _ (k) pp(k)

Figure 2: Implementation of the preconditioned conjugate gradient algorithm
for the system (26) involving the FETT preconditioner (33).

(aif,bf)—discrete harmonic extension SHos and the (af,bf)-discrete harmonic

extension g’)\'l we get

af(S’HvI’:,SHUf:) = ag(SHvI):,SHvIJj) (by definition)
< ag(SHafv1f7SHavaf) (by the minimization property of SH)
< al [ (SHarvl, SHasvl) (@ >0)
< aif (ﬁivg,gﬁv%) (by the minimization property of SHyr)

= aé(@ovg,gﬁovg) (because SHu! - 71 =0 on r)

)

V||U{||i]$é2(r)
= af (SHovl, SHv).

The last two equivalences follow from properties of the (af, b)-discrete harmonic
extensions SH and SH (which coincides with the discrete Stokes harmonic ex-
tension); see [26, 38]. The two equivalences appearing above are independent of
the permeability, fluid viscosity and mesh sizes. Then, the energy of the (aif ,b)-
discrete harmonic extensions is equivalent to the energy of the (af,b)-discrete
harmonic extension, i.e., the discrete Stokes harmonic extension. This equiva-
lence guarantees the extensions of Theorems 2, 4 and 7 to the case of > 0.

8 Numerical Results

In this section we present numerical tests in order to verify the estimates in
Theorems 2, 4 and 7. We consider Qf = (1,2) x (0,1) and Q7 = (0,1) x (0, 1).
See [11] and [25] for examples of exact solutions and compatible divergence
and boundary data. Note that the reduced systems (15) and (26) involve only
degrees of freedom on the interface I'. In our test problems we compute the
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eigenvalues of the preconditioned operators.

To solve both reduced systems (15) and (26) we can use the PCG algo-
rithms described in Figures 1 and 2. Recall that the original system (11) is a
“three times” saddle point problem. Note that since the finite element basis of
M }{f x M}, and A" have no zero mean, the finite element matrix in (13) has

the kernel composed by constant pressures in Q = int(Q/ U QP) and constant
Lagrange multipliers on I'. The corresponding system is solved up to a constant
pressure and a constant Lagrange multiplier. These constants can be recovered
when imposing the zero average pressure constraint; see [25].

hf l hP 3—1*2—0 3—1*2—1 3—1*2—2 3—1*2—3 3—1 *2—4
2=1%270 1 1,1.0189(3) | 1, 1.0198(3) | 1, 1.0194(3) | 1, 1.0193(3) | 1, 1.0193(3)
271271 | 1,1.0209(3) | 1, 1.0200(3) | 1, 1.0197(3) | 1, 1.0196(3) | 1, 1.0196(3)
271 %272 | 1,1.0217(3) | 1, 1.0205(3) | 1, 1.0202(3) | 1, 1.0201(3) | 1, 1.0201(3)
271 %273 | 1,1.0220(3) | 1, 1.0208(3) | 1, 1.0204(3) | 1, 1.0203(3) | 1, 1.0203(3)
271 %274 | 1,1.0221(3) | 1, 1.0209(3) | 1, 1.0205(3) | 1, 1.0204(3) | 1, 1.0204(3)

Table 1: Minimum and maximum eigenvalues for the BDD preconditioned op-
erator. Here k = 1 and of = 0.

8.1 BDD preconditioner

In the case of the BDD preconditioner (29) for (15), we solve a coarse problem
before reducing the system to ensure balanced velocities at the beginning of the
CG iterations.

R RP = [ 37 Tx27T 371272 371273 371271
27T%270 | 1,21.0147(3) | 1, 20.6035(3) | 1, 20.3686(3) | 1, 20.2893(
271x 271 | 1,21.3303(6) | 1,20.8549(7) | 1, 20.6550(7) | 1, 20.5836(
271 %272 | 1,22.0017(6) | 1, 21.3392(9) | 1, 21.1424(10) | 1, 21.0735(
(6) (10 (9) (
(6) (10 (11 (

3
7
1
271w 273 | 1,22.2367 1, 21.6045(10) | 1, 21.3626 1, 21.2955(1
271271 | 1,22.3479 1, 21.7006(10) | 1, 21.4666(11) | 1, 21.3929(9

)

)
)
0)
0
)

Table 2: Minimum and maximum eigenvalues for the BDD preconditioned op-
erator. Here k = 1072 and of = 0.

We consider o =0 and v = 1, and different values of A/ and h? with non-
matching grids across the interface I'; see Table 1 for the results when k = 1,
Table 2 for k = 1072 and Table 3 for the case K = 107°. These three tables
reveal growth of order O(1 + %) in k¥ and hence, verify the sharpness of the
estimate in Theorem 2.
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W IR — ] 37 Tx27" 37 1x277 371 x273 31«27

2715279 | 1,1977.08(3) | 1,1945.05(3) | 1,1932.10(3) | 1, 1928.32(3)
27t %27 | 1,1997.27)(6) | 1,1972.77(7) | 1, 1961.34(7) | 1, 1957.88(7)
271 %272 | 1,2053.57(6) | 1,2021.03(13) | 1, 2010.27(17) | 1, 2006.90(17)
271 %273 | 1,2079.68(6) | 1,2044.05(13) | 1, 2032.42(21) | 1, 2029.13(31)
27 %27 | 1,2090.10(6) | 1, 2054.33(13) | 1, 2042.26(22) | 1, 2038.90(28)

Table 3: Minimum and maximum eigenvalues for the BDD preconditioned op-
erator. Here k = 107° and of = 0.

hf l h? — 3*1 * 2*1 3*1 * 2*2 3*1 % 273 371 * 274

(3) | 1.0000, 1.0194(3) | 1.0000, 1.0193( 1.0000, 1.0193(3
2-1 (3) | 1.0000, 1.0197(3) | 1.0000, 1.0196(
2-1 . .0205(3) | 1.0004, 1.0202(3) | 1.0000, 1.0200( 1.0000, 1.0201(3
21273 | 1.0027, 1.0208(3) | 1.0007, 1.0204(3) | 1.0001, 1.0203(
2 1 %274 | 1.0028, 1.0209(2) | 1.0007, 1.0205(3) | 1.0002, 1.0204(
2 (2) (

%275 1.0028, 1.0209 1.0007, 1.0206(3) | 1.0002, 1.0205

)
1.0000, 1.0196(3)
)

1.0000, 1.0204(3)

3)
3)
3)
3) | 1.0000, 1.0203(3)
3)
3) | 1.0000, 1.0204(3)

Table 4: Minimum and Maximum eigenvalues of the FETT preconditioned op-
erator. Here k = 1 and of = 0.

8.2 FETI preconditioner

In the case of the FETT preconditioner (33), we solve the reduced system (26)
up to a constant Lagrange multiplier and a constant pressure. These constants

are recovered after enforcing zero mean pressure on {2 = int (ﬁj UQ"); see [25].
We recall that the FETI method can be viewed as the dual preconditioner coun-
terpart of the BDD preconditioner. We repeat the same experiments mentioned
above for the latter preconditioner.

We consider o/ = 0, v = 1 and different values of A/ and h? with nonmatch-
ing grids across the interface I'; see Table 4 for the results when x = 1, Table 5
for k = 1072 and Table 6 for the case kK = 107°. Note that in Tables 4, 5 and
6 the minimum eigenvalues are strictly greater than one when hf < 2P, and
the value of the minimum eigenvalues seem to stabilize very quick for smaller
h' with fixed h?. This confirms the extension of Theorem 7 for the case where
h! < 2hP: see Remark 8. In Table 7 we present the numerical results where one

hf |l hy — [ 37Tx271 3-Tx272 3-Tx273 3 Tx271

21270 [ 1.000, 20.7608(3) | 1.000, 20.4405(3) | 1.000, 20.3110(3) | 1.000, 20.2732
271271 | 2,707, 20.9627(5) | 1.000, 20.7177(7) | 1.000, 20.6034(7) | 1.000, 20.5688
1x272 | 3.634, 21.5257(5) | 1.425, 21.2003(10) | 1.000, 21.0927(12) | 1.000, 21.0590
“1x273 | 3.714, 21.7868(5) | 1.651, 21.4305(9) | 1.106, 21.3142(11) | 1.000, 21.2813
Lx2=% | 3.760, 21.891(5) | 1.663, 21.5333(9) | 1.162, 21.4126(11) | 1.026, 21.3790
Lx275 | 3.771,21.937(5) | 1.673,21.5768(9) | 1.164, 21.4561(11) | 1.040, 21.4220

—_— ===

(3)
(7)
(12)
(12)
(12)
(12)

Table 5: Minimum and Maximum eigenvalues of the FETI preconditioned op-
erator. Here x = 1072 and of = 0.
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n' | P — 371272 371273 371274

2714270 1.00, 1945.05(3) 1.00, 1932.10(3) 1.00, 1928.32(3)
271497t 1.00, 1972.77(7) 1.00, 1961.34(7) 1.00, 1957.88(7)
271 %272 | 43.45, 2021.03(11) | 1.00, 2010.27(17) | 1.00, 2006.90(17)
271 %273 | 66.10, 2044.05(11) | 11.58, 2032.42(20) | 1.00, 2029.13(37)
271 %271 | 67.29, 2054.33(10) | 17.20, 2042.26(19) | 3.64, 2038.90(35)
271 %27% | 68.32, 2058.68(10) | 17.42, 2046.61(10) | 5.04, 2043.20(36)

Table 6: Minimum and Maximum eigenvalues of the FETI preconditioned op-
erator. Here x = 107° and of = 0.

of the meshes on the interface is a refinement of the other side triangulation on
the interface. We observe a behavior similar to the behavior of Table 6 with a
bigger value for the minimum eigenvalue when hy < h,. This verifies the esti-
mates of Theorem 7. This shows that the FETI preconditioner is scalable for
the parameters faced in practice, i.e., the fluid side mesh finer than the porous
side mesh and a small permeability k. We conclude that the numerical exper-
iments concerning the FETI preconditioner reveal the sharpness of the results
obtained in Theorems 4 and 7 and Remark 8.

hT | P — 2 T2 T 27 Tx272 271273 27 Tx271

2714270 1.00, 2002.47 1.00, 1961.35 1.00, 1937.86 | 1.00, 1929.93
271 %271 | 690.43, 2034.03 | 1.00, 1986.49 1.00, 1966.50 | 1.00, 1959.36
271 %272 | 627.36, 2101.17 | 176.56, 2034.92 | 1.00, 2015.24 | 1.00, 2008.35
2714273 | 639.68, 2124.67 | 151.62, 2061.45 | 44.91, 2037.26 | 1.00, 2030.55
271 w271 | 642.44, 2135.79 | 154.45, 2071.06 | 38.04, 2047.66 | 11.98, 2040.29
271 %275 | 643.47, 2140.73 | 154.86, 2075.43 | 38.73, 2051.91 | 10.20, 2044.66

Table 7: Minimum and Maximum eigenvalues of the FETI preconditioned op-
erator. Here xk = 107° and o/ = 0. The refinement condition of Theorem 7 is
satisfied under the diagonal.

Recall that we have assumed of = 0. Now consider o/ > 0. Numerical
experiment were performed with af > 0 reveling results similar to the ones
presented above for the case o = 0. We only include Table 8 which shows the
extreme eigenvalues of the FETI preconditioned operator for the case af =1,
v =1 and k¥ = 107°. This table presents a similar behavior to the one with
af = 0in Table 6 and hence, confirms Remark 10 which says that the parameter
af does not play much role for preconditioning.

9 On the multidomain case

The methods introduced in the previous sections considered only the two-
subdomain case where discrete Stokes and Darcy indefinite subproblems are
solved exactly in each subdomain and in each CG iteration. This might be very
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h' | WP — 371271t 371272 371 %273 37 1x274

27 T%270 | 1.00, 1705.47 | 1.00, 1678.07 | 1.00, 1666.84 | 1.00, 1663.55
271 %271 | 162.74, 1814.26 | 1.00, 1787.53 | 1.00, 1776.50 | 1.00, 1773.22
271 %272 | 251.56, 1843.50 | 41.65, 1812.69 | 1.00, 1801.61 | 1.00, 1798.29
271 %273 | 267.47, 1849.46 | 63.63, 1816.43 | 11.24, 1804.66 | 1.00, 1801.34
271 x27% | 272.29, 1850.65 | 66.82, 1817.38 | 16.75, 1805.30 | 3.58, 1801.91
271« 27% | 273.34, 1851.08 | 67.99, 1817.68 | 17.37, 1805.57 | 4.97, 1802.14

Table 8: Minimum and Maximum eigenvalues of the FETI preconditioned op-
erator. Here k = 107° and of = 1.

costly for large large subproblems since direct solvers or an accurate iterative
solvers for the indefinite have to be used. In this Section we show that the
methodology developed for the two-subdomain case can be developed also for
the multidomain case. A complete analysis (using tools developed in Section 7)
and extensive numerical experiments for the multidomain case will be object of
future research and presented elsewhere.

Figure 3: Global interface [' that includes all local interfaces and the
Stokes/Darcy interface T'.

We consider only the FETI method of Section 7 and the matching grids
case. Assume that ’Z;lff and 7}, coincide on the interface I'. Let {Q; ;L:l be
a geometrically conforming substructures of ¢, i = f,p. We also assume that
{ij }?il U {Qf };ﬁl form a geometrically conforming decomposition of 2, hence,
the two decomposition are aligned on the interface I'. We define the local inner
interfaces as F;- = 89; \OQ j=1,...,n' i= f,p. We also define

nP

nf
f:UFquFﬁur.
j=1

j=1

See Figure 3. In order to simplify the presentation we assume for the fluid region,
the spaces X 2 ; and M }{f are the P2/P0 triangular finite elements while for the
porous region, the spaces X%, C X? and M?, C L?(Q?) are the lowest order
Raviart-Thomas finite elements based on triangles. Similar as in the previous
sections, we decompose the velocity and pressure spaces as follows:

e X f: interior velocities in the subdomains {Qf };Lil

° X%: interface velocities on I' N ﬁf.
e X7: interior velocities in the subdomains {2} };Lil

e X ’1; . interface velocities on I' N .
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Mj, (i = p, f): interior zero mean pressure in each subdomain {Q%}7_,,
i=f,p.

M¢, (i = p, f): constant pressure in each subdomain {Q; ;L;p 1= f,p.

M= M x MP

o X=X x X7, Xp=XLx X2 My = M{ x M} and My = M{ x M}.

After imposing the mortar condition as in Section 4 we can reduce (11) to a
Schur complement system on the interface T,

Srug = bg (39)
which is the multidomain generalization of the reduced system (15).

The I-interface velocity space X can be decompose in primal and dual de-
grees of freedom, i.e., X5 = X ¢ ® XA where X ¢ includes the function which
are continuous with respect to the primal degrees of freedom. The primal vari-
ables for the fluid velocity field are the continuity of both components of the
fluid velocities at the corners and the continuity of the mean normal flux on
each face of the subdomains {Qf}J}?il For the the porous side, the primal
variables are the continuity of the mean normal flux on the each face of the
subdomains {QP}; ;-Lil; see [30, 31, 32, 41]. For faces of the subdomains on T,
only the continuity of the mean fluxes are imposed. . The space X A includes
the remaining fluid side velocity degrees of freedom and the remaining porous
media velocity degrees of freedom.

Functions in X A do not satisfy the continuity requirements in each region
and across interface I' N QP on the the Darcy side (the slave side). These con-
tinuity requirements can be enforced using a Lagrange multiplier X define on T
by the equation

BAUA =0.

We ensure that this condition coincides with the last equation of (13) that
corresponds to the flux continuity across the Stokes/Darcy interface I'. On
the Stokes/Darcy interface I" we use the same Lagrange multiplier of the dual
formulation (26). Proceeding as in [30] we can obtain a reduced system of the
form o
FA=b
which corresponds to the multidomain version of (26). The preconditioner op-
erator is of the form B
BaSsBR,

where §1: was introduced in (39).
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10 Conclusions and Final Comments

We consider the problem of coupling fluid flows with porous media flows with
Beavers-Joseph-Saffman condition on the interface. We choose a discretization
consisting of Taylor-Hood finite elements of order two on the free fluid side and
the lowest order Raviart-Thomas finite element on the porous fluid side. The
meshes are allowed to be nonmatching across the interface.

We design and analyze two preconditioners for the resulting symmetric linear
system. We note that the original linear system is symmetric indefinite and in-
volves three Lagrange multipliers: one for each subdomain pressure and a third
one to impose the weak conservation of mass across the interface I'; see Section 1.

One preconditioner is based on BDD methods and the other one is based on
FETI methods. In the case of the BDD preconditioner, the energy is controlled
by the Stokes side, while in the FETI preconditioner, the energy is controlled
by the Darcy system; see Theorems 2 and 4. In both cases a bound C’l(“T'H)
is derived. Furthermore, under the assumption that the fluid side mesh on the
interface is finer than the corresponding porous side mesh, we derive the better
bound C’g(#ﬂ,)z) for the FETI preconditioner; see Theorem 7 and Remark
8. This better bound also shows that the FETI preconditioner is more scalable
for parameters faced in practice, e.g., problems with small permeability x and
where the fluid side mesh is finer than the porous side mesh. The constants Cy
and C5 above are independent of the fluid viscosity v, the mesh ratio across the
interface, and the permeability k.
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