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NON-MATCHING MORTAR DISCRETIZATION ANALYSIS FOR THE
COUPLING STOKES-DARCY EQUATIONS

JUAN GALVIS AND MARCUS SARKIS

Abstract. We consider the coupling across an interface of fluid and porous media flows with Beavers-Joseph-
Saffman transmission conditions. Under an adequate choice of Lagrange multipliers on the interface we analyze
inf-sup conditions and optimal a priori error estimates associated with the continuous and discrete formulations of
this Stokes-Darcy system. We allow the meshes of the two regions to be non-matching across the interface. Using
mortar finite element analysis and appropriate scaled norms we show that the constants that appear on the a priori
error bounds do not depend on the viscosity, permeability and ratio of mesh parameters. Numerical experiments are
presented.

Keywords. inf-sup condition, error estimates, mortar finite elements, multiphysics, porous media flow, incom-
pressible fluid flow, Lagrange multipliers, saddle point problems, non-matching grids, discontinuous coefficients
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1. Introduction. We analyzehecouplingacrossaninterfaceof uid andporousmedia
o ws. This problemappearsn severalapplicationdik e well-reserwir couplingin petroleum
engineeringtransportof substanceacrossgroundvaterand surfacewater and (bio) uid-
organinteractions.More precisely we considerthe following situation: anincompressible
uid inaregion  can ow bothwaysacrossaninterface into asaturategoorousmedium
domain . The modelstudiedhereconsistsof Stolesequationsn the uid region  and
Darcy law for the Itration velocityin the porousmediumregion . Thetransmissiorcon-
ditionswe considemntheinterface arethe Bearers-Joseph-Shanconditions[3, 19, 27)
whicharewidely acceptedy thescienti c community In this papemwe studyinf-sup condi-
tionsanda priori errorestimategssociatedvith the continuousanddiscreteformulationsof
this Stokes-Darg system.Therearepreviousworksaddressinguchissueq8, 13, 20, 2€] as
well asrelatedproblemssuchasStokes-Laplaciasystemg10, 11, 25], Stokes-Naier Stokes
[16, 24], andpreconditionedterative methodq 10, 12, 13, 14], amongotherg[2, 21].

This paperis organizedasfollows: in Section2 we discussnormsand seminormsof
dual spacesn subsets.The differential systemsare introducedin Section3, whereveloc-
ity andnormal ux areconsideredasthe boundarydatafor the Stokes part
andthe Dargy part , respectiely; for otherformulationsandboundarydatasee
[11, 12]. Thetransmissiorconditionsontheinterface , known asBearers-Joseph-Shhan
conditionsarethenintroduced.In Section4 we analyzewveakformulationsof thecontinuous
modelandwe discussthe choice asthe spacefor Lagrangemultipliersin orderto
couplethesetwo systemsof partial differentialequations.In [20], Layton, Schieveck,and
Yotov developedexistenceanduniquenessf theweaksolutionfor this problem.They were

ableto shaw the inf-sup condition on the smallerspace . Recallthat is
the subspacef functionsin thatvanishon . In this paper we usetools
developedin Section 2 andin [20] to presenta completeanalysisfor the inf-sup condition
with Lagrangemultipliers on the space . We notethat from the physicalpoint of
view thespace is thecorrectchoicesincethe Lagrangemultipliersarerelatedto the
Dargy pressurmntheinterface andthevalueof the Dargy pressureat is
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notprescribedvhen ux boundaryconditionis imposedontheporoussideexterior boundary
. We note however thatin the casewherethe pressurds imposedasthe boundarycon-

dition on the Darcy exterior boundary , the space would be the correctchoice;
see[1]]. In Section5 we derive the discreteinf-sup conditionsandin Section6 the a pri-
ori error estimates.We considerthe triangular Taylor Hood elementsspacefor the
free ow region  andthelowestorderRaviart-Thomasfor the Darcy region . In [2Q],
Layton,SchiaveckandYotov developeda priori errorestimategor the matchingcasewhile
in [26] RiviereandYotov, andalsoin [8] BurmanandHansbo consideredhe non-matching
caseusingdiscontinuousGalerkin nite elementdiscretizations.In this paperwe consider
the couplingvia Lagrangemultipliers andwe developan analysisbasedon mortar nite el-
ementgechniqueg4, 29 andscalednormsin orderto obtainconstantsndependenof the
permeability viscosity and ratio of meshparametersWe pay specialattentionto the con-
stantsappearingn thea priori errorestimatesin AppendixB we provide the constructiorof
the Fortin interpolationfor Taylor Hood elements.n Section7 we testnumerically
thealgorithmsandin Section8 we make someconclusions.

2. Preliminaries and notations. Let beabounded.ipschitzcontinuousiomainand

let and be of non-vanishing -dimensionameasuravith respect

to . Here or . To avoid the proliferationof constantsye will usethe notation
to representheinequality .

LEMMA 2.1. Given ,de ne whee isthetraceon and

is theweaksolutionof

in
on
on
Then and
For let denotethe extensionby zeroon . Rememberthat
if andonly if . We have thefollowing result.
LEMMA 2.2. For all there exist and
sud that . Thisdecompositioris unique
Proof. Let . Take and where
Obsene that and
therefore, . Obsene alsothat because and coincide
on . Fortheuniquenessf then is the traceof the weak
solutionof theproblem: in on , on .Then . a
We have two dual spacesssociateavith , thespace (thedual of )
and (thedualspaceof ). The rst spacds largerthanthesecondne.
DEFINITION 2.3. If , then meandy de nition that

for all

A usefulresultrelatedwith this de nition is thefollowing:
LEMMA 2.4, If , thereare and sudh
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that, for all , let asde nedin Lemma2.2, wehave
(2.1)
Proof. For and de ne
We obtain
andso . Analogously . Moreover,
O

REMARK 2.5. In particular if and (seeDe nition 2.3above),
we have from (2.1) that
Hence functionalsin which arezerowhenrestrictedo canbeidenti ed
with functionalsin .

REMARK 2.6. Given we cande ne by

, Where asde nedin Lemma2.2. We haveasimilarresult

for .

De ne thespace div by

div

with thenorm
(2.2) div

Recallthatif div  then . For thenext result,see[30].

LEMMA 2.7. For each div with wehave

constant constant

with a constantwhich depend®only on
Usinganargumentsimilarto the onegivenin [30], we have
LEMMA 2.8. For each with , wehave

constant constant

with a constantwhich depend®only on
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Proof. Obserethatif is aconstanthen andfor
non-constarive have
then
constant constant

which givestheright inequality Usinga Poincag inequality thereexists a positive constant
whichdepend®nly on , suchthat

holdsfor all with . For non-constantywe have
and
]
This givesanequivalentnormin the subspacef of zeroaveragefunctionals.
DEFINITION 2.9. For , with zeio average ( ), de ne
constant

We have thefollowing result.

LEMMA 2.10. For with wehave

Proof. Consider , thedual spaceof , andobsene
thata functional canbe extendedto onein ,say , by
thefollowing formula: where and . a

3. P.D.E model. In general, , S int
and arelLipschitz,soit is possibleto de ne outward unit normalvectors,denotecby

. Thetangentvectorson aredenotedby  ( ),or ( ). In

orderto avoid a settingthatis too general,when we consider
and or aregularLipschitz perturbatiorof this con guration. Analogous

conditionsareconsideifor thecase
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De ne , . Velocitiesaredenotedby ,
Pressureare , .

As wasmentionedpreviously, Stokesequationsarethe modelfor the uid region. The
model basically consistsof conseration of massand conseration of momentum,andwe
have

in
(3.1) in

on
Here where isthe uid viscosityand - is
thelinearizedstraintensor

For theporousdomain , Dargy'slaw is used,.e., satis eson
- in (Dargy's law)

(3.2) in

on

In general is a symmetricanda uniformly positive de nite tensorthatrepresentshe rock
permeability For simplicity of the analysis,we assumehat is a real positive constant.
Recallthat isthe uid viscosity

We alsoimposethe compatibility condition

(3.3)

The systemgresenteagbove mustbe coupledacrossheinterface . Thefollowing condi-
tionsareimposedseg[11, 12, 13, 20] andreferencesherein):
Conservatiorof massacross : It is expressedy:

(3.4) on

Thismeanghatthe uid thatis leaving aregion entersin theotherone.
Balanceof normalforcesacross : FromCauchyformulawe seethat

is the force on actingon the uid volumeinside ,i.e., isthe Cauchystress(or
traction)vector Theforceon from  sideisthen . Theonly forceactingonthe
interfacefrom  sideis theonegivenby in thedirectionof = andmustbeequalto the
componenbf in thisdirection.We get

(3.5) on

Theothercomponentsf ,i.e., , , aremoredelicateandtreatedbelow.
Beaves-Jseph-Sdfmancondition: This conditionis akind of empiricallaw thatgives
anexpressiorfor thetangentiakomponenbdf . It is expressedy:

(3.6) — on ,

Inthegenerakase, isasymmetricanduniformly positivede nite tensorand in (3.6)
is replacecby
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A relatedconditionis
- on ’ ’

whichis known asthe Beavers-Josephkondition.But it turnsoutin practicethatthe compo-
nentof in  directionis smallcomparedvith thatof . Whenmoregeneralcasesare
consideredsuitableinterfaceconditionshave to be imposed.An analyticalway to nd the
right interfaceconditionsis via homogenizationseg[18].

4. Weak formulations and inf-sup analysis. In this sectionwe derive and analyze
severalweakformulationsassociatedavith the Stokes-Darg systempresentedh Section3.

4.1. Weak formulations. Accordingto AppendixA, it is enoughto considerthe case

and in (3.1 and and in (3.2.
For dene
and
where meandy de nition thesubspacef functions  suchthateachcompo-
nentof  belongsto andvanishen

For  weintroducethefollowing spaces:

div and
where div is de ned asthesubspacef div of functionswith vanishing
normalcomponenbn  in thesenseof De nition 2.3. Recallthatif div then
; see(2.2).
De ne with theusualnorm,i.e., given ,
div
We alsoset with thenorm

In orderto derive a weakformulationwe rst proceedformally andthenwe introduce
theadequateigorousframeawork.
We startwith the Stokesequation(3.1). For all we have

(4.1)

Fromthe Greenformulawe have

and
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then

For thesecondermon (4.1) we have
4.2)

For and de ne

(4.3) S

(4.4)

By replacing(4.2) in (4.1), and usingthe condition (3.6), we obtainfor all

(4.5)

Analogouslyde ning

(4.6) — for all

for all and

we havefor all and

4.7)

and

To couplethe two subproblemg4.5) and (4.7) we usebalanceof normalforces(3.5
and a Lagrangemultiplier which also approximatethe Darcy pressureon the interface .

Introducethe Lagrangemultiplier,

(4.8)
Thenwe get
for all
for all
4.9 for all
for all
for all

wherethespace is de ned below.
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De ne and by:
(4.10)
(4.12)

Using(3.4), we obtain

(4.12)

Notethatif isasolutionof (4.12), then plusary constanis alsoasolutionof (4.12);
this follows directly from applying the divergencetheoremon the rst equationof (4.12
andusing (4.8). In addition, using the the divergencetheoremon the secondequationof
(4.12 andthe compatibility condition(3.3) we have thatthe equation(4.12) is automatically
satis ed for constantestfunctions . Thereforewe canreplacethespace in (4.9
by thefollowing subspacef

(4.13)

We have to choosea suitablefunctionspace for . Obsenethatontheporousexterior
boundary we considerzero ux asboundarycondition,i.e., on . Recalling
De nition 2.3, this meanghat

for all
where denoteghe extensionby zeroon . Then,accordingto Lemma2.4 and
Remark2.5 we canthink of asa distribution in , more precisely we can
de ne as
(4.14)
where is the extensionoperatorde ned in LemmaZ2.1 This is the main mathematical
motivationfor choosing as ratherthan . Onthe uid exterior boundary
we areusingDirichlet boundarycondition,i.e., on .Then
relatively to . Then relatively to . Herewe usethe factthat
, Which is the trace of , iIs equialentto the trace of if
the shapeand measureof are of the similar size of thoseof ; see[17, 23]. Since
we concludethat . In whatfollows we denote
simply by and by
Fromthe previous discussiorwe concludethat andsowe

choosdor thespace

(4.15) with
andde ne by
(4.16)
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with the secondduality pairingasin (4.14).

FromLemmaz2.4, we obtain

LEMMA 4.1. de nedin (4.16 and(4.14) is continuous.

Anotherreasorfor choosing insteadof is becausehe Lagrangemul-
tiplier representtheporouspressuren , see(4.8), andhencethereis nophysicalreasorfor
thepressure tovanishon when ux boundaryconditionsareimposedontheporous
sideexteriorboundary . Thespacewe choosefor s richerthan , thereforethe
equation

for all

appliedto is a strongerconditionthanconsidering on the space . As aresult,

bettermassconsenrationnear is achieved.Ontheotherhand,choosing asthe
space®f Lagrangemultipliers associatedo the porouspressurevould be moreappropriate
if zeropressuravasimposedon ; see[11].

4.1.1. First weak formulation. We nally arrive to the weakformulationof the prob-

lem: Find suchthat
for all
(4.17) for all
for all
where
for all

andthebilinearforms , and arede nedin (4.10), (4.11) and,(4.16 and(4.14), respec-
tively.

Next we introducetwo other weak formulationsand we refer to them as the second
andthethird weakformulations;see(4.20 and(4.23. The secondweakformulationis an
intermediatestepfor deriving the third weakformulation. The third formulationis the most
fundamentabneamongthe threeformulationsandit is wheremostof theanalysiss carried
on. Oncethe inf-sup conditionis establishedor the third weakformulation,the inf-sup for
theothertwo formulationsfollow straightforvardly; seeRemark4.8. Theanalysisof thethird
weakformulationis basedon seminormsand on the theoreticaltools developedin Section
2. Thethreeweakformulationsareall equivalentin the following sensgseeRemarks4.2
and4.3):

1. If we know a solution for oneweakformulation,thenwe canconstructa
solutionfor theothertwo weakformulations.This constructioris doneby removing
or by recoveringthe meanvalueof the uid andporouspressuresolutionsandthe
meanvalueof the Lagrangamultiplier solution.

2. All threeweakformulationshave the samevelocity solutions.

The Proposition5.7 establisheghe inf-sup condition for the third weak formulation,
therefore the existenceanduniquenessf the solutionfollow; seeSubsectiont.1.3 Hence,
existenceof a solutionfor the rst andsecondveakformulationsfollows from Remarks4.2
and4.3. Finally, the Remark4.8 establisheshe inf-sup conditionsfor the rst andsecond
weakformulationsandthereforethe uniquenessf their solution.

4.1.2. Second weak formulation. We now introducean equivalentweak formulation
for (4.17) by eliminatingthe velocitieswith non-zeromeannormaljump across andalso
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the LagrangemultipliersthatareconstantsseeRemark4.2 belon. De ne

(4.18)
and
(4.19) with norm
Thesecondveakformulationis : Find suchthat
for all
(4.20) for all
for all
REMARK 4.2. It is easyto seethat if solvesthe weak
formulation(4.17) then and solves(4.20 with — .
To seethe corverse,let be a solutionof (4.20. Construc
suchthat
—on on
de ne
andset . Then solves(4.17). Indeed,obsene that
andthatfor we can nd  suchthat . Hence we
obtain

The secondandthird equation®of (4.17) arealsoeasilyveri ed.

4.1.3. Third weak formulation. We can continuewith the elimination of piecevise
constantpressure®n eachsubdomairtogetherwith velocitieswith non-zeromeannormal
componenbn . De ne

(4.22) and

and

(4.22) and

andconsidetthefollowing formulation: Find suchthat
for all

(4.23) for all

for all
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REMARK 4.3. Let beasolutionof (4.20. We next shav
that . Considerthefollowing pieceavise constanipressure —

Fromthesecondequationin (4.20 we have

andsince ,lL.e.,

we obtain , therefore, . Now set

Then for all andwe concludethat solves(4.23.

Now for the corverse,suppose solves(4.23. Let
bearny functionsuchthat —— . Then

De ne

and where,asbefore, — . Next we show that solves

(4.20. Indeed|f ,wecannd suchthat

Thenwe have

Here we have usedthe fact that for all . The secondand third

equationof (4.20 arealsoeasilyveri ed.

4.2. Inf-sup analysis. In the subsequensections,we consideronly the formulation
(4.23, andwe abandorthe superindex 3 to avoid proliferationof indexes. In particularwe
establisitheinf-supassociatedo this formulation,seePropositiond.7. SeealsoRemark4.8
for theinf-supof the rst andsecondveakformulations.

De ne

for all

with and de nedin(4.21) and(4.19, respectiely. Thespace isclosedbecausé¢he
linearmap de ned by is continuousand Ker .1t
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is easyto seethatfor we have . Thenwe canformulate
theproblem(4.23 as

for all
(4.24) for all
with de nedin (4.22. Since , someregularity resultson

and canbe derived which dependson smoothnessnd corvexity propertiesof
We note however that no regularity is usedto establishthe continuousanddiscreteinf-sup
conditions. Regularity is assumednly in the Section6 wherea priori error estimatesare
established.

Now, de ne

(4.25) for all
Thenwe canalsoformulateproblem(4.23 as:

for all

(4.26) for all

REMARK 4.4. The Korn inequalityimplies thatthe bilinearform  de ned in (4.3

is  -elliptic; see[5, 23]. Thebilinearfor denedin (4.6)is  div -elliptic, here
div consistof functionsin -~ div with vanishingdivergencej.e., thekernelof

bilinearform . Thenthebilinearform* ” de nedin (4.10 is div -elliptic.
De ne

(4.27) and

with

(4.28) and
The useof a subspace with a strongemorm is acommon

stratgyy in shaving continuousanddiscreteinf-sup conditionswithout assumingany regu-
larity on the solution of the associategroblem[7, 15]; seealsoLemmas4.5and5.5 and
Propositions.3.
Fromtheusualinf-supconditionfor the Stokesproblemonthewholedomain andsince
, we easilyderive theinf-sup conditionassociatedo the formulation(4.24).

LEMMA 4.5. Theris a constant sudc that
with  and de nedin (4.27) and(4.29, respectively

Lemmad4.5 Remarkd.4, andthefactthat Ker div guarantee
stability of theweakformulation(4.24); see[7, 15].

Recallthat div div ; see(4.25. To seethattheweakformula-
tion (4.26 is stable the next lemmashavsthatthe - conditionbetweerspaces and

holds;see[7, 15]. The proof presentedherefollows the sameideasas[20], Lemma3.4.
Themaindifferenceis thatwe areworking with thespaces and
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LEMMA 4.6. Theris a constant , such that

Proof. Fix , then and , in particularif then isnota
constantFromLemma2.10we have thatthereexists suchthat
and
(4.29) - - -

FromRemark?.6, we introduce givenby
(4.30) for all
with
(4.31)
andzeromeanon ,l.e., . By usingthe normaltracetheorem,
anda continuousStokesproblem( haszeromeanon ) we can nd div
with in  suchthat
(4.32) div
(4.33) on

Obsenethat . Indeed|f , then
and .

Choosing , we have and:

by (4.14
div
———— by(4.32 and(4.33
by (4.30 and(4.31)

S by (429 O
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For de ne . From Lemmas4.5

and4.6 we canshav
PROPOSITION 4.7. Theris a constant sud that:

(4.34)

Proof. Given , if , from Lemma4.5 thereexists such
that

where independentf . If , from Lemma4.6 thereexists suchthat

where independenof
Obsenethat, if

Analogouslyif ,

then

Proposition4.7 permitsusto formulateproblem(4.23 as

for all
(4.35) for all
where . Then(4.34) in Proposition4.7 canbe written as:

thereexists _ suchthat
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This inf-sup condition,togetherwith thefactthat is div -ellipticand and
arebounded(accordingto the abstracsaddlepoint theory)guaranteethe well-posedness
of theproblem(4.35 or (4.23; se€[7, 15].
REMARK 4.8. We now obtainthe - conditionfor the weakformulation (4.20).
Consider introducedn Remark4.3. Notethatin Remark4.3we only haverequired
and

Now we alsorequirethe divergenceof to be constanton eachsubdomainand also that

. For instancewe cansolve a Stokesproblemwith constandivergence
onthe uid sideandaDarcy problemwith the correspondindpoundarydataandconstandi-
vergenceon the porousside,with divergencewaluessatisfyingthe subdomaircompatibility
conditions.Thenwe have

(4.36) for all and for all

We now shav show thattheinf-supconditionfor theweakformulation(4.20 holds.The
space$nvolvedare  forvelocitiesand  and  for pressureandLagrangemultipliers,

respectiely; see(4.19, (4.13 and(4.19. Take and and let
— asin Remark4.3. We canwrite ~ where . Notethat
From Proposition4.7 anda Poincagéinequality thereexists suchthat
where is apositive constanindependenof . If , let
— with —
Obsenethat We have
(see(4.39)
and

Then
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This givestheinf-sup conditionfor weakformulation(4.20).
We now obtaintheinf-sup conditionfor theweakformulation(4.17). Thespacesre
for velocities,  for pressuresand de nedin (4.15 for Lagrangemultipliers. Consider

introducedn Remark4.2. Notethatin Remark4.2 we required with
—on and on
Now we alsorequirethat the divergenceof  be a constanton . Given and
, We write where e, . Fromtheinf-supfor weak
formulation(4.20 deducedabore, we can nd suchthat
If ,de ne ~— . Notethat
- and -

And we proceedasbeforeto obtaintheinf-sup conditionfor theweakformulation(4.17).

5. Finite element approximation. In Section3 the problemfor thecoupling uid ow
with porousmedia o w in its continuousform waspresentedwhile in Section4 it waspre-
sentedts variationalformulationandwell-posednesdNow atwo dimensionahon-matching
grid nite elementapproximations discussedWe choosehe triangularTaylorHood

nite elementdor approximatinghe free uid sidevelocity andpressurewhile we usethe
lowestordertriangularRaviart-Thomasnite elementto approximatethe Itration velocity
andthe porouspressureseeSection5.1below. In Section5.2 a discretenon-conformingd_a-
grangemultiplier spaceo couplethe Taylor-HoodandRaviart-Thomasspacess introduced.
It is importantfor the analysisto choosethe Stokessideasthe mortarside,i.e., to placethe
discreteLagrangemultiplier on the Dargy side. In this casethe discretemapfrom mortarto
non-mortarsideis continuousn norm. Extensionsof the resultsto otherthanStoles
andDargy nite elementspacesrestraightforward;justtake the Lagrangemultiplier spaces
thatareusedto hybridizemixed nite elementof the Darcy equation;see[7]. We establish
thediscreteinf-sup conditionsrelatedto the weakformulation(4.24), (4.26) and(4.23. The
extensionof theresultsto thethreedimensionataseis alsostraightforvard.

5.1. Discretization. Fromnow onwe assumehat haspolygonalboundary Let

be a triangulationof . We do not assumethat they matchat the polyhedral
interface . We choose triangularTaylor-Hood nite elementsse€][6, 7, 15). De ne
(5.1) on and o
and
(5.2)
where . Wealsode ne

on and B

(5.3)
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We have thefollowing result.
LEMMA 5.1 (Approximationof Taylo-Hoodelement$. Suppos¢hat  isnon-dgieneiate

and hasno triangle with two edgeson . Then,there existsa boundedinear opemator
sud that
for all

and , with constanindependenof . In additionwe have:
(5.4)
(5.5)

which implies
(5.6)

A constructveandapparentlynew proofusingFortin interpolationis givenin AppendixB,
or see[6, 7, 19].

A directconsequencef Fortin's criterionandthe previouslemmais that, if is non-
degenerat@ndhasnotrianglewith two edgen ,then satis esthe -
condition;see(5.2) and(5.3).

For the porousregion we are going to usethe lowestorder Raviart-Thomas nite ele-
mentsbasedon triangles. In generalthe Raviart-Thomaselementsn a cell arede ned by
(se€[5, 7, 19])

andif then and , for all edge . Thenwechoose
(5.7) and
and
(5.8) with

Velocitiesof lowestorderRaviart-Thomasnite elements, , , arethen
of theform

We obtainthefollowing result;seealso[5, 7]. Recallthede nition of in (4.27).
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LEMMA 5.2 (Approximationof Raviart-Thomaselement¥. For , de ne
div by
(5.9) —
andde ne locally by: Then
(5.10) for all
and div with de nedin (4.29. Theproperty(5.9 implies
that . In addition, with the property (5.10 we have
. Moreover, if then
(5.11)
and
By usingFortin'sideawe canestablisthe -  conditionfor thespaces

de nedin (5.7) and(5.8), respectiely.

5.2. Discrete inf-sup condition. Let bethetraceon of the poroussidetrian-
gulation.We considepiecavise constant.agrangemultiplier space

is constanbn eachedge and

We notethatthis choiceleadsto non-conformingnite elementsssociatetb  sincepiece-
wise constanfunctionsdo not belongto ; see(4.19.
We alsointroducefor lateruse

is constanbn eachedge

De ne ,
(5.12)
and

(5.13) for all

where on forall . Alsode ne

(5.14) for all
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For , e, is piecavise constanion relatively to and
with zeromeanon , de ne asthediscretevelocity solutionof the problem

for all

suchthat on
for all
on

(5.15)

We notethata discretedivergencefree Raviart-Thomasvector eld is alsoa divergencefree
vector eld. Thereforeusing[22] we have

(5.16)

We have thefollowing result.
PROPOSITION 5.3. Supposéhat is non-dgenerate and hasno triangle with two
edgeson andconsider de nedin (4.27). Thee existsa linear continuousoperator

sud that

(5.17) for all
and

(5.18)

with de nedin (4.28).
Proof. Write , Where and

where denoteghe -projectionon , I.e., on the spaceof piecavise constanfunc-
tionson
Let . We have

by de nition of ,

andthenobtain .
Now we shaw (5.18). Obsenre that

Thebound(5.18 followsfrom theboundednessf (Lemmab.1), (Lemmab.2),
(Equation(5.16), andfrom thefollowing two bounds:
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1. Fromtheboundednessf and , andfrom atracetheoremwe have
2. Fromthenormaltracetheoremandthe boundednessf , We have
O
REMARK 5.4. We notethatwhenthe mesh restrictedto is are nementof
the mesh restrictedto , thenby using(B.8) in AppendixB we have
. Also from (5.9 we have . Henceusingthat
we obtain

In thefollowing resultwe establisithe discreteinf-sup conditionusingFortin'sLemma.
LEMMA 5.5. Supposéghat is non-dgeneate and hasno triangle with two edges

on . Consider and de nedin (5.13 and (5.12, respectivelyThen
satis esthediscrete -  condition,i.e., thereis a constant independentf , sud
that

Proof. Take . FromLemma4.5we can nd suchthat

Thenfrom Proposition5.3we have

where istheconstanin (5.18. O

For , de ne asvelocity solution of the discrete
problem,
(5.19) for all

for all
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andintroduce

(5.20)

In orderto seethat isanormon , obsenethatif is suchthat ,
then vanisheslf we take in (5.19 suchthat
we seethat , thatis . Then is positive.

Thenorm is the naturaldiscreteversionof the norm scaledby the factor

— forthespace . Indeedby using(5.15 and(5.19, we have

(5.21) S _

We obtainthefollowing result.

LEMMA 5.6. Thespaces satisfythediscrete -  condition,i.e,, thereisa

constant sud that
Proof. Take and let be the velocity solutionof (5.19. Since
then . Take , thenfrom

(5.19 we obtain

For de ne . Thenusing

the sameargumentof Propositiord.7 we have
ProPOSITION 5.7. Underassumptionsf Lemmass.5and5.6 we havethat there exists
sud that

(5.22)

REMARK 5.8. With the inf-sup condition (5.22) of Proposition5.7 we can establish
theinf-sup conditionscorrespondingdo thediscreteversionsof the rst andthesecondveak
formulationsin (4.17) and(4.20), respectiely. Herewe consider

. Thisis doneusingsimilarargumentgo thosegivenin Sectior4.2, seeRemark4.8.
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6. Error analysis. We remarkthatthe constantsnvolvedin the notation areall in-
dependentnot only of the meshsize but alsoindependenbf the parameters and . In
addition,usingscalingargumentsjt is easyto seethat — B — and - are
all , thereforewe keepthosefactorsonthea priori errorestimates.

We introducethefollowing enegy norms,

(6.1)
(6.2)
and
(6.3)
We next establisha priori errorestimategor the StokesandDarcy velocities.
PROPOSITION 6.1. Supposéhat is non-dgyenerte and has no triangle with two
edgeson . Let . Thenwe havethefollowing estimate

Moreover, if there nementconditionof Remark5.4is satis edthen

Proof. FromProposition5.7 we have that isnotempty where and  are
de nedin (5.14) and(5.13), respectiely. Then,thediscreteproblemassociatedvith (4.24)
canalsobedescribedas: nd suchthat
where is in . Furthermore, is alsothe only velocity solutionof

for all
(6.4) for all
for all

For ary we have that and
(6.5)
Let bethe solutionof the continuougproblem(4.9). Then

andusing(6.5) it followsthat



ETNA

Kent State University
etna@mcs.kent.edu

372 J. GALVIS AND M. SARKIS
and
Hence,using
we obtain
(6.6)
To boundthe rst termon the right-handsize of (6.6) we let , where
is de ned in Proposition5.3. Proposition5.3 guaranteeshat . In addition,since
for all , (5.17) guaranteethat andwe have

From(5.5) in Lemma5.1 we obtain

andfrom (5.11) in Lemmab.2we obtain

since .
Fromtheboundednessf in (5.16, we have

Thereforewe needto estimatethe following threeterms:

1. Approximationproperty(6.7), boundednesef in (5.6) andthetracetheorem
give
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2. Thetracetheoremandapproximatiorpropertieof (Lemmab.1) give

3. Thenormaltracetheoremandthe approximatiorproperty(5.11) of imply

We notethatwe have used

(6.7)

sinceby usinglocal agumentsve have andthen

We now boundthe secondterm on the right-handsize of (6.6). Note thatsincewe are

using lowest order Raviart-Thomaselements the porousside componentof de ned
in (5.14 aredivergencefree, i.e., , Wwhere isdenedin (4.25. Therefore,
for all . In addition, we have for

. In summarywe have

wherewe have usedthe rst orderapproximationof the -projectionoperator  onthe

uid pressurespace
To boundthethird termon theright-handsizeof (6.6) we have

is constanin

hence,
(6.8) —

By using(4.8) on (onthe side)andtracetheoremsyve obtain

(6.9) —
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andthe propositionfollows. [
REMARK 6.2. We notethatwe couldhave usedthe porousmediasidein (4.8) to bound
in (6.8). In this casewe would have obtained

(6.10) —

Eventhoughtwe obtaintheterm  multiplying  in (6.10), thebound(6.9) is qualitatvely
betterthanthe bound(6.10. Notethatby usingscalingagumentsve have -

Thereforethefactor— is very pessimistidueto thefactthatin practlcahevalue

of isverysmall.
We next establisha priori errorestimatedor the StokesandDarcy pressures.
PROPOSITION 6.3. Supposeéhat is non-dgeneiate and hasno triangle with two
edgeson . Let . Thenwe havethefollowing estimate

Proof. To obtainan expressiorfor the pressureerror, obsene that for all
div (i.e., on and on ) andall

(6.11)

This holdstruein particularfor and . If we take ,
i.e.,the -projectiononthediscreteuid pressurespacewe obtain

Then,usingthe standardliscreteinf-sup conditionfor the uid problem,we have
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andfrom atriangleinequalitywe obtain

Analogouslywe obtain

The propositionfollows from the boundon velocity errorgivenon Proposition6.1. 0

Now we analyzea priori errorestimatefor  in thediscretenorm de nedin (5.20);
seealso[1]. Notethatthenorm wasde ned for piecaviseconstanfunctionsonthe
triangulation.For functions , wede ne
(6.12)
where isthe -projectiononto . We havethefollowing result.

PROPOSITION 6.4. Supposehat is non-dgeneiate and has no triangle with two
edgeson . Let . Thenwe havethefollowing estimates:

(6.13) - -
and
(6.14) - -

Moreover, if there nementconditionof Remark5.4is satis edthen

Proof. Let and be the solutionof (5.19. Notethatthe solution
of (6.4) satis es and . Then,usingthe de nition of the
discretenorm we have

which canbeboundedy
(6.15)

We useProposition6.1to estimatehe secondermon theright-handsideof (6.15. We next
estimatehe rst termof theright-handsideof (6.15. Notethat

(6.16)

Inserting into (6.16) andrecallingthat where
and arede nedin (4.295 and(5.14), respectiely, we have
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Hence,

andby usinga Cauchy-Schwarzinequalitywe obtain

and(6.13 follows. To obtainthe estimatg(6.14), we notethatfrom (5.21) we have

therefore,
(6.17)

and(6.14) followsfrom (6.17) and(6.7). O
REMARK 6.5. Note that we are discretizingthe third weak formulation (4.23. We
have to recover the piecavise constanpressurén eachsubdomainRecallthe function of

Remark4.3. Notethatwe cancompute ; seePropositiorb. 3.
Then

and is the approximatiorfor piecevise constanfpressuren eachsubdo-
main . Obsenethat

Theselast terms can be estimatedusing the resultsof this section. Analogouslywe can
recoverthemeanvalue of theLagrangemultiplier. Indeedwe can nd

suchthat

—on and on

andsowe cande ne (seeRemark4.2)

In thiscase

Thelasttwo termscanbe estimatedisingthe resultsof this section.
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7. Numerical results. In this sectionwe presennumericalexperimentsn orderto ver-

ify the estimatesestablishedn the paper We consider and
. We consider . Thevelocity solutionfor Stokesis givenby
with pressure - —. Notethat

is notdivergencefree. Thevelocity solutionfor Darcy is

with pressure - — - -
Notethatthenormalcomponenbf  hasaparabolicpro le ontheinterface

while its tangentiacomponents zero.Notealsothat on ,and
on . Theexactsolutionis compatiblewith (3.5) with (3.6) when . A similarexample
is presentedn [8], wheretheterm is replacecby in the Stokesequations.

In Figure 7.1 we shav the computedsolution of the coupledproblem. On the porous
sidewe have plottedthe velocity in the centerof eachtriangle. In Figure 7.2 we zoompart
of theinterfaceandplot the componenof thevelocities. In Figure 7.3 we show the be-

=
T
@&

D

F1G. 7.1. Computed velocities (left figure) and pressures (right figure). On the porous side (left subdomain)
we have plotted the value of the velocity at the centroid of each triangle.

havior of the error (in the scalednormsde ned in (6.1), (6.2) and(6.3)) with respecto the
discretizationparameters Here we also shov , i.e., the Lagrangemultiplier
approximationerror in the discretenorm de ned in (6.12. We obsene accordingto Fig-
ure7.3, theerrorin thenorm de nedin (6.3), whichis thesumof the uid velocityand
porousvelocity errorsin thescalednorms,is of linearorder Thisagreewith Proposition6. 1
Analogously the pressureerroris of linearorder This alsoagreewith the resultaboutthe
pressureerror, seeProposition6.3. We nally obsene thatthe Lagrangemultiplier errorin
thediscretenormde nedin (6.12) is alsoof linearorder

8. Conclusion. We studiedthe couplingacrossaninterfaceof uid andporousmedia
0 ws, consistingof Stolesequationsn the uid region  andDarcy law for the Itration
velocity in theporousmediumregion . After discussinghe adequatehoiceof ,

ratherthan , asthe Lagrangemultiplier space,we presentech completeanalysis
for the inf-sup and approximationresultsassociatedvith the continuousand discretefor-
mulationsof this Stokes-Darg system.We chosethe triangular Taylor Hood nite
elementsandthe lower order Raviart-Thomaselementsas discretespacedor the free and
porousmediumsubdomainsrespectiely. Optimal a priori discreteerror estimatesio not
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F1G. 7.2. The -component of the discrete velocity (left figure), where on the porous side (left subdomain) we
plot the two values of the -component of the velocities at the midpoint of each edge; recall that Raviart-Thomas
elements allow discontinuous tangential velocities on interior edges. The discrete (in blue) and the exact (in red)
Lagrange multipliers on the interface (right figure).
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FI1G. 7.3. Velocities errors (left) and pressures errors (right).

dependnthecoefcients and andratio of meshparametersSharpetocal estimatecan
alsobe obtainedfor the casewherethe uid meshon theinterface is are nementof the
porousmeshon . The numericalexperimentsshav goodagreementsvith our theoretical
results.
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Appendix A. Non-homogeneous boundary conditions. Thenon-homogeneousound-
condition can be reducedto the homogeneousase when and
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. Firstconstruct suchthat
?n
(A.1) c')r:]
on

Fromthedivergenceheorem

(A.2)

Now put where  satis esthe non-homogeneousystem(3.1). Sowe are
lookingfor  thatsatisfy

Analogously on the porousregion, the non-homogeneousasecan be reducedto the

homogeneousne.In thiscase . Construct div suchthat
- in
in
(A.3) on
on

with de nedin (A.1). Thisconstructions possiblesincethecompatibilitycondition(3.3)

and(A.2) imply thatthe system(A.3) is compatible.Put . Thenwe look for
suchthat
- - in
in
In termsof weakformulation,with , we have:
nd satisfying
for all
for all
for all

whichis the sameproblem(4.17) with a differentright handside.

Appendix B. Approximation properties of Taylor-Hood finite elements. In this ap-
pendix,the domainof referencas . Recallthe de nitions of and on(5.1) and
(5.3, respectiely. In orderto simplify the notationin somecasesve omit the subscriptthat
refersto the domain. In particular all the operatorsde ned in this sectionacton velocities
de nedon

Let be Clementinterpolation;see[5, 9, 28]. It is know that is
boundedi.e.,

(B.1)
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andwe have

(B.2)
(B.3)
(B.4)

(B.5) -

This interpolationis basicallya Clementinterpolationon , i.e., valueszeroattheinterface
relative boundarypointsanda Clementinterpolationat theinterior nodes.
Given and edgeof |, let denotethenormalto exteriorto
thetangentlalvectorto (with anticlockwiseoriented),and the
mldpomtoftheedge Eachinterioredgebelongdotwotriangles and .Let denote

oneof thedirections or . Forboundaryedges denotes . Analogouslyfor
interior edgeslet  denoteone of the directions or , andfor boundaryedges

Let , , bethe edgebubble Taylor-Hood basisfunctionsbasedon the mid-
pointsof theedgef . Let , and ,
Obsenrethat

Now considetthefollowing subspacesf

Span

and
Span

Notethatif then and . Also notethatif

then and
Let be (locally) de ned by
Span s.t. —
for all . In otherwords, , where

Fromatracetheoremanda scalingargumentwe have that

Then
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and

(B.6)

Obsenrethat

We alsohave
(B.7)

De ne by
(B.8)

thenwe have thefollowing result.
LEMMA B.1. Theoperator  de nedin (B.8) is bounded

(B.9)
moreover,
(B.10)

and

(B.11)

We alsohave
(B.12)

and

(B.13) for all edge .

Proof. From (B.6) we have, for ,

by (B.2), (B.3) and(B.1).
(B.14)

Then,usinganinverseestimatgsee[5]) and(B.14) we get

andhence

by de nition of
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To shaw (B.10) we have that

by de nition of

by (B.2) and(B.14)

Analogouslywe get(B.11). To prove (B.12), obserethat

by (B.4) and(B.7)

by (B.5)
Thelastassertion(B.13), is straightforvard. O
Given , de ne (locally) by
Span
with
(B.15) and
at midpoints  of all interior edges . For edgeson  we de ne . Note that
is zeroatthe verticesof all elementf andobsenre that be-
causaheabove equationareconsistentn neighbortriangleswhich gives continuous;

seg[5], Chapteill, Theorenmb.2.
LEMMA B.2. Suppos¢hat is non-dgenerlteandhasnotriangle with two edgeson

andconsiderthe operator de nedin (B.15. Then

for all
andthere existsa positiveconstantsud that:
for all

FromLemmaB.2 andtheboundednessf |, thespaces (with the -norm)
and (with the -norm)satisfythe - conditionindependenof  with re-
spectto thebilinearform de nedin (4.4) by

for all and

Also obsenrethatif then on andthen

by the Greenformula. Then,accordingo the Brezzi's splitting theorem(se€[ 5, 15]), we can
alwaysobtaina stablesolution of

for all

(B.16) for all
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where .
Given , denoteby thesolutionof (B.16). Then

(B.17)
and for

In orderto prove Lemmab5.1de ne

Obsenrethat

by (B.9) andinverse
estimate.

— by (B.17)
by (B.10).

Thentheoperator  is boundedwith constanindependentf ). In additionfor
we get

by de nition of

To obtain(5.4) obsenethatfrom de nition of we have

by (B.17)
by (B.10)

Theproofof (5.5) is similar. Inequality(5.6) is obtainedfrom (B.12).



