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NON-MATCHING MORTAR DISCRETIZATION ANALYSIS FOR THE
COUPLING STOKES-DARCY EQUATIONS

�
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�
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���
Abstract. We consider the coupling across an interface of fluid and porous media flows with Beavers-Joseph-

Saffman transmission conditions. Under an adequate choice of Lagrange multipliers on the interface we analyze
inf-sup conditions and optimal a priori error estimates associated with the continuous and discrete formulations of
this Stokes-Darcy system. We allow the meshes of the two regions to be non-matching across the interface. Using
mortar finite element analysis and appropriate scaled norms we show that the constants that appear on the a priori
error bounds do not depend on the viscosity, permeability and ratio of mesh parameters. Numerical experiments are
presented.
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1. Introduction. Weanalyzethecouplingacrossaninterfaceof �uid andporousmedia
�o ws. Thisproblemappearsin severalapplicationslikewell-reservoir couplingin petroleum
engineering,transportof substancesacrossgroundwaterandsurfacewater, and(bio)�uid-
organinteractions.More precisely, we considerthe following situation: an incompressible
�uid in aregion ��� can�o w bothwaysacrossaninterface� into asaturatedporousmedium
domain �	� . Themodelstudiedhereconsistsof Stokesequationsin the �uid region � � and
Darcy law for the�ltration velocity in theporousmediumregion �
� . Thetransmissioncon-
ditionsweconsideron theinterface� aretheBeavers-Joseph-Saffmanconditions[3, 19, 27]
whicharewidely acceptedby thescienti�c community. In thispaperwestudyinf-supcondi-
tionsanda priori errorestimatesassociatedwith thecontinuousanddiscreteformulationsof
thisStokes-Darcy system.Therearepreviousworksaddressingsuchissues[8, 13, 20, 26] as
well asrelatedproblemssuchasStokes-Laplaciansystems[10, 11, 25], Stokes-NavierStokes
[16, 24], andpreconditionediterativemethods[10, 12, 13, 14], amongothers[2, 21].

This paperis organizedas follows: in Section2 we discussnormsandseminormsof
dual spaceson subsets.The differentialsystemsareintroducedin Section3, whereveloc-
ity andnormal �ux areconsideredasthe boundarydatafor the Stokespart � ����
 � ��� �
andtheDarcy part ��� ��
 ��� � � , respectively; for otherformulationsandboundarydatasee
[11, 12]. Thetransmissionconditionson theinterface� , known asBeavers-Joseph-Saffman
conditions,arethenintroduced.In Section4 weanalyzeweakformulationsof thecontinuous
modelandwe discussthechoice ������������� asthespacefor Lagrangemultipliers in orderto
couplethesetwo systemsof partial differentialequations.In [20], Layton,Schieweck,and
Yotov developedexistenceanduniquenessof theweaksolutionfor this problem.They were
able to show the inf-sup conditionon the smallerspace� ����� � �!�"� . Recall that � ����� � ����� is
thesubspaceof functionsin ��������� 
 ����� thatvanishon 
 �	� � � . In this paper, we usetools
developedin Section 2 andin [20] to presenta completeanalysisfor the inf-supcondition
with Lagrangemultipliers on the space���#�������"� . We notethat from the physicalpoint of
view thespace�$�#�������"� is thecorrectchoicesincetheLagrangemultipliersarerelatedto the
Darcy pressureon the interface � andthevalueof theDarcy pressureat �&% 
 �!� �(' ���)� is*
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notprescribedwhen�ux boundaryconditionis imposedontheporoussideexteriorboundary� � . We notehowever that in the casewherethe pressureis imposedasthe boundarycon-
dition on the Darcy exterior boundary�-� , the space� �#��� � �!�"� would be the correctchoice;
see[11]. In Section5 we derive the discreteinf-sup conditionsandin Section6 the a pri-
ori errorestimates.We considerthe triangular .0/ � .21 Taylor Hood elementsspacefor the
free �o w region � � andthe lowestorderRaviart-Thomasfor theDarcy region �
� . In [20],
Layton,SchieweckandYotov developedapriori errorestimatesfor thematchingcase,while
in [26] RiviereandYotov, andalsoin [8] BurmanandHansbo,consideredthenon-matching
caseusingdiscontinuousGalerkin�nite elementdiscretizations.In this paperwe consider
thecouplingvia Lagrangemultipliersandwe developananalysisbasedon mortar�nite el-
ementstechniques[4, 29] andscalednormsin orderto obtainconstantsindependentof the
permeability, viscosityandratio of meshparameters.We pay specialattentionto the con-
stantsappearingin theapriori errorestimates.In AppendixB weprovidetheconstructionof
theFortin interpolationfor .0/ � .21 Taylor Hoodelements.In Section7 we testnumerically
thealgorithmsandin Section8 we makesomeconclusions.

2. Preliminaries and notations. Let � beaboundedLipschitzcontinuousdomainand
let ��3 
 � and ��465 �7
 � � � beof non-vanishing�98;:$1<� -dimensionalmeasurewith respect
to 
 � . Here 8 � / or = . To avoid the proliferationof constants,we will usethe notation>@?BA

to representtheinequality
>@C �!DFEG8IHKJML�8�J#�ON A .

LEMMA 2.1. Given P$QR�$�����)�!�"� , de�ne S �T�U�V P$5 �XW  KY where W  is thetraceon 
 � andY is theweaksolutionof Z[ \ :^] Y �`_ in �Y � P on �
�a Y �7_ on ��4Kb
Then S �c�c�V PdQR�d�����)� 
 �6� and eKS �T�U�V P�eFf6g!hjiFkml<npo ? eqP�erf
gshtiqk V o .

For PuQv�d�����)����� let S �T�U� � rw V P denotethe extensionby zero on �O4 . RememberthatS �T�U� � rw V P$Qx�d�#����� 
 �6� if andonly if P$Q&� ����� � ����� . We havethefollowing result.

LEMMA 2.2. For all PyQB�$�����)� 
 �6� there exist P V QX�d����������� and P V�z QB� �#��� � ����4��
such that P � S �c�c�V P V|{ S �c�c� � Kw V z P V z . Thisdecompositionis unique.

Proof. Let P}Q~�$������� 
 �6� . Take P V � P�� V and P V�z � Y � V�z where Y � P�:7S �c�c�V P V .
Observethat P V Q&�$�#���)�!�"� andeKS �c�c�V P V eFf6g!hjiFkml<npo ? eqP V eFf6gshtiFk V o C eqP�erf
gshtiFkml<n�o��
therefore,Y Q��$������� 
 �6� . Observealsothat S �T�U� � Kw V z P V�z � Y becauseP and S �T�U�V P V coincide

on � . For theuniqueness,if _&� S �c�c�V P V { S �c�c� � rw V�z P V�z then S �c�c�V P V is the traceof theweak
solutionof theproblem: :^] Y �`_ in � , Y �}_ on � , 
�a Y �}_ on �"4 . Then P V �`_ .

We have two dualspacesassociatedwith � , thespace��� ����� � �!�"� (thedualof � ����� � ����� )
and � � �#���)�!�"� (thedualspaceof �$�#���)�!�"� ). The�rst spaceis largerthanthesecondone.

DEFINITION 2.3. If ��QR� � �����)� 
 �6� , then ��� V�z �}_ meansby de�nition that� ����S �c�c� � rw V z PI� l<n �}_ for all P$Q&� �#��� � ��� 4 �Fb
A usefulresultrelatedwith this de�nition is thefollowing:

LEMMA 2.4. If �xQx� � ������� 
 �6� , there are � V Q&� � ����������� and � V�z QR��� �#��� � �!�"4�� such



ETNA
Kent State University 
etna@mcs.kent.edu

352 J. GALVIS AND M. SARKIS

that, for all PdQR�$�#����� 
 �6� , let P � S �T�U�V P V { S �T�U� � Kw V�z P V�z asde�nedin Lemma2.2, wehave� ���#PI� lKn � � � V �#P V � V|{ � � V z �#P V z � V z b(2.1)

Proof. For P V QR�d�#�������"� and P V�z Qx� ����� � ����4�� de�ne� � V �#P V � V 5 � � ����S �c�c�V P V � l<n � � V z �#P V z � V z 5 � � ����S �c�c� � rw V�z P V z � l<n b
We obtain� � V ��P V � V C er��e f^��gshti�kml<n�o eKS �c�c�V P V e f6g!htiFkml<n�o ? eK��e f^��g!hjiqkml<n�o eFP V e f6g!hjiFk V o �
andso � V Qx� � ����� ����� . Analogously, � V z Q&� � �#��� � ��� 4 � . Moreover,� � V ��P V � V|{ � � V z ��P V z � V z � � ���qS �T�U�V P V|{ S �T�U� � Kw V�z P V z � l<n � � ���#PI� l<n b

REMARK 2.5. In particular, if ��Q&� � �����)� 
 �6� and ��� V�z �7_ (seeDe�nition 2.3above),
we havefrom (2.1) that � ���#PI� l<n � � � V �#P V � V b
Hence,functionalsin � � ������� 
 �6� whicharezerowhenrestrictedto 
 � � � canbeidenti�ed
with functionalsin � � ����� ����� .

REMARK 2.6. Given � V Q~� � ����������� we cande�ne �BQ~� � �#����� 
 �6� by
� ����PI� l<n 5 �� � V �#P V � V , whereP � S �T�U�V P V�{ S �T�U� � Kw V�z P V z asde�ned in Lemma2.2. Wehaveasimilar result

for � V Qx� � �#��� � �!�"4�� .
De�ne thespace��� div ���6� by��� div ���6��5 ����� Q�� � �!�6��5(�(N � Q&� � �!�6�K���

with thenorm e � e �� k div w n�o 5 � e � e �� iqkUnpo { eK�(N � e �� iqkUnpo b(2.2)

Recallthatif � Qx��� div ���6� then � N a QR� � ������� 
 �6� . For thenext result,see[30].

LEMMA 2.7. For each �7QR��� div ���6� with � l<n �|N a � � �0N a �r1G� l<n �}_ wehave�� ¢¡£�¤ f�g h iqk l<nFo£¢¥¦ constant

� �0N a ��§¨� l<n� §O� f g h i k l<nFo ? eq�|N a eFf^��g!htirkml<n�o C �# �¡£�¤ f�g h iqk l<nFo£¢¥¦ constant

� �0N a ��§¨� l<n� §O� f g h i k l<nFo b
with a constantwhich dependsonlyon � .

Usinganargumentsimilar to theonegivenin [30], wehave
LEMMA 2.8. For each ��QR� � �����)�!�"� with � V � � � ���r1<� V �`_ , wehave�� ¢¡£�¤ f¨g h iqk V o£¢¥¦ constant

� ����§¨� V� §O� f gshti k V o ? eK��e f^��g!htiqk V o C �# �¡£�¤ f6gshtiFk V o£¢¥¦ constant

� ����§¨� V� §O� f gshti k V o �
with a constantwhich dependsonlyon � .
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Proof. Observethatif © is aconstantthen
� ����©O� V � © � ���K1<� V �}_ andfor §�QR�$�#���)�!�"�

non-constantwehave � ����§¨� Ver§Oe f
gshtiqk V o C � ����§¨� V� §�� f g!h i k V o �
then er��e f���gshtiqk V o � �# �¡£�¤ f6gshtiFk V o£¢¥¦ constant

� ����§¨� VeK§�e f gshti k V o C �� ¢¡£�¤ f
gshtirk V o£¢¥¦ constant

� ����§¨� V� §O� f gshti k V o �
which givestheright inequality. Usinga Poincaŕe inequality, thereexistsa positiveconstant
whichdependsonly on � , suchthateFª(e �f
gshtiqk V o ? � ª(� �f gshti k V o
holdsfor all ª7Q&� ����� ����� with � V ª �}_ . For §xQx� ����� ����� non-constant,wehaveª75 � §«:�¬ V §®­�}_
and � ���#ª�� Veqª¯e f6g!htiFk V o � � ����§¨� VeFª(e f
gshtiqk°lKnpo|± � ����§��� ª¯� f gshti k V o � � ����§¨�� §�� f g!h i k V o b

Thisgivesanequivalentnormin thesubspaceof � � �#���)�!�"� of zeroaveragefunctionals.
DEFINITION 2.9. For ��QR� � �����)�!�"� , � with zero average(

� ���r1G� V �`_ ), de�ne� ��� f ��gshti k V o 5 � �� ¢¡£�¤ f
gshtirk V o£¢¥¦ constant

� ����§�� V� §�� f g!hti k V o � �� ¢¡£�¤ f6g!hjiFk V o²j³ £ ¦  rw £¢¥¦  Kw
� ����§¨� V� §�� f g!hti k V o b

We have thefollowing result.
LEMMA 2.10. For PdQR�$�#�������"� with � V P �}_ wehave� P�� f gshti k V o � �� ¢¡� ¤ f^��gshtiFk V o´ � w �#µ ¦  

� ����PI� V� ��� f ��g!hti k V o b
Proof. Consider���$�������!�"�-%&�	� �����#� � , thedualspaceof �$�#�������"�"%&��� �!�"� , andobserve

thata functional �  Q}�!�d������������%���� �!�"��� � canbeextendedto onein �$�����)����� � , say � , by
thefollowing formula:

� ����§��65 � � �  ��§  � where§�QR� ����� ����� and §  5 � §«:®� V § .

3. P.D.E model. In general,� � �«����3·¶O¸ , � � � � % ��� , � � int � � �0' ���)� , � �
and ��� areLipschitz,soit is possibleto de�ne outwardunit normalvectors,denotedby a�¹ ,º � ���!» . The tangentvectorson � aredenotedby ¼ � ( 8 � / ), or ¼O½ , ¾ � 1)��/ ( 8 � = ). In
orderto avoid a settingthat is too general,when 8 � / we consider� �d� �M1���/��^¿B� _ �r1<�
and ��� � � _ �K1<�	¿�� _ �K1<� or a regularLipschitzperturbationof this con�guration.Analogous
conditionsareconsiderfor thecase8 � = .
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De�ne � ¹ 5 �À
 � ¹ � � ,
º � ����» . Velocitiesaredenotedby � ¹ 5-� ¹«Á ¶O¸ ,

º � ���!» .
Pressuresare» ¹ 5�� ¹ÂÁ ¶ ,

º � ����» .
As wasmentionedpreviously, Stokesequationsarethemodelfor the �uid region. The

modelbasicallyconsistsof conservation of massandconservation of momentum,andwe
have Z[ \ :^�(NmÃ|�9���¢�!»��)� �`Ä � in �6��(Nm� � �BÅ�� in � �� � �}Æ�� on � � b(3.1)

Here Ã|� � �!»��Â5 � :�»pÇ { /)È¢É � where È is the �uid viscosityand É � 5 � �� �s� � { �ËÊ � � is
thelinearizedstraintensor.

For theporousdomain �	� , Darcy's law is used,i.e., �����¢�!»Ì�)� satis�eson �	�Z[ \ �O� � :ÎÍÏ��Â»Ì� { Ä � in ��� (Darcy's law)�(Nm�O� �BÅ � in ����O�rN a � �}Ð � on ����b(3.2)

In generalÑ is a symmetricanda uniformly positive de�nite tensorthat representstherock
permeability. For simplicity of the analysis,we assumethat Ñ is a real positive constant.
Recallthat È is the�uid viscosity.

We alsoimposethecompatibilitycondition¬ n�Ò Å � { ¬ nÌÓ Å � : ¬ V Ò Æ �-N a � : ¬ V Ó Ð � �7_ b(3.3)

Thesystemspresentedabove mustbecoupledacrossthe interface � . Thefollowing condi-
tionsareimposed(see[11, 12, 13, 20] andreferencestherein):

Conservationof massacross� : It is expressedby:� � N a � { ���FN a � �7_ on ��b(3.4)

Thismeansthatthe�uid thatis leaving a regionentersin theotherone.
Balanceof normalforcesacross � : FromCauchyformulaweseethatÔ ��� � ��» � �
5 � Ã|��� � ��» � � a �

is the force on 
 � � actingon the �uid volumeinside � � , i.e.,
Ô

is the Cauchystress(or
traction)vector. Theforceon � from � � sideis then

Ô �9� � ��» � � . Theonly forceactingon the
interfacefrom � � sideis theonegivenby » � in thedirectionof a � andmustbeequalto the
componentof

Ô
in thisdirection.We get» � :�/�È a Ê � ÉX�9� � � a � � »Ì� on ��b(3.5)

Theothercomponentsof
Ô

, i.e.,
Ô Ns¼�½ , ¾ � 1��#8Õ:x1 , aremoredelicateandtreatedbelow.

Beavers-Joseph-Saffmancondition: This conditionis a kind of empiricallaw thatgives
anexpressionfor thetangentialcomponentof

Ô
. It is expressedby:� � Nm¼�½ � :×Ö Ñ©O� / a Ê � É7�9� � �M¼�½ on � , ¾ � 1)��8Î:B1 .(3.6)

In thegeneralcase,Ñ is asymmetricanduniformly positivede�nite tensor, and Ñ in (3.6)
is replacedby Ør½�NGÑ2NFØF½ .
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A relatedconditionis�9�	�0:d� � ��NU¼ ½ � :×Ö Ñ© � / a Ê � É7�������j¼ ½ on � , ¾ � 1��#8&:~1 ,
which is known astheBeavers-Josephcondition.But it turnsout in practicethatthecompo-
nentof � � in ¼ ½ directionis smallcomparedwith thatof �6� . Whenmoregeneralcasesare
considered,suitableinterfaceconditionshave to be imposed.An analyticalway to �nd the
right interfaceconditionsis via homogenization;see[18].

4. Weak formulations and inf-sup analysis. In this sectionwe derive and analyze
severalweakformulationsassociatedwith theStokes-Darcy systempresentedin Section3.

4.1. Weak formulations. Accordingto AppendixA, it is enoughto considerthecaseÅ � �7_ and Æ � �`Ù in (3.1) and Å � �7_ and Ð � �}_ in (3.2).
For � � de�ne Ú � 5 � � � �!� � ��� � � ¸ and Û � 5 � � � �s� � �F�

where�d� �!�6���������#¸ meansby de�nition thesubspaceof functions� � suchthateachcompo-
nentof � � belongsto �d���!�6��� andvanisheson �O� .

For ��� we introducethefollowing spaces:Ú � 5 � �  � div ��� � ��� � � and Û � 5 � � � �!� � �q�
where�  � div ��� � ��� � � is de�ned asthesubspaceof �Ü� div ��� � � of functionswith vanishing
normalcomponenton � � in thesenseof De�nition 2.3. Recallthatif � � Q��Ü� div ��� � � then�O�rN a � QR� � �#���)� 
 ����� ; see(2.2).

De�ne

Ú 5 � Ú � ¿ Ú � with theusualnorm,i.e.,given �x� � ��� � � ����Q Ú ,e � e �Ý 5 � � � �p� �f g kUn¨ÒFo�Þ { e � � e �� k div w nÌÓro b
We alsoset Ûß5 � Û � ¿xÛd� with thenorm erà¢er�á�5 � erà � eF�� i�kmn Ò o { eFà � er�� i�kUn Ó o .

In orderto derive a weakformulationwe �rst proceedformally andthenwe introduce
theadequaterigorousframework.

We startwith theStokesequation(3.1). For all �I� Q Ú � we have�#:^/)È¢�(N�Éd� � � �I� � n¨Ò { �s�Â» � � �I� � n�Ò � � Ä � � �I� � n�Ò b(4.1)

FromtheGreenformulawehave:0�!]Ë�	�p� � ��� n¨Ò � �s�Ë������� � ��� n�Ò :X�!�Ë�
� a � � � ��� V� �s�Ë������� � ��� n Ò : � a Ê � �Ë�
� a � � � �KN a � � V : ¸ � �â ½ ¦ � � ¼ Ê½ �Ë��� a � � � �KNm¼ ½ � V �
and:0�s�(N°�Ë� Ê� � � ��� n¨Ò � �s�|� Ê� ��� � ��� n�Ò : � �Ë� Ê� a � � � ��� V� �s�|� Ê� ��� � ��� n Ò : � a Ê � �Ë� Ê� a � � � �KN a � � V : ¸ � �â ½ ¦ � � ¼ Ê½ �|� Ê� a � � � �KNU¼ ½ � V �
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then :0�s/)�(N�É$� � � �I� � n�Ò � /¢�sÉ�� � ��É �I� � n¨Ò :�/ � a Ê � É$� � a � � �I� N a � � V:^/ ¸ � �â ½ ¦ � � ¼ Ê½ É�� � a � � �I� Nm¼O½!� V b
For thesecondtermon (4.1) wehave�!�Â» � � �I� � n¨Ò � � » � � �I� N a � � V :B�c» � ���(N �I� � n�Ò b(4.2)

For � � � �I� Q Ú � and à � QRÛ � de�neL � �9� � � �I� �
5 � /�È��!É®� � ��É �I� � n�Ò { ¸ � �â ½ ¦ � ÈÌ© �Ö Ñ � � � NU¼O½M� �I� Nm¼�½�� V �(4.3)

ã �p� � ����à<����5 � :0�!àK�����(N � ��� n�Ò b(4.4)

By replacing(4.2) in (4.1), andusingthe condition(3.6), we obtainfor all � �~Q Ú � andàK�äQxÛ��å LÌ��������� � ��� { ã �¢� � �¢�!»���� { � »��0:�/�È a Ê � ÉX�9�
��� a � � � �rN a � � V � � Ä � � � ��� n¨Òã �p�9�
�¢��àK��� �7_ b(4.5)

Analogously, de�ningL)�Ì�����Ì� � ����5 � � ÈÑ �O�¢� � ��� nÌÓ for all ���Ì� � �;Q Ú �Ì�(4.6) ã �¢� � �¢��à��)��5 � :0��àq�����(N � �)� n¢Ó for all � �;Q Ú � and à��2QRÛ$���
we havefor all � � Q Ú � and à � QxÛ �å L��¢�9���¢� � �)� { ã �Ì� � �Ì�!»Ì�)� { � »Ì�¢� � �FN a � � V � � Ä � � � �)� n¢Óã �Ì�����Ì��àq�)� �`_ b(4.7)

To couplethe two subproblems(4.5) and(4.7) we usebalanceof normal forces(3.5)
and a Lagrangemultiplier which also approximatethe Darcy pressureon the interface � .
IntroducetheLagrangemultiplier,æ � » � � »��Õ:�/�È a Ê � É7�9�
��� a � � »¨�¯:�/�È a Ê � �Ë� a � b(4.8)

Thenwe getZçççç[ çççç\ LÌ��������� � ���
{ ã ��� � �¢�!»���� { � � �KN a � � æ � V � � Ä � � � ��� n Ò for all � �äQ Ú �L � ��� � � � � � { ã � � � � ��» � � { � � � N a � � æ � V � � Ä � � � � � n Ó for all � � Q Ú �ã � �9� � ��à � � �`_ for all à � Q�Û �ã �¢�9���Ì��àq��� �`_ for all à � Q�Ûd�� � � N a � { ���FN a � ��PI� V �`_ for all P$Qxè^�(4.9)

wherethespaceè is de�ned below.
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De�ne L«5 Ú ¿ Ú Á ¶ and
ã 5 Ú ¿xÛ Á ¶ by:L¨�9�Â� � ��5 � LÌ�p�9����� � ��� { L � ��� � � � � �q�(4.10) ã � � ��à��65 � ã � � �I� ��à � � { ã �Ì� � �Ì��à��)�qb(4.11)

Using(3.4), weobtainZ[ \ L¨���^� � � { ã � � ��»¨� { � �I� N a � { � �rN a � � æ � V � � Ä � � �I� � n�Ò { � Ä � � � ��� nÌÓã �9�^��à�� �`_� � � N a � { �O�FN a � �#PI� V �`_ b(4.12)

Notethatif » is asolutionof (4.12), then» plusany constantis alsoasolutionof (4.12);
this follows directly from applying the divergencetheoremon the �rst equationof (4.12)
andusing (4.8). In addition, using the the divergencetheoremon the secondequationof
(4.12) andthecompatibilitycondition(3.3) wehavethattheequation(4.12) is automatically
satis�ed for constanttestfunctions à&Q®Û . Therefore,we canreplacethespaceÛ in (4.9)
by thefollowing subspaceof ÛÛêé¯5 �ìë à � ��à � ��à��)�
QxÛ 5�¬ n�Ò à � { ¬ n Ó à�� �}_Ií b(4.13)

Wehaveto chooseasuitablefunctionspaceè for
æ
. Observethaton theporousexterior

boundary��� we considerzero�ux asboundarycondition,i.e., � �<N a � �@_ on ��� . Recalling
De�nition 2.3, thismeansthat� � �qN a � �qS �T�U� � Kw V Ó §¨� l<nÌÓ �}_ for all §�QR� ����� � �����)�F�
where S �T�U� � rw V Ó denotestheextensionby zeroon �O4� � � . Then,accordingto Lemma2.4and

Remark2.5 we canthink of � � N a � asa distribution in � � �#��� �!�"� , moreprecisely, we can
de�ne � �qN a � � V QR� � �#���)�!�"� as� � � N a � � V ��§¨� V 5 � � � � N a � �qS �T�U�V §¨� l<n Ó �î§xQx� ����� �����q�(4.14)

where S �T�U�V is theextensionoperatorde�ned in Lemma2.1. This is themain mathematical

motivationfor choosingè as ���#���)�!�"� ratherthan � ����� � �!�"� . On the �uid exterior boundary�"� weareusingDirichlet boundarycondition,i.e., � � �`Ù on ��� . Then � ��N a � � V Q&� �#��� � �!�"�
relatively to 
 � � . Then �"� N a � � V Q}� ����� � ����� relatively to 
 ��� . Herewe usethe fact that� ����� � ����� , which is the traceof �$� �!� � ��� � � , is equivalent to the traceof �$� �!���Ì�����)� if
the shapeand measureof � � are of the similar size of thoseof �	� ; see[17, 23]. Since� ����� � �����¯3ê� � ����� ����� we concludethat �"� N a � � V Q�� � ����� ����� . In what follows we denote� �FN a � � V simplyby � �FN a � and �I� N a � � V by �I� N a � .

Fromthepreviousdiscussionwe concludethat � �<N a � { � � N a � Qd� � �#�������"� andsowe
choosefor

æ
thespaceèX5 � � �#��� �!�"� with e�N�e �ï 5 � e�N�e �f6gshtiFk V o � e�N�e �� i�k V o { �GN�� �f g!hti k V o(4.15)

andde�ne
ã V 5 Ú ¿Rè Á ¶ byã V � � �#PI�65 � � �"� N a � �#PI� V { � � �rN a � �#PI� V � �x� � �I� � � ����Q Ú �ðP$Q&èÂ�(4.16)
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with theseconddualitypairingasin (4.14).
FromLemma2.4, we obtain
LEMMA 4.1.

ã V 5 Ú ¿&è Á ¶ de�nedin (4.16) and(4.14) is continuous.
Anotherreasonfor choosing������������� insteadof � �#��� � ����� is becausetheLagrangemul-

tiplier representstheporouspressureon � , see(4.8), andhencethereis nophysicalreasonfor
thepressure»¢� to vanishon �
% 
 � when�ux boundaryconditionsareimposedontheporous
sideexterior boundary�-� . Thespacewe choosefor è is richerthan � ����� � ����� , thereforethe
equation ã V ���^��PI� �}_ for all P$Qxè � � �#��� �!�"�
appliedto � is a strongerconditionthanconsideringP on the space� ����� � ����� . As a result,
bettermassconservationnear��% 
 � is achieved.Ontheotherhand,choosing� ����� � ����� asthe
spacesof Lagrangemultipliersassociatedto theporouspressurewould bemoreappropriate
if zeropressurewasimposedon 
 � ; see[11].

4.1.1. First weak formulation. We �nally arrive to theweakformulationof theprob-
lem: Find �9�6�G�!»¨�ñ� æ �r��Q Ú ¿RÛ é ¿Rè suchthatZ[ \ L¨�9�
�ñ� � � { ã � � ��»¨�r� { ã V � � � æ �K� �Xò � � � for all � Q Úã �9�6�G��à�� �}_ for all à|Q�Û éã V �9�6�G��PI� �}_ for all PdQxèÂ�(4.17)

where ò � � �
5 � � Ä � � � ��� n Ò { � Ä � � � � � n Ó for all � Q Ú b
andthebilinearforms L , ã and

ã V arede�ned in (4.10), (4.11) and,(4.16) and(4.14), respec-
tively.

Next we introducetwo other weak formulationsand we refer to them as the second
andthe third weakformulations;see(4.20) and(4.23). Thesecondweakformulationis an
intermediatestepfor deriving thethird weakformulation. Thethird formulationis themost
fundamentaloneamongthethreeformulationsandit is wheremostof theanalysisis carried
on. Oncethe inf-supconditionis establishedfor thethird weakformulation,the inf-supfor
theothertwo formulationsfollow straightforwardly;seeRemark4.8. Theanalysisof thethird
weakformulationis basedon seminormsandon the theoreticaltools developedin Section
2. The threeweakformulationsareall equivalentin the following sense(seeRemarks4.2
and4.3):

1. If we know a solution �)ó��� ó»I� óæ � for oneweakformulation,thenwe canconstructa
solutionfor theothertwo weakformulations.Thisconstructionis doneby removing
or by recoveringthemeanvalueof the �uid andporouspressuresolutionsandthe
meanvalueof theLagrangemultiplier solution.

2. All threeweakformulationshavethesamevelocitysolutions.
The Proposition5.7 establishesthe inf-sup condition for the third weak formulation,

therefore,theexistenceanduniquenessof thesolutionfollow; seeSubsection4.1.3. Hence,
existenceof a solutionfor the�rst andsecondweakformulationsfollows from Remarks4.2
and4.3. Finally, the Remark4.8 establishesthe inf-sup conditionsfor the �rst andsecond
weakformulationsandtherefore,theuniquenessof their solution.

4.1.2. Second weak formulation. We now introducean equivalentweakformulation
for (4.17) by eliminatingthevelocitieswith non-zeromeannormaljump across� andalso
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theLagrangemultipliersthatareconstants;seeRemark4.2below. De�neÚ é^� å ��� � �I� � � ����Q Ú 5 ã V � � �K1<� � ¬ V �I� N a � { � �FN a � �}_-ô(4.18)

and è é 5 � � ����� �����-%&� � �!�"� with norm �GN�� ïpõ 5 � �ñN�� f gshti k V o b(4.19)

Thesecondweakformulationis : Find �9�
�)��»p�)� æ �K�
Q Ú é ¿xÛ é ¿Rè é suchthatZ[ \ L¨�9����� � � { ã � � ��»��K� { ã V � � � æ �G� �7ò � � � for all � Q Ú éã ���	����à�� �`_ for all àËQxÛ éã V ���	����PI� �`_ for all P$QRè é b(4.20)

REMARK 4.2. It is easyto seethat if �����G��»��G� æ �K�×Q Ú ¿�Û é ¿�è solvesthe weak
formulation(4.17) then �
�2Q Ú é and �9�6�G�!»¨�ñ� æ �<� solves(4.20) with

æ � � æ ��: �ö V ö � V æ � .
To seethe converse,let �9�
����»���� æ �G�;Q Ú é ¿$Û é ¿$è é be a solutionof (4.20). Construct÷ � � _ � ÷ ���
Q Ú suchthat÷ �FN a � � 1� �	� on ��� ÷ �FN a � �`_ on �¨�Ì�
de�ne øæ 5 �Bò � ÷ �O:$L¨��� � � ÷ �O: ã � ÷ ��» � �q�
andset

æ �|5 � æ � { øæ . Then ��������»���� æ �r� solves(4.17). Indeed,observe that
ã V � ÷ � æ �K� � øæ

andthat for ��� � ��� � � ���0Q Ú we can�nd © suchthat � �ä5 �Ü� { © ÷ Q Ú é . Hence,we
obtain L¨��� � � � � { ã � � �!» � � { ã V � � � æ � � �@ù L¨�9� � � � � � { ã � � � ��» � � { ã V � � � � æ � �qú:�© ù L¨�9� � � ÷ � { ã � ÷ ��» � � { ã V � ÷ � æ � �qú�Xò � � � ��:$© ù L¨��� � � ÷ � { ã � ÷ ��» � � { øæ ú�Xò � � � ��:$© ò � ÷ � �Xò � � �qb
Thesecondandthird equationsof (4.17) arealsoeasilyveri�ed.

4.1.3. Third weak formulation. We can continuewith the elimination of piecewise
constantpressureson eachsubdomaintogetherwith velocitieswith non-zeromeannormal
componenton � . De�neÚ é�é(� å �x� � � ��� � � �
Q Ú é 5 ¬ V � �rN a � �}_ and ¬ V � � N a � �}_ ô(4.21)

and Ûêé�é¯5 �ìë à � ��à � ��à��)��Q�Û � ¿xÛd��5d¬ n�Ò à �Ë�7_ and ¬ n Ó à�� �7_Ií �(4.22)

andconsiderthefollowing formulation:Find �9�6û���»�û�� æ ûG��Q Ú é�é ¿RÛ é�é ¿Rè é suchthatZ[ \ L����	û)� � � { ã � � �!»pû<� { ã V � � � æ ûG� �Xò � � � for all � Q Ú é�éã �9��û���à�� �}_ for all à|Q�Û é�éã V �9��û��#PI� �}_ for all PdQxè é b(4.23)
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REMARK 4.3. Let �������!»p�)� æ �<��Q Ú é ¿äÛ é ¿2è é beasolutionof (4.20). We next show
that ���ÕQ Ú é�é . Considerthefollowing piecewiseconstantpressure»-4 � �M1��r: ö n¨Ò öö n¢Ó ö �6Q�Û é .
Fromthesecondequationin (4.20) wehave_|� ¬ n Ò �(NU� � � : � �6���� ����� ¬ n Ó �(Nm� �� � ¬ V � � � N a � : � �6�p�� ���p� ¬ V � �� N a � �
andsince���¯Q Ú é , i.e., ¬ V � � � N a � { ¬ V � �� N a � �}_ �
we obtain � V �	�� N a � � � V ���� N a � �7_ , therefore,���¯Q Ú é�é . Now set

» û 5 �ýü » �� : 1� � � � ¬ n�Ò » � � �!» �� : 1� ����� ¬ nÌÓ » ��ñþ QRÛ é�é b
Then

ã � � ��»�ûK� � ã � � �!»p�K� for all � Q Ú é�é andwe concludethat �9�
�)�!»pûñ� æ �G� solves(4.23).
Now for the converse,suppose�9�
û��!»pû)� æ û<�&Q Ú é�é ¿�Û é�é ¿®è é solves(4.23). Let ÿ ���ÿ-����ÿ � ��Q Ú é beany functionsuchthat � V ÿ-�rN a � � :x� V ÿ � N a � � ö nÌÓ öö n�Ò ö ��ö nÌÓ ö . Thenã �!ÿ���» 4 � � ¬ n�Ò �(Nmÿ��¯: � � � �� ���p� ¬ nÌÓ �(Nmÿ � � ¬ V ÿ-�rN a � : � � � �� ����� ¬ V ÿ � N a � � 1)b
De�ne W 5 �Xò �!ÿ¨��:$L¨�9� û ��ÿ¨��: ã �!ÿO��» û �O: ã V ��ÿO� æ û �
and»p�¯5 � »�û { W »�4 where,asbefore,»¨4 � �#1)�r: ö n¨Ò öö nÌÓ ö � . Next weshow that �9��û)��»���� æ ûG� solves

(4.20). Indeed,if � � ��à��#PI��Q Ú é ¿xÛ é ¿xè é , we can�nd � suchthat � û¯5 �`� { ��ÿdQ Ú é�é .
Thenwe haveL¨�9� û � � � { ã � � �!» � � { ã V � � � æ û � �@ù L���� û � � û � { ã � � û �!» û � { ã V � � û � æ û ��ú { W ã � � û �!» 4 �:�� ù L¨��� û ��ÿ¨� { ã �!ÿ���» û � { ã V ��ÿO� æ û � { W ã �!ÿ"�!» 4 ��ú�Xò � � û �O:�� ò ��ÿ�� �Xò � � �qb
Here we have usedthe fact that

ã � � û)��»�4�� � _ for all � û~Q Ú é�é . The secondand third
equationof (4.20) arealsoeasilyveri�ed.

4.2. Inf-sup analysis. In the subsequentsections,we consideronly the formulation
(4.23), andwe abandonthesuper-index 3 to avoid proliferationof indexes. In particularwe
establishtheinf-supassociatedto this formulation,seeProposition4.7. SeealsoRemark4.8
for theinf-supof the�rst andsecondweakformulations.

De�ne � � � � ��� � � ��5 �@ù<� Q Ú é�é 5 ã V � � ��PI� �7_ for all PdQRè é ú
with

Ú é�é andè é de�nedin (4.21) and(4.19), respectively. Thespace
�

is closedbecausethe
linearmap

A V 5 Ú Á è�� de�ned by
A V � � �MP$5 � ã V � � ��PI� is continuousand

� � Ker
A V . It
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is easyto seethatfor � Q � we have � �IN a � ���I� N a � Qd� ����� � ����� . Thenwe canformulate
theproblem(4.23) aså L¨�9�Â� � � { ã � � �!»�� �7ò � � � for all � Q �ã ������à�� �`_ for all àËQxÛ é�é �(4.24)

with Û é�é de�ned in (4.22). Since � � N a � � ����N a � Q®� ����� � ����� , someregularity resultson� � and » � canbe derived which dependson smoothnessandconvexity propertiesof 
 � � .
We notehowever that no regularity is usedto establishthe continuousanddiscreteinf-sup
conditions. Regularity is assumedonly in the Section6 wherea priori error estimatesare
established.

Now, de�ne� � � � � � � �)��5 �êùK� Q Ú é�é 5 ã � � ��à�� �}_ for all àËQ�Ûêé�éGú�b(4.25)

Thenwe canalsoformulateproblem(4.23) as:å L����^� � � { ã V � � � æ � �7ò � � � for all � Q �ã V �9�Â�#PI� �`_ for all P$Q&è é b(4.26)

REMARK 4.4. The Korn inequality implies that the bilinear form L�� de�ned in (4.3)
is

Ú � -elliptic; see[5, 23]. Thebilinear for L � de�ned in (4.6) is �Ü� div
 ��� � � -elliptic, here�Ü� div

 ��� � � consistsof functionsin ��� div ���	��� with vanishingdivergence,i.e.,thekernelof
bilinearform

ã � . Thenthebilinearform “ L ” de�ned in (4.10) is

Ú �Õ¿«��� div
 ��� � � -elliptic.

De�ne 
 �;5 � Ú �6%&� � �!����� � and

 � � Ú � � 
 ���(4.27)

with e � e�� Ó 5 � e � ��e f6gqkUn Ó o9i and e � e � � 5 � e �I� e �Ý Ò { e � ��e � � Ó b(4.28)

Theuseof a subspace

 % Ú é�é with a strongernorm e^N�e Ý C e^N�e�� is a common

strategy in showing continuousanddiscreteinf-sup conditionswithout assumingany regu-
larity on the solutionof the associatedproblem[7, 15]; seealsoLemmas4.5 and5.5 and
Proposition5.3.

Fromtheusualinf-supconditionfor theStokesproblemonthewholedomain� andsinceÛ é�é 3BÛ é , weeasilyderive theinf-supconditionassociatedto theformulation(4.24).
LEMMA 4.5. There is a constant
�� _ such that������ ¤ á õ#õ� ¥¦  �� ¢¡� ¤��� ¥¦  

ã � � ��à��e � e Ý eFà¢e á � ������ ¤ á õMõ� ¥¦  �� ¢¡� ¤��	� �� ¥¦  
ã � � ��à��e � e � eFà¢e á � 
�� _ b

with



and e�N�e�� de�nedin (4.27) and(4.28), respectively.
Lemma4.5, Remark4.4, andthefactthat � Ker

ã % ��� 3 � Ú � ¿6��� div
 �����)� � guarantee

stabilityof theweakformulation(4.24); see[7, 15].
Recallthat

� 3B��� div
 ��� � ��¿&��� div

 �����)� ; see(4.25). To seethattheweakformula-
tion (4.26) is stable,thenext lemmashows thatthe

�����
- �� ¢¡ conditionbetweenspaces

�
andè é holds;see[7, 15]. Theproof presentedherefollows thesameideasas[20], Lemma3.4.

Themaindifferenceis thatwe areworkingwith thespacesè é and
�

.
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LEMMA 4.6. There is a constantW � _ , such that���!�" ¤ ï õ" ¥¦  �� ¢¡� ¤$#� ¥¦  
ã V � � ��PI�e � e Ý � P�� ï õ � W � _ b

Proof. Fix P$QRè é , then P$Q&�$�#��������� and � V P �}_ , in particularif P~­�`_ then P is nota
constant.FromLemma2.10wehavethatthereexists � V Q&� � ����������� suchthat

� � V �K1<� V �}_
and � � V �#PI� V� � V � f ��gshti k V o � 1/ � P�� f gshti k V o � 1/ � P�� ï õ b(4.29)

FromRemark2.6, we introduce��QR� � ������� 
 ����� givenby� ����§¨� l<nÌÓ 5 � � � V ��§O� V � V for all §�Q&� �#��� � 
 �����(4.30)

with � ��� f ��gshti kml<nÌÓro C&% � � � V � f ��g!hti k V o(4.31)

andzeromeanon 
 � � , i.e.,
� ���r1G� lKn Ó � � � V �r1<� V � _ . By usingthenormaltracetheorem,

anda continuousStokesproblem( � haszeromeanon 
 ��� ) we can�nd � ��QB�Ü� div �������
with �dN � � �`_ in ��� suchthate � �¢e � k div

w nÌÓ<o C&% � ��� f ��gshti kml<nÌÓKo �(4.32) � ��N a � � � on 
 ���Ìb(4.33)

Observethat � �;Q Ú é� . Indeed,if §�QR� ����� � �!�¨��� , then� � ��N a � ��§¨� l<nÌÓ � � ����§¨� l<n¢Ó � � � V ��§O� V � V � � � V � _ � V �7_
and

� � �¨N a � �r1G� l<nÌÓ � � � V �r1G� V �}_ .
Choosing� � �`_ , wehave � 5 � � � �¢� � � ��Q � and:ã V � � ��PI�e � e Ý � _ { � � ��N a � ��S �c�c�V PI� l<nÌÓe � � e � k div w n Ó o by (4.14)� 1% � ����S �T�U�V PI� l<n¢Ó� ��� f ��gshti k°lKn¢Óro by (4.32) and(4.33)� 1%'% � � � V �#PI� V� � V � f ��gshti k V o by (4.30) and(4.31)� 1%'% � 1/ � P�� f g!hji k V o by (4.29) b
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For �!à��#PI�dQ�Û é�é ¿�è é de�ne �U�T»"�#PI�K� �á)( ï õ 5 � ej»�er�á { � P�� �ï õ . From Lemmas4.5
and4.6we canshow

PROPOSITION 4.7. There is a constant*�� _ such that:�����k � w " o ¤ á õMõ ( ï õk � w " o ¥¦ k  rw  o �# �¡� ¤ Ý õMõ� ¥¦  
ã � � ��à�� { ã V � � �#PI�e � e Ý �U��à���PI�r� á+( ï õ � *,� _ b(4.34)

Proof. Given �!à��#PI�0Q�Û é�é ¿�è é , if à$­��_ , from Lemma4.5 thereexists ó� Q � such
that ã � ó� ��à��e�ó� e Ý � 
¨erà¢e á � _ �
where
 independentof à . If P�­�`_ , from Lemma4.6thereexists ÿdQ � suchthatã V ��ÿO��PI�eFÿ�e Ý � W � P�� ïpõ � _ �
whereW independentof P .

Observethat,if à«­�}_�# ¢¡� ¤ Ý õMõ� ¥¦  
ã � � ��à�� { ã V � � ��PI�e � e Ý � ã �Kó� ��à�� { ã V �ró� �#PI�e¢ó� e Ý � ã �ró� ��à�� { _e¢ó� e Ý � 
¨erà¢e á b

Analogously, if P~­�`_ ,�# ¢¡� ¤ Ý õMõ� ¥¦  
ã � � ��à�� { ã V � � �#PI�e � e Ý � _ { ã V ��ÿO��PI�erÿ�e Ý � W � P�� ï õ �

then �# ¢¡� ¤ Ý õMõ� ¥¦  
ã � � ��à�� { ã V � � ��PI�e � e Ý �.- ��� ù 
�� W ú/ / eFà¢e á { � P�� ï õ�0

�1- ��� ù 
�� W ú/ �U��à��#PI�K� á+( ïpõ b
Proposition4.7permitsusto formulateproblem(4.23) aså L¨�9�Â� � � { D�� � �K�T»"� æ �#� �Xò � � � for all � Q Ú é�éD����^�<��à��#PI��� �}_ for all �!à��#PI�
QxÛ é�é ¿Rè é �(4.35)

where D�� � �K��à���PI�#�|5 � ã � � ��à�� { ã V � � �#PI� . Then(4.34) in Proposition4.7 canbe written as:
thereexists * �3254 687:9 w ;=<� � _ suchthat�����k � w " o ¤ á õMõ ( ï õk � w " o ¥¦  �� ¢¡� ¤ Ý õ#õ� ¥¦  D�� � �K�!à��#PI�#�e � e Ý �U��à��#PI�K� á+( ï õ � *,� _ b
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This inf-supcondition,togetherwith thefactthat L is

Ú �Î¿��Ü� div
 ��� � � -elliptic and L andD arebounded,(accordingto theabstractsaddlepoint theory)guaranteesthewell-posedness

of theproblem(4.35) or (4.23); see[7, 15].
REMARK 4.8. We now obtainthe >t8I� - H�?�» conditionfor theweakformulation(4.20).

Considerÿ introducedin Remark4.3. Notethatin Remark4.3weonlyhaverequiredÿ�Q Ú é
and ¬ V ÿ � N a � � :�¬ V ÿ¢�FN a � � � � � �� � � � { � ���p� b
Now we also requirethe divergenceof ÿ to be constanton eachsubdomainandalso thatÿ � N a � � :�ÿp�ÕN a � . For instance,we cansolve a Stokesproblemwith constantdivergence
on the�uid sideandaDarcy problemwith thecorrespondingboundarydataandconstantdi-
vergenceon theporousside,with divergencesvaluessatisfyingthesubdomaincompatibility
conditions.Thenwehaveã �!ÿO��à û � �}_ for all à û Q�Ûêé�éñ� and

ã V �!ÿO�#P � � �}_ for all P � QRè
é�b(4.36)

Wenow show show thattheinf-supconditionfor theweakformulation(4.20) holds.The
spacesinvolvedare

Ú é for velocities,and Û é andè é for pressuresandLagrangemultipliers,
respectively; see(4.18), (4.13) and (4.19). Take à��`Q Û é and P-�yQ·è é and let »¨4 ��M1��r: ö n¨Ò öö n Ó ö �
QxÛ é asin Remark4.3. Wecanwrite à �(� à û { à�» 4 whereà û QRÛ é�é . Notethaterà � e á C erà û e á { � øà¢�mej» 4 e á b
FromProposition4.7anda Poincaŕe inequality, thereexists �Iû Q Ú é�é suchthatã � � û ��à û � { ã V � � û ��P � � �A@*�e � û e Ý � erà û e á { eqP � e ï õ ���
where

@* is apositiveconstantindependentof � û . If

øà«­�}_ , let� � �X� û { @*
e � û e Ý ej» 4 e á øà� øà¢� ÿ �X� û {CB ÿ�� with B � @*	e � û e Ý ej» 4 e á øà� øà�� b
Observethat e �I� e Ý C �#1 { @*	eFÿ�e Ý eM» 4 e á �re �-û e Ý b We haveã � � � ��à � � �êù ã � � û ��à û � { øà ã � � û ��» 4 �qú {,B ù ã ��ÿO��à û � { øà ã ��ÿO�!» 4 ��ú�êù ã � � û ��à û � { _ ú {CB ù<_ { øà�ú (see(4.36))� ã � � û ��à û � { @*	� øà¢�me � û e Ý ej» 4 e á
and ã V � � � ��P � � � ã V � � û �#P � � {,B ã V �!ÿO�#P � � � ã � � û ��P � � { _ b
Then ã � � � ��à � � { ã V � � � �#P � � � ã � � û ��à û � { ã V � � û �#P � � { @*	� øà¢�me � û e Ý ej» 4 e á�D@*	e � û e Ý � eFà û e á { eqP � e ï õ � { @*	� øà¢�Ue � û e Ý eM» 4 e á� @*	e � û e Ý � eFà û e á { � øà¢�UeM» 4 e á { eqP � e ï ��D@*	e � û e Ý � eFà � e á { eqP � e ï õ �� @*1 { @*	eFÿ�e Ý ej» 4 e á e � � e Ý � erà � e á { eqP � e ï õ � b



ETNA
Kent State University 
etna@mcs.kent.edu

COUPLING STOKES-DARCY EQUATIONS 365

Thisgivestheinf-supconditionfor weakformulation(4.20).
We now obtaintheinf-supconditionfor theweakformulation(4.17). Thespacesare

Ú
for velocities,Û é for pressures,and è de�ned in (4.15) for Lagrangemultipliers. Consider÷ introducedin Remark4.2. Notethatin Remark4.2werequired÷ � � Ù � ÷ ��� with÷ �FN a � � 1� ��� on � and ÷ �FN a � �`_ on ����b
Now we also requirethat the divergenceof ÷ be a constanton �
� . Given P���Q è andà)�(Q�Û é , we write P�� � P-� { øP where � V P-� �`_ , i.e., P-�0QRè é . Fromtheinf-supfor weak
formulation(4.20) deducedabove,wecan�nd � �ÕQ Ú é suchthatã � � � ��à � � { ã V � � � ��P � � � ó*	eFE � e Ý � erà � e á { eFP � e ï õ �
If

øP~­�}_ , de�ne � � �X� � { ó*�e � ��e Ý � �	� giHG"ö G" ö ÷ . Notethate � � e Ý C �M1 { ó*	e ÷ e Ý � �	� gi �Ke � � e Ý and eFP � e ï)I eqP � e ï õ { � øP��m� �	� gi b
And weproceedasbeforeto obtaintheinf-supconditionfor theweakformulation(4.17).

5. Finite element approximation. In Section3 theproblemfor thecoupling�uid �o w
with porousmedia�o w in its continuousform waspresented,while in Section4 it waspre-
sentedits variationalformulationandwell-posedness.Now atwo dimensionalnon-matching
grid �nite elementapproximationis discussed.Wechoosethe .0/ � .21 triangularTaylorHood
�nite elementsfor approximatingthefree �uid sidevelocity andpressure,while we usethe
lowestordertriangularRaviart-Thomas�nite elementto approximatethe �ltration velocity
andtheporouspressure;seeSection5.1below. In Section5.2adiscretenon-conformingLa-
grangemultiplier spaceto coupletheTaylor-HoodandRaviart-Thomasspacesis introduced.
It is importantfor theanalysisto choosetheStokessideasthemortarside,i.e., to placethe
discreteLagrangemultiplier on theDarcy side. In this casethediscretemapfrom mortarto
non-mortarsideis continuousin � � ���"� norm. Extensionsof theresultsto otherthanStokes
andDarcy �nite elementspacesarestraightforward;just take theLagrangemultiplier spaces
thatareusedto hybridizemixed�nite elementsof theDarcy equation;see[7]. We establish
thediscreteinf-supconditionsrelatedto theweakformulation(4.24), (4.26) and(4.23). The
extensionof theresultsto thethreedimensionalcaseis alsostraightforward.

5.1. Discretization. Fromnow on we assumethat � haspolygonalboundary. Let JLK�M
be a triangulationof � ¹ , º � ����» . We do not assumethat they matchat the polyhedral
interface� . Wechoose.0/ � .21 triangularTaylor-Hood�nite elements;see[6, 7, 15]. De�neÚ K Ò 5 �1Np�I� Q Ú � 5 �I�8O�� ó�I��O&PRQ ��gO on S and ó�TO Qx. � � óS$� ��U % %  � � � � � �(5.1)

and Ú éK Ò 5 �@ù<� K Ò Q Ú K Ò 5�¬ V � K Ò N a � �}_ ú��(5.2)

where����O 5 �7�I� � O . We alsode�neÛCK Ò 5 � N à � QRÛ � 5äà ��O@� óà ��OVPRQ ��gO on S and óà �8O Qx. � � óSd� U % %  � � � �q�Û éK Ò 5 �@ù à<�2QRÛ K Ò 5 ¬ n Ò à<� �7_ ú�b(5.3)
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We have thefollowing result.
LEMMA 5.1 (Approximationof Taylor-Hoodelements). Supposethat J K Ò isnon-degenerate

and hasno triangle with two edgeson 
 �^� . Then,there existsa boundedlinear operatorWYX=ZK Ò 5 Ú � Á Ú K Ò such thatã �[�!�I� : W X\ZK Ò �I� �!»]K Ò � �}_ for all »LK Ò QxÛ éK Ò
and e W X\ZK Ò �I� e Ý Ò ? e �-� e Ý Ò , with constantindependentof Ð¨� . In additionwehave:e � �Õ: W X=ZK Ò � ��e � iqkUn¨Òqo9i ? Ð_^� � � �p� fR`FkUn¨Òqo i H � 1)��/Ìb(5.4)

� �I� : W X\ZK Ò �I� � f g kUn¨ÒFo i ? Ðp� � �I� � f i kUn¨ÒFo i(5.5)

¬ V W X=ZK Ò �I� N a � � ¬ V �I� N a � � which implies
W X=ZK Ò 5 Ú é� Á Ú éK Ò �

� W X=ZK Ò � ��� f g!hji k V o i ? � � �p� f g!hti k V o i b(5.6)

A constructiveandapparentlynew proofusingFortin interpolationisgivenin AppendixB,
or see[6, 7, 15].

A directconsequenceof Fortin's criterionandthepreviouslemmais that,if JLK Ò is non-
degenerateandhasnotrianglewith two edgeson 
 � � , then � Ú éK Ò ��Û éK Ò � satis�esthe

���!�
- �# ¢¡

condition;see(5.2) and(5.3).
For the porousregion we aregoing to usethe lowestorderRaviart-Thomas�nite ele-

mentsbasedon triangles. In generalthe Raviart-Thomaselementsin a cell arede�ned by
(see[5, 7, 15]) a ÃYb��cSd��5 � �!.db¢�eSd��� ¸ { .dbÌ�cSd�gf
�
andif � Q a Ã b �eS$� then �	N � Qx. b �eSd� and � N a � hji�Q&. b �ck8lt� , for all edgekml . ThenwechooseÚ éK Ó 5 � å � � Q Ú � 5 � � � O Q a Ã  �eS$� and ¬ V � � N a � �7_ ô×�(5.7)

and Û éK Ó 5 �Àë »Ì�ËQxÛd��5¯»Ì��� O QR.  �eS$� with ¬ n Ó »Ì� �7_-í b(5.8)

Velocitiesof lowestorderRaviart-Thomas�nite elements,

a Ã  �eS$� , S QHJ!K Ó , arethen
of theform � � �en � �gn � � �po L ã�q { D o n �n � q b

We obtainthefollowing result;seealso[5, 7]. Recallthede�nition of

 � in (4.27).
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LEMMA 5.2 (Approximationof Raviart-Thomaselements). For S QAJ K Ó , de�neWYr XK Ó w O 5���� div �:Sd��%&�$�ñ�eS$�M� Á a Ã  �cSd� byW r XK Ó w O � � N a � � s � 1� kÌ� ¬ h � � N a �(5.9)

andde�ne
WYr XK Ó 5 
 � Á a Ã  locally by:

WTr XK Ó � �p� O�� WYr XK Ó w O � ��b Then¬ nÌÓ �(N �9� � : W r XK Ó � � � à K Ó �}_ for all à K Ó QxÛêéK Ó(5.10)

and e W r XK Ó � � e � k div
w nÌÓro ? e � � e � Ó with e�N)e � Ó de�nedin (4.28). Theproperty(5.9) implies

that
WYr XK Ó 5 Ú é� % 
 � Á Ú éK Ó . In addition, with the property(5.10) we have

WLr XK Ó 5 � �0%
 � Á � éK Ó . Moreover, if � � Q&�$�ñ�!� � �#� thene � � : W r XK Ó � � e � i�kUnÌÓro�i ? Ð � � � � � f g kmnÌÓKo i �(5.11)

and eK�(Ns� � �(: W]r XK Ó � ���re � iqkUn¢Óro ? Ð �¢� �(N � ��� f g kUn Ó o b
By usingFortin's ideawecanestablishthe

�����
- �# �¡ conditionfor thespaces�et éK Ó ��Û éK Ó �

de�ned in (5.7) and(5.8), respectively.

5.2. Discrete inf-sup condition. Let �ä%uJvK Ó bethetraceon � of theporoussidetrian-
gulation.We considerpiecewiseconstantLagrangemultiplier spaceè éK Ó � å P[K Ó Q&� � ������5~P[K Ó � h Ó is constantoneachedgekK�ËQx�«%wJ K Ó� and ¬ V P �`_�ô b
Wenotethatthischoiceleadsto non-conforming�nite elementsassociatedto è é sincepiece-
wiseconstantfunctionsdonotbelongto �®�#���)�!�"� ; see(4.19).

We alsointroducefor lateruseè	K Ó � NpP[K Ó Q&� � �!�"�
5~P[K Ó � h Ó is constantoneachedgekK�ËQx�«%wJ K Ó� U b
De�ne ÐÎ� � Ð�� � Ð ��� ,Ú é�éK 5 � Ú éK Ò ¿ Ú éK Ó 3 Ú é�é � Û é�éK 5 � Û éK Ò ¿xÛ éK Ó 37Û é�é(5.12)

and � K � � � K Ò � � K Ó ��5 � N � K2Q Ú é�éK 5x�gx x � Kzy y N a � �#P[K Ó � V �}_ for all P[K Ó Qxè
éK Ó U �(5.13)

where x x � K\y y"5 �}� K Ò : � K Ó on � for all � K2Q Ú éK . Also de�ne� K � � � K Ò � � K Ó ��5 �@ùK� K2Q Ú é�éK 5 ã � � K���à�K�� �`_ for all à8KäQxÛ é�éK ú�b(5.14)
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For { K Ó Q Ú éK Ó N a � � V � è éK Ó , i.e., { K Ó is piecewiseconstanton � relatively to J K Ó and
with zeromeanon � , de�ne |wK Ó {mK Ó Q Ú éK Ó asthediscretevelocitysolutionof theproblemZççç[ ççç\ L)�¢�c|uK Ó {zK Ó � � K Ó � { ã �¢� � K Ó � ó»LK Ó � �`_ for all � K Ó Q Ú éK Ó

suchthat � K Ó N a � �}_ on ���ã � �}| K Ó { K Ó ��à K Ó � �`_ for all à K Ó QRÛ éK Ó| K Ó { K Ó N a � � { K Ó on ��b(5.15)

We notethata discretedivergencefreeRaviart-Thomasvector�eld is alsoa divergencefree
vector�eld. Therefore,using[22] wehavee�|�K Ó {zK Ó e �� irkUnpo � e�|�K Ó {zK Ó e Ý Ó I � {zK Ó � f ��g!hji k V o b(5.16)

We have thefollowing result.
PROPOSITION 5.3. Supposethat J_K Ò is non-degenerateand hasno triangle with two

edgeson 
 � � andconsider



de�nedin (4.27). Thereexistsa linear continuousoperator~ K 5�� � % 
 � Á � K
such that ã � ~ K � : � ��à K � �}_ for all à K QRÛêé�éK(5.17)

and e ~ K � e Ý ? e � �¢e�� Ó C e � e���b(5.18)

with e�N�e�� de�nedin (4.28).
Proof. Write

~ Kp� � � � � ~ K Ò � � ~ K Ó � � , where
~ K Ò � 5 � W X$ZK Ò �I� and~ K Ó � 5 � WYr XK Ó � � { |uK Ó /m� K Ó � W X\ZK Ò �I� N a � ��: WYr XK Ó � �qN a � 0 �

where
� K Ó denotesthe �	� -projectionon è K Ó , i.e., on thespaceof piecewiseconstantfunc-

tionson � .
Let P K Ó Qxè éK Ó . We have�:x x ~ K � y y N a ��P K Ó � V � � ~ K Ó � N a � �#P K Ó � V :X� ~ K Ò � N a � ��P K Ó � V� � � K Ó � W X$ZK Ò � �rN a � �F�#P K Ó � V :B� W X=ZK Ò � �FN a � ��P K Ó � V�7_ by de�nition of

� K Ó ,
andthenobtain

~ K � Q � K .
Now we show (5.18). Observethate ~ K � e Ý C e ~ K Ò � e Ý Ò { e ~ K Ó � e Ý ÓC e W X=ZK Ò �I� e Ý Ò { e WYr XK Ó � ��e Ý Ó{ e�|�K Ó / � K Ó � W X=ZK Ò �I� N a � �O: WYr XK Ó � �FN a � 0 e Ý Ó b

Thebound(5.18) followsfrom theboundednessof
W X=ZK Ò (Lemma5.1),

WYr XK Ó (Lemma5.2), |�K Ó
(Equation(5.16)), andfrom thefollowing two bounds:
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1. Fromtheboundednessof
W X=ZK Ò and

� K Ó , andfrom atracetheorem,we have� � K Ó � W X=ZK Ò �I� N a � �r� f ��gshti k V o ? e � K Ó � W X=ZK Ò �"� N a � �Ke � iFk V oC e W X$ZK Ò � �rN a � e � i�k V o? � �I� N a � � f g!hji k V o� � � �FN a � � f g!hji k V o? e � ��e�� ÓC e � e��@b
2. Fromthenormaltracetheoremandtheboundednessof

W�r XK Ó , we have� W r XK Ó � � N a � � f ��gshti k V o ? e W r XK Ó � � e Ý Ó ? e � � e � Ó C e � e � b
REMARK 5.4. We notethatwhenthemesh J K Ò �s�6��� restrictedto � is a re�nementof

themeshJ K Ó �!� � � restrictedto � , thenby using(B.8) in AppendixB we have
� K Ó � W X=ZK Ò � �ñNa � � � � K Ó �I� N a � . Also from (5.9) we have

WYr XK Ó � ��N a � � � K Ó � ��N a � . Henceusing that� � N a � �}� �rN a � QR� �#��� � �!�"� we obtain| K Ó /m� K Ó � � �rN a � �O: WYr XK Ó � � N a � 0 �}_ b
In thefollowing resultweestablishthediscreteinf-supconditionusingFortin'sLemma.
LEMMA 5.5. Supposethat J_K Ò is non-degenerateand hasno triangle with two edges

on 
 � � . Consider
�

and Û é�éK de�ned in (5.13) and(5.12), respectively. Then � � K���Û é�éK �
satis�esthediscrete

���!�
- �# ¢¡ condition,i.e., there is a constant @
u� _ independentof Ð , such

that ������j� ¤ á õMõ�� � ¥¦  �# �¡�=� ¤�� ��=� ¥¦  
ã � � K���à8K��e � K e Ý eFà K e á � @
�� _ b

Proof. Take à K QxÛ é�éK . FromLemma4.5we can�nd � ­�}_ Q � % 
 suchthatã � � ��à K �e � e�� � 
¨erà�Kpe á b
Thenfrom Proposition5.3wehave


�eFà K e á C ã � � ��à8K��e � e�� � ã � ~ K � ��à�K��e � e�� C ã � ~ K � ��à8K���� e ~ K � e Ý �
where

%
is theconstantin (5.18).

For P[K Ó Q@è éK Ó , de�ne ���K Ó � ��	K Ó ��P[K Ó �RQ Ú éK Ó asvelocity solutionof the discrete
problem,ë L)������RK Ó � � K Ó � { ã �¢� � K Ó ��»LK Ó � � :0� � K Ó N a � �#P[K Ó � V for all � K Ó Q Ú éK Óã �Ì�j��RK Ó ��à�K Ó � �`_ for all à�K Ó QRÛ éK Ó(5.19)
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andintroduce � P[K Ó � �ï õ� Ó 5 � L��¢����	K Ó ��P[K Ó �F�F���K Ó �9P[K Ó ���qb(5.20)

In orderto seethat �!NM� éï � Ó is anormon è éK Ó , observethatif P K Ó is suchthat � P K Ó � ï � Ó �`_ ,
then ���K Ó �9P[K Ó � vanishes.If we take � K Ó in (5.19) suchthatë � K Ó N a � � P[K Óã �Ì� � K Ó ��à�K Ó � �}_ à8K Ó QxÛ éK Ó �
we seethat eqP[K Ó e � iqk V o �7_ , thatis P[K Ó �}_ . Then �ñN�� ï � Ó is positive.

Thenorm è éK Ó is thenaturaldiscreteversionof thenorm � ����� ����� scaledby the factor� Í Ï for thespaceè éK Ó . Indeed,by using(5.15) and(5.19), we have�� ¢¡� � Ó ¤ Ý õ� Ó���� Ó ö ³ ¦ ï õ� Ó �c{zK Ó ��P[K Ó �� ÏÍ � { K Ó � f ��g!hji k V o I �� ¢¡�:� Ó ¤ ï õ� Ó �c��K Ó {mK Ó N � � �#P[K Ó �� ÏÍ e�� K Ó { K Ó e � i kUn�o � � P[K Ó � ï õ� Ó b(5.21)

We obtainthefollowing result.
LEMMA 5.6. Thespaces� � K ��è éK Ó � satisfythediscrete

�����
- �� ¢¡ condition,i.e., there is a

constant@W � _ such that ���!�"\� Ó ¤ ï õ� Ó� � Ó ¥¦  �� ¢¡�=� ¤$# ��=� ¥¦  �:x x � K y y N a � �#P K Ó � Ve � Kpe Ý � P[K Ó � ï õ� Ó � @W � _ b
Proof. Take P K Ó QÀè éK Ó and let �� K Ó �9P K Ó � be the velocity solution of (5.19). Since�� K Ó �9P K Ó �äQ � K Ó then �;N��� K Ó � _ . Take � K � � Ù �F�� K Ó �9P K Ó �#�ÎQ � K Ò ¿ � K Ó , thenfrom

(5.19) we obtain�gx x � K y y N a � �#P K Ó � Ve �_� e Ý � P[K Ó � ï õ� Ó � L)�Ì�j��RK Ó �9P[K Ó �q�����K Ó ��P[K Ó �#�e ���K Ó �9P[K Ó �re � iqkUn¢Óro � P[K Ó � ï õ� Ó ��� ÈÑ � _ b
For �!à K �#P K Ó �
QxÛ é�éK ¿Õè éK Ó de�ne �c�!à K ��P K Ó �K� � á+( ï õ� Ó 5 � eFà K er�á { � P K Ó � �ï õ� Ó . Thenusing

thesameargumentof Proposition4.7we have
PROPOSITION 5.7. Underassumptionsof Lemmas5.5and5.6wehavethat thereexists@*�� _ such that ���!�k �j� w "\� Ó o ¤ á õMõ� ( ï õ� Ók � � w " � Ó o ¥¦ k  rw  o �# ¢¡� � ¤ Ý õ#õ�� � ¥¦  

ã � � K���à8K�� { �gx x � Kzy y N a � �#P[K Ó � Ve � e Ý e��!à�K��#P[K Ó �re á�( ï õ� Ó �D@*�� _ b(5.22)

REMARK 5.8. With the inf-sup condition (5.22) of Proposition5.7 we canestablish
theinf-supconditionscorrespondingto thediscreteversionsof the�rst andthesecondweak
formulationsin (4.17) and(4.20), respectively. HereweconsidereFP�K Ó eF�ï � Ó 5 � eFP[K Ó er�� i k V o {� P[K Ó � �ï õ� Ó . Thisis doneusingsimilarargumentsto thosegivenin Section4.2; seeRemark4.8.
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6. Error analysis. We remarkthat theconstantsinvolved in thenotation
?

areall in-
dependent,not only of the meshsizebut also independentof the parametersÈ and Ñ . In
addition,usingscalingarguments,it is easyto seethat �� Ï » � � Ö È�� � � � Í Ï�»Ì� and

� ÏÍ ��� are
all �2�M1<� , therefore,we keepthosefactorson thea priori errorestimates.

We introducethefollowing energy norms,� � �p� � � Ò 5 � LÌ�p� � ��� � ���q�(6.1)

e � �¢e � � Ó 5 � L��¢� � �¢� � ���F�(6.2)

and e � e � � 5 � L¨� � � � �qb(6.3)

We next establisha priori errorestimatesfor theStokesandDarcy velocities.
PROPOSITION 6.1. Supposethat J_K Ò is non-degenerateand hasno triangle with two

edgeson 
 � � . Let Ð 5 � -��\� ùñÐ�� � Ð ��ú . ThenwehavethefollowingestimateeF�®:d� K e � ? Ð�o Ö È-� ����� f i kUn�Òro i { � ÈÑ � � � � f g kUn¢Óro i q{ Ð � 1Ö È � » � � f g kUn Ò o b
Moreover, if there�nementconditionof Remark5.4is satis�edtheneq�®:$��K�e � ? Ð�� Ö ÈI� � � � f i kUn Ò o i { Ð � � ÈÑ � �O�p� f g kUn Ó o i b

Proof. FromProposition5.7wehavethat
� K6% � K is notempty, where

� K and
� K are

de�ned in (5.14) and(5.13), respectively. Then,thediscreteproblemassociatedwith (4.24)
canalsobedescribedas:�nd �	KäQ � KÂ% � K suchthatL���� K � � K � �Bò � � K � � K Q � K % � K �
whereL is kG¾�¾e>°»�Jj>jD in

� K�% � K . Furthermore,�	K is alsotheonly velocitysolutionofZ[ \ L���� K � � K � { ã � � K ��» K � { �gx x � K y y N a � � æ K Ó � �Xò � � K � for all � K Q Ú é�éKã �9� K ��à K � �}_ for all à K QRÛ é�éK�gx x � K y y N a � �#P K Ó � �}_ for all P K Ó QRè éK Ó b(6.4)

For any ÷ KäQ � K�% � K we have that � K25 � ��K0: ÷ KäQ � K^% � K andL¨� � K � � K � � L¨�9� K � � K ��:$L¨� ÷ K � � K � �Xò � � K �O:�L�� ÷ K � � K �qb(6.5)

Let �9�Â��»I� æ � bethesolutionof thecontinuousproblem(4.9). Thenò � � K�� � L¨�9�Â� � K�� { ã � � Kp��»¨� { ã V � � K¢� æ �
andusing(6.5) it follows thatL¨� � K�� � K�� � L¨�9�®: ÷ K�� � K�� { ã � � K���»¨� { ã V � � K�� æ �q�
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and eF� K : ÷ K e � � e � K e � C eq�®: ÷ K e �{ �� ¢¡� � ¤$# � �!� � ã �!ÿ K �!»��eFÿYK�e � { �� ¢¡� � ¤$# � �!� � ã V ��ÿ K � æ �erÿLK�e � b
Hence,using eF�®:d�	Kpe � C eq��: ÷ K�e � { eF��K¯: ÷ K�e � �

we obtain eq�®:$��K�e � C / ���!��R� ¤$# � �!� � eF�®: ÷ K�e �(6.6) { �# ¢¡�\� ¤$# � �!� � ã ��ÿ K ��»¨�erÿTKpe � { �# �¡�=� ¤$# � �!� � ã V ��ÿ K � æ �eFÿYKpe � b
To boundthe �rst term on the right-handsizeof (6.6) we let ÷ K � ~ K)� , where

~ K
is de�ned in Proposition5.3. Proposition5.3 guaranteesthat ÷ KdQ � K . In addition,sinceã ������à8K�� �}_ for all à8K2QxÛ é�éK , (5.17) guaranteesthat ÷ K � ~ K��XQ � K andwe haveeq��: ~ K��Âe � C eq� � : ~ K Ò �¯e � Ò { eq���Â: ~ K Ó �(e � ÓC eq� � : W X$ZK Ò � � e � Ò { eF�O�(: WYr XK Ó ���¢e � Ó{ e�|�K Ó /m� K Ó � W X\ZK Ò � � N a � �O: WYr XK Ó �O�rN a � 0 e � Ó b
From(5.5) in Lemma5.1weobtaineq� � : W X=ZK Ò � � e � Ò ? Ð�� Ö È-� � � � f i kUn Ò o i
andfrom (5.11) in Lemma5.2we obtaineq�O�¯: WYr XK Ó �O�pe � Ó ? Ð � � ÈÑ � ���¢� f g kUn¢Óro i
since �(Nm��� �`_ .

Fromtheboundednessof |wK Ó in (5.16), we havee�|uK Ó / � K Ó � WTX\ZK Ò � � N a � �O: W r XK Ó �O�rN a � 0 e � Ó ? � ÈÑ � � K Ó � WTX\ZK Ò � � N a � ��: W r XK Ó �O�rN a � � f ��g!hji k V o b
Therefore,weneedto estimatethefollowing threeterms:� � K Ó � W X=ZK Ò � � N a � �O: WYr XK Ó ���rN a � � f ��g!hti k V o C � � K Ó � W X=ZK Ò �I� N a � ��: W X$ZK Ò � � N a � � f ��gshti k V o{ � W X=ZK Ò �
�FN a � :$�	�KN a � � f ��g!hti k V o { eq�	�KN a � : W r XK Ó � � N a � e f���gshtirk V o

1. Approximationproperty(6.7), boundednessof
W X=ZK Ò in (5.6) andthe tracetheorem

give � � K Ó � W X=ZK Ò � � N a � �O: W X\ZK Ò � � N a � � f ��gshti k V o ? Ð �p� W X=ZK Ò � � N a � � f gshti k V o? Ð �p� � � N a � � f gshti k V o�}Ð � � � � N a � � f gshti k V oC Ð � � � � � f gshti k V o i? Ð � � � � � f g kUn¢Óro i b



ETNA
Kent State University 
etna@mcs.kent.edu

COUPLING STOKES-DARCY EQUATIONS 373

2. Thetracetheoremandapproximationpropertiesof
W X$ZK Ò (Lemma5.1) give� W X=ZK Ò ���KN a � :$���KN a � � f ��gshti k V o ? Ð �peF�	�KN a � e f
gshtirk V o�}Ð�� eF�O�FN a � e f
gshtirk V o? Ð�� � ����� f g kUnÌÓro i b

3. Thenormaltracetheoremandtheapproximationproperty(5.11) of
WYr XK Ó imply� ���FN a � : WYr XK Ó ���FN a � � f ��g!hti k V o ? Ð ��� ���rN a � � f gshti k V o? Ð ��� ����� f g kUn Ó o i b

We notethatwe haveused� � K Ó P×:$P�� f ��gshti k V o ? Ð � � P�� f gshti k V o �(6.7)

sinceby usinglocalargumentswe have e � K Ó PR:dP�e � i�k V o ? Ð ������ � P�� f g!hji k V o andthen� � K Ó P×:$P�� f ��gshti k V o � �� ¢¡£�¤ f g!hti k V o � � K Ó PR:$P���§¨� V� §O� f g!hji k V oC �� ¢¡£�¤ f g!hti k V o e � K Ó P&:$P�e � iFk V o e � K Ó §Î:�§Oe � iqk V o� §O� f gshti k V o? Ð �¢� P�� f gshti k V o b
We now boundthesecondtermon the right-handsizeof (6.6). Note that sincewe are

using lowest order Raviart-Thomaselements,the porousside componentsof
� K de�ned

in (5.14) aredivergencefree, i.e.,
� K Ó 3 � � , where

� � is de�ned in (4.25). Therefore,ã �¢��ÿ � ��à�� �ý_ for all à � �!à � ��àq�)�xQêÛ é�é . In addition,we have
ã �!ÿ � ��»d:Xà8K�� �ð_ forÿYKäQ � K�% � K . In summary, we have� ã ��ÿ K �!»��K� � � ã �p��ÿ K Ò �!»����r� � � ã ���!ÿ K Ò ��»��Õ: � �r»����r� ? Ð � 1Ö È � »���� f g kUn�Òro eFÿ K e � �

wherewe have usedthe �rst orderapproximationof the � � -projectionoperator
� � on the

�uid pressurespaceÛ éK Ò .
To boundthethird termon theright-handsizeof (6.6) we haveã V �!ÿTK¢� æ � � � æ ��ÿTK Ò N a � � V { � æ ��ÿ[K Ó N a � � V� � æ ��ÿTK Ò N a � � V { � � K Ó æ ��ÿTK Ó N a � � V ÿLK Ó N a � is constantin k� � æ : � K Ó æ ��ÿ K Ò N a � � V ÿ K Ó Q � K �

hence, � ã V ��ÿ K � æ �r� ? Ð � 1Ö È � æ � f gshti k V o Ö È-� ÿ K Ò N a � � f g!hji k V o b(6.8)

By using(4.8) on � (on the �6� side)andtracetheorems,weobtain� ã V ��ÿ K � æ �r� ? Ð � o 1Ö È � »���� f g kUn�Òro { Ö È-� �	��� f i kUn�Òro i q erÿ K e � �(6.9)
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andthepropositionfollows.
REMARK 6.2. We notethatwe couldhaveusedtheporousmediasidein (4.8) to bound� æ � f gshti k V o in (6.8). In this case,we wouldhaveobtained� ã V �!ÿ K � æ �K� ? Ð �Ö È � » � � f g kUn¢ÓKo eFÿ K e � b(6.10)

Eventhoughtwe obtaintheterm Ð � multiplying »¢� in (6.10), thebound(6.9) is qualitatively
betterthanthebound(6.10). Notethatby usingscalingargumentswe have

� Í Ï »Ì� � �2�M1<� .
Therefore,thefactor

K Ó� Ï � » � � f g kUnÌÓro is verypessimisticdueto thefactthatin practicethevalue
of Ñ is verysmall.

We next establisha priori errorestimatesfor theStokesandDarcy pressures.
PROPOSITION 6.3. Supposethat J K Ò is non-degenerateand hasno triangle with two

edgeson 
 �6� . Let Ð 5 � -��\� ùGÐ �Ì� Ð � ú . Thenwehavethefollowingestimate,1Ö È ej» � :&»]K Ò e � i kUn¨ÒFo { � Ñ È eM»Ì�Â:&»]K Ó e � i kUn Ó o? Ð o Ö ÈI� � � � f i kmn Ò o i { � ÈÑ � ����� f g kUn Ó o i { 1Ö È � » � � f g kUn Ò o q{ Ð � � ÑP � »Ì��� f g kUnÌÓro b
Moreover, if there�nementconditionof Remark5.4is satis�edthen1Ö È ej» � :×»LK Ò e � i kUn�ÒFo { � Ñ È ej»¢�Â:&»]K Ó e � i kmn Ó o? Ðp��o Ö È-� � � � f i kmn�Òro i { 1Ö È � » � � f g kUn¨Òqo q{ Ð � o � ÑP � »¢��� f g kUn¢Óro { � ÈÑ � ����� f g kUnÌÓro i q b

Proof. To obtainan expressionfor the pressureerror, observe that for all � K Q � K %���$� �!�6���	¿×�  � div ��� � �#� (i.e., � K Ò �`_ on 
 �6� and � K Ó N a � �`_ on 
 � � ) andall à K QxÛ é�éKã � � K���»]KÕ:$à8K�� � L¨�9�®:$�RK�� � K�� { ã � � K���»ä:�à�K��qb(6.11)

This holdstrue in particularfor � K � � � K Ò � _ � and à8K � �!à�K Ò � _ � . If we take à8K Ò � � � » � ,
i.e., the � � -projectionon thediscrete�uid pressurespace,we obtainã ��� � K Ò ��» K Ò : � �r»���� � LÌ�p�9���Õ:d� K Ò � � K Ò � { ã �p� � K Ò �!»��¯: � �r»��)�Fb
Then,usingthestandarddiscreteinf-supconditionfor the�uid problem,we have1Ö È ej»LK Ò : � � » � e � i kmn Ò o ? �� ¢¡�=� Ò ¤�� � Ò � f g� kmn�Òro L����9�
�Õ:$� K Ò � � K Ò � { ã �p� � K Ò ��»��Õ: � �F»����e � K Ò e � Ò? eq�	�Õ:d� K Ò e � Ò { 1Ö È ej»¨�¯: � �F»¨��e � i kUn¨ÒFo? eq�	�Õ:d� K Ò e � Ò { Ð � 1Ö È � »���� f g kmn�Òro �
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andfrom atriangleinequalityweobtain1Ö È eM» � :&»]K Ò e � i kmn�Òro ? eq� � :d��K Ò e � Ò { Ðp� /Ö È � » � � f g kmn�Òro b
Analogouslywe obtain� ÑP ej»¢�Â:×»LK Ó e � i kUn¢ÓKo ? eq���;:$��K Ó e�� Ò { / Ð � � ÑP � »¢�¢� f g kUn¢Óro b
Thepropositionfollowsfrom theboundonvelocityerrorgivenonProposition6.1.

Now weanalyzeapriori errorestimatefor
æ

in thediscretenorm �9Nj� éï � Ó de�nedin (5.20);
seealso[1]. Notethatthenorm è éK Ó wasde�ned for piecewiseconstantfunctionson the �5K Ó
triangulation.For functionsP$Qx���)����� , we de�ne� P�� ï õ� Ó 5 � � � K Ó P�� ï õ� Ó �(6.12)

where
� K Ó is the ��� -projectiononto è éK Ó . We havethefollowing result.

PROPOSITION 6.4. Supposethat J K Ò is non-degenerateand hasno triangle with two
edgeson 
 �6� . Let Ð 5 � -��\� ùñÐ �Ì� Ð � ú . Thenwehavethefollowingestimates:� æ : æ K Ó � ï õ� Ó ? Ð o Ö ÈI� � � � f i kUn¨ÒFo i { � ÈÑ � �O�p� f g kUn Ó o i q(6.13) { Ð � 1Ö È � »���� f g kUn�Òro �
and � Ñ È � æ : æ K Ó � f ��g!hti k V o ? Ð � � Ñ È � »Ì��� f g kUn Ó o { � æ : æ K Ó � ï õ� Ó b(6.14)

Moreover, if there�nementconditionof Remark5.4is satis�edthen� æ : æ K Ó � ï õ� Ó ? Ðp� Ö È-� � � � f i kmn�Òro i { Ð � � ÈÑ � ����� f g kUn¢Óro i b
Proof. Let �� K Ó � � K Ó æ � and �» K Ó � � K Ó æ � bethesolutionof (5.19). Notethat thesolution

of (6.4) satis�es � K Ó � �� K Ó � æ K Ó � and » K Ó � �» K Ó � æ K Ó � . Then,usingthe de�nition of the
discretenorm è éK Ó we have� æ : æ K Ó � ï õ� Ó � e8�� K Ó � � K Ó æ �O:$� K Ó e � Ó �
whichcanbeboundedbye8���K Ó � � K Ó æ �O:$�RK Ó e � Ó C e8��RK Ó � � K Ó æ �O:$�O�pe � Ó { eF�O�Â:���K Ó e � Ó b(6.15)

We useProposition6.1to estimatethesecondtermon theright-handsideof (6.15). We next
estimatethe�rst termof theright-handsideof (6.15). NotethatL � ���� K Ó � � K Ó æ �O:$� � � � K Ó � { ã � � � K Ó � �» K Ó � � K Ó æ �O:×» � � �7_ b(6.16)

Inserting � K Ó � �� K Ó � � K Ó æ �	:®� K Ó Q � K Ó into (6.16) andrecallingthat
� K Ó 3 � � where� K Ó and

� � arede�ned in (4.25) and(5.14), respectively, wehaveL)�Ì� ��RK Ó � � K Ó æ �O:d���Ì� ���K Ó � � K Ó æ ��:d�	K Ó � �}_ b
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Hence,L)�Ì�j��RK Ó � � K Ó æ ��:d���������K Ó � � K Ó æ �O:$���)� { L)�Ì�j��RK Ó � � K Ó æ ��:d�O�¢���O�(:$�RK Ó � �7_ �
andby usinga Cauchy-Schwarzinequalitywe obtaine8�� K Ó � � K Ó æ �O:$� � e � Ó C eF� K Ó :�� � e � Ó
and(6.13) follows. To obtaintheestimate(6.14), wenotethatfrom (5.21) wehave

� ÑP e � K Ó æ : æ K Ó e � i k V o � �� ¢¡�:� Ó ¤ ï õ� Ó �c{mK Ó � � K Ó æ : æ K Ó �� ÏÍ � { K Ó � � i k V o ? � æ : æ K Ó � ï õ� Ó �
therefore, � æ : æ K Ó � f ��gshti k V o ? � æ : � K Ó æ � f ��gshti k V o { e � K Ó æ : æ K Ó e � i k V o �(6.17)

and(6.14) follows from (6.17) and(6.7).
REMARK 6.5. Note that we are discretizingthe third weak formulation (4.23). We

have to recover thepiecewiseconstantpressurein eachsubdomain.Recallthefunction ÿ of
Remark4.3. NotethatwecancomputeÿTK25 � ~ Kp��ÿ-� � � ~ K Ò ÿO� ~ K Ó ÿ-� ; seeProposition5.3.
Then W K25 �Xò ��ÿTK��O:�L�����K���ÿTK��O: ã ��ÿYK¢�!»]K��O:X�gx x ÿTK\y y N a � � æ K Ó � V �
and W K »¨4 �yW K �c»�4� ��»¨4� � is theapproximationfor piecewiseconstantpressurein eachsubdo-
main � ¹ , º � ����» . Observethat� W : W K�� ? � L¨�9��:$��K���ÿTK��r� { � ã ��ÿYK��} �:)  K �r� { �U�gx x ÿTKzy y N a � � W : W K Ó � V �Tb
Theselast termscan be estimatedusing the resultsof this section. Analogouslywe can
recover themeanvalue

øæ
of theLagrangemultiplier. Indeed,wecan�nd÷ K � � _ � ÷ K Ó ��Q Ú �ä¿ Ú �

suchthat ÷ K Ó N a � � 1� �	� on � and ÷ K Ó N a � �7_ on ���Ì�
andsowe cande�ne (seeRemark4.2)øæ K25 �Xò � ÷ �O:�L¨�9�RK�� ÷ �O: ã � ÷ �!»]K��qb
In this case � øæ : øæ K¨� ? � L¨�9�®:$��K��g¡Â�K� { � ã � ÷ �!»ä:×»LK��K�Tb
Thelasttwo termscanbeestimatedusingtheresultsof this section.
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7. Numerical results. In thissectionwepresentnumericalexperimentsin orderto ver-
ify the estimatesestablishedin the paper. We consider �^� � �#1)��/)�|¿`� _ �r1<� and � � �� _ �r1<��¿�� _ �r1<� . Weconsider© �|�}_ . Thevelocitysolutionfor Stokesis givenby � � �¢n"�g£¢� ��¢£��M1�:+£Ì�F�r:¤n { / { /��¢nË:®1<�j£¢� with pressure» � �enI�g£¢� � :^/zn0: ÏÍ £ {¦¥$§ / {©¨ Ï�#� Í . Notethat� � is notdivergencefree.Thevelocitysolutionfor Darcy is �����¢nI�:£¢� � �#1	:d/\n { n � { £Õ:£Ì���r:Õ1 { n { /\£�:|/\nv£¢� with pressure» � �¢nI�:£¢� � ÏÍ �#�#1�:'n¨�j£��M1p:'£Ì��:'n { n���:�ª�«û { û¬ :'£¢� { �� .Notethatthenormalcomponentof � � hasaparabolicpro�le on theinterface� � 1¯¿�� _ �r1G�
while its tangentialcomponentis zero.Notealsothat É�� �|� o _ __ ­ q on � , and» �|� »Ì�
on � . Theexactsolutionis compatiblewith (3.5) with (3.6) when ©O� �`_ . A similarexample
is presentedin [8], wheretheterm �ÜNKÉ���� is replacedby ]Ë�
� in theStokesequations.

In Figure7.1 we show the computedsolutionof the coupledproblem. On the porous
sidewe have plottedthevelocity in thecenterof eachtriangle. In Figure7.2 we zoompart
of the interfaceandplot the £ componentof thevelocities. In Figure7.3 we show thebe-
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FIG. 7.1. Computed velocities (left figure) and pressures (right figure). On the porous side (left subdomain)
we have plotted the value of the velocity at the centroid of each triangle.

havior of theerror (in thescalednormsde�ned in (6.1), (6.2) and(6.3)) with respectto the
discretizationparameters.Herewe alsoshow e æ : æ K Ó e ï � Ó , i.e., the Lagrangemultiplier
approximationerror in the discretenorm de�ned in (6.12). We observe accordingto Fig-
ure7.3, theerrorin thenorm eONGer� � de�ned in (6.3), which is thesumof the�uid velocityand
porousvelocityerrorsin thescalednorms,is of linearorder. Thisagreewith Proposition6.1.
Analogously, the pressureerror is of linear order. This alsoagreewith the resultaboutthe
pressureerror, seeProposition6.3. We �nally observe that theLagrangemultiplier error in
thediscretenormde�ned in (6.12) is alsoof linearorder.

8. Conclusion. We studiedthecouplingacrossan interfaceof �uid andporousmedia
�o ws, consistingof Stokesequationsin the �uid region �Â� andDarcy law for the �ltration
velocity in theporousmediumregion � � . After discussingtheadequatechoiceof �®�#���)�!�"� ,
ratherthan � �#��� � ���"� , as the Lagrangemultiplier space,we presenteda completeanalysis
for the inf-sup andapproximationresultsassociatedwith the continuousanddiscretefor-
mulationsof this Stokes-Darcy system.We chosethe triangular .0/ � .21 Taylor Hood �nite
elementsandthe lower orderRaviart-Thomaselementsasdiscretespacesfor the free and
porousmediumsubdomains,respectively. Optimal a priori discreteerror estimatesdo not
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FIG. 7.2. The ® -component of the discrete velocity (left figure), where on the porous side (left subdomain) we
plot the two values of the ® -component of the velocities at the midpoint of each edge; recall that Raviart-Thomas
elements allow discontinuous tangential velocities on interior edges. The discrete (in blue) and the exact (in red)
Lagrange multipliers on the interface (right figure).
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FIG. 7.3. Velocities errors (left) and pressures errors (right).

dependon thecoef�cients È and Ñ andratioof meshparameters.Sharperlocalestimatescan
alsobe obtainedfor thecasewherethe �uid meshon the interface � is a re�nementof the
porousmeshon � . The numericalexperimentsshow goodagreementswith our theoretical
results.
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Appendix A. Non-homogeneous boundary conditions. Thenon-homogeneousbound-
ary condition can be reducedto the homogeneouscasewhen Æ�� Qß�d��������� � �#� and
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380 J. GALVIS AND M. SARKISÐ � Qx� � �����)��� � � . First construct̄Õ�äQ&�d���!�6���M� suchthatZçç[ çç\ :^�(NUÃ|� ÷ �¢� @»���� �}_ in �6��(N ÷ � �XÅ�� in � �÷ � �`Æ�� on � �Ã|� ÷ � � @» � �9N a � �}_ on ��b(A.1)

Fromthedivergencetheorem¬ V Ò ÷ �rN a � � ¬ n¨Ò Å �¯: ¬ V Ò Æ �KN a � b(A.2)

Now put � �R� ¯ � {&° � where � � satis�esthenon-homogeneoussystem(3.1). Sowe are
looking for ° � thatsatisfyZ[ \ :^�(NmÃ|� ° � �!» � � �yÄ � { �(N°/�È¢ÉX�¢¯ � � in � ��(N ° � �}_ in �6�° � �}_ on � � b

Analogously, on the porousregion, the non-homogeneouscasecanbe reducedto the
homogeneousone.In this caseÐ � QR� � �#���)�!� � � . Construct÷ � Qx��� div ��� � � suchthatZçç[ çç\ ÏÍ ÷ � { � @» � �}_ in � ��(N ÷ � �XÅ � in � �÷ � N a � �`Ð � on � � �÷ �FN a � � ÷ � N a � on ���(A.3)

with ÷ � de�nedin (A.1). Thisconstructionis possiblesincethecompatibilitycondition(3.3)
and(A.2) imply that thesystem(A.3) is compatible.Put � � � ¯ � {±° � . Thenwe look for° � suchthat Z[ \ ÏÍ ° � { �Â»Ì� � : ÏÍ ¯6� in ����(N ° � �7_ in ���° � N a � �7_ � � b

In termsof weakformulation,with ¯ 5 � �e¯0�¢�:¯ � � , we have:
�nd � ° ��»"� æ ��Q Ú ¿xÛ é ¿Rè satisfyingZ[ \ L¨� ° � � � { ã � � �!»�� { ã V � � � æ � �Bò � � �O:$L¨�e¯Ë� � � for all � Q Úã � ° ��à�� �7_ for all à|QxÛ éã V � ° �#PI� �7_ for all PdQRèÂ�
which is thesameproblem(4.17) with adifferentright handside.

Appendix B. Approximation properties of Taylor-Hood finite elements. In this ap-
pendix,thedomainof referenceis ��� . Recallthede�nitions of

Ú � and Û éK Ò on (5.1) and
(5.3), respectively. In orderto simplify thenotationin somecaseswe omit thesubscriptthat
refersto thedomain. In particular, all theoperatorsde�ned in this sectionacton velocities
de�ned on ��� .

Let ² 5 Ú � Á Ú K Ò be Clementinterpolation;see[5, 9, 28]. It is know that ² is
bounded,i.e., �³² �"� � f g kUn Ò o i ? � � � f g kmn Ò o i �(B.1)
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andwehave e � �Õ:´² � �pe � i�kUn¨ÒFo9i ? Ð_^ � � ��� f	`FkUn�Òro i � H � 1���/Ìb(B.2) � � �¯:´² � �p� f g kUn¨ÒFo i ? Ð � � �¨� f i kUn�Òro i �(B.3) �³² � �p� f gshti k V o i ? � � �p� f gshti k V o i �(B.4) e �I� :V² �I� e � k V o�i ? Ð gi � �I� � f gshti k V o i�b(B.5)

This interpolationis basicallya Clementinterpolationon � , i.e., valueszeroat the interface
relativeboundarypointsanda Clementinterpolationat theinteriornodes.

Given S Q¦J!K Ò and k edgeof S , let a�µ·¶Y¸h � �¢¹��h �g¹Ì�h � denotethenormalto k exterior toS , ¼ µ·¶Y¸h � ��Øp�h �#Ø¢�h � thetangentialvectorto k (with 
 S anticlockwiseoriented),and n h the
midpointof theedgek . Eachinterioredgebelongsto two trianglesS � and S � . Let a h denote
oneof thedirectionsa µ·¶ g ¸h or a µº¶ i ¸h . For boundaryedgesa h denotesa�µ·¶Y¸h . Analogously, for
interior edgeslet ¼�h denoteoneof the directions ¼ µ·¶ g ¸h or ¼ µº¶ i ¸h , and for boundaryedges¼�h � ¼ µ·¶Y¸h .

Let § µº¶Y¸l , > � 1)��/Ì��= , betheedgebubbleTaylor-Hoodbasisfunctionsbasedon themid-
pointsof theedgesof S . Let » µº¶Y¸l 5 � § µ·¶Y¸l a h i , > � 1)��/Ì��=�� and ¼ µ·¶Y¸l 5 � § µº¶Y¸l ¼�hji , > � 1)��/Ì��= .
Observethat � O » µ·¶Y¸l N a h i ­�}_ � » µ·¶Y¸l NU¼ h i �`_ > � 1)��/Ì��=¢b¼ µ·¶Y¸l �¢n h i��ñNm¼ h iÂ­�7_ �½¼ µº¶Y¸l N a h i �`_ > � 1)��/Ì��=¢b

Now considerthefollowing subspacesof

Ú K Ò :
 a K Ò 5 ���)� K Ò Q Ú K Ò 5\E�� O Q Spanù » µ·¶Y¸� �g» µº¶Y¸� �:» µ·¶Y¸û ú���% Ú K Ò
and 
 ¼ K Ò 5 �êùK� K Ò Q Ú K Ò 5\E�� O�Q Spanù ¼ µ·¶Y¸� �:¼ µº¶Y¸� �:¼ µ·¶Y¸û ú)ú	% Ú K Ò b
Notethat if � K Ò Q 
�a K Ò then � K Ò N a � � V Q$� ����� � �!�"� and � K Ò N°¼ � � l<n�Ò �@_ . Also notethat if� K Ò Q 
 ¼ K Ò then � K Ò Nm¼��p� V Q&� ����� � �!�"� and � K Ò N a � � l<n Ò �}_ .

Let
~+¾ 5 Ú � Á 
va K Ò be(locally) de�ned by~ ¾ � �2Q Spanù » k O o� �g» k O o� �g» k O oû ú�� s.t. ¬ hji ~ ¾ � �-N a � 1� k l � ¬ h�i � �-N a h i �u> � 1���/Ì��=¢�

for all S QwJ K . In otherwords,
~ ¾ � � � © � » � { © � » � { © û » û , where©dl�5 � � h i � �-N a h i� hji » l N a h i � � h i � ��N a h i� hji § µº¶Y¸l b

Fromatracetheoremandascalingargumentwe havethat� © l � � ? 1Ð � � e �I� e �� i�k O o9i { � �I� � �f g k O o i b
Then � ~ ¾ � ��� f g kUn�Òro i ? -��\��À¿ l ¿¨û � ©�l�� � ? 1Ð � � e � �pe �� i�kUn¨ÒFo9i { � � �p� �f g kUn¨Òqo i
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and e ~ ¾ � ��e �� iqkUn�Òro9i ? Ð � � -��\��F¿ l ¿�û � ©dl�� � ? e � ��e �� iqkUn�Òro9i { Ð � � � � ��� �f g kUn¨Òqo i b(B.6)

Observethat ¬ O �(N ~+¾ �I�|� ¬ l O ~+¾ � ��� ��N a � ¬ l O �I� N a � ¬ O �(N �I� b
We alsohave e ~ ¾ � ��e � iFk V o9i ? e � ��e � iqk V o9i b(B.7)

De�ne Á ¾ 5 Ú � Á Ú K Ò byÁ ¾ � �25 � ² � � { ~ ¾ � � �¯:´² � ���F�(B.8)

thenwehave thefollowing result.
LEMMA B.1. Theoperator Á ¾ de�nedin (B.8) is bounded� Á ¾ �I� � f g kUn Ò o i ? � �I� � f g kmn Ò o i �(B.9)

moreover, e �I� :CÁ ¾ �I� e � iFkUn Ò o9i ? Ð]^ e �I� e f ` kmn Ò o9i H � 1)��/¢b(B.10)

and � � �0:,Á ¾ � ��� f g kUn�Òro i ? Ð � � �p� f i kUn¨ÒFo i b(B.11)

We alsohave � Á ¾ � ��� f gshti k V o i ? e � ��e f6g!htirk V o�i �(B.12)

and ¬ h Á ¾ � �-N a h � ¬ h � �-N a h for all edge k .(B.13)

Proof. From(B.6) we have,for H � 1���/ ,âO ¤$Â � e ~w¾ � �I� :�² �I� �re �� iqk O o9i ? âO ¤$Â � / e �I� :V² �I� e �� iqk O o9i { Ð � � � �"� :´² �I� � �f g k O o i 0? Ð � ^� � �"� � �f ` kUn¨ÒFo i { Ð � k ^ � � o � �� � �I� � �f ` kUn�ÒFo i by (B.2), (B.3) and(B.1).? Ð � ^� � �"� � �f	`�kUn¨ÒFo i b(B.14)

Then,usinganinverseestimate(see[5]) and(B.14) weget� ~ ¾ � � �¯:´² � ���K� f g k O o i ? 1Ð�� e ~ ¾ � � �Õ:V² � ���Ke � iFk O o9i ? � � ��� f g kUn�ÒFo i �
andhence� Á ¾ �I� � f g kUn Ò o i C ��² �I� � f g kmn Ò o i { � ~)¾ � �I� :V² �I� �r� f g kUn Ò o i by de�nition of Á ¾? � �I� � f g kUn Ò o i { � �I� � f g kUn Ò o i ? � ��� � f g kUn Ò o i b
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To show (B.10) we have thate �I� :CÁ ¾ �I� e � i�kmn�Òro9i � e �I� :V² �"� : ~+¾ � ��� :V² �I� �re � iqkUn¨ÒFo9i by de�nition of Á ¾ .C e �I� :V² �"� e � iqkUn�Òro9i { e ~)¾ � �"� :V² �I� �re � i�kUn�Òro9i? Ð]^� � �I� � f	`qkmn�Òro i { Ð]^ � �"� � f	`�kUn¨ÒFo i by (B.2) and(B.14)? Ð]^� � �I� � f ` kmn�Òro i � H � 1)��/Ìb
Analogouslywe get(B.11). To prove(B.12), observethat� Á ¾ �I� � f gshti k V o i C �³² �I� � f gshti k V o i { � ~+¾ � �"� :´² �I� �K� f g!hji k V o i? e�² �I� eFf6g!hjiFk V o9i { Ð � gi� � ~+¾ � �"� :´² �I� �r� � i k V o i? � �I� � f g!hji k V o i { Ð � gi� e �I� :´² �I� e � iqk V o9i by (B.4) and(B.7)? � �I� � f g!hji k V o i by (B.5) b
Thelastassertion,(B.13), is straightforward.
Given à8K Ò QxÛCK Ò , de�ne (locally) Ã~+Ä à�K Ò Q 
 ¼ K Ò byÃ~+Ä à�K Ò � O Q Spanù ¼ µº¶Y¸� �g¼ µ·¶Y¸� �g¼ µ·¶Y¸û ú

with Ã~+Ä à8K Ò �¢n h �ON a �`_ and Ã~wÄ à�K Ò �en h ��NF¼ � �;à�K Ò �en h �ONK¼(B.15)

at midpoints n h of all interior edgesk . For edgeson � � we de�ne Ã~+Ä à¢� h&� _ . Note thatÃ~+Ä à�K Ò is zeroat theverticesof all elementsof J_K Ò andobserve that Ã~+Ä à�K Ò Q��d�ñ�s� � �#� be-
causetheaboveequationareconsistentin neighbortriangleswhichgives Ã~ Ä à K Ò continuous;
see[5], ChapterII, Theorem5.2.

LEMMA B.2. Supposethat J K Ò is non-degenerateandhasnotrianglewith twoedgeson
 � � andconsidertheoperator Ã~)Ä de�nedin (B.15). Thene Ã~ Ä à K Ò e � iFkUn�Òro9i ? � à K Ò � f g kUn�Òro for all à K Ò QxÛ éK Ò �
andthereexistsa positiveconstantsuch that:¬ n�Ò Ã~)Ä à�K Ò N��;à�K Ò ± � à�K Ò � �f g kUn¨ÒFo ± eFà�K Ò e �� i kUn¨ÒFo for all à8K Ò QRÛ éK Ò b

FromLemmaB.2 andtheboundednessof Ã~+Ä , thespaces

 ¼ K Ò (with the �	�)�s� � � -norm)

and Û éK Ò (with the �$�ñ�s� � � -norm)satisfythe
�����

- �� ¢¡ conditionindependentof Ð�� with re-
spectto thebilinearform de�ned in (4.4) byã �p� � ����à<���65 � :0��àK�����(N � ��� n Ò for all � �2Q Ú � and àK�2Q�Û é� b
Also observethatif ��� Q 
 ¼ K Ò then �"� N a �7_ on 
 � � andthen

ã � � �"� ��à � � � � n¨Ò �I� Nq�;à �
by theGreenformula.Then,accordingto theBrezzi's splitting theorem(see[5, 15]), wecan
alwaysobtainastablesolution ÷ Q 
 ¼ K Ò ofå � ÷ � � ��� n¨Ò { ã �¢� � �¢�!»��)� � ��ÿO� � ��� n�Ò for all � �2Q 
 ¼ K Òã � � ÷ ��à � � � ã � ��ÿO��à � � n�Ò for all à � Q�Û éK Ò �(B.16)
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whereÿ�Qx���)�!�6���M� .
Given ÿ , denoteby Á Ä ÿ thesolutionof (B.16). Thene8Á Ä ÿ�e � i kUn�Òro i ? erÿ�e � i kUn�Òro i �(B.17)

and
ã ���}Á Ä ÿO��à K Ò � � ã �p��ÿO��à K Ò � for à K Ò Q�Û éK Ò .
In orderto proveLemma5.1de�neW X\ZK Ò �I� 5 � Á ¾ �I� { Á Ä � �"� :CÁ ¾ �I� �qb

Observethat� W X=ZK Ò �I� � f g kUn�Òro i C � Á ¾ �I� � f g kmn�Òro i { � Á Ä � �I� :CÁ ¾ ��� �K� f g kmn�Òro i? � �I� � f g kUn�ÒFo i { 1Ð � e�Á Ä � ��� :,Á ¾ �I� �re � iqkmn Ò o9i by (B.9) and inverse
estimate.? � �I� � f g kUn Ò o i { 1Ð�� e �I� :CÁ ¾ �I� e � iqkmn�Òqo�i by (B.17)? � �I� � f g kUn�ÒFo i { � �I� � f g kUn�Òro i by (B.10).

Thentheoperator
W X=ZK Ò is bounded(with constantindependentof Ð�� ). In additionfor »LK Ò QÛ éK Ò wegetã �p� W X=ZK Ò � ����» K Ò � � ã �p�}Á ¾ � ����» K Ò � { ã �¢��Á Ä � � �Õ:,Á ¾ � ���q�!» K Ò �� ã � �}Á ¾ �I� ��»LK Ò � { ã � � �"� :CÁ ¾ �I� �!»]K Ò � by de�nition of Á Ä .� ã � � �I� ��»LK Ò �qb

To obtain(5.4) observethatfrom de�nition of
W X$ZK Ò wehavee � �¯: W X=ZK Ò � �pe � i�kUn¨ÒFo�i C e � �0:,Á ¾ � ��e � iFkUn�Òro9i { e�Á Ä � � �Õ:CÁ ¾ � ���Ke � i�kmn�Òro9i? e � �0:,Á ¾ � ��e � iFkUn�Òro9i { e � �Õ:CÁ ¾ � ��e � i�kmn�Òro9i by (B.17)? Ð]^� � �"� � f ` kUn Ò o i H � 1���/¢b by (B.10)

Theproofof (5.5) is similar. Inequality(5.6) is obtainedfrom (B.12).


