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Conservation of Mass!

In general, mass can be added or removed:!

%
—_ —_

time t! time t+"t!

The conservation law must be stated as:!

Finall _ Originall  , Mass! Mass!

Mass! ~ Mass! " Added! ~Removed!
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Conservation of Mass!

Rate of .
increase of =!’;‘fertn'ggsﬂx
mass! ’

We now apply this statement to
an arbitrary control volume in an
arbitrary 3ow peld!
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Conservation of Mass!

Control
volume V!

The rate of urface S!
change of

total mass in
the control
volume is
given by:!
Rate of Total

change! mass!
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Conservation of Mass!

Control
volume V!

To Pnd the mass 3ux through!
the control surface, let#s examine!
a small part of the surface where
the velocity is normal to the surface
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Conservation of Mass!

Select a small rectangle outside the boundary
such that during time "t it Bows into the CV:!

- Mass Bow
Density $! through the
Velocity Ul "A! boundary

. "A during "t
time t!} time t+"t! is: !

where U, = -uat
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Conservation of Mass!

The sign of the normal component of the velocity
determines whether the RBuid Bows in or out of the
control volume. We will take the outBow to be positive:!

u-n<0 InRow!

The net in-RBow through the boundary of the control
volume is therefore:!

Negative since

this is net inRow! ds
Integral over —"" Mass Row normal
the boundary! to boundary!
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Conservation of Mass!

Conservation of Mass Equation in Integral Form!

%vadv: —§Spu -nds

. J _J
v ~"
Rate of change Net inRow of mass!
of mass!
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Conservation!
of!
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Conservation of momentum!

Momentum per volume: ! P U

Momentum in control volume: IIVpU dv

Rate of
increase of
momentum!

—NetinBux of _, Body 4 Surface
momentum! forces!  forces!
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2 —_— — Rate of change of momentum!

Control
volume V!

The rate of urface S!
change of
momentum
in the control
volume is
. a
given by:!
Rate of Total
change! momentum!
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In/out Bow of momentum!

Select a small rectangle outside the boundary
such that during time "t it Bows into the CV:!

Density ! !

Ut
Velocity u! Momentum

R i'f Row through

Al ‘ the boundary
. "A during "t is!
time t+"t!

i (fu)u,r A
U

U, = -uat so the net inBux of momentum | $'u u#hds
per unit time (divided by #t ) is:!
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Body force!

Control
— volume V!

Body forces,
such as
gravity act on
the Buid in the

control
volume.!

Total body force!
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Viscous force!

Control
volume V!

The viscous
force is given
by the dot
product of the
normal with
the stress
tensor T!

Total stress force!
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Viscous Bux of momentum!

Stress Tensor!

T=(1 p+"# )l +2uD For
) incompressible
Deformation Tensor! Rows!
1 T
D==('u+!u I "u=0
5 )
Whose components are:! And the stress
N . tensor is!
1odu, Tu
D;==$%—L+ L T=!pl+2uD
P24y, Ix8 pl+2u
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Pressure force!

Control
volume V!

_d
— pnf

The pressure
produces a
normal force
on the control
surface. The
total force is:!

Total pressure force!
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Conservation of Momentum!

Gathering the terms!

!
I'—t#"udv= $H'uu%dss HTnds+ 4" f dv

Substitute for the stress tensor! T =! pl +2uD

!
H#"udv= $H'uu% ds$ Hpnds+ FRuD %ds+ 4" f dv
- — VYV —— —

Rate of Net inBow (I’f Total Total Total
change of ~ Momentumi - oqqurel  viscous body
momentum! force! force!
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Conservation!
of!
energy!
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Conservation of energy!

The energy equation in integral form!

Rate of change of Net 'DB(.)W of
kinetic+internal

kinetic+internal eneravl
eneroyt, 4

~

L g +lu2 dvz\* . +lu2 u-nds
!t) %ﬁ 2 ( D%@ 2 (

+ 2 u +f dv+Qn+(uT)ds* quds

Work Net work Net heat
done by done by Row!
body the stress

forces! tensor!
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Differential Form!
of!
the Governing Equations!
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Differential form!

The Divergence or Gauss Theorem can be used to
convert surface integrals to volume integrals!

# "adv= %a"n ds
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Differential form!

Start with the integral form of the mass conservation equation!
9 |, pdv=—4§ puna
or y P&V =—§ pu-nds

Using Gausst#s theorem!

g£/u"n ds=#$ "(fu)dv
The mass conservation equations becomes!

/
'_t# "dv = $£%E& "u)dv
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Differential form!

Rearranging!
!
- " (AL -
THHS % Wy =0

Since the control volume is bxed, the derivative can be
moved under the integral sign!

J.V%dvﬂ.\/V(pu)dv:O

Rearranging!

%" N
)V&F+#$ u)(dv—O

WP Computational Fluid Dynamics I!
Differential form!

%" vy =
)V&F+#$( u)(dv—O

This equation must hold for ANY control volume, no
matte what shape and size. Therefore the integrand
must be equal to zero!

I L
?+#3{ u)=0
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Differential form!

Expanding the divergence term:!
P "(Au)=u"l #+#4 "u

The mass conservation equation becomes:!

I "

?'*'#31 U):F‘FU% + "#

or! !
D=0
Dt
wherel Di() - If() Fu"# () Convective

Dt It derivative!
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Differential form!

The differential form of the momentum equation is
derived in the same way:!
Start with!

;’—t #'udv=#"f dv+@nT$ "u(u%h))ds

Rewrite as:!
TS "
ﬁ# udv=#"f dv+ #$ 4T & "uu)dv

To get:!
"u

—o =+ KT % )
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Differential form!

WP Computational Fluid Dynamics I!
Differential form!

Using the mass conservation equation the
advection part can be rewritten:!

"

ﬁ+# $"uu =
It

" u
uW+u#$J"+ "?4- u$tu=

%

u — $J"£+"%:"E

&t ) Dt Dt

=0, by mass
conservation!

The momentum equation equation!
!"u
I_t ="f+# ﬂT %”UU)

Can therefore be rewritten as!

1DU_
Dt
where! 0
g 28 P
Dt &'t )
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Differential form!

WP Computational Fluid Dynamics I!
Differential form!

The energy equation equation can
converted to a differential form in the
same way. It is usually simpliPed by
subtracting the Omechanical energyO !

The Omechanical energy equationO is obtained by taking
the dot product of the momentum equation and the

velocity:!
% #u -
u! "—+"ul$u="1+3$IT
& 7 $ $ (
The resultis:!
" g
I — =) Iu*+ +I1u*f. +u*(+*T
"$2' ) $2° ° ()

The Omechanical energy equationO!
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Differential form!

Subtract the Omechanical energy equationO from the
energy equation!

The bnal result is!

De
! n _0
m #HBu+$ #Hy=

Using the constitutive relation presented earlier for
the stress tensor and Fourie#s law for the heat
conduction:!

T=(1 p+"# %)l +2uD
q=-kVT
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Differential form!

The Pnal result is!

De
! _+ 1" #J = + n Wll T
Dt > e

where!

I ="(# %)’ +2uDD

is the dissipation function and is the rate at which
work is converted into heat.!
Generally we also need:!

p=pe!), T=TE!)

and equations for ' th 1, K
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Summary!
of!
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Integral Form!

J
E_"Vpdv = —!.Spu ‘nds
I'I—t#"udv= H# Tdv+@{nT $ "u(u%))ds

J 1 1
5_[p(e+5u2)dv= fu~pf dv+cﬁn~(uT—p(e+Eu2)— g)ds
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Conservative Form! Convective Form!

"

D!

" +#H"u)=0 — 41" #=0

It qw) Dt

"u Du

Ll f 4 # HT % uu I =—=If+" &
T KT %"uu) o f

! 1, De

D uen Loy De g

i ©@ryw) Dt $"

&
#9 "(e+%u2)u %uT +q2Jkr
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Special Cases

Compressible inviscid Bows!
Incompressible Bows!

IStokes Row! . .
I
IPotential Rows! } Not in this course!!
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Inviscid compressible
Bowd
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Inviscid, compressible Rows! u=0 and A=0
T=( p+"# $u)l +2uD

— T=—pl

Dp

—+pV-u=0
bt P

Du

—=pf -V
th p p
P&=—pV~U

Dt
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! ] ] !
.U+.E IF .G=0

Tily Iz

" % " % " 9
P $ lu $ Iv $ Iu
pu 2 Iu?+p 2 luv 2 Tuw
U= pv Ezg luv F:% IV +p GZ% Iw
pw 2 luw 2 Iw 2 W +p
pE 2 (‘E+p)u & i ('E+p)v & g (!E+p)u &

p=/RT; e=c,T, h=cpT; "=cp/cv
_("De

R
C,=—— p=("ND# T= ;
=g PECTD =
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Incompressible Row!
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Objectives:!

Incompressible Bows:!

D!
—=0
Dt

D!

—+!" =0 —s | "u=0

Navier-Stokes equations (conservation of momentum)!
!
U= H#SWUU-SP+ T, +$ op(Su + $Tu)

I—u+!u#u=S$P+/f, +u$’u  Constant
! viscosity!

The Navier-Stokes Equations for incompressible, !
homogeneous Bow:!

lu  lu lu 1/P u A
—+u—+v—:"——+EL+—

toIx o ly  #Ix #UXE 1y*(
X 22 AP (5, )

—+tu—+v—=-———+L +
A X N pay plad N
i

u, v,

Ix ly
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Incompressibility (conservation of mass)!

Usu!nds:OI

Navier-Stokes equations (conservation of momentum)!
!
m 'Ludv = #Usuu MdS+ %)‘S&u dS# L US pn,ds

)
—"ydV = #8vu $dS+ %i&v&hdS#—lU pnyds
ItV s ® )
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Vorticity Form!
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Helmholtz decomposition:!
Any vector Peld can be written as a sum of !

u=!"+1 #%$
Take divergence!
Pru=1 "l #=1 %#=0
Take the curl!

Prusl " "#)=$

By a Gauge transform this can be written as!

2 =g

For incompressible Row with constant density and viscosity,
taking the curl of the momentum equation yields:!

-
el =(" $)u+9g>

or:!

D! 2
—=("# !
o (1 "#)u+%#

Helmholtz#s theorem:!
Inviscid Irrotational RBow remains irrotational!
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Flow over a body!

Role of advection, pressure, and
viscous diffusion!

Nondimensional numbers!
Ithe Reynolds number!

Advection and diffusion !
IBoundary layers!

Irrotational outer Bow!

—

Rotational wake!

O

T

Boundary layer!
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z —~ — — Pressure!
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y —~ — — Pressure!

The pressure opposes local accumulation of Buid. For
compressible Bow, the pressure increases if the
density increases. For incompressible Rows, the
pressure takes on whatever value necessary to
prevent local accumulation:!

® &

High Pressure! Low Pressure!
I "u<0 ' "u>0

Increasing pressure slows the Buid down and
decreasing pressure accelerates it!

Pressure m
increases! decreases!

Slowing down! Speeding up!
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2 —~ — — Pressure and Advection!

WP Computational Fluid Dynamics I!
z ~~ — — \Viscosity!

The role of pressure:!

Needed to accelerate/decelerate a RBuid particle:
Easy to use if viscous forces are small!

Needed to prevent accumulation/depletion of
Ruid particles: Use if there are strong viscous
forces!

Advection:!

INewton#s law of motion: In the absence of forces,
a RRuid particle will move in a straight line!

Diffusion of Buid momentum is the result of friction
between Ruid particles moving at uneven speed. The
velocity of Buid particles initially moving with different
velocities will gradually become the same. Due to
friction, more and more of the RBuid next to a solid wall
will move with the wall velocity.!
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Nondimensional
NumbersNthe Reynolds
number!
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Nondimensional Numbers!

! ! ! ! §12 12y
£+U£+V£:"1£+E - l:+_l:
It Ixo 1y #Ixo #UXT 1y (
ﬂ

LUV XY
== gy=—=; t=
g ¥= 3

an ", 2
U_$.’_U’+ u,_u-.}.v-l_&%:' i£+%ﬂ$!_t;+,_??
L#E 1% Iy& L(Ix L (#% 1¥8&

e Jew  Je L 1/P LU g I
ettt s T T
It % 1y U L#EX UL #Ux 1y (
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Nondimensional Numbers!
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Nondimensional Numbers!

L1P__1"P_"P 5=
NI SV EE B S NTVE

LUp_ w1 L
UL L/ Re where! Re=-——

The momentum equations are:!
e Ja Iw IP 1# % 1%
— + '—:"—+—ﬁ/té—+

— + [— + — , — +—
IF 1y Iy 1% Re$l® Iy

Kk o o Relo¥ o

The continuity equation is unchanged!
I Iw
——=

I Iy
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Advection and
diffusionN!
Boundary layers!

_Iu+ !_u—"££+EL!2u+ﬂ'
Ix 1y #Ix  #UX 1y*(
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Consider the steady state balance of advection and diffusion!

f|:0 Uy —— f|=1
x=0 X=L
If 1%f
Governed by:!! U— =D-—
Ix Ix

Solve this equation analytically!

d _pdt i(f_Ei)_o
dx U dx? dx Udx)
D df

Integrate:! f! ——=
g U dx G
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Rearrange!
f1c=Dd L d_U
dx (frc)ax D
o o U
=—dx
(fre)
Integrate!

df U
| Cl)=j5dx—> In(f! Cl):%x+C2

(f-
— f =exp(Ux/D)! exp(C,)+C,
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f =exp(Ux/D)! exp(C,)+C,

Boundary conditions!
aix=0: f=0—0=exgC,)+C, = C =—exp(C,)
ax=L: f=1— 1=expUL/D)! exdC,)+C,

I 1=expgUL/D)" exp(C,)#expC,)

I 1=exp(C,)exp(U/D)" 1]
1
" el o
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f =exp(Ux/D)! exdC,) +C,

1
= c)s————
G =!ex(C,) ex0(C.) exp(UL/D)! 1
— _/
—
f= explUx/D)! 1
exp(UL/D)! 1
_exp(Re/L)-1 _uL
™ 77 expgR)-1 D
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r=20;for i=1:100,x(i)=(i-1)/99;end;
for i=1:100,f(i)=(exp(r*x(i))-1)/(exp(r)-1);end;

plot(x,f)
0.9 j
R=1! 0s [
R=5! o “
R=10! o |
R=20! ‘f

Scaling:! X
df _ D d?f oor R=1 IL/R=1!
dx U dX *l R=5 IL/R=0.2!

0ol R=10 IL/R=0.1!

Estimate the °*r R=20 !L/R=0.05!

thickness of the 04

Oboundary LayerQ!  os

1.D1, ,,DL L. .

VL UL R o= o
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———— 2D Fields: Convection!

) If «l?f 1%fy
2D! Solution of:! UE:D§1X2+V&

u=1!

f=0!
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Simplibcations/special cases!
12D versus 3D!
ISteady versus Unsteady!
lInviscid versus Viscous!
ILaminar versus Turbulent!
lIncompressible versus Compressible!
llrrotational Flow versus boundary !
! llayers and wakes!




