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A second order upwind approximation to the first derivative:!
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Expand for x-h!

Expand for x-2h!

Subtract to eliminate the second derivative:!
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Finite Difference Approximations!
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Subtracting the second equation from the first:!
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Start by expressing the value of f(x+h) and f(x-h) in terms of f(x)!

Finite Difference Approximations!

A fourth order centered approximation to the first derivative:!
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By subtraction we found:!
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Finite Difference Approximations!

Replacing h by 2h gives:!
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Or:!
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Similarly, we can find approximations of 
different order, using different points, for the 
different derivatives.!

The next two slides list several such 
approximations (using subscripts to denote 
the different grid points)!
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Downwind!
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Centered approximations for the second derivative!
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Centered second order approximations for the third 
and fourth derivative!
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Example!

Step size          Error!
h              fʼ (x=1)     fʼʼ (x=1)!
0.2           -0.4016   -0.4000!
0.1           -0.1001   -0.1000!
0.05         -0.0250   -0.0250!
0.025       -0.0063   -0.0062!
0.0125     -0.0016   -0.0016!
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f (x) = x5

! f
! x

= 5x4

! 2 f
! x2

= 20x3

Error versus 1/h for 
the first derivative!

-2!
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! x

=
f j +1 " f j " 1

2h
+ O(h2)
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Richardson Extrapolation!
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Extrapolation to h=0:!
The best way to estimate the error in a finite difference 
computation is to repeat the calculation on a different (finer or 
coarser) grid. Usually, the cost of doing another computation 
on a coarser grid is small. We can, however, estimate the 
error in the following way. Assume have a second order. The 
approximate solution can be written as a function of the 
resolution, h, as follows:!

� 

f h( ) = f 0( ) + Ch2 + HOT
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Here, f(0) is the (unknown) exact solution and C is a constant 
determining the magnitude of the error. Given f(h) and f(2h), 
estimate C. Once C is known, we can use the above formula 
to find a better estimate for the solution. This procedure is 
called Richardson Extrapolation and is widely used in 
practice.!

� 

f h( ) = f 0( ) + Ch2 + HOT

The approximate solution can be written as a Taylor series 
around the exact solution f(0):!
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We have:!
similarly, the solution on twice as coarse grid is:!

subtracting to eliminate the h2 term:!

Solving for the exact solution:!

Since the Higher Order Terms (HOT) are at least O(h3), f(0) 
is a better estimate than either f(h) or f(h2). Similar formulas 
can be derived for schemes of different orders.!
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f h( ) = f 0( ) + Ch2 + HOT
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f 2h( ) = f 0( ) +C4h2 + HOT
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4 f h( ) ! f 2h( ) = 4 f 0( ) ! f 0( ) + HOT

� 

f 0( ) =
4 f h( ) ! f 2h( )

3
+ HOT
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For an n-th order scheme we have:!

similarly, the solution on twice as coarse grid is:!

subtracting to eliminate the hn term:!

Solving for the exact solution:!
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f h( ) = f 0( ) + Chn + HOT

� 

f 2h( ) = f 0( ) + C2n hn + HOT

� 

2n f h( ) ! f 2h( ) = 2n f 0( ) ! f 0( ) + HOT

� 

f 0( ) =
2n f h( ) ! f 2h( )

2n ! 1
+ HOT
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Analysis of a 
numerical scheme!
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Use the leap-frog method (centered differences) to 
integrate the diffusion equation !

in time. Use the standard centered difference 
approximation for the second order spatial derivative.!
(a) Write down the finite difference equation.!
(b) Write down the modified equation!
(c) Find the accuracy of the scheme!
(d) Use the von Neuman's method to derive an equation for 
the amplification factor g. Hint: assume that the 
amplification is the same for each step:!

� 

! f
! t

= D
! 2 f
! x2 D > 0

� 

g= ! n+1 ! n = ! n ! n"1
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(a) Write down the finite difference equation!
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Approximate both terms by centered differences!
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(b) Write down the modified equation!
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Substitute into !
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(c) Find the accuracy of the scheme!

Rearrange!

yielding!

Substitute!

Modified 
Equation!
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(d) Use the von Neuman's method to derive an 
equation for the amplification factor g.!

jikxnn
j eεε =

� 

ε j
n+1 −ε j

n−1

2Δt
= D

ε j +1
n −2ε j

n + ε j−1
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into!

giving!

Computational Fluid Dynamics I!

� 

! n+1eikx j " ! n" 1eikx j

2#t
=D ! n

h2 (eikheikx j " 2eikx j + e" ikheikx j )

Cancel the common factor!

� 

εn+1 −εn−1

2Δt
= D

εn

h2 (eikh −2 + e− ikh)

Rearrange!

� 

! n+1

! n
"

! n" 1

! n
=

2#tD
h2 (eikh " 2+ e" ikh )

� 

g = ε n+1 ε n = ε n ε n−1Using that!

� 

g !
1
g

= !
2" tD

h2 4sin2 kh
2

� 

eikh + e! ikh = 2coskh

2sin2" =1! cos2"Gives:!
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Which is always > 1 ! Unconditionally unstable!

Computational Fluid Dynamics I!

Analysis of a 
numerical scheme!
Another example!
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The following finite difference approximation is given 

(a) Write down the modified equation 
(b) What equation is being approximated? 
(c) Determine the accuracy of the scheme 
(d) Use the von Neuman's method to derive an equation for 
the stability conditions 
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(a) Write down the modified equation!
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+
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Using (1) again we can write!
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+
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Substitute again:!

Collecting the terms!
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+
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+
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∂f
∂t

= −U
∂f
∂x

⇒ − U
2
∂2 f
∂t∂x
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2

∂
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⎜ 
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Rearrange!

� 

O Δt2,h2( )
(c) Find the accuracy of the scheme !

  

� 

! f
! t

+U
! f
! x

= " U
! 3 f
! x3

h2

6
" U

! 3 f
! t 2! x

#t 2

4
+!

(b) What equation is being approximated !

� 

! f
! t

+U
! f
! x

= 0

Modified 
Equation!



Computational Fluid Dynamics I!

(d) Use the von Neuman's method to derive an 
equation for the amplification factor g.!

jikxnn
j eεε =

� 

! j
n+1 " ! j

n

#t
= "

1
2

U
2h

! j +1
n " ! j " 1

n( ) +
U
2h

! j +1
n+1 " ! j " 1

n+1( )$ 

% 
& 

' 

( 
) 

� 

! n+1eikx j " ! neikx j

#t
=

U
4h

! n eikheikx j " e" ikheikx j( ) + ! n+1 eikheikx j " e" ikheikx j( )( )

Substitute!

into!

giving!
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Cancel the common factor!

Rearrange!

writing!

� 

eikh ! e! ikh = 2i sinkhGives:!

� 

! n+1eikx j " ! neikx j

#t
=

U
4h

! n eikheikx j " e" ikheikx j( ) + ! n+1 eikheikx j " e" ikheikx j( )( )

� 

! n+1 " ! n

#t
=

U
4h

! n eikh " e" ikh( ) + ! n+1 eikh " e" ikh( )( )

� 

! n+1

! n
" 1=

#tU
4h

eikh " e" ikh( ) +
! n+1

! n
eikh " e" ikh( )

$ 

% 
& 

' 

( 
) 

� 

g ! 1= 1+ g( ) " tU
4h

2isinkh( )

� 

g = ! n+1 ! n
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� 

g ! 1= 1+ g( ) " tU
4h

2i sinkh( )

g 1! A 2i sinkh( )( ) =1+ A 2i sinkh( )

g =
1+ A 2i sinkh( )
1! A 2i sinkh( )

g =
1! 4A2 sin2 kh+ iA2sinkh

1+ 4A2 sin2 kh

g =
1! B2 + iB

1+ B2

� 

g
2

=
1! B2( )2

+ B2

1+ B2( )2

1! B2 + B4 <1+ 2B2 + B4 Unconditionally Stable!

� 

z= x + iy

z
2

= x + iy( ) x ! iy( ) = x2 + y2
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Notes:!
You will do a few other schemes as homework 
problems.!

Generally we assume that results for the linear 
equations hold for the nonlinear one as well.!

The algebraic equation for the amplification factor 
can often be fairly complicated. It is, however, 
routinely solved. !
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Elementary!
Numerical Analysis:!

Finite Volume 
Approximations!

http://users.wpi.edu/~gretar/me612.html!

Grétar Tryggvason!
Spring 2009!

Computational Fluid Dynamics I!

•  Integral versus differential form of a 
model equation!

•  Finite volume approximations!
•  Flux function!
•  Advection-diffusion equation in finite 

volume form!

Outline!
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When using FINITE VOLUME approximations, we 
work directly with the integral form of the 
conservation principles. The average values of f in a 
small volume are stored!

xj-1/2  xj+1/2 !

fj +1

f j ! 1

fj

x!

f

xj-1    xj      xj+1!

Finite Volume Approximations!
Computational Fluid Dynamics I!

Integral versus differential!
form of the !

governing equations!
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! f
! t

+
! F
! x

= 0

! f
! t
dx

" x
# +

! F
! x" x

# dx = 0

d
dt

f dx
! x
" + Fj +1/ 2 # Fj #1/ 2 = 0

To derive an equation that governs the evolution !
of the average value in each cell, consider:!

Integrating the equation over a small control volume of !
size h= Δx=xj+1-xj!

yields:! The 
volume 
is fixed 
in space!

Finite Volume Approximations!
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d
dt

(hfj ) = Fj ! 1/2 ! Fj +1/2

fj =
1
h

f dx
! x
"

where the average in each cell is defined by:!

or:!

Fj-1/2 is the flow of f into cell j!
Fj+1/2 is the flow of f out off cell j !
F is usually called the flux function!

Finite Volume Approximations!
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Notation:!

xj-1/2           xj+1/2 !

Fj+1/ 2fj

xj!

Fj ! 1/ 2

Flow of f into cell j!
Flow of f out of cell j!

Average value of f  in cell j!

Center of cell j!

Left boundary of cell j! Right boundary of cell j!

Finite Volume Approximations!
Computational Fluid Dynamics I!

F = Uf

� 

F = ! D " f
" x

F = Uf ! D
" f
"x

Advection!

Diffusion!

Advection/Diffusion!

The exact form of F depends on the problem:!

Finite Volume Approximations!
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d
dt

(hfj ) = Fj ! 1/2 ! Fj +1/2

The statement!

Is exactly the original conservation law!

Rate of increase in f = inflow of f -outflow of f!

The rate of increase of the average value of f is 
equal to the inflow into the control volume minus 
the outflow from the control volume!

Finite Volume Approximations!
Computational Fluid Dynamics I!

� 

! f
! t

+ U
! f
! x

= D
! 2 f
! x2

Example: advection/diffusion equation!

were!

F =Uf ! D " f
"x

! f
! t

+
! F
! x

= 0

Rewrite:!

Assume 
here that U 
is a constant!

Finite Volume Approximations!
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xj-1/2           xj+1/2 !

Fj +1/ 2fj

xj!

Average value of f  in cell j!

d
dt

(hfj ) = Fj ! 1/2 ! Fj +1/2

For each cell!

fj =
1
h

f dx
! x
"

� 

Fj +1/2 = Uf j +1/2 ! D
" f
"x j +1/2

Finite Volume Approximations!
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xj-1/2           xj+1/2 !

Fj +1/ 2fj

xj!

Average value of f  in cell j!

f j +1 / 2 ! 1
2 ( f j +1 + f j )

! f
! x j +1 / 2

"
fj +1 # fj

h

� 

Fj +1/ 2 = Uf j +1/ 2 ! D
" f
"x j +1/ 2

Approximate:!

and!

f at a cell boundary! gradient of f at a 
cell boundary!

Need to find!

Finite Volume Approximations!
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� 

Fj +1/2 = Uf j +1/2 ! D
" f
"x j +1/2

#
1
2

U( f j +1 + f j ) ! D
f j +1 ! f j

h

$ 
% 
& ' 

( 

Approximate:!

� 

Fj! 1/ 2 =Uf j ! 1/ 2 ! D" f
"x j! 1/ 2

#
1
2
U ( f j + f j ! 1) ! D

f j ! f j ! 1
h

$ 
% 
& ' 

( 

and!

d
dt

fj !
1
" t
( fj

n+1 # fj
n) time derivative of  f!

Finite Volume Approximations!
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� 

h
! t
( f j

n+1 " f j
n) =

" U (12 ( f j +1 + f j ) " 1
2 ( f j + f j" 1))+ D

f j +1 " f j

h
"

f j " f j" 1

h

# 
$ 
% & 

' 

� 

f j
n +1 ! f j

n

" t
+

U
2h
( f j +1 ! f j ! 1) =

D
h2

f j +1 ! 2 f j + f j ! 1( )

Or, rearranging the terms:!

Substituting:!

Which is exactly the same as the finite difference equation 
if we take the average value to be the same as the value in 
the center of the cell!

Finite Volume Approximations!
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Example:!

U=1; !
D=0.05; !
k=1!

N=21!
"t=0.05!

Exact!

Numerical!

Finite Volume Approximations!
Computational Fluid Dynamics I!

The finite volume point of view has two main 
advantages over the finite difference point of view!

1. Working directly with the conservation principle (no 
implicit assumption of smoothness and differentiability)!

2. Easier visualization of how the solution is updated 
(the fluxes have a physical meaning)!

Analysis of accuracy and stability is, however, usually 
easier using the finite difference point of view!

Finite Volume Approximations!

Computational Fluid Dynamics I!

Most physical laws are based on CONSERVATION 
principles: In the absence of explicit sources or sinks, f 
is neither created nor destroyed.!

For a control volume fixed in space, we can state the 
conservation of f as:!

Finite Volume Approximations!

Amount of f 
in a control 
volume 
after a 
given time 
interval Δt!

Amount of 
f that 
flows into 
the control 
volume 
during Δt!

Amount of 
f that flows 
out of the 
control 
volume 
during Δt!

Amount of f in 
the control 
volume at the 
beginning of 
the time 
interval Δt!

= + -

Computational Fluid Dynamics I!
Finite Volume Approximations!

Rate of increase of f 
in a control volume 
during a given time 
interval Δt!

Net rate of flow of f 
into the control 
volume during the 
time interval Δt!

=

This can be restated in rate form as:!

As we will see in the next lecture, the mathematical 
equivalent of this statement is:!

� 

d
dt

fdv = fu ⋅n
CS∫CV∫ ds

While we can derive a partial differential expression 
from this equation, often it is better to work directly with 
the conservation principle in integral form!

Computational Fluid Dynamics I!
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f j
n+1 ! f j

n

" t
= D

f j +1
n ! 2 f j

n + f j ! 1
n

h2
� 

∂f
∂t

= D
∂2 f
∂x2

f j
n+1 = f j

n +
! tD
h2 f j +1

n " 2 f j
n + f j " 1

n( )

Letʼs integrate the diffusion equation forward in time:!

Use FTCS:!

So that the values at a new time are given by:!
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f j
n+1 = f j

n +
! tD
h2 f j+1

n " 2 f j
n + f j " 1

n( )

Domain:!

f1
n =1 fN

n = 0

j = 1 j = N

h

L = 1

h = L / (N ! 1)

TO BE PROGRAMMED IN MATLAB and OCTAVE!


